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Chapter 9

ASSOCIATIVE AND COMPETITIVE PRINCIPLES OF LEARNING
AND DEVELOPMENT: THE TEMPORAL UNFOLDING
AND STABILITY OF STM AND LTM PATTERNS

Preface

This Chapter reviews some of the mathematical systems and theorems that arose
through analyses of data in a variety of behavioral and neural experimental paradigms.
Included are systems and theorems about associative list learning; associative spatial
pattern learning; absolutely stable cooperative-competitive decision making and mem-
ory storage; and feature discovery, category learning, and pattern recognition by com-
petitive learning networks. A historical mode of exposition has been adopted in order
to help bridge the years of specialized investigations in which these theorems were em-

bedded.

Such theorems provide a secure foundation for using in specialized circuits the gen-
eral learning, recognition, and decision-making mechanisms that they characterize. At
the time that the theorems were proved, few workers in the mind and brain sciences
appreciated the important role which a mathematical analysis plays in the identification
of good physical laws. No one who has succeeded in proving a global limit or oscilla-
tion theorem about a nonlinear feedback system with arbitrarily many variables takes
the system whose nice properties have admitted such an analysis for granted. By now,
mathematical studies of mind and brain have led to the discovery of one of the larger
sets of global theorems about nonlinear feedback systems in any number of variables of
any scientific discipline. This fact argues against the oft-made claim that neural network
theory is still in its infancy.

Armed with such a mathematical understanding, a theorist is much better equipped
to successfully carry out quantitative computer simulations of difficult behavioral and
neural data. A mathematical understanding also quickly enables one to spot points of
weakness in models which seem to work well in a limited domain of applications. Finally,
a mathematical understanding enables one to distinguish those model properties which
are essentially model-independent or well-understeod from properties which add key
new elements to the modeling literature.

A study of this mathematical literature reveals that a surprising number of neural
models, concepts, and methods which are introduced today as major new contributions
are recapitulating results which have been well-known in the neural modeling literature
for some time. Since many more people are introducing neural network models today
than in the past, this may be an unpopular conclusion, but it is true nonetheless and
must be reckoned with to properly appreciate the proven richness of this field, and to
enable truly new discoveries to be easily identified and developed.
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ASSOCIATIVE AND COMPETITIVE PRINCIPLES OF LEARNING
AND DEVELOPMENT: THE TEMPORAL UNFOLDING
AND STABILITY OF STM AND LTM PATTERNS

Stephen Grossbergt

1. Introduction: Brain, Behavior, and Babel

This article reviews some principles, mechanisms, and theore
the past twenty-five years. I review these results here to il]ustraténtshf;(t)%:lgc;vr?;gc(t)zsf
ness from a recent perspective, to indicate directions for future work, and to reaffirm
an approach'to theorizing on problems of mind and brain that is still not fashionable
despite growing signs that it needs to become so soon.

I_say this bec_ause, despite the explosive growth of results on the fundamental issues
of mmq and brain, our science remains organized as a patchwork of experimental and
theoretical fiefdoms which rarely interact despite the underlying unity of the scientific
problems that they address. The territorial lines that bound these fiefdoms often seem to
be as sacrosanct as national boundaries, and for similar cultural and econoimic reasons
A th_eorlst Yvho su‘cceeds in explaining results from distinct experimental preparations.
by dxscovgrmg their unifying mechanistic substrates may, through repeated crossings of
these territorial boundaries, start to feel like a traveler without a country, and will ogften
be Freated' agcordmgly. My own intellectual travels have repeatedly left r,ne with such a
feeling, despite t_he reassuring belief that theory had provided me with an international
passport. To quickly review how some of these territorial passages were imposed by the
internal structure of my theory, I will use a personal historical format of exposition
since the familiar territories do not themselves provide a natural descriptive framework,

2. From List Learning to Neural Net : - izati
Indnsidiny Ber 2 g al Networks: The Self-Organization of

My scientific work began unexpectedly in 1957-58 while I

i was an undergraduat
psychology major at .Dart.mouth College. A great deal of structured data angd c]a,ssi(-e
cal theory about topics like verbal learning, classical and instrumental conditioning

t Supported in part by the Air Force Office of Scientific Research (AFOSR 82-0148)
and the National Science Foundation (NSF I1ST-80-00257).
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perceptual dynamics, and attitude change were then available. It struck me that the
revolutionary meaning of these data centered in issues concerning the self-organization
of individual behavior in response to environmental pressures. I was exhilarated by the
dual problems of how one could represent the emergence of behavioral units that did
not exist before, and how one could represent the environmental interaction that stimu-
iated this emergence even before the uniis emerged that would ultimately siabiiize this
interaction. I soon realized that various data which seemed paradoxical when viewed in
terms of traditional concepts seemed inevitable when viewed in a network framework
wherein certain laws hold. In fact, the same laws seemed to hold, in one version or an-
other, in all the learning data that I studied. This universality suggested an important
role for mathematics to quantitatively classify these various cases, which is why Isit in
a mathematics department today. Although the laws were derived from psychological
ideas, once derived they readily suggested a neurophysiological interpretation. In fact,
that is how I learned my first neurophysiology, and crossed my first major experimental
boundaries. To a nineteen-year-old, these heady experiences were motivationally im-
printing, and they supplied enough energy to face the sociological difficulties that my
blend of psychology, physiology, and mathematics tends to cause. I might add that
this interdisciplinary penetration of boundaries by my laws has prevented them from
being widely studied by psychologists to the present time, despite the fact that their
manifestations have appeared in a vast array of data and specialized models during the
past decade.

3. Unitized Nodes, Short Term Memory, and Automatic Activation

The network framework and the laws themselves can be derived in several ways

Grossberg, 1969a, 1974). My first derivation was based on classical list learning data
Grossberg, 1961, 1964) from the serial verbal learning and paired associate paradigms
Dixon and Horton, 1968; Jung, 1968; McGeogh and Irion, 1952; Osgood, 1953; Un-
derwood, 1966). List learning data force one to confront the fact that new verbal units
are continually being synthesized as a result of practice, and need not be the obvious
units which the experimentalist is directly manipulating {Young, 1968). All essentially
stationary concepts, such as the concept of information itself (Khinchin, 1957) hereby
become theoretically useless. I therefore find the recent trend to discuss results about
human memory in terms of “information processing” misleading (Klatsky, 1980; Loftus
and Loftus, 1976; Norman, 1969). Such approaches either implicitly or explicitly adopt
a framework wherein the self-organization of new behavioral units cannot be intrinsi-
cally characterized. Because these appraoches miss processing constraints that control
self-organization, they often construct special-purpose models to explain experiments
in which the formation of new units is not too important, or deal indirectly with the
self-organization problem by using computer models that would require 2 homunculus
to carry out their operations in a physical setting. I will clarify these assertions as I go
along.

By putting the self-organization of individual behavior in center stage, I realized
that the phenomenal simplicity of familiar behavioral units, and the evolutionary ag-
gregation of these units into new representations which themselves achieve phenomenal
simplicity through experience, should be made a fundamental property of my theory.
To express the phenomenal simplicity of familiar behavioral units, I represented them
by indecomposable internal representations, or unitized nodes, rather than as compo-
sites of phonemes or as individual muscle movements. The problem of how phonemic,
syllabic, and word-like representations might all coexist with different importance in
different learning contexts was hereby vividly raised.

Once unitized nodes were conceived, it became clear that experimental inputs can
activate these nodes via conditionable pathways. A distinction between sensory acti-
vation (the input source) and short term memory (the node’s reaction) hereby became
natural, as well as a concept of “automatic” activation of a node by its input. These
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network concepts have become popular in h i

r in psychology during the past decad
the pressure of recent Qata _(e.g., Schneider and Shiffrin, 1976}, butpthey we:eea]lrl::(f;
needed to analyze classical list learning data that are currently out of fashion.

The following properties of list learning helped to constrai i
tive laws. To .simp]ify'the discussion, T wi!!gonlypconsider ass:c?ai?:efg‘:grgitingxlx:s v::)t?llxal;
a.given level ina coding hierarchy, rather than the problem of how coding hierarchies
develop and interact between several levels. All of my conclusions can be, and hav
been, generalized to a hierarchical setting (Grossberg, 1974, 1978a, 1980a) ’ ¢

4. Backward Learning and Serial Bowing

Backward learning effects and, more generally, error gradients betwe j

or remote, list items {Jung, 1968; McGeogh and Irion, g1952; Murdockerll;'l(:i‘?agj:;oe:;’
1?53; Underwood, 1966) suggest that pairs of nodes v; and v, can inte;act vi,a distinct,
dn-ecte:d pathways e,; and e;; over which conditionable signals can travel. Indeed, an
gnalysxs pf hovy any node v; can know where to send its signals reveals that no l;ca]
mf"on_natlon exists at the node itself whereby such a decision can be made. By the
principle ot: sufficient reason, the node must therefore send signals towards all possible
no.des vj.w1th which it is connected by directed paths e;;. Some other variables must
exist which can discriminate which combination of signals should reach their target
nodes based on past experience. These auxiliary variables turn out to be the long term
memory traces. Tl_1e concept that each node sends out signals to all possible nodes has
recently appea..red in models of spreading activation (Collins and Loftus, 1975; Klatsk

1980) to explain semantic recognition and reaction time data. . v

The f9rm that the si_gnaling and conditioning laws should take is forced by data
about serial vert_)al ]eal:nmg. A main paradox about serial learning concerns the form
of the bowed serial position curve which relates cumulative errors to list positions (Fig-
ure 1a). This curve is paradoxical for the following reason. If all that happens duringg
serial learning is a b}uld-_up of various types of interference at each list position due to
th<'=, occurrence of prior list items, then the error curve should be monotone increasin
(Figure 1b). Because the error curve is bowed, and the degree of bowing depends on thg
]ength of the intertrial interval between successive list presentations, the nonoceurrence
?f th'stt items after the last item occurs somehow improves learning z’icross several prior
ist items.

5. The Inadequacy of Rehearsal as an Explanatory Concept

Just saying that rehearsal during the intertrial interval causes thi

explain it, because it does not explain why the middle of thes Gisis::h;: fg?ie(ll:::isrstzt
Ipdeed the middle of the list has more time to be rehearsed than does the end of the
list bgfore the next learning trial occurs. In the classical literature, one reads that
the mxdt.lle of the list experiences maximal proactive interference (from,prior items) and
retroactive interference (from future items), but this just labels what we have to explain
(Ju{xg, 1953;.Osg00d, 1953; Underwood, 1966). In the more recent literature, rehearsal
is given a primary role in determining the learning rate (Rundus, 1971) alt};ough it is
be_hevet.i that only cert_ain types of rehearsal, called elaborative rehearsal, can accomplish
t};m ](1B_|orki 1973; Crmkt'?ln}(xi Watkinsl, 1973; Klatsky, 1980). Notwithst’anding the type
of rehearsal used, one still has to explain wh i i i

e s ot i pariadigm. y the list middle is rehearsed less than the

The severity of such difficulties led the serial learning expert Yo ite:
“If an investigator is interested in studying verbal leariingpproces:;g.(.l.gﬁz)v:zgélfi%
well to choose some method other than serial learning” (p.146). Another leading verbal
learning expert Underwood (1966) realized the magnitude of the difficulties, but also
that they would not go away by ignoring them, when he wrote: “The pe’rson who
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CUMULATIVE
ERRORS

LIST POSITION

al

b)

Figure 1. (a) The cumulative error curve in serial verbal learning is a skewed bowed
curve. Items between the middle and end of the list are hardest to learn. Items at the
beginning of the list are easiest to learn. (b) If position-dependent difficulty of learning
were all due to interference from previously presented items, the error curve would be
monotone increasing.
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originates a theory that works out to almost everyone’s satisfaction will be in line for
an award in psychology equivalent to the Nobel prize” (p.491).

Most recent investigators have followed Young’s advice. They have turned to
paradigms like free recall (Bower, 1977; Murdock, 1974) wherein single trial presenta-
tions minimize self-organizing effects and subject-determined recall strategies simplify
the interactions between item recall and retrieval probes. However, analysis of the free
recall paradigm has not proved deep enough to explain the serial bowed curve. In parti-
cular, one cannot resort to the type of free recall explanations which are used to explain
the bowed effects in that paradigm (Atkinson and Shiffrin, 1968), since the improve-
ment in recall at the end of a serially learned list is due to long term memory rather
than to short term memory. Indeed, I have elsewhere argued that popular free recall
theories contain internal problems of a homuncular nature, cannot explain some critical
free recall data concerning primacy effects in STM which are not supposed to exist, and
cannot even explain how a telephone number can be accurately repeated out of STM,
because they do not address various issues which are also raised by serial learning data
(Grossberg, 1978b).

6. The Inadequacy of Programmatic Time

The massive backward effect that causes the bowed serial curve forces the use of a
real-time theory that can parameterize the temporal unfolding of both the occurrences
and the nonoccurrences of events. The bowed curve hereby weakens the foundations of
all theories whose time variable is counted in terms of computer program operations,
no matter how successful these theories might be in simulating data via homuncular
constructions (Anderson and Bower, 1973). The existence of facilitative effects due to
nonoccurring items also shows that traces of prior list occurrences must endure beyond
the last item’s presentation time, so they can be influenced by the future nonoccurrences
of items. This fact leads to the concept of stimulus traces, or short term memory (STM)
traces, z;{t) at the nodes v;, i = 1,2,...,n, which are activated by inputs L(t), but
which decay at a rate slower than the input presentation rate.

Thus in response to serial inputs, patterns of STM activity are set up across the
network’s nodes. By sufficient reason, each supraliminally activated node also sends
signals along all its directed pathways. The combination of serial inputs, distributed
internodal signals, and spontaneous STM changes at each node changes the STM pattern
as the experiment proceeds. A major task of learning theory is to characterize the rules
whereby these STM patterns evolve through time. Indeed, a major mathematical task
is to learn how to think in terms of pattern transformations, rather than just in terms
of feature detectors or other local entities.

7. Network versus Computer Parsing: Distinct Error Gradients at Dif-
ferent List Positions

The general philosophical interest of the bowed curve can be better appreciated by
asking: What is the first time a learning subject can possibly know that item r, is the
last list item in a newly presented list yr;...r,, given that a new item is presented
every w time units until r, occurs? The answer obviously is: not until at least w time
units after r, has been presented. Only after this time passes and no item r,,, is
presented can r, be correctly reclassified from the list’s “middle” to the list’s “end”.
Since parameter w is under experimental control and is not a property of the list ordering
per se, spatiotemporal network interactions parse a list in a way that is fundamentally
different from the parsing rules that are natural to apply to a list of symbols in a
computer. Indeed, increasing the intratrial interval w during serial learning can flatten
the entire bowed error curve and minimize the effects of the intertrial interval (Jung,
1968; Osgood, 1953).
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To illustrate the difference between computer models and my network approach,
suppose that after a node v; is excited by an input I;, its STM trace gets smaller
through time due to either internodal competition or to passive trace decay. Then
in response to & serially presented list, the last item to occur always has the largest
STM trace—ir: other words, at every time a recency gradient obtains in STM (Figure
2). Given this naiural assumpiion—which, however, is noi always true {Grossberg,
1978a, 1978b)—how do the generalization gradients of errors at each list position get
learned (Figure 3)? In particular, how does a gradient of anticipatory errors occur at
the beginning of the list, a two-sided gradient of anticipatory and perseverative errors
occur near the middle of the list, and a gradient of perseverative errors occur at the
end of the list (Osgood, 1953)? Otherwise expressed, how does a temporal succession
of STM recency gradients generate an LTM primacy gradient at the list beginning but
an LTM recency gradient at the list end? These properties immediately rule out any
linear theory, as well as any theory which restricts itself to nearest neighbor associative
links, unless the theory makes the homuncular assumption that the system has absolute
knowledge of how to compute the list’s beginning, end, and direction towards its middle
{Feigenbaum and Simon, 1962).

8. Graded STM and LTM Patterns: Multiplicative Sampling and Slow
Decay by LTM Traces

Figures 2 and 3 can be reconciled by positing the existence of STM traces and LTM
traces that evolve according to different time scales and rules. Indeed, this reconciliation
is one of the strongest arguments that I know for these rules.

Suppose, as above, that each node v; can send out a sampling signal S; along each
directed path ej; towards the node vi, j # k. Suppose that each path e;; contains a
long term memory (LTM) trace z;; at its terminal point, where z;; can compute, using
only local operations, the product of signal S; and STM trace z;. Also suppose that

the LTM trace decays slowly, if at all, during a single learning trial. The simplest law
for zj; that satisfies these constraints is

d .
Ezjk = —czj; + de.’l:k, J#k. (1)

To see how this rule generates an LTM primacy gradient at the list beginning, we need
to study the LTM pattern (212,213, .. -, 21) and to show that z;3 > 213 > ... > zj,. To
see how the same rule generates an LTM recency gradient at the list end, we need to
study the LTM pattern (2,1, Zp2,-- -, 2nn-1) and to show that z,) < 259 < ... < 2y ;.
The two-sided gradient at the list middle can then be understood as a combination of
these effects. '

By (1), node v; sends out a sampling signal S shortly after item r, is presented.
After rapidly reaching peak size, signal S gradually decays as future list items ry,r3,...
are presented. Thus S is largest when trace z, is maximal, S) is smaller when both
traces z, and z3 are active, S| is smaller still when traces z,, z3, and z4 are active, and
so on. Consequently, the product Sz, in row 2 of Figure 2 exceeds the product Sjz;3 in
row 3 of Figure 2, which in turn exceeds the product S;z4 in row 4 of Figure 2, and so
on. Due to the slow decay of each LTM trace z); on each learning trial, 2, adds up to
the products S)z, in successive rows of column 1, 235 adds up to the products Sjz3 in
successive rows of column 2, and so on. An LTM primacy gradient 215 > 2;3 > ... > 2,
is hereby generated. This gradient is due to the way signal S| multiplicatively samples
the successive STM recency gradients and the LTM traces z;; sum up the sampled STM
gradients.

By contrast, the signal S, of a node v, at the end of the list samples a different
set of STM gradients. This is because v, starts to sample (viz., S, > 0) only after
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Figure 2. Suppose that items T1,72,73,T4,... are presented seriall

vy,..., respectively. Let the activity of node v; at fime t be descrigefiobnyo?}f: ;lxle’xv}zl,tvgf"
the l}xstogrz_xm beneath v; at time ¢. If each node is initially excited by an equal ariount
and its excitation decays at a fixed rate, then at every time (each row) the pattern of
STM activity across nodes is described by a recency gradient. P °
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»

Figure 3. At each node vj, the LTM pattern z; = (%51, 2j25- - - 1 2jn) that evolves
through time is different. In a list of length n = L whose intertrial interval is sufficiently
long, the LTM pattern at the list beginning (j = 1) is a primacy gradient. At the list
end (j = L), a recency gradient evolves. Near the list middle (= L), a twosided
gradient is learned. These gradients are reflected in the distribution of anticipatory and
perseverative errors in response to item probes at different list positions.

all past nodes vy, vy, ...,v,_; have already been activated on that trial. Consequently,
the LTM traces (21, 2n2;-- -, Zn,n-1) Of node v, encode a recency gradient z; < z3 <
Z3 < ... < T, at each time. When all the recency gradients are added up through
time, the total effect is a recency gradient in v,’s LTM pattern. In summary, nodes at
the beginning, middle, and end of the list encode different LTM gradients because they
multiplicatively sample and store STM patterns at different times.

Lest the reader who is sensitized to the functional unit issue object to these in-
ternodal feedback effects, let me reiterate that similar LTM gradients obtain if the
sequences of nodes which are active at any time selectively excite higher-order nodes
(chunks) which in turn sample the field of excited nodes via feedback signals (Grossberg,

1974, 1978a).

9. Binary versus Continuous Associative Laws

The LTM gradient problem illustrates why I have always avoided binary laws for
STM and LTM traces. Binary laws have often attracted workers who began with the
all-or-none character of individual axon spikes. However, the continuously fluctuating
potentials that receive these spikes often average them in time, thereby yielding graded
intercellular signaling effects. For similar reasons, population interactions often obey
continuous laws. Workers like Amari (1974, 1977) and Geman (1981) have formally
studied how to justify the averaging procedures that can convert binary microscopic
rules into continuous macroscopic rules. Because of the psychological derivation of my
networks, 1 have always worked with preaveraged equations from the start.

The example of continuous LTM error gradients is not the only one wherein binary

and continuous models yield distinct outcomes. In fact, they usually do. For exam-
ple, just changing sigmoid feedback signals to binary feedback signals in a competitive
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network can significantly change network d i

; ignif A ynamics (Grossberg, 1973, 1
because sigmoid §1gngls can support infinitely many (equilibrqun poin’ts ?1;7 8cC)’ noﬁl’)ly
geometries wherein binary signals cannot. ompettive

10. Retrieval Probes and LTM Gating of STM Mediated Signals

Having shown how STM patterns ma read into .
i W y be read into LTM patt
to dﬁscr}be how a retrieval probe r,, can read vn’s LTM pattgfn f)l:;i, i?x(teonggl\flleed
iﬁc; arté;t:llls;rw?‘ereupon It,}’i‘(;\ll S’II)‘M traces can be transformed into observable behavi(())ll'1
, ow . . . . :
o Barticy can e read into STM without distorting the learned LTM
The simplest rule generates an STM ich i
L h pattern which is proportional
pattern t.hat is bex.ng regd out, and allows distinct probespto I:3ach ?:adtot}:h'e %%“11:44
patterns into STM in an independent fashion. e
To achieve faithful read-out of the LTM
f pattern (2,1, 2pm2,. .., 2 b
(t)}tl}alzrtxx(-)x:sé or}J %11%;1:1 Sm, I let the }I:roduct S Zmi dege;"m,in:en zi;he g,ro'\?v';:)h r}z;tz ?)}O;) _e ’irr';
rds, Tace zy; gates the signal Sy, along e,,; before the gated si e
v,a.dele independent action of several probes"implies ﬁ?&t the gategasi;i:;gn; : ;ea-ci.les
added, so that the total effect of all gated signals on v; is " _. S, 2 Them' m’l ot
equation for the STM trace z; that abides by this rule is el Tmtme .

d n
G =0T+ Y Spzp+ I, (2
m=1
where —a is the STM decay rate that prod i i
er produces Figure 2, §,,, is the mth s ling si
Zmi ’1;hthe LTM trace of pathway e, and I; is the ith ex;’;érimental inp:llrtnp me signal,
e reaction of equations (1) and (2) to serial in i .
) b ] d puts I; is much
is their response to an isolated retrieval probe r,,. Due ;;o t.h:;1 ?’ax:ltn:;:tc OSIPI‘I;\E;S);::;I;

may decay slower than the input presentation rate, several s ing si
. - . . N am l
simultaneously active, albeit in different phases of ,their growthI;rllrzlgds:eE;;ls Sm can be

11. Behavioral Choices and Competitive Feedback

Once one accepts that patterns of STM traces i i
¢ ! are evolving through t
needs a mechamsn_1 fo_r ghoosmg those activated nodes which %vill inﬁien::?g,bggxir:{f]:
;);?avlec'i Lat;ral n;gggltolzgfsgiedback signals are readily implicated as a choice mech-
sm (Grossberg, s 1970). The simplest i ich i
2nism SGrossberg, 1966, | s ) mplest extension of (2) which includes

d n n
%= —eTi + Z Sihbt 2 —
m=1 m=

Smb + I (3)
1

+ + — — 3 . . - » »
:;lhere .?';,,It)m.» (S,,.;:ml;) is the excxtatorz (inhibitory) signal emitted from node v,, along
e excitato - i i i
the e toa ry (inhibitory) pathway e, (e} ). Correspondingly, equation (1) is gener-
d
quk = %+ d,-,,S;fzk. {4)

The asymmetry between terms " _, Sib% 2 . 1 Smb i i

ymim m=19mby 2m; and 30 _; Sby - in (3) readily suggests
a modification of (3) and a definition of inhibitory LTM ' ;
such traces exist (Grossberg, 1969d). v fraces analogous to (4), where

Because lateral inhibition can change the si iti
) : gn of each z; from positive to negati
in (3), and thus change the sign of each zj from positive to n'egativepin (4), someerg(;itrlx‘:

ments of (3) and (4) are needed to prevent absurdities like the following: S < 0 and
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z; < 0 implies z,,; > 0; and S, < 0 and 2, < 0 implies z; > 0. Threshold constraints
accomplish this in the simplest way. Letting [£]* = max(¢,0), these absurdities are
prevented if threshold cut-offs are imposed on signals, such as in

SF = lgjt - 7}) - TF)* (5)

and

87 = [zt - ;) - T; ], (6)

as well as on sampled STM traces, such as in
d o]+
ok = %k + dijj [ze]*. (7)

The equations (3}, (5), (6), and (7) have been used by modelers for a variety of
purposes. For example, in his seminal article on code development, Malsburg (1973)
used these equations, supplemented by his synaptic conservation rule.

12. Skewing of the Bow: Symmetry-Breaking Between the Future and
the Past

To explain the bowed error curve, we now need to compare the LTM patterns
2 = (21, zi2,- . -, 2in) Which evolve at all list nodes v;. In particular, we need to explain
why the bowed curve is skewed; that is, why the list position where learning takes longest
occurs nearer to the end of the list than to its beginning (Figure 1a). This skewing effect
has routinely demolished learning theories which assume that forward and backward
effects are equally strong, or symmetric (Asch and Ebenholtz, 1962; Murdock, 1974). 1
have elsewhere argued that the symmetry-breaking between the future and the past, by
favoring forward over backward associations, makes possible the emergence of a global
“arrow in time,” or the ultimate learning of long event sequences in their correct order
(Grossberg, 1969c, 1974).

Theorem 1 below asserts that a skewed bowed curve does occur in the network, and
predicts that the degree of skewing will decrease and the relative learning rate at the
beginning and end of the list will reverse as the network’s arousal level increases or its
excitatory signal thresholds I‘; decrease to abnormal levels (Grossberg and Pepe, 1970,

1971). The arousal and threshold predictions have not yet been tested to the best of my
knowledge. They are of some conceptual importance because abnormally high arousal
or low thresholds can hereby generate a formal network syndrome characterized by con-
textual collapse, reduced attention span, and fuzzy response categories that resembles
some symptoms of simple schizophrenia (Grossberg and Pepe, 1970; Maher, 1977).

To understand what is involved in my explanation of bowing, note that by equation
(7), each correct LTM trace z13,233,234,..-,2n-1,0 M8y grow at a comparable rate,
albeit w time units later than the previous correct LTM trace. However, the LTM
patterns zj, 23,. . ., z, will differ no matter when you look at them, as in Figure 3. Thus
when a retrieval probe r; reads its LTM pattern z; into STM, the entire pattern must
influence overt behavior to explain why bowing occurs. The relative size of the correct
LTM trace zj,,; compared to all other LTM traces in 2; will influence its success in
eliciting r;,, after competitive STM interactions occur. A larger z; 4, relative to the
sum of all other 2, k # 7, j +1, should yield better performance of r;,; given r;, other
things being equal. To measure the distinctiveness of a trace z;; relative to all traces
in z;, I therefore define the relative LTM traces, or stimulus sampling probabilities

ij = ij( 2: ij)‘l' (8)
wm#y
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The appropriateness of definition (8) is stren
P Tiat > gthened by the followi i
;11‘.22 egr(}:;n:f w1t}]nn' ifhe LTM gradients of Figure 3 is unchanged by th:gr;g:?\fzalt;[(‘)ﬁ
; ample, il 212 > 213 > ... > zjp, then 213 > Z;3> ... > 7, b
Z1x’s have the same denominator. Thus all : bout LTM geadienss o the
for relative LT egemom us all conclusions about LTM gradients are valid

T dovenc ~ m

In terms of the relative LTM traces, the issue of bowi
s, sue of bowing can be math i
formulated as f?ll(')ws.. Deﬁng the bowing function Bi(t) = Z;;4,(2). Func:;gztlg-i%g
measures how gilstmct_lve thg ztl} correct association is at time ¢. After a list of n ite'ms
Sa;;;zssen‘;ggs v«tr;lthfan zx}tratéu(l(l mter;ral w and a sufficiently long intertrial interval W
, € function Bi((n —~ 1)w + W) decrease and then increase as ; |
from 1 to n? Does the minimum of the function occur in the latter half of thet ll_n:;ef}s}::s
answer to both of these questions is “yes.” o e

To appreciate the subt:k.ety of the bowing issue, it is necessary to understand how th
bow depends upon t_he abl.ll.ty of a node v; to sample incorrect future association: l(:
88 Tifi19, 7iTi43,... in add!tan to incorrect past associations, such as r;r; r~r-s, =
As soon as S; becomes positive, v; can sample the entire past field of'S"i‘}\:l 'tr:cz’mtl
v1,V2,...,9_;. However, if the samplipg threshold is chosen high enough, S; rnightesshzt

gi(I«‘O'O) declrl:eas;s as 1 increases from 1 to n. In other words, the monotonic error curve
1gure 1b obtains because no node v; can encode incorrect future associations

Even if the thresholds are chosen so that inco iati
i r ¢ rrect future associations can b
the fun_ctlon ‘B,-((z + l)w) which measures the distinctiveness of 241 just b&i;):n:.ed,
o}clcyrs is again a degreasmg_function of i. The bowing effect thus dépends on thresh:;;
choices which permit sampling durations that are at least 2w in length.

The shape of the bow also depends on the durati i ial i

Pefore the intertrial in_ter\_ra] occuI;s, all nodes build L;nigﬁﬁg::s;ﬁ;e;grirﬁ:?fy :;, be_ct?.lse
_mterference as more list items are presented. The first effect of the nonoccu:: e mt!'
items after r, is presented is the growth through time of B,,_(t) as t increases glelcz (:i
the time nw when item nt+1_Would have occurred in a larger list (Grossber 19:;9::l

;It‘(};; slag:; r?::;r(ta;t qsstoc:’a-tl(l)r! 1ts heliebg‘ }facilitated by the absence of interferii’g futur)e'

e intertrial interval. is facilitation effect is a nonline

the network. Indeed, bowing itself is a nonlinear ph i theory. pory of
e > i X Phenomenon in my theory, because
thro(:fgil(:;mf.l a comparison of ratios of integrals of sums of products as they evolve

In my review of a bowing theorem below, I wi i
! - » I will emphasize the effect i
lt::::t};?;(]l ilr:t:;xv t};(;‘t/:legreekof §kewmg. (])lne can, however, also compute theO:ﬁ!:e};: (s)lfg?hael
al on skewing, as well as th
25 STM ony vt Shew gf(,)wth vell e role of other network parameters, such

The position of the bow has not yet been quantitati i
been qualitatively demonstrated within the fgll systefxllv?li}i cczrsxipu(%e)d '(ﬂ7t)hou(§(l: . lh :s
computatxong hi.we been made in a related system, the bare _;‘ield ’whe’rein 'the rimary
effects of serial inputs on associative formation and competition ,are preservedp(r(l;‘.mary
berg, 1969c; Grossbgrg and Pepe, 1971) on a single learning trial. In the b Eoss—
serial inputs occur with intratrial interval w: ' ® bare feld,

Lit)=hit+w) = = It + (n - 1)w); (9)

the STM traces decay after they are excited by their inputs:

d
J% = ez + I (10)
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the LTM traces add up products of signals and STM traces:

%ﬁt=ﬂ%0-ﬂ—rﬁn,1¢k; (1)

THZA - - | NS S ' anty
babilities, estimate how well as

and the relative LTM traces, or stimulus sampling probabiliti

given LTM trace fares after it is read into STM and STM competition takes place:

ij = ij( Z ij)“l. (12)
m#j

Theorem 1 (Skewing of the Bowed Curve):
(1) If the bare field is initially at rest and associatively unbiased; that is, all

zi(t) =0, -71<t<0, and 23(0)=a>0, j# k; (13)

(IT) the signals S; and inputs r;;; are well-correlated; that is
W=r (14)

(this condition is convenient but not essential);

(III? successive inputs do not overlap in time; that is, I;(t) is positive only in an
interval (0,)) with A < 7 and is zero elsewhere;

(IV) the inputs are not too irregular; that is, I (t) is continuous and grows mono-
tonically until it reaches a maximum at time t = Tpay, after which it monotonically

decreases to zero at timet = A;
(V) at high threshold, the sampling signals don’t last too long; that is, if T is chosen
so large that v; first emits a signal S; at the time Ty, then S, shuts off before r;

oceurs: if Tp = Jdmex ¢~ %{Tmax—9) [, (y)dv, then
A 2r
jo e 9V (v)dv > To > /0 e~9279) [ (v)dv. (15)

Under hypotheses (I)-(V), if the intertrial, interval is_infinite, then the bow occurs
(B;(0o) is minimized) at the list position closest to M(T'), where

A. (Overaroused Bowing)

M(O) = 5(n-1), (16

B. (Skewing)

ArL

dr

C. (No Incorrect Future Associations)

>0, (17)

M(T)=nif T > T, (18)

If the intertrial interval is W < oo, then the bow occurs (Bi((n — 1)w + W) is
minimized) at a list position strictly greater than M(T).
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The function M(T) can, moreover, be explicitly computed. It satisfies the equation

1, (E+VE?+4CD
53—

M(I‘) = ar log (19)
where

- 2 2
C =rEY(~1,0)[AB(A - T},T}) + ATE(T},T}) + %—E(ZA,ZTQ) - %E(——L)], (20)

D = ArE(L)E-1(0,7)[B(,0) + %c—m], (21)
E=ﬂq&m+%fﬂ, (22)
with
A
A= A e* I, {v)dv, (23)
Bt.p) = [ o-tatorn) [ e, w)dwan, (24)
C(t,p) = _/ot e~o(v+s) AHP e® I (w)dwdv, (25)
E(z) = e972, (26)
and
E(z,y) = (e - ™). (27)

13. Evolutionary Invariants of Associative Learning: A ili
of Parallel Pattern Learning ng: Absolute ?tablhty

Many features of system (3), (5}, (6), (7) are special; for example, t i
decay of STM and LTM and the signal threshold rule. Because asls)oc’iagseezggg:s?i;ﬁ
is u_bl.qultous throughout phylogeny and within functionally distinct subsystems of each
n}d)'vxdu‘al, a more general mathematical framework is needed. This framework should
figstlngulsh pnlversa]ly occurring associative principles which guarantee essential learn-
ing properties from evolutionary variations that adapt these principles to specialized
env1ropmenta] demands. Before we can speak with confidence about variations on an
evolutionary theme, we first need to identify the theme.

I approached this problem during the years 1967 to 1972 in a seri i i
I gradually realized that the mathematical properties that I usede:: fg:li;{:;:le; :1}11:;;;2
specknﬁc iea;nmg examples were much more general than the examples themselves. This
Ivs;);-lafti ;;;r:;fed in my universal theorems on associative learning (Grossberg, 1969d,

_The theorems are universal in the following sense. They say that if certain as-
sociative la\{vs were invented at a prescribed time during evolution, then they could
th}eve. unbiased associative pattern learning in essentially any later’evolutionary spe-
cialization. To the question: Is it necessary to re-invent a new learning rule to match
every perceptugl or cognitive refinement, the theorems say “no”. More specifically, the
umversu_l associative laws enable arbitrary spatial patterns to be learned by arbitr;rily
many, simultaneously active sampling channels that are activated by arbitrary con-
tinuous data preprocessing in an essentially arbitrary anatomy. Arbitrary space-time
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patterns can also be learned given modest constraints on the temporal regularity of
stimulus sampling. The universal theorems thus describe a type of parallel processing
whereby unbiased pattern learning can occur despite mutual crosstalk between very
complex feedback signals.

Such results cannot be taken for granted. They obtain only if crucial network oper-

crnging Brenroressing catine and eross

ations, such as spatial averaging, temporal averaging, preprocessing, gating, and cross-
correlation are computed in a canonical ordering. This canonical ordering constitutes
a general purpose design for unbiased parallel pattern learning, as well as a criterion
for whether particular networks are acceptable models for this task. The universality of
the design mathematically takes the form of a classification of oscillatory and limiting
possibilities that is invariant under evolutionary specializations. :

The theorems can also be interpreted in another way that is appropriate in discus-
sions of self-organizing systems. The theorems are absolute stability theorems. They
show that evolutionary invariants obtain no matter how system parameters are changed
within this class of systems. Absolute stability is an important property in a self-
organizing system because parameters may change in ways that cannot be predicted in
advance, notably before specialized environments act on the system. Absolute stability
guarantees that the onset of self-organization does not subvert the very properties which
make self-organization possible.

The systems which I considered have the form

d
5i% = A+ ) Brizei + Cill) (28)
kel
d
az]',' = DJ','ZJ',' + Ej,'x,' (29)

where i € I, j € J, and I and J parameterize arbitrarily large, not necessarily disjoint,
sets of sampled and sampling cells, respectively. As in my equations for list learning,
A, is an STM decay rate, By; is a nonnegative performance signal, C;(t} is an input
function, Dj; is an LTM decay rate, and Ej; is a nonnegative learning signal. Unlike
the list learning equations, A;, By, D;i, and Ej; are continuous functionals of the entire
history of the system. Equations (28) and (29) are therefore very general, and include
many of the specialized models in the literature.

For example, although (28) does not seem to include inhibitory interactions, such
interactions may be lumped into the STM decay functional 4;. The choice

A; = —a; + (b — ciz)Gi(=;) — i Hi(zi)dss (30)
k=1

describes the case wherein system nodes compete via shunting, or membrane equation,
interactions (Cole, 1968; Grossberg, 1973; Kuffler and Nicholls, 1976; Plonsey, 1969).
The performance, LTM decay, and learning functionals may include slow threshold
changes, nonspecific Now Print signals, signal velocity changes, presynaptic modulating
effects, arbitrary continuous rules of dendritic preprocessing and axonal signaling, as
well as many other possibilities (Grossberg, 1972a, 1974). Of special importance are
the variety of LTM decay choices that satisfy the theorems. For example, an LTM law
like

d

g = [zi(t = 75) = Tiw)]" (—djzji + ej2:) (31)
achieves an interference theory of forgetting, rather than exponential forgetting, since

a"iz,-,' = 0 except when v; is sampling (Adams, 1967). Equation (31) also allows the
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vigor of sampling to depend on changes in the threshold T;(w) that are sensitive to the
prior history y, = (z;, 2ji 11 € I, € J), of the system before time ¢.
In this generality, too many possibilities exist to as ili
) yet prove absolute stabilit
theorems. Qne furth.er copstramt on system processing paves the way towards suci
results. T_hls constr?mt still admits the above processing nossibilities. but it imposes
some spatiotemporal regularity on the sampling proceéso rIndeed ifh ut,hwu rformance
¢ ] . e performance
sxgr}als Bj; from a.ﬁxed sampling node v; to all the sampled m;des v, £ € I, were
arbllflrary no(;megatlve and continuous functionals, then the irregularities in each B.;
could override any regularities in z,; withi i n
e y reg les in z;; within the gated performance signal Bj;zj; from

14. Local Symmetry and Self-Similarity in Patt i

lopmsatay T S ymme y attern Learning and Deve-

) Absolute stability doe.s obtain even if different functionals B;, D;, and E; are as-
signed to eac}! node v;, j € J ,_just so long as the same functional is assignéd to all
.pathway§ €5i, 1 € I. Where t.hls is not globally true, one can often partition the network
into max"x‘mal sul_)sgts_ where it is true, and then prove unbiased pattern learning in each
subset. 'Lhis restriction is called the property of local symmetry azes since each samp-
ling cel! v; cen act as a source of coherent history-dependent waves of STM and LTM
groces;mg. Local symmetry axes still permit (say) each B; to obey different history-

ependent preprocessing, threshold, time lag, and path strength | itrari
many mutually interacting nodes v;. * P nEEh faws among arbitrarily

When local symmetry axes are imposed on (28 d i
st ey, Eyuine p (28) and (29), the resulting class of

d
T%i=Azi+ Y Biz + Cift) (32)
keJ
and
d
;ﬂzj,- = Dyzj; + Ej:c,-. (33)

A .sirnp]e cl(xiange of variables shows that constant interaction coefficients b;; between
pairs v; and v; of nodes can depend on ¢ € I without destroyin bi
learning in the systems ving unblased pattern

d
azi = Az + Z Bkbk,'Zki + C,‘(t) (34)
keJ
and
d —1
EZJ',‘ = DJ'ZJ‘,' + E_,‘bj‘- ;. (35)

By contrast, the systems (34) and

d
g%t = Dyzji + Ejbjiz, (36)

are not capable of unbiased parallel pattern learnin i

; ‘ g (Grossberg, 1972a). A d -

sional analysis shows that (34) and (35) hold if action potentials transmit t)he netvslrltl)ﬁqs

intercellular signals, whereas (34) and (36) hold if electrotonic propagation is used.
The'dxmensmx.)al analysi§ hereby suggests that spatial biases in the b;; which are

due to differences in axonal diameters can be overcome by an interaction between action
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potentials and mass action properties of the LTM traces. Temporal biases in time lags
that are due to differences in intercellular distances are overcome by the proportionality
of action potential velocity to axon diameter (Katz, 1966; Ruch, Patton, Woodbury,
and Towe, 1961) in cells whose axon lengths and diameters covary. Such cells are
said to be self-similar (Grossberg, 1969f). Self-similar cell populations can preserve
the learned meaning of patterns under significant developmental deformations of their
mutual distances and sizes. Self-similar rules of network design also permit individual
nodes to arrive at globally correct decisions from locally ambiguous data (Grossberg,
1978a). In the developmental biology literature, self-similarity is called self-regulation

{Wolpert, 1969).

15. The Unit of LTM is a Spatial Pattern: Global Constraints on Local
Network Design

To illustrate the global theorems that have been proved, I consider first the simplest
case, wherein only one sampling node exists (Figure 4a). Then the network is called
an outstar because it can be drawn with the sampling node at the center of outward-
facing conditionable pathways (Figure 4b) such that the LTM trace 2; in the ith pathway
samples the STM trace z; of the ith sampled cell, i € I. An outstar is thus a functional-
differential system of the form

diffcrential system of the form

d
EI,‘ = Az;+ Bz + C,'(t) (37)

d
F Dz + Ex; (38)

where A, B, D, and E are continuous functionals such that B and E are nonnegative.

Despite the fact that the functionals A, B, D, and E can fluctuate in extremely
complex system-dependent ways, and the inputs C;(t) can also fluctuate wildly through
time, an outstar can learn an arbitrary spatial pattern Cy(t) = 6;C(t) (6; > 0, xer e =
1) with a minimum of oscillations in its pattern variables X; = z;(Yierzi)™" and
Z; = z(Trer )" Recall that the Z;'s are the stimulus sampling probabilities that
played such a central role in my explanation of serial bowing. Because the limits and
oscillations of the pattern variables have a classification that is independent of particular
choices of A, B, €, D, and E, these properties are the evolutionary invariants of outstar
learning. '

The following theorem summarizes, albeit not in the most general known form, some
properties of outstar learning. One of the constraints in this theorem is called a local
flow condition. This constraint says that a performance signal B can be large only if
its associated learning signal E is large. Local flow prevents the read-out of old LTM
memories from a sampling pathway which has lost its plasticity. Such a read-out would
prevent accurate registration of the UCS in STM and thus accurate LTM encoding of
the UCS via STM sampling.

1 should immediately remark that a plastic synapse can be dynamically buffered
against recoding by global network interactions (Grossberg, 1976¢, 1980a). Such a
synapse can still obey the local flow condition. I should also say that the local flow
condition is needed only if all sampling sources are trying to encode the same pattern
without bias, as in the parallel learning of sensory expectancies {Grossberg, 1980a) or
of motor synergies (Grossberg, 1978a).

If the threshold of B is no smaller than the threshold of E, then local flow is assured.
Such a threshold inequality occurs automatically if the LTM trace z;; is physically in-
terpolated between the axonal signal S;b;; and the postsynaptic target cell v;, That
is why 1 call the condition a local flow condition. Such a geometric interpretation of
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(a]

ucs

bl ..f “V1

&
'Y OV

Figure 4. (a) In the minimal anatomy capable of associative ing i i
dmongng paradigm, a conditioned stimulus (CS) excites a singlletz3 ?l?élelgol:l czl‘;]af)mfl?ltc' vorf
vp which thereuppn sends sampling signals to a set of nodes vy, v ’ v, P }&)n f xont,
pattern representing the unconditioned stimulus (UCS) excites the 2n’ode; V1,0 e
which thereupon e}xclt output signals that contribute to the unconditionle’d 2rgs' .(;:m
(UCR). The sampling signals from vy activate the LTM traces 2g; (which I denotepb sg
in t.he text for brevity) that are computed at the synaptic knobs .Si,- 1=1,2 n 'i"hz :
activated LTM traces can learp the activity pattern across V1,93, " v, tim’t. ;e.:’ 1'(=:sen'ce
the UCS. (b) When the sampling structure in (2) is redrawn to emph;s’i'ze its syglmetrys
9

the resu]t 1S an N h S am; ] h ordae
outstar, w ose s P lng source 1s Y a-nd whose sa.
{ }. mpled b rd T 1S the
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the location of the LTM trace is not forced by the psychological derivation of the asso-
ciative equations, although it is the minimal anatomical realization of this derivation.
Local flow gives unexpected support to the minimal realization by showing that pattern
learning depends upon a mathematical constraint which automatically obtains in the
minimal realization, but is at best ad hoc and difficult to guarantee in other anatomical

PR, tonn af tha naansintive aanatiane

inter ysctaﬁiuun O un€ assoliaiive cquaiiions.
Theorem 2 (Outstar Pattern Learning)
Suppose that
(I) the functionals are chosen to keep system trajectories bounded;
(1) a local flow condition holds:

A " B(t)dt=oco only if /0 * Et)dt = oo; (39)

(1) the UCS is practiced sufficiently often, and there exist positive constants K;
and K, such that for all T > 0,

ST+ > K, if t>K, (40)

1
wucic

10.) = [} cleyem]f Atnhan]ae )

Then, given arbitrary continuous and nonnegative initial data in ¢ < O such that
Tier 2(0) >0,

{A) practice makes perfect:

The stimulus sampling probabilities Z;(t) are monotonically attracted to the UCS

weights 6, if
[2:(0) - X(0)][X,(0) - 8} > 0, (42)

or may oscillate at most once due to prior learning if (42) does not hold, no matter how
wildly A, B, C, D, and E oscillate;

(B) the UCS is registered in STM and partial learning occurs:

The limits Q; = lim;_,, X;(t) and P; = limy_,o, Z;(t) exist with

Qi=0; ‘el (43)

(C) If, moreover, the CS is practiced sufficiently often, then perfect learning occurs:
00

fo E(t)dt =00, then P;=#8;, i€l (44)

Remarkably, similar global theorems hold for systems (32)-(33) wherein arbitrarily
many sampling cells can be simultaneously active and mutually signal each other by
very complex feedback rules (Geman, 1981; Grossberg, 1969d, 1971a, 1972a, 1980b).
This is because all systems of the form (32)-(33) can factorize information about STM
and LTM pattern variables from information about how fast energy is being pumped
into the system. Pattern variable oscillations can therefore be classified even if wild
fluctuations in input and feedback signal energies occur through time. In the best
theorems now available, only one hypothesis is not known to be necessary and sufficient
(Grossberg, 1972a). It would be most satisfying if this imperfection in the theorems
could be overcome.

When many sampling cells v;, j € J, can send sampling signals to each v;, ¢ € I,

the outstar property that each stimulus sampling probability Z;; = 2z;;(Tges z_.,-k)‘l
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oscillates at most once fails to hold. This is so because the Zj; of all active nodes v,
i

track X; = z;(Tges 24) 7!, while X; tracks §; and the Zj; of all active nodes v;. The
oscillations of the functions Y; = max{Z; : j € J} and y; = min{Z;; : j € JJ} can
howevgr, be classified much as the oscillations of each Z; can be classiﬁé:i .in the outst ,
case. Since each Z;; depends on all zit, k € I, each Y; and y; depends on all 2., 5 ¢ B;r
kel, and ea,ch. X; depends on all z;, k € I, the learning at each v; is inﬂu]:r’lcle(;l‘)”
all z and z;, j € J, k € I. No local analysis can provide an adequat'e insight into ch
learning dynamics of these networks.
Because the oscillations of all X;, Y;, ; i ; i

following generalization of the outsta,z‘- le;rn?r?g t‘l},;e;:elzitl;ilfi(;.ol can be classified, the

Theorem 8 (Parallel Pattern Learning)

Suppose that

(1) the functionals are chosen to keep system trajectories bounded;
(I} every sampling cell obeys a local flow condition: for every j € J,

o0 oo
| Bidt=co omlyif | Bt = o; (45)

(ITT) the UCS is presented sufficiently often: there exist positi
Ky such that (10) by y € exist positive constants K and
Then given arbitrary nonnegative and continuous initial data j
taint <0
Yoker zk(0) > 0 and all kel z,-k(O) >0, < 0 such that

(A) the UCS is registered in STM and partial learning occurs: imi
i s : the | ;=
lim; oo X;(t) and Py = limg_, o Z;(t) exist with § ccenrs: the limits O

Qi=8;, iel (46)

perfg?t)lylzf i}he jth CS is practiced sufficiently often, then it learns the UCS pattern

00
/0 Ejdt =oo then P;=6;, icl. (47)

Because LTM traces 2;; gate the performance signals B; which are activated by a
retrieval Probe r;, the theorem enables any and all nodes v; which sampled the pattern
0 = (6:,i € I) during learning trials to read it out with perfect accuracy on recall
trials. The theorgm does not deny that oscillations in overall network activity can
occur durlpg leal:n'mg and recall, but shows that these oscillations merely influence the
rates and intensities of learning and recall. Despite the apparent simplicity of these
statements, ?he details of learning, memory, and recall can be dramatically altered b
different choices of functionals. As one of many examples, phase transitions in memm;
can occur, and the nature of the phases can depend on a complex interaction between
network rates and geometry (Grossberg, 1974).

Neither Theorem 2 nor Theorem 3 needs to assume t

presented at correlated times. This is because the UCS cozgii:tii)}: k(égp:?;ge%gssel?;:
STM activity of sampled cells from ever decaying below the positive value K 1 in (40)
For purposes of space-time pattern learning, this UCS uniformity condition is too strong.
In Grossberg (1972a) I show how to replace the UCS uniformity condition by a weaker
condition which guarantees that CS-UCS presentations are well enough correlated to
gfua:;ntee perf;:ct pattern learning of a given spatial pattern by certain cells vj, even
if other spatial patterns are presented at i i

istinet oo P p at irregular times when they are sampled by
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16. The Teleology of the Pattern Calculus: Retina, Command Cell, Re-
ward, Attention, Motor Synergy, Sensory Expectancy, Cerebellum

Three simple but fundamental facts emerge from the mathematical analysis of pat-
tern learning: the unit of LTM is a spatial pattern 8 = (6; : i € I); suitably designed
neural networks can factorize invariant pattern 8 from fluctuating energy; the size of a
node’s sampling signal can render it adaptively sensitive or blind to a pattern §. These
concepts helped me to think in terms of pattern transformations, rather than in terms of
feature detectors, computer programs, linear systems, or other types of analysis. When 1
confronted equally simple environmental constraints with these simple pattern learning
properties, the teleological pressure that was generated drove me into a wide-ranging
series of specialized investigations.

What is the minimal network that can discriminate # from background input fluc-
tuations? It looks like a retina, and the #’s became reflectances. What is the minimal
network that can encode and/or perform a space-time pattern or ordered series of spa-
tial patterns? It looks like an invertebrate command cell. How can one synchronize
CS-UCS sampling if the time intervals between CS and UCS presentations are unsyn-
chronized? The result leads to psychophysiological mechanisms of reward, punishment,

and attention. What are the associative invariants of motor learning? Spatial patterns
become motor synergies wherein fixed relative contraction rates across muscles occur,
and temporally synchronized performance signals read-out the synergy as a unit. What
are the associative invariants of sensory learning? The potential ease of learning and
reading-out complex sensory expectancies and spatial representations shows that even
eidetic memory is more remarkable as a memory retrieval property than as a learning
property. What is the minimal network that can bias the performance of motor acts

with learned motor expectancies? It looks like a cerebellum.

An historical review of these investigations is found in the prefaces to a selection of
my articles reprinted in Grossberg (1982a). Individually and collectively, these results
add force to the idea that patterns rather than features are the functional units which
regulate the neural designs subserving behavioral adaptation.

17. The Primacy of Shunting Competitive Networks Over Additive Net-
works

These specialized investigations repeatedly drove me to consider competitive sys-
tems. As just one of many instances, the same competitive normalization property
which arose during my modeling of receptor-bipolar-horizontal cell interactions in retina
{Grossberg, 1970a, 1972b) also arose in studies of the decision rules needed to release
the right amount of incentive motivation in response to interacting drive inputs and
conditioned reinforcer inputs within midbrain reinforcement centers (Grossberg, 1972c,
1972d). Because 1 approached these problems from a behavioral perspective, I knew
what interactive properties the competition had to have. I have repeatedly found that
shunting competition has all the properties that I need, whereas additive competition
often does not.

As solutions to specialized problems involving competition piled up, networks capa-
ble of normalization, sensitivity changes via automatic gain control, attentional biases,
developmental biases, pattern matching, shift properties, contrast enhancement, edge
and curvature detection, tunable filtering, multistable choice behavior, normative drifts,
traveling and standing waves, hysteresis, and resonance began to be classified within the
framework of shunting competitive feedforward and feedback networks. See Grossberg
(1981) for a recent review. As in the case of associative learning, the abundance of spe-
cial cases made it seem more and more imperative to find an intuitive and mathematical
framework within which these results could be unified and generalized. I also began to
wonder whether many of the pattern transformations and STM storage properties of
specialized examples were not instances of an absolute stability property of a general
class of networks.
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18. The Noise-Saturation Dilemma and A ili iti
Dechsion Makins and Absolute Stability of Competitive

A unifying intuitive theme of particular simplici i ideri
i ¢ v plicity can be recognized by consid
!;he. processing of_ continuously ﬂuctuatmg patterns by cellular tigsues. ’this tl:erfllznig
m\l/lxsllble tottheones é)ased (Im bl}rlxary codes, feature detectors, or additive models, All
cellular systems need to solve the noise-saturation dilemma which might cause sens.
o . . » us i
tlvxty.loss in thel_r.responses to both low and high input intensities. %/Iass acfios:n's(:r
shunting, competition enables cells to elegantly solve this problem using automatic éain
;o_xlltr.ol 31}{ l:texl'{albmhxbltory signals (Grossberg, 1973, 1980a). Additive competition
s in : .5 Lo o0
o is task because it does not, by definition, possess an automatic gain control
A unifying mathematical theme is that ever iti i isi
: y competitive system induces a dec
sche.rqe that can be used to prove global limit and oscillation theorems, notably abstl)?::ﬁla
stability theorems (Grossberg, 1978¢c, 1978d, 1980c). This decision scheme interpreta-

tion is just a vivid way to think about a Liapunov functional that i i
with each competitive system. ot is naturally assoclated

A class of competitive systems with absolutely stable decisi i
of adaptonion looheoniive y e decision schemes is the class

d
71 % = (@) [bi(z:) — e(2)], (48)

i=1,2,...n,wherez = (z;,25,. ,z,). Thesesyst i i iti
by m where s the(form2 n) ystems include all shunting competitive

d
2% = A+ (Bi - @)L+ filz)] — (zi + CYJi + Y fulze)] (49)
k#e

which, in turn, are capable of many of the special ies li i i

c , ) pecial properties listed above, given suitable
choices of parameters and feedback signal functions. A i )

concerning these systems is the following. ' =pecial case of my theorem

Theorem 4 (Absolute Stability of Adaptation Level Systems)
Suppose that

(I) Smoothness: the functions a;(z), b;(z;), and ¢(z) are continuously differentiable;
() Positivity: ,

afg) >0 if 2,50, z;20, j#i (50)
e(z)=0 if z,=0, z;>0, j#1 (51)
for sufficiently small A > 0, there exists a continuous function @;(z,) such that
Gi(z;) 2 ai(z) if ze€ [o, A (52)
and
/’A dw
b ) = )

(IT) Boundedness: for each i =1,2,...,n,

lim sup b;(z;) < (0,0, ,00,0,. ,0) (54)

z;—00

where oo is in the sth entry of (0,0,...,00,0,. ,0);
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(IV) Competition:
%%_)>0, zeR%, i=12, ,n (55)

(V) Decision Hills: The graph of each b;(z;) possesses at most finitely many maxima
in every compact interval.

Then the pattern transformation is stored in STM because all trajectories converge to
equilibrium points: given any z(0) > 0, the limit z({00) = limy_, o x(t) exists.

This theorem intuitively means that the decision schemes of adaptation level systems
are globally consistent. Globally inconsistent decision schemes can, by contrast, force
almost all trajectories to persistently oscillate. This can occur even if n = 3 and all
feedback signals are linear, as the voting paradox vividly illustrates (Grossberg, 1978c,
1080c; May and Leonard, 1975).

Adaptation level systems exclude distance-dependent interactions. To overcome this
gap, Michael Cohen and I {(Cohen and Grossberg, 1982) recently studied the absolute
stability of the distance-dependent networks

4 ri= ~ A+ (B = Gl )~ (Dizi + EJi + L ou(e)Fid. - (59)
=1

Distance-dependence means that Fi; = Fy. The networks (56) include examples of
Volterra-Lotka systems, Hartline-Ratliff networks, Gilpin-Ayala systems, and shunting
and additive networks.

In this setting, we constructed a global Liapunov function for these systems and used
the LaSalle Invariance Principle, Sard’s lemma, and some results about several complex
variables to analyze the limiting behavior of (56). Modulo some technical hypotheses,
we have proved that almost all systems of the form (56) are absolutely stable, and that
systems with polynomial and sigmoid feedback signals can be directly analyzed.

These results show that adaptation level and distance-dependent competitive net-
works represent stable neural designs for competitive decision-making. The fact that
adaptation level systems have been analyzed using Liapunov functionals whereas dis-
tance-dependent networks have been analyzed using Liapunov functions shows that the
absolute stability theory of competitive systems is still incomplete. Absolute stability
theorems for cooperative systems have also been recently discovered (Hirsch, 1982a,
1982b). This is an exciting area for intensive mathematical investigation.

The final sections of the article discuss code development issues wherein interactions
between associative and competitive rules play a central role.

19. The Babel of Code Development Models

The experimental interest in geniculo-cortical and retino-tectal development (Got-
tlieb, 1976; Hubel and Wiesel, 1977; Hunt and Jacobson, 1974) has been paralleled by
a vigorous theoretical interest in these basic phenomena. Perhaps in no other area of
brain theory is the issue of what constitutes a new model, a new idea, or real progress
so badly discussed. A literal reading of this literature might lead one to conclude that
a one-to-one correspondence between articles and models exists, or at least between au-
thors and models. A world of theoretical nomads is an anarchy, which is the antithesis of
what a theoretical community should be. If we are to achieve the coherence that theory
must have to be effective, then the endless numerical and experimental variations on
our laws must not be confused with the invariant structure of these laws. A new mode!
is not a change of notation, a use of a discrete instead of a continuous time variable, a
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different setting of numerical parameters, or a i i i
€ t 1 presentation of the sam
a different input series. ' © equations with

When Malsburg (1973) adapted the equations which he found in Grossberg (1972b)
for computer sgmulatlon and subjected them to a series of input patterns, I was delighted
but not su.rpnied by hli.s findings. 1 was delighted because here was an interesting
new twist in the use of ‘u_he equations. I was not surprised because the results are
a variant of pattern learning properties which had already been studied. Now I will
review some of the relationships between code development and pattern learning, state
some mathematical results on code development which computer studies missed and
make some comparative remarks about recent articles in the literature. '

20. The Duality Between Code Development and Pattern Learning

In both pattern learning and code development situations, one often finds two sets
or ﬁelds,_F(” and F(2) of cells, which are not necessarily disjoint. The set of sampled,
cells v;, ¢ € J, and sampling cells vj, j € J, are illustrative. Conditionable pathways
&5i are assumed to exist from one set to the other set of cells, and LTM traces z;; are
as(s1)gned to(t?e pathways e;;. Competitive interactions are assumed to occur v:;thin
(1) and Fl2) 3¢ onle 40 andec tho ooto : it AT hoi
£ anc 77, if oniy 0 soive tie noise-saturation dilemma at each level of pattern
processing. In what, then, does the diffe i
e ) o 2y rence between a pattern learning and a code

In a w_'ord, the answer is arrow-reversal, or duality. Whereas the conditionable
pathyvgys in a pattern learning example point from sampling cell to sampled cells, the
condlt_xonable pathways in a code development example point from sampled cells to
sampllr}g cell. Because of arrow-reversal, each sampling cell receives a sum of LTM-
gated signals from sampled cells, which in turn influence the activity of the samplin
cell and thus whether the sampled cells will be sampled. pine

If we apply the principle of sufficient reason to the arrow-reversal distinction, it
becomes more ambiguous. How, after all, does an individual LTM trace z;; from v~, to
v; kn9w whether v; is a sampling cell and v; a sampled cell, or conversely? TJhe a.nswér is
that it doesn’t. Consequently, similar principles of pattern learning hold in both cases
Only when we ask more global questions about network design do distinctions betweeli
the two problems emerge.

For example, how do the fields F(1) and F(? determine whether their cells will
be sampling cells, sampled cells, or both? A major part of the answer lies in how

sharply F() and F(®) contrast enhance their input patterns. To fix ideas, suppose
that conditionable pathways pass between F' (1) and F® in both directions,a.nd that
both F(1) and F(®) directly receive input patterns. If F{!) does not sharply contrast
enhance the input patterns but F®) does, then F?) will encode patterns across F{!)
within the F() — F(2) LTM traces, and F(2) will learn patterns across F(!) within
the 1,:\(2) — F() LTM traces. The difference between code development and pattern
learning in this example thus resides in an asymmetric choice of competitive parameters
within F() and F(®), not in a choice of new associative or competitive laws.

21. Outstars and Instars

These facts become clearer if we start with the simplest examples of i
and code development, and then build up towards mox;e comp]e)? exnmgﬁatst.exlslgi?tl;grgl
15 note(‘l, the simplest network capable of pattern learning is an outstar (Figure 5a
By dual'nty, phe simplest network capable of code development is an instar éFigure 5b).
The; main difference between an outstar and an instar is that the source of an outstar
excites the outstar border, whereas the border of an instar excites the instar source.
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The changing efficacy with which practiced border patterns can excite the instar source
constitutes code development. Because of the outstar learning theorem, it is no surprise
that the LTM traces of an instar can learn a spatial pattern that perturbs its border.
In an outstar, if a space-time pattern or sequence of spatial patterns plays upon its
border while the source cell is sampling, then the source learns a weighted average of
the sampled patterns (Grossberg, 1970b). This fact also holds in an instar for the same
mathematical reason.

It is instructive to write down equations for an instar and to compare them with
illustrative examples in the literature. Because an instar reverses the arrows between
sampling and sampled cells, an instar with a local symmetry axis with respect to its
sampling cell v, (J = {1}) obeys equations such as

d
i i Az + ) Biz + Gy, (57)
kel
d .
%= Az;+C;, 1€l (58)
and .
d
P e Dyzy + Erzi, (59)

i € I. In (57), the sampling cell v, receives LTM gated signals from the sampled cells v,
i € I, in addition to a possible input C;. In (58), the sampled cells v; share a common
STM decay functional A due to the local symmetry axis, but receive distinct inputs C;
from the input patterns (C; : i € I). In (59), the usual LTM trace law holds with a
shared LTM decay functional D; and a shared learning functional E; due to the local
symmetry axis.

The article by Bienenstock, Cooper, and Munro {1982) is devoted to the study of a
locally symmetric instar. These authors consider the equation

d
d—imj = —emy + ¢dj (60)

for the jth LTM trace m; and the jth input d;. They define ¢ to be a functional of the
past and present values of the function

c= Z djm;. (61)
j

In particular, they use an average of past values of ¢ as a threshold against which a
present value of ¢ is compared. If the present value exceeds threshold, ¢ > 0, otherwise
not. The threshold is assumed to increase as a function of past values of c.

A simple change of notation shows that equations (60) and (61) are a lumped version
of an instar. In (59), let i = §, zy = mj, Dy = —¢, and E; = ¢ to see that (59) subsumes
(60). In (58), let A average C) 80 fast that

;=C;, t€L (62)
In (57), let C;, ~ 0 and let 4, rapidly average Ses Brzr so fast that

7, =) Bizu (63)
kel
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Figure 5. (a) An outstar is the minimal network capable of iati i

(b) An inster is the minimal network capable of clc:de devxgg:&vquﬁ?gﬁszrgg -
outstar excites the outstar border, whereas the border of an instm: excites the in: tan
source. In _both cases, source activation is necessary to drive an LTM samplin r:)ci zr
Since the instar b_order signals are gated by LTM traces before activating tghg instsa'
source, code learning changes the efficacy of source activation and is changed by it !

473
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Letting By = z; shows, by (62), that

Ea] = 2: Ckzk,-, (64)
kel

which is the same as ¢ in (61), but in different notation. Now plug z, into E; and use
a threshold rule as in (31) to complete the reduction. '

Despite the obvious nature of this reduction, the authors make a number of claims
that illustrate the present fragmentation of the theoretical community. They say that
they have introduced in the threshold rule “a new and essential feature” which they
call “temporal competition between input patterns.” They also write that Cooper,
Lieberman, and Oja (1979) were the first to introduce “the idea of such a modification
scheme.” They note that their equations result “in a form of competition between in-
coming patterns rather than competition between synapses” which they allege to be the
conclusion of alternative theories. They also suggest that “our theory is in agreement
with classical experimental results obtained over the last generation.” Finally, in 1981
they feel free to “conjecture that some form of correlation modification is a very general
organizational principle.”

The status of some of these claims is clear from the preceding discussion. I will,
however, indicate below how the threshold rule in (60) and (61) generates a temporally
unstable code when more than one sampling node exists, and why this threshold rule
either cannot explain critical period termination or cannot explain the results of Petti-
grew and Kasamatsu (1978). Thus although equations (60) and (61) are a special case
of an instar, not all choices of instar functionals are equally good for purposes of stable
code development.

22. Adaptive Filtering of Spatial Pattern Sequences

The comparison between pattern learning and code development becomes more
interesting when a space-time pattern, or sequence of spatial patterns, is to be parsed
by pattern learning or code development mechanisms. In either case, the fact that the
LTM unit is a spatial pattern is fundamental, and the task is to show how individual
spatial patterns, or subsequences of spatial patterns, can be differentially processed. To
do this, one needs to show how distinguishable sampling sources, or subsets of sources,
can be sequentially activated by the spatial patterns in the pattern sequence (Figure 6).

In the simplest pattern learning examples, pre-wired sequentially activated sampling
nodes can learn an arbitrary space-time pattern (Grossberg, 1969e, 1970b). The price
paid for such a ritualistic encoding is that the order of pattern performance, although
not its velocity, is rigidly constrained. This avalanche type of anatomy is isomorphic
to the anatomies of certain invertebrate command cells (Grossberg, 1974; Stein, 1971),
and illustrates that complex acts can be encoded by small numbers of cells if ritualistic
performance is acceptable. In examples wherein the order with which sampling nodes
will be activated is not prewired into the network, serial learning mechanisms—notably
associative and competitive interactions such as those utilized in Section 12—are needed
to learn the correct ordering as practice of the ordering proceeds (Grossberg, 1969c,
1974, 1978a). In examples wherein the filtering rules whereby individual sampling
nodes are selected are not prewired into the network, we are confronted with a problem
in code development, notably the problem of how sequences of events adaptively select
the nodes that will elicit the most accurate predictive commands within their sequential
context {Grossberg, 1978a). Most code development models consider special cases of
this general problem.

If we generalize the instar equations (57) and (59) to include the possibility that
many sampling (encoding) cell indices occur in J, we find equations

d
7= Ajzi + Z By + 1 (65)
kel
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1 2 3

AA A

a b

Figure 6. (a) In the simplest i
) In the sin problem of space-time pattern learnin ism i
;Le;crlgggt(t)r?;(lute (fils:nmma?l:hsamp]ing sources in a prescribed orderg ,1:121113“}1”:1115;?:11;
S, and to repeat the same order 1,2,3,... of excitation during recall s}
T el o repent the ; ,2,3,... xcitation during recall trials.
pace-time code development i

the sampled cells initially excites sampli in 8 prescsibed oder Lot

1 cells pling sources in a prescribed ord
to the a priori biases in the filter from g g cells, Whisther e
t e sampled cells to sampli i
ordering approaches a stable configuration as development pgo?egegzllzr ‘;V}tl:g‘;;r;}lllt

1

unstable sequence of codi ions is tri
by q ol coding representations is triggered, depends on details of network

and
d
@i % = Djzy; + Ejz;, (66)

:1 e%e{ g i’; nfe I{t . ptll-;l}:;;g& :ltle:.ll;; tFerms zi:n (6? and h(66% work together to achieve code
, : i = 2kel B2y should be singled out inci
ones. We all learn in calculus or linear algebra that the termng_,- are d?)i tglrf)g:cnt:lp(i!
inner products, of the vector B = (By : k € I) with the vectors zi=(z;:kel) vi’z
: ; viz.,

FJ' = B . Zj. (67)

gl ::etﬁzﬁ:; ;2;;&;01' FF=' (F:,I JE ;il) of dot products, then we can also recognize
: — X185 a linear filter. By reversing arrows to go fi
learning to code development, we hereby convert the property of indepge(x)xd:?:tnrg:;fg::
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of probed pattern recall (Section 10) into the property of linear filtering—-without a
change of model.

An elementary formula about dot products underlies basic properties of code devel-
opment. This formula is the law of cosines:

B-zj=|| Bl |l 2 || cos(B,z), (68)

where || V || is the Euclidean length of vector V. By (68), given a fixed signal pattern
B, F; s maximized among all z; of fixed length by choosing z; parallel to B. Thus
in response to a fixed pattern B, the nodes v; for which z; is most parallel to B will
be the ones most highly activated by B, other things being equal. If (66) causes the
LTM vectors z; of highly activated nodes v; to become more parallel to B due to
frequent past B presentations, then on future B presentations these nodes will respond
ever more vigorously to B. Let us call alterations in F due to past experience with B
adaptive filtering. Then we can say that an interaction between adaptive filtering from
{vi:i€I}to {gu,- : j € J} and competition within {v; : j € J} to select active nodes
controls at least the most elementary features of code development.

23. Synaptic Conservation, Code Invariance, and Code Instability

These observations about adaptive filtering did not, perhaps surprisingly, appear
in Malsburg’s original paper. Other important properties also have not been sharply
articulated by computer analysis. For example, presenting a given pattern several times
can recode not only the nodes which respond most vigorously to this pattern but also
the responses of inactive nodes to other patterns presented later on, because each node
can encode infinite sets of patterns which it has never before experienced. This has the
nice consequence that the code can learn to recognize certain invariant properties of
pattern classes without having to experience all the patterns in each class (Fukushima,
1980; Grossberg, 1978a).

Another deeper consequence is not so pleasant. If there exist many more patterns
than encoding nodes v;, j € J, there need not exist any temporally stable coding rule;
that is, the nodes which respond most vigorously to a given pattern can continually
change through time as the same list is repetitively practiced (Grossberg, 1976b}. I was
led to suspect that such a result might hold due to my prior theorems about absolute
stability of parallel pattern learning, which suggested possible destabilizing effects of the
STM decay terms A; in (65). This important instability result has been missed by all
the computer studies that I know because these studies typically present small numbers
of patterns to small numbers of cells. Indeed, they usually present small numbers of
patterns (e.g., 19) to much larger sets of cells (e.g., 169), as in the careful analysis of
Amari and Takeuchi (1978).

An instability result forces one to ask which properties are essential to code deve-
lopment and which properties are adventitious. For example, Malsburg supplemented
equations (3), l{5), (6), and (7) with a synaptic conservation rule that requires the
sum Yieg 25 of all the synaptic strengths which converge on a node v; to be constant
through time. Because I was aware of the duality between pattern learning and code
development, I realized that the synaptic conservation rule is incompatible with the sim-
plest example of associative learning, namely classical conditioning (Grossberg, 1976a).
This is because the UCR pattern must be extinguished in memory as the CR pattern is
learned if synaptic conservation holds. I was therefore reluctant to accept the synaptic
conservation rule without an important physical or mathematical reason.

1 could, however, see the need for a type of conservation, or normalization, that
would regulate the temporal stability of the sampling process. By the time I read
Malsburg’s paper, I knew that long-range shunting competition, as opposed to the
additive competition which Malsburg inherited from me, can automatically normalize
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the total suprathreshold STM activity of a network (Grossberg, 1973). The normalized
STM activity can, in turn, normalize, or conserve, total synaf)tic stl:ength acrossl:ﬁe
network via feedback of Ej to z; in (66). This synaptic conservation mechanism is
moreover, compatible with classical conditioning. I therefore concluded that shunti ;
competition, which can be absorbed into the STM decay terms A. of (65) shoulllg
gi):g;allg replace sxnaptticlc:)n:erv?tion until more pressing reasons toJ the cont,rary are
- dome experimental tests of synapti iti izati
B 3, hore Closy ynaptic competition versus STM normalization are

In their more recent contributions to retinotectal developme i
shaw pave continued to use additive interactions, supplemfe)nte:'lltl’)irvI :}ﬁb:;ﬁai;::?c ch(:B:
servation rule and another rule for matching the similarity between retinal and tectal
marker patterns (Malsburg and Willshaw, 1977, 1981; Willshaw and Malsburg, 1976)
S.lnce shunting networks automatically have matching properties as well as nor,ma,liza—.
tion properties, I take the need for these special assumptions as support for the idea that
shunting operations subserve retinotectal development (Grossberg, 1976b 1981). I have
also argued that shunting interactions are operative in a variety of non-n’eural develop-
mental e)gamples, such as gastrulation in the sea urchin, slime mold aggregation, and
regeneration in Hydra (Grossberg, 1978¢). In all of these cases, I believe that a]t:erna—

tivrn madals hocn Ao o JRUSS S

tive models have adapted analogies from chemical kinetics that do not i

action properties of cellular tissues. Notable differences between additlir\lrceozggr:ﬁirﬁxz
;node}s occur in their explanations of the self-regulation mechanism that underlies the
invariance of form when growth occurs {Gierer and Meinhardt, 1972; Grossberg, 1980b;
Memha}'dt and Gierer, 1974) and the contrast enhancement mechanism of cat;gorical,
perception (Anderson, Silverstein, Ritz, and Jones, 1977; Grossberg, 1978f)

24. Critical Period Termination, the Stability-Plastici i
Adaptive Resonance ' y-Flasticity Dilemma, and

_The fact that no temporally stable code need exist in response to a large family
of input patterns, such as occurs in vision, made the problem of terminating those
critical periods which are sensitive to behavioral experience seem more severe. This
fact suggest.ed thz_tt eigher the critical period is terminated by a chemical switc'h but
then thgre is a high likelihood that the code will incorporate adventitious statis’tica]
fluctuations of the most recent input sequences, or that the code is stabilized by a
gradu{zl process of dynamic buffering in response to network states that signify the
behav.xoral relevance of the coded data. This dilemma led me to build my theory of
adaptive resonances (Grossberg, 1976¢, 1978a, 1980a, 1982b) which formalizes an answer
to what I call the stability-plasticity dilemma.

The sta:bi]ity—plasticity dilemma asks how internal representations can maintain
themselves in a stable fashion against the erosive effects of behaviorally irrelevant envi-
ronmenl.:al fluctuations, yet can nonetheless adapt rapidly in response to environmental
fluctuations that are crucial to survival. How does a network as a whole know the dif-
ference between behaviorally irrelevant and relevant events even though its individual
_cel]s do not possess this knowledge? How does a network transmute this knowledge
into the difference between slow and fast rates of adaptation, respectively? Classical
]examples of th_f1 st.abillity(iplasticity balance are found in the work of Held and his col-
eagues on rapid visual adaptation in adults to discordant visnomotor 4
1967; Held and Hein, 1963) and in the work of Wallach and his coll::;u(ege})i, rli?gll(i
visual adaptation to discordant cues for the kinetic depth effect and cues for retinal
dlSp&l‘lty. (_Wal]ach and Karsh, 1963a, 1963b; Wallach, Moore, and Davidson 1963)
The stability-plasticity issue is raised on a pharmacological level by the experinzxents of
Pettigrew and Kasamatsu (1978) which show that the visual plasticity of normal adult
cats can be restored by selectively adding some noradrenaline to cortical tissues which
already possess a functioning noradrenaline arousal system.

The adaptive resonance theory which I introduced in Grossberg (1976c) can explain
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the Pettigrew and Kasamatsu (1978) data; see Grossberg (1982b) for a review. Let me
briefly indicate why the Bienenstock, Cooper, and Munro (1982) work cannot.

First note what happens when (60) is embedded in a system such as (65) wherein
several sampling nodes can compete for activity. By the threshold rule of {60}, a node
v; which has successfully won this competition in the past will acquire a progressively
higher threshold due to persistent activation by its own input Y°; Bxz;;. By contrast,
other nodes v, which do not win the STM competition when }; Biz; occurs, but
which receive significant projections Y"j B 2im, will maintain a low threshold. Thus, the
tradeoff between input size and threshold can ultimately favor a new set of nodes. When
this happens, the pattern will be recoded, and a temporally unstable coding cycle will be
initiated. This instability does not require a large number of coding patterns to occur.
It can occur only when one pattern is repeatedly presented to a network containing
more than one encoding node. In fact, the last examples in Grossberg (1976b, p.132)
consider history-dependent threshold changes, much like those in the Bienenstock et al.
example. I note their instability in a competitive sampling milien before introducing
the adaptive resonance theory in Grossberg (1976¢) as a possible way out.

One might object to the above criticism by claiming that the original winning node
v; acquries a high threshold so quickly that only the adaptively enhanced input Y Byz;
can exceed this threshold. In other words, the parameters may be carefuily chosen to
quickly shut off the critical period. But then one cannot understand how adding a little
noradrenaline can turn it back on. In this example, either the critical period does not
shut off, whence temporal instabilities in coding can occur, or its does shut off, whence
critical period reversal by noradrenaline application cannot be explained. Of course,
quickly raising the threshold might in any case trigger unstable coding by favoring new
nodes.

25. Stable Coding of Pattern Sequences

I will end my remarks with two theorems about stable pattern coding (Grossberg,
1976b). These theorems do not even dent the surface of the mathematical challenges
raised by the theory of adaptive resonances. The theorems consider the simplest case
wherein:

(1) The patterns across nodes v;, 1 € I, are immediately and perfectly normalized.
Thus input Ci(t) = 6;C(t) generates activity z;(t) = 0;.

(2) The signals By, in (65) are linear functions of the activities z;. Choose By = 6;
for definiteness.

(3) The competition among nodes v;, j € J, normalizes the total activity (to the
value 1 for definiteness) and rapidly chooses the nodes v; for STM storage which receive
the largest input. In other words,

5o = [ U F > max{c,Fy :k # 5} (69)
1710 i F; <max{e,Fx : k #7)

whera

Fy=) ez, (70)
kel
and ¢ represents the quenching threshold of the competition (Grossberg, 1973).
(4) The LTM traces sample the pattern # = (;,8,,...,0,) only when their sampling
cell 1s active. Thus

d
%z‘-’» = (—z,-j + 0,‘)1,’. (71)

Amari and Takeuchi (1978) study essentially identical equations and arrive at related
results in the case of one encoding cell. They also study the response of the equations to
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inputs which simulate experiments on monocula i
v i r and alternate-monocular d i
of the kitten visual cortex. eprivation

The first result shows that if a single pattern is i i imi i
) ; ] practiced, it maximizes th
(1'nner product) to its encoding cell population v; by making ,z_i become p‘:rallzlltl;? 1;‘:
Simultaneously, the length of 2; becomes normalized. -
Theorem 5 (Single Pattern Code)

Given a pattern 0, suppose that there exists a unique j € J such that
F;(0) > max{e, F;(0) : k # j}. (72)

Let 4 be practiced during a sequence of non-overlapping i

pping intervals (U, Vi|, k=12, .. .
The.:n the angle between z;(t) and § monotonically decreases, the s[igl;l’alkI];‘j(t) is mono-
tonically attra.cted to.wards 1 8 ||%, and | z;(t) ||? oscillates at most once as it tracks
Fj(t).' I-n particular, if || 2;(0) }|<|f @ ||, then F(t) is monotone increasing. Except in
the trivial case that F;(0) =(| 8 ||?, the limiting relations

Jim || 2;(t) = lim F;(2) =] 6 |2 (7o
—00 t—oo V7 " i {9y
hold if and only if

o0

Y Vi~ Uy) = co. (14)

k

I}
A

The second result characterizes 'those sets of in i
put patterns which can ge
temporally stable code, fmd shows that the classifying vectors z;(t) approach 1%1’1:31 il(.)z:lt:e;
hul} of the pat!:erns whlch' they encode. The latter property shows that the nodes v,
ultimately receive the maximal possible inputs from the pattern sets which they encodeJ
To state the theorem, the following notion is convenie 111 :
[ \ , {] I nt. A partition @if
a finite set P is a subdivision of P into non-overlapping and ex}f:ustive sf :caltkaqf
(T;!le convez hull H(P) of P is the set of all convex combinations of elements in I;
iven a set Q C P, let R = P\Q denote the elements in P that are not in Q. If th(-;
classifying vector z;(t) codes the set of patterns P;(t), let P}(t) = Pi(t)u {zj(t)}. The
distance between a vector p and a set of vectors Q,d i .
Y , denoted by || p— is defi
Ip=Qll=inf{ll p- Q |l € Q. 7= Qs deined by
Theorem 6 (Stability of Sparse Pattern Codes)

Let the network practice any finite set P = {0(‘) 1t=1,2,..M } of patterns for
which there exists a partition P = ®fL, P:(T) at some time ¢ = T such that

min{u-v:u€ Pj(T),v € P{T)} > max{u-v:ue Pi(T),ve PY(T)\P}(T)} (75)
forall j =1,2,...N. Then
Pi{t)=F(T) for t>T, j=1,2,.. N, (76)

and the functions
D;(t) =|| z;(t) - H(P;(2)) || (77)

are mono'tone' decrea.?ing fort >T,5=12,... N. I moreover, the patterns P;(T)
are practiced in the time intervals [U;;,Vii], k = 1,2, ... such that !

i(":’k = Uj) = oo, 78
P> (78)
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then 7
t) = 0. ( 9)
]lm D]( )

Despite the fact that the code of a sparse pattern class is st?,ble, it is easy to construct
examples of pattern sequences which are densely dxstn}_)uted in pattern space f9r which
no temporally stable code exists. To stabilize a behaviorally sensitive developing code
in an arbitrary input environment, I have constructed the adaptive resonance theory,
which uses the same feedback laws to stabilize infant code development as are needed
to analyze data on adult attention. I have therefore elsewhere sugges'ted that adult
attention is a continuation on a developmental continuum of the mechanisms needed to
solve the stability-plasticity dilemma in infants.
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