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ABSTRACT

This articic coptinugs the derivation of a learning theory with neuronhysiclogical
implications. Equations are derived ntain formal analogs of physiological
interactions beiwesn membrane porcniia.s,spi}:ing frequencios, transmitter production
and rc}easc, and varicus troghic echm 'Ti:c‘e eguations reduce to the Hareh

ion to*m!vral.h : ialcase. The need for inhibition in mgh
]

connection between contour enhance

11, the Ward-Hoviand or “remis
spﬂ-v INeQus 1 provcment of memory), bowing in serial verbal learning,
and the information functional is described. A unified explanation of spatiotemporal
caciion time with in H

" phenomenen in

masking and of ii:-': dﬂ‘*wse of re
stimulus energy is given, A formal analog of the inward flow of Na* and the outward
flow of K through the membrane in rcsponse o cxcxtatorv transinitier and of the
ontward flow of K- in response to Mnh:’.on; transmitier is derived,

Newral” Properties

Some

icle continues the program, introduced in {11, of deriving a
physiological Implications from psychological

postilates zre her %r; reviewed and extended
s that resembie such familiar neural phenomena

ateral inhibition {2}, ran srmiwr production and rsizase [3], ihe

1

production of spikes fireshold membrane potential values [4],

ol Bierciences 41195




235 STEPHEN GROSSBERG

the snward fow of Na~ and outward flow of K- across the cell mem-

brane in rssponis (0 an SXCITAtoTY fransnuiet {31, and the curw:
flow of K~ in response (o an inhibitory wanss !

nin thc 1.,

-.-1t emer in[o determining the empirical

coe’éﬁciezus of that equmion. The equations aiso contain predictions
ve not as vet been experimentally determined;

hat ha
{or example, & Dmﬁmg of Na', K. Ca* L and Mg™ in the end bulb in

complexes of varyving sireng rransmitier produciion and

witive 10 prior presynaptic and posisynaptic levels

Y ae — PO
reiease rares that are so:

hese jacts are only sketched he rein,

: 5
o tions. Luier papers wi]i derive {h—c LqUAIONS On
a postulational basis. extend the formalism, an d analvze the neural resuiis
i greater detatl
B. Latera! Inhibition and Ferfecr Learning
Lateral inhibitton piays 4 us role in omaking possible perfecs, or
dererminisiic, 1 herein. in [i] are
derived learning machings in which no nmmﬁ,szlv inhibitory processes

vet these machines can learn, fcmemb 7. and recall in specific

experimental siwatons [6-11]. No
sostulates wsed in this derivation are mercly approximate, a severe

less, because some of the

(‘.a

placed on the bdumo; sequences that these machines can

perfectly learn. The alphabet -4 = ABC, Z can, in principle, be

r v learned by some of liae machine :in ], but the Ic nating

seguence B = ABACABAC can be learned oniy statistical!

% and C each follow A 30%, of the vme in c’f"é'}.

ateral inhibition arises in this articie as one of the mechanisms used 10
2]

construct machines that learn $ deterministicaliy
Statistical learning of & is simpler than deterministic learning
obvious reason. Statistical learning merely requires that a machine
know the frequency with which Beaad CH bliow A, Deterministic fearni
requires that the mac nP know the subsoquences of ltengih

one that determine the next iatier unique l}. For example, the 3
BA uniquely determ ines C, and the s cq ce Cé uniguely determines

B. Detzrministic learning of 3 thus ires hat {ls& maching be able t¢
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D INHIBITION

[
LA
3

a given letier. not only the fre-
Fwithy which one ls oillows the next.

ggested tool for selving the problem of deter-
in which noatrivial context

avioral language that !ms an

A=
ages are net of this tvpe, if only
> 3
avioral signs that an individoal can

€3 as a counterpart of the universal problem
wial conigxts
.- VR s - . 5 [ P
it stow inat lateral inhibition and the mathematical concent of
ept of

information are closelv = i ;
Normanc are ¢! C\F Frelated, It i3 well known thar the ‘.7"{05'3 wtion
(ne o 11GE

7

oy, of hcmatma{ inivrmation theory can beuni

also exisis that i a5 H
50 €A1 Han ne ngry S\b!»mS 0} 'uU, midis & &xge!

Processing svstems. "h.c, basic guestion thersio

1§ tian funetion <’ in . .
information function “sit” in an 2nimal’s nervous sysie

the transiormaiion from mpuis 1o ouinputs executsd
hehgvec 1; ¢ ;
benaves gualitatively in special cases as i the mathematica

comamed in the inputs were being computed by rhese eguations. Lateral

o (

inkibition 1s ¢rucial in producing

g with references con-

2. EXCITATORY EMBEDDING FIELDS

A/ ._-;A"{ P

We briefly review some conclusions ‘rom {11 about our learaing
b i e
machines G as a point of departure for the present gccount,

A, Recognition

A eLLT

oA

Fes) e

: hehaviors! . i . 1
,.u_pl naviorai symbol », (such as the letter A as used in

Ty AP -
speech) is represented in UG by 2 singie abstract state

ey

Muthemaiice! Biosciences 4 {19693, 235-310
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1 The presentation of ¢, (0 L at time £ == 7, Is represenied in <H-as an
input pulse W t; with o"x;et time 7 = 7. i»’{ore complicaied behavioral
represented by correspondingly more complicated input

]

symbols are
paterns.

3, A nonaggative state functon x, () sits ai v, an id [Rciuates in response
e inputs. When all inputs are zero, x,{r) decays to zero. increasing the

gd0y= —axdey + (M — ARG P 0 < M ()

B earal
B. Learaing

i Afier a listrr, of svmbols has been ks

{ T

H arned by W, a preseniation of
¢ 1o H creates the reply r; a short time, say, 7, Hms units, later. Thatis, an
+5,; iime units fater. To accomp lish this.

.

fnput 1o v, creates an ozt from
[ be seat from z‘1 o ¢, at a finite velogity over a pathway
i ror; are not the same.

athwa Pk

e.,  pa
The pathway e, 1\ {hcre:orc drawn as an arrow from o, 1o &5

2. Before learning occurs, b will ux anie to lgarn several lists riy,
I R - S would already be JiU7s enly reply to There-
fore, r, can send sigaals to all points o, that represent possible replies 7

By Section 2, B, 1 and 2, a process (1) will exist that controls the
size of signals from v, to v; at time 7; z(¢) measures the frequency vith
s to AC in the past, and

1 ¢, and r, have been presented consecutty
‘{tre signal from v, to o, if this frequ
S ince 7,;{1) measures the frequency ¢

s place in M at & position w 1:"?

present x;(¢) signals coo .
the arrowhead N of e;; at whs ch the signal from v, to NVy; is contiguous
with ¥ () 2,

30

Vfathematical B sciencer 4 {1969), 255-310
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Section Z, A and B gives rise to the equations {systemr ("1}

= Tons }F s 5\{\' + i {!)

S0

ks

nitial data of

4 fintte maximuom %

fintie maimum Lf‘,, I

et ‘rth we conceitraie on the s

EE"
=
=1
I
173}
It
=3
=
[y

wo o Then signa
than z,.(1) does, because ¢, also

occurs. But the signal from o)

keep z;(r) from decaying, as (3} ShOWS. Al 1 uﬂh S lear“i
$ v i fe

¥, OCCUTS, the process is

Iz {1} we go on to seek & modification of (¥} in which the ine

g i~ '.'-z(l} inf

hat 15, we

I)J.I'?""JHI\I)j

o Bioscieices 4 (i?ﬁgj,

‘:

255-

o

., B, uare positive, aud

Z
coe iwue:‘.t\ Jhp determine

1d

(2) by the

310
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and

r"\
T

—uzp )+ apLx s — ). (6}

Svstemis {¥) and (¥7} are both examples of embedding flelds. These
fields are called excirarory becaunse {h‘cn variables, including the inter-
ol ol (%) and Ay (r — ) )

i)

sy, 0 — T
are alwayvs nonnegat

acuoen terms

We now itenmize some imitations oi excitatory embeddiug fields,

J. NONLOCAL ASSOUIATIONS IN A LOCAL FLOW

P i, Anyirom e, oot

inierpretation. Veriex o, sends out

i

Lo at time 7 — 7. This signal travels along ¢

« 1

"\es the arcowhead N, of e, at time 1. The process v,

cupon activated and
.
el

1 A= T, T IS sk
l;‘incmssl'\ wansmitied  from NV, w0 o ’)iO\_Ls‘a 7Lk

construcizd from the rato of g0, {1} al

cress-correiates the puise #p,.8,,0r — ) received from v, by

head V. of e, at vme s with the value x(¢) of r, contizuous 1o the

= 1k

arrowhead at this time. The puzzie thereupon arises: for any & % /,

how does the cross-correlation

Thiv difficulty cannot be overcome without changing (*¥), sinze no
provisions are therein mads for a transport of any z {7} quantity from

one arrvwhead to another. This change must not, however, desiroy the

improvements in learning achieved by replacing p,.z,., (1) in {2) by
in (4}, The basic improvement is that an increase in z,,.(7) causes not only
an increase in v 07), but also a decrease in v, (), for all 7 # &,
conversely. That is, growth of the “associational strength™ v, {
inhibited by growth of the asscciational stren gt th .00}, 7 # &, and con-
versely. Thereplacement of p,,2,,.(r) by v, (¢} is thus @ way of Introducing
inhibition into an embedding field wi zhom sacrificing the nonnegativity
of ali its variables

A heavy conceptual price is paid for this formal improvement; namely,

¥

the introduction of a “virtual” nrocess that instantanecus!
arrowhead to arrewhead without any app'arcnt geometrical mechanism

W Bivseiengey 3

Sarkeinat
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underiving 1. Since this price & conceptuully intolerable, we must seek
another way to realize the mutt b inhibition of associational sirengths.

We will find
to us. Ti : metha ci wi%‘l sacrifice the nennegativity of the x(r} values to

essenzially only one method of doing this is avatlable

As shown in {1}, nonnegativity

- arz chservable to a psychological
nust be sacy ';1 ed {0 create

4. LATERAL INMIBITION: LOCALITY VERSUS OBSERVABIL

sociations v,,(r) and v,.{7)
It is clear that soime
nd M. We know onh

process whereby the srares ¢;

3, inhibiiory signols must pass bEiW

vy cun create a sigoal lrom g
u v which we are familic

11 4n Inergdse N A{7) causes un
An inhibitery signal

u.

hows, dca ease {or increase) i x(7)

CRUSES 4 corr {or nu-;m.;} in z; 003 Just as the virlua
: ates o, ‘ ; i N M s : i ey b
iahibition from {7} 1o 1/} occurs instantancously, the inhibitory signals

nust ocour Crapidly” where by this we clearly mean:

{1y more rapidiy than excitatory signals, and (2) rapidly com pared to the
o {ry change in respense to

rate with which the corr::i.'atzo‘ls =t} and

changes in {1y and X /1), respeciively.
We conclude that ra pm inhibitory signals from ¢, to ¢, can inkibi
z.iry much as the transformation from Z,{1) fo y,{7) does. The great

}
! : f o nhibiting z Vi HOnS
advaniage of the former method of inhibiting z,,.(7) Hons

can then be f_'ﬁsc‘r?'ce('i by focal processes; i move
210

ong the geomeiry of At in a sensibie way. The loss of scrvabiiu}«' is &
smail price 1o pav for this advaniage.
sos ain

Mathematicad Bioscivnives 2 {1969, 255-310
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¥ oA LONG LiST

wed curve of serial verbal learning was
urs af 2 fxed item #, in the muiddie o ia
{#) remain quite uniformly distributed

fnorerms of mbibiiion betv een $Lates, his means that inhibition among
srates is moximal when the Hst cceui This i‘ac[
1':bif.ion“ near i Ust's mzddac.
i oem .-5.1‘76(1 are not t{_c same

eached this gualitative

unifying concepty

i\fcrsc phenomend of

Using the funciio r,-(?‘; instead of z,{f) in {*¥) has an imporiant
effest on the way i:\ which .iC remembers. The following fact has been
rigorously proved [7, “, i 1 if 0 haslearned a given task 10 8 “moderaie”
oi‘z‘ccuracy. the 1( s memory of the task nnpmves spontangously

! v, 1)'s by inhibitory
signals, we should now be able to 54\,’ that inhibi{iou beiw‘een siates beips
10 create self-improving memories. Thisis i ndeed the

Speaking roughly, the mechanism is as follows. First, a rapid inhibi-
tion between states eliminates behavioraity ins;gmﬁcam {e.g.. uniformly
distripuied) b-r*ko—"ound szoise. The more slowly » dwuw associations

' ' deminant)

SULL

is
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create a disiribution of state values that are com-

cistence by funneling large excitatory signals from v; to
Emt.\.,_*: st::t crispens’” these stare values and

<
ey
™
173

1ssociations = ik I} Is a new 1dea concerni ing the

taarns, 1t is. however, mtimately connected with the

ot E o m Te i~ £

aing” or “conteur enhancement” duz to lateral
a1 - i . 5 “uah o A - - - e S s

hat has been a subject of expenimenta

rispet [P WO
51‘.‘..11 g na bosn nolice

fendds Lo o crispening Of

‘sociuiéons hus

o}
A
i
fﬂ
e

o34

BLE PROBABILITY MODELS VERSUS UNOBSERY

INHIBITION TWEEN STATES

poriant

T} -
abie
nv organisms Dy using some Rind of probability modet,

e fransition probability that the
¢ 10 the next ai any given
cur behavior seams to be guite
vriting a mathematical paper
iy zero in any reasonably simiple probabilistic
oducing leiters and numbers. How can the seemingly
v intuitive impressions of merely probabilistic versus deter-
philosophically satisfactory way?
ay: (¥*} is manifestly a duerrm“-
e fbcs a predict‘ion theory for individual

11101 nrobabi!i{ies of



are. within {9}, conseguences of two fzets: (&) observability, and {b7
1inhibition between correlations

the need in an observable model for virtue
' Ohser . howsver, b

LT, 1 o
virtuar i

i . but not wholiy obs
3 mbibitory factors are aadmiued.

IENT REASONT NONLOCAL QUTPUTS OF

.
e

; nachine i can produce larg
G S mboi v, is a praferred resy
an oststar ’ ’x

is, let pyy o= 1/ = 1},

5 becomes

— i 4 L0,

0

‘1;..
PR

M
e

and

Fuiid s —uz {0 4 gl — i, i=2,3, ...,
Suppose that no list ey, = 2,3, ...,0, 18 preferred to any other in
o ~ - e - e 1T .. FEYN
e before dme + — v That is, ail x,(£) are equai and all y,, (&} = 1/

for {
(n— 1), where £t —7and i=2,3 n. Let ry be presented o

e 4 {13685, 255-31
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couentiv, b

increases.

depends onlv on th BT A fpointsin B The outputs x4 5) from

afier time _5 = {. These

and

TGy, o oo 4,

for any probabibiny ution dg0 =1,

O CRTODY. ¢

informau

taa

that a mod .ii‘ied output (“( (r} TOM &, Geour, 1T musi represent a preterenc\,

 for the list 7.
definite nreference for rir; does gxist
far excesds all x;{r)

sennially to the ojd

L nsider now the case inw

Z

within M at time 7. Suppose i particular 1
valugs in size. j# 1, . Then all O‘“’(.ﬁ
ouiputs x,(r), with the improvement that buckground noise is climinated

by the thresholds ;. Inomarhemaiical terms this means:

- {3, forall j= 1,10,

XA B xin

Aarhematic
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9. WHAT 18 A “SIMPLEY ACT! NONLOCAL PATTERNS WITH

LOCAL CONTROLS

o Every -
OV 2= 0, I ’

071 o

becomes simple o

seemingly simpie svimbols as ¢

lar motions tha

ore 'o'* moedifieg

wogether, In Lh‘\: next seciicn wo

the formal ¢ dmr*-:;ages or O,

The transformation from v, {7} 1o & (41 replaces s reasons whj; ihis will b

but aliews the O/7{1) value corresponding to a uniquc large .

to remain vninfluenced by the other .‘-:J-.’ ¥ values excent {or a threshold 3 derive betier :‘u:'umi cqua
¥ il - =y e 1 PR I s S St . ) :
Thus the transformation from ¥ {7) to Q71 acts as if the v,(2)'s Given such a one-many correspondence betweer

Given
ithibit each other cut of gxistence when theyv are cqual, but a umque the question why simple behavioral symbols ©
!:‘:rg’ ~y(ry value inhibizs all other x sy values to zero without sufering an urgent one. A partial answer is fortunately alreads

{3 the alphaber ABC - - - Z.

U*; h{h can learn the alphaber

reciprocal mhibition.
We therefore conslude that both the transformaiion

5t -y,

beiween associations and the transformation . : ‘ :
1s formed. The 'p’ldbct seems simple to us once we Know it because we
a

x4 — 070 can simply “ratile it off” once we choose to do so. Can M “rattle off th
" . alphabet?” The answer is manifesily yes.
between oulpuls covertly describe an inhibition between states. N . lal

_ ) i iply present Ao 6 after AL has learned the alphabet. Then

The remarks above sugesst {hat the Joas an . 4 TN

. =2 ws and sends a signal eniy tovy. Alarge output (7)) (or G }.)

mechanism that scceniusnies i = e ‘
later. Suppose that thsso tiput rapidly creat

and anni-
‘ i medium surrounding M (much as w

tatgs background notse to prepare thos 2 by
the associations r,{r). This role for H | “ainly compatible with the y

\“J

o
TG
fra g
—

all’™. Then xu(f) grows further and a signal is sent only

intuitive idea tha- Hp im';\; somne part in the infeormation processing of 2 ; N : ;
. . ) - : pi < our v, (£ oceurs from o v Luae units loter, and hereby
learning n‘z::l.chme. T i

- ¢ The process of sending signals cne




step ai a ime and reinforeing these signals by rapid feedback inputs through

the medium surrou nding A6 condnues in this way until alf the ocutputs
N xnlng, ... t) ave become farge. one At a fime. every 7 Hme Wiliis;
that is, unti ihe entire aiphabert has been said by i,

. \

The alphabet zl~ us scems simple 1o G, even though it is & composite

symbel, because the associations vap. Fuce. ... Vyy form a “one-

local control™ vy is acuvated by an input,

dimensional™ chain, Cnace the
, . L.

ain from L.

that performing long s.nci complica

i sensory or neural feedback creat

5
The following section. which contains & some

ped on o first reading. In it are

1

redsans \‘:‘ 3 'C!I‘a;)—-{'!‘;ﬂ?}\_.' CO['I';.\p ndence between Sy mbols and stues is

nple symbols 1o become simple when

compesite symbols gradually become

simple as our c.xp 'EW“ with ‘uen glo.\s We can gain 'i'urtn.crm igntinto

ing from each poinz 1:'; 10 every oifter point v, with equal weight
howr loops {8, 1G, 111
cr,. Wewish to
N -+ 1 of the alphabet begins 1o act
rabet {and all its subsequernces} is learned.
simple way of changing the cquations of an exci-’.atory
ccomphsﬂ. this aim? The foliowing discussion pro-
3 fis question.

Cons:ZdGr thc i habet ABCD .-+ Z for definiteness. Before the
none of the letters is linked to any other by prefer-
i etter 13 by the machine

-, P i 2
s OF o QUiiilg SEepuiaiely.

-
1%
w
7]
=
(4
w
“
I
-
o
=
o
-
=
&
v
—
;

"O
ot g
B

o
B4
o
-
&
[
&
jon]
&
i

s
ks

o)

Marhenmziice! Bic

ach subser of it hos some status as a simple
istructed {rom A, B, and C can

o differing degrees. Chus we write

,_A‘B} : = 1A

howeight does savch of these

long ago,

on

hefors I3 is, then only {B), (), and

(3C) can influence the prediction of D, We must thereiore seek o way

of mathematically e.:-;pres.sir‘-.z ihe £'e=.«:t that oniy sels of letters ih
: - substantiali nﬁ‘uence ihe

o

There is o simple way 1o say _1t time ¢ that B and € have recently been

'jm}}

of distinct svmbols has recently been said, then the product

ik

.-

is large, We need now only find & way to say that if /[(J}yand 7; - have been
consecutively pressnted very often in the past, then prese niing /{J) alone
) salves this problem

$
in the future generates an output from v, Model
Iy =i

ince the imeraction corresponding o the transition r; — £ 18

[

5 {1969, 255-310
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& moncio

we suppess by analog: the interaction of the

which ocecur long before

maing om} 10 ueﬁne v

) in terms of the cor

Reducing

surpul ¥ depends on tne
resented to 0. Consids

properiy }“,\,Wa,

: correiations

INFORMATION,

one decreasing 1n 4, ¢o

Higher-Order

and how are i

AND INHIBITION

7 (ioes, cannol easily become associaie

I

71

o ponding w0 the idea that symbois

4 with

dies some useiul formal propertics. it

ulties are, however, quile

Associniions

P 1

.TIDL“‘..’. [

ompoiind edee €. ToT

= L i’]
——— P
JT"‘P'/—M 7' Wi
1 of indices J, in addition 1o the simple edges ¢ from v, 10 0,

is entirely raystorious in

12t the prochss mentioned in Sections 3 and 8 can

they reach Ry

unil

compound arrowhead

compuied and then correlated

We will Toriunately find, in
vy compute

{2
\e

¢ Siatcs, and can thersby (b) reduce higher-order associations

ative oot for

araphs show,

1pping Nonlocal Patterss Rediice

sl meren
cund no? 5o

Ko f and

gthemetical Blosciences ¢ (1959),

‘s;mnluvmv jea
achnical difficulties, as the

in (REEL

excited, (2% — 1)

Nt

t.order associations z;{¢). This reduction

d behavior
i ’;iemr‘g para-

Buckground Noise

Cvery time @ pomts
s of the form ey,
1

£,2,...,1 The zigaals

s
— m edge

255-310¢
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correlations that ance.

vecause we have fixed the number of states ¢, in a one-to-one correspond-

simplie symbois r,, and heve then been forced o describe the
composite symbols using a huerarchy of higher-order associa-

HOTS hezwecn the states. The resultis a graph with 2

is vigtimized by i‘urious input sig

urden ol representing Composite
ST v arase Bderalvu ardiliey e
between W edges. Rerely adding polig

"Oi‘fuub’lc‘s to k; poinis
shere ¥k = 11(2"’ — 23, and go point in Flis

>f Points now Qg
g @ given point can be just
us powerful

We will

some of the

O many ol s o, and eagt ,onn ;’)le".lCiD’.HC in

Ay svmbols r, 17 v eti-learned conmposia

simpie way withou: cre(m; o uncontroiiable ba

COL

single n

inputs {15}. T%}is fwet should noi. as 15 ofien 1

exampie of “'chﬁos" within the brain. Quite ?i"t_ contrary, it heips 1o

L. UNBOUNDED SIGNED EMBEDDING FIELDS

Section 4
embedding fiel

rovides a directive for eliminating deficiencies of excitatory

“ "'cl

@ ficlds with both excitatory and inhibitory
clements, wi;sch we choose 1o call signed embedding fields. We now trans-
fate ihis divective into the simplest set of equations that can replace
{#*}, and then proceed to reap some happy neural consequences

e

Signa! Threshelds

n (%), the output from the stale v, at time 7 s preportional 0 x,{f)
Section 8 1o ;hcm this outpur by O ’{I} bt O“)!H is concepiuaily
abin

unappea

beosuse i is "nos‘do::ai." ¢ geometry of e fow,

= e

£ s
Alarhemuric
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e ’nas z “iocal” forr, ho

it pndy the state ¢, has a large v{¢) value, Then
i N IRei

O (e HUR U

sends onlv on x,(¢) and & known positive threshoetd . Th

wever, in exacily one case, namaeiy.
2

R

e

principle of sullicient reason can now be invoked to show that v {r) must be

14 - o

renlaced bv (7) in a4/ ourput expressions, To see this, it a “local”
y O cannot determing

{oF

observer @ inhabit the state oy

whether or not exacily one state has & farge value at time 7. i only because

N . 3 amgretee MYy oy
are nol ransmiilc coushyv, Nor can

dination of one output signal emitted by r; from tha

i} M i afiyag <
irtbution o7 vatues at

ion be (73 lor one distoibution

distribuiions of values, In particular,the
r

ihc aa'ro‘e.'hszad N, from r; &t time

i

ve f ndexed the threshobd U by jas well as 7 1o admit the
Herent arrowheads huave difierent thresheolds.

the sate r.
uously designaze that (8) represents an excitatory

¢
sters in (8) with superseript +7s; {8} becomes

To shorien the writine of {9). we infroduce the netation
{10}
Then {9) becomes -
] (1 3
Ly
Resart,  Given that x{7) s always v
. N P 1Yoy 1
max(x{ty— ", 8o O,:"U), hOw CEIl WE DO

these nonlocsl prop

7 ‘;'bstory, betwm“ he

The nonio i now be replaced by the
local association z,{f) of {*}. The excitatory signal received by #; from ¢,
at time ¢ iy therefore, by {115,

'-:,-‘.-(r). {12

ol Bioac




 from ail states v, at time 1 s

erations determing thi

ey

analogy with {123, Two consic

increase in vy causes 4 decrease in x, 7T Uime units later;

n,fg.,—':". -t
RiveTEad E
N
10}
+
it i
Y v
{b) :
i 2

Embedding fields in which the expressions {1
called sigrned fields becaus

signed graph; (12) can bc pictured
25, and (14} can be pictured as in
Th

B
slus and minus signs stand for exciia

',
i

-

B. Signed Equilibrinm and Decay
The preceding subsection mere.!y localizes various expressions anci

admits inhibitory signals. The intreduction of inhibitory signals ic qQUETES

N
316
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rium value is :wev.sd. tn

permils X47) 1o decay

i i’
o > @
W 2, v,
;s
\ay
Hr— - @
v v
; }
(b}

Fis. 3

in a signcd field, both excitatory and inhibitory inpuls are

No lenger need the variables v/} and :7;;_,(“') be nonnegati
eguilibrivm value thus l@se‘ 15 pn.ne

b

pi:‘ace. and ¢an be
th

T Vaue

any equi ;

beipw, when all nputs are zero.

—zx i} 10

S

hich the decay

¥ 10 equi!ibrium inw
rates from above and below P, need not be equal In the speciai case

.q.}
=]
o
L1
o
<]
<
&p
:1
s
o
(‘)
z
[¢]
[y}
(&1
[
851
=
o
"~
o
-
joral
L ¢)
<
(JQ

inal decay term — {7}

eneraiized

mlds 15 NOW

UD

Il
<

Having abandened a =

redason 1o reqy is
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and {2537 a

only measure whether 7,471 is above or below various prescribed equilib-

riumn and threshold valves. Once imroducing

of (¥} is easily adapte

uarpret auon ¢

these networks. iy 108 nerve el body, or oz

otriin (31 ; aerve cell bodies. Each edge e
!

t oo Nl o e

SUHIICYS T misasure

cons. ieadi

ciated with the

ind the

§oekiING

B, Vembrare Potential,

ing fre

S S B R
I sits in the cell bodios Ui

arerqge by
The mypmmerioaal . i § 7 = H " B ¥
Phe numerical factor v, in (201 iy merely 2 scaling fctor. The onh

' smerical i the axons &,
immeduitelv obvic Ton AT s

(21
ey is Ttoo smail”

(’La is not forbidden.

izl is replaced by [z (i) —

an individual neural si

e querage sr;i.s‘;'_r}:‘g; freguency creaied by the cells

[g"]
(9]
—

This signal equals zero whenever | v
] woh “'15,15, vhich it does, and £, s the
5, which it does. Given these

identuications ( 6 “Ea ims zi at the spiking frequency equals zers until the
i L o ) o ‘ membrane potential rises above a spiking stiold that strictly exceeds

bR . — . .
- he eguilibrium potential, For suprathreshold values, average spiking

(233

=

{25)
N exciialory an ;J hxb tory 'in}Ju 'tpa:C»
and S -‘)15 i Eguations {20}
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existence of a process x,(/7) luctuatin

this process gives risc

a

threshold exists above by ! v linearly in x;06) has also
been reported [5, 16,017, ESE. ur equ als mpatible with the
so-called slow poteniia e mem-

brane PO:C}”;H ¢ aelgrtnine ondn in spiking fr 2ngy oo TG

v

2 the :)O enfials of

{

40

I3

it C"rub 13 show,

P , Bt
O Transsiinter Peoduciion il Release
i B Crorriayy ¢ Ao -1 H Pl A
The excilatery .»zgn.s.s {20} reaches the clvi buibs A

¢ posisynaphc

5 & proportional change in the nue of
"ave:-;’.gc posisviaptic potensal” A
the synanses o posisvnaptic colls &5
3. 22, 23] We therefore wdentify {27}

ransuiirer released into the synapuc clors
¢ process I,(r 4 =) wking place w the end bulbs N,
‘-_'ne reansmitier production aid siorage process in thess

BN
FTAN

en says that the

The transmission law {27} 1

.+.
-1

of excizatory transmitter released J"u m

increases if sither 1 ¢ presynapt ic spiki
.‘\‘

the amount of availabie \ra’lsmi*ter in -+ INCTEeases.

o

Pi‘(’b‘_i'?."ﬂ}')!f(‘ and Postsynapiic Coatrol of Transeiirter Prodiction

guation (20) can now be read as an cquation describing the average

rate oi transmitter producton in V. The most imporiant &

i

e
i

s

r'r’

As ihis eXPIression InCreases

of 2, or DY increasing ihe p

neTensiing (\i‘)}
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Both (113} and (19) must be positive in ovder :‘
property leads to the prediction that gxcitatory
N, depends on both {
postsynaplic por wiatof ¢

the

"(‘?C! ueney

value of x (s} is depressed

{ﬂ'}d\'. el

Lnlt the frar

E. E.\:ponez::wf:/ Dec-a‘_r :"ﬁf A

transmissions t*o 1 other cells,

e, Rathiif,

acerning e

5 vc'n..@ﬂ has the

where F=1,2,...,#; ¢ i

ommatidium axon under g fixed leht source 11 the

from nearby contributions are not negligible, e; is

can be formally derived !‘rom {25 We carry out the derivatiol in the
simplest posslbm ‘4cj to cleatly delineate the main ideas. In p
various geometrical complexitie
in prmcipie be discussed Lsin

All inzeractions 1 {29}

i inhibition in-
3 the reting, and so all J7(7) = 0.

_.
=
o
[
34
o
3
ey
=

pi
47
o
1o]
e
=
1¥1]
(&)
=
(@)
iyl
177)
e
TJ
&
=
=

S [P, - x0T A — P - T+ . (30

‘ IR oL

Madematical Biosciences 4{1989), 253-310
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The light source is stationary in time. That is,
IT7(n = I7 = constant.
Equation {29) d bes the reuna’s sieady-stale response to this souree.
In oiher words,
LN =0 and x{r)= x, = constant,

for ail & Two cases now arise.

Case 1. OCniv one ommatidium, say r,, receives light. Therefore o

inhibition from other ;. and since x; is excited above is

value b\ the }‘r\_lﬂ.

and 27y — P =270 — P

1y sm
Y[=P:+ 71’{ (2!
x5
The spiking freguency oIS, as o (I19%, of tho
form
er= a0 {x, — V7T (3

where w7 plays the role of a composite coefficient
By (31

o

[ —

—i—le
Z;

and choosing the light 7, suffictently intense to make e, suprathreshold
s
Lo

and thus for any index i such that x; = P, (23} becomes

7!
- . - e Y
0= —'j' Yy P} + j i ﬁmi.“ = il P
=1
Rearranging terms viclds
| e 3
Xy = - ,z:,f m{xm I il Pn- - (34)
O m=t

it

W
th

I
a
by
o

Sackemarical Biosciznees 4 {1962), 2
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Denote the spiking fregquency along the ith ommatidium by r, i this case.

Theu

and so by {34},

nenlar

which by {3331

suppose |

We can without

) e e e
all v, are positive. Then by (_33).

which is the same as

1 —E ,“. i nf}.-u -
R ! :3} H 17 : ":3 "}
'j oilh‘.':’l'“

{(27) cgress formually with the Harthine-Ruilil equation {293 if we make the

(38)

{39)

ry of tihe Linwlss reting is presumably far more

sumptions on the coeflicients pj; and p7, the fact
1 can be derived from simpic psychological 16(—:'1& and has a formal
structure in (37) that agrees with the Hardine-Ratliff equation—which

{ resulted from much arduous and ingenious physiolo 1
mentation—acts as a ielp%’u} and grazlying check on the psvehological
anproach used ro derive {235

Viarhemeieal Eisscivnres & (15085, 253-310
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an of e rate

: ..
opati werght gy
i

1 cells {say, at the refina’s border, or due to
systen.a[:cai v with retinal pesition, then the

cmdepcndcnt of {fand j. 1o this case, wmeasure-
¢ a svstematically distorted view ol the pai‘u

¢, Tor exagmple, il the

-

sart fm hefere inhibitory interactions can set in.

fI.

14, BOUNDED SIGNED EMBEDDING FIELDS

{20y and (23) has the property i (
'idr‘.’:‘itﬂumpd ts [ {¢yare chosen sufficienty large. tis
i

in some ways physically more plausible to assume that w47y has fixed
bounds 1hat cannet be sxceeded under any circumstances, much aswe

¢
2 and (3'). We iherel‘orf: derive below the

{ adaptations of

the bl"”e i case.
that x,{7) has a fixed maximum M, and a
tory term dug 1o excitatory signals J7(¢) from states ¢, and i

r-

atory sources 7 (7) can be written down by direct analogy with

ed minimum »i,.

wl (M, — x {0300y + 1, {41)

[

wit%} iniii*:-.} dz.ta th't satisly x; < M, The inhibitory term due to in-
)

frem staies ¢, and to other inhibitery sources £7{(r}
can be \.\'rm-‘c} d(}wn by ana‘iogy wm}- {4ty in the form

u.y term for . SN POSS

a A, and ja,, rather than with its

fremt i Blosviences 4
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'.E’ai’orium value P.. We therefore single out for particuiar atiention e

d 77 {rare

(1), T ()02 (), A

0= Py al e P -
QT
ERRUNLY] -
P - (-2}
: N
AR e

{3, INFORMATION AND LATERAL INHIBITION

rms S*cl‘on :Immd cesa g ned embedding feld A (hat itlusirates the
lateral inhibition that wa

w:ed 13 Sccau'z ." For simplicity we consider a sigued field ti abi
anaiog of an cutstar 9L 1
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given fixed narameters {or WA
constant 1’; for ah - U

equals zevo. Since M siarts out in cquilibrivm and no inhibition hus
reached v, n (56), (56) implies

Xol1y 2 il — i) 4 17
wiich readily vields

RRESD-S TS

Xolt) =

LE/;1s chosen greater than «7(1"; — P,), then X,{r) achieves the value I}

<t} can be made
xceed any fixed threshold ?';. 1 an arbifradly shors time simpiv by
; 2 any /] such tha:

fou
(9]
y
4]
o
w
=
[¥]9)
. i
o]
-
.
&
e
o
=
w
e
2k
o
(r
m b
I
el
o]
f"

rq
Fat]
o
i)
7
o
&
i
2
§
g
=
o,
=
=
5
2
(W]
o0
Yo}

1o viclaie (33).
A mecessary condiil
fnite number N9 such that

» neld s thus that there exists a fixed

i < N < om, (373
b7 2 0 and all inputs 17 that ever perturh 1y Ineguality (37) iz
'uli""lo': :ff;"!ﬂ iS4 :\'icn;&i created by 8 point whose state function

1 33
]

It can also readily be seen that (37) must be supplemented by o condi-

tion of the form

t}"uf‘T;, o 1.
is arrive just before x,(7) reaches I and just

wforelis > 0, butinsuchaway tha

AL, but the inhibitory signal created
hdn the 515;:19.! created in Jb, at time Ty
sz’gnﬁ.l can be made as small aswe please
P Toy, a3 (49) shows. e can be
signal arrives when I7,(7) = NJ¥,
g mpidiy. The inhibitory signa

I
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signni. and thus the

iput sienal fromoa 30 nid smic.
o
i3

icular choice of oo-nui S and A

between t

cignty sirong inhibiior;' si

7 e ey b we
ol arrives at

the signal a3 much as we please by choosing arbitariiy lavg“ vaites

extra degree of

s at the stafes need not cause any \,;hldg et

5
‘alues represent a learning experiment.

1

r"or cxamole let .é’si;- Le in cquii'br;um uniit time ;== £ Lot any
adoussible input i ff) oceur at ¢y U e, Adscs a*d 1o vst) Equal exciratory

1ing v, and r, are zero, b) (48; and [ ‘:)‘ and oy, and o, never
leave squiltbrinin. In short, saving A teaches us no list AB or AC, su the
S

en wlf) = gty > L umil time 7= 0. let A
occur once again, Then equal and positive srgnals reach v, and vy from oy,
reate nhibito -y mgm:s betwesn #, and vy thar keep

=}
=
54
-
e
¢
>
&
(ﬁ
L]
&,
o,
[¢]

201y and xyir) small, In mu. by ¢

Mathe maiica! Bivselences £ 196%™, 235310
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for ali - 2 0 Even a lurge signal to A alone need not make the associa-

These examples show, pavethetically, that by choosing Hiciently
LA0) and {0y val ven a small input {0y can creaie
d »y that ‘.'iolatc (57 i ’ . Ths
Lleyand o ; v hounde muu:u‘s‘

z unui

3 : : by ey Tyr oae kY S e oy P
o1 oo that s, o:‘.l\; N () is over positive, Then only wu{r) aver exceeds o

threshold. and i o rticular,

nan At

to ¥ gt time 7., and let B be presented to

equitiprium for all 7 2 O

5. inputs woeur at o and o wi{h a time

be positive, and so D.(rh, and eily Il Erowes,

(D, LEARNING OECREASES REACTION TiME

Daily life amply iHlustrates that fumiliar behavior sequences can ofien
be emitied more rapidly than unfumiliar ones. This also happens in our
; )

iiustrate in the simplest pws{bie case of Fig,

¢ AL be unbounded, Tor simolicity, Then

Pait) == Dyt + 1508
+ i peint = i — PRl izeln — Q0 {60)
Zoatiy = (61)
Lt o
‘_!\"i'} {—’\2{‘3
\ [
N /
N <
. . = oa”
p
; e Vi
‘I T2 z
Tl 7
it Y469Y, 255-318
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)
]
=5

o1y = puplvy{n) —

Let ry and ¢, be i equilibrium until time r = §; that is, X () \
i=1,2. Supﬂose that 23,0} > 7, so that signals from r, reach v,
a positive input {7{7) periurb r, at time 7 = §, mci

reaciion time v o= v

.y of i to the input I
that elapses from the onset of /7 at time s = 0 until the cutpul
vy becomes positive for the first time, which by (623 is

and

ume interval [0, T + 7“3 + T‘.ﬁ We therefore suppose for simplicity

)

I
that Z{il e 7{0) in a ie following remarks.
The gualitative behavior ot Trand Thisea Szi\, found in the special case

that I7(¢) = I = constant, 1 > 0. Then {59) readily shows that Toisa
monstone decreasing function of 77, since .\"1(!) I5 & monoione incrzasing

function of 7} for ail t = 0. The signal from o, 10 t, IS Therefore also
GCnoione incr e'tsiﬁg i Ir, and thus, b} (60}, T, is a monctone decreasing
function of /7. In all, both 7y and 7, are monctone decrea sing functions
of £+, 50 that aiso ihe reaction time = decreas s as the input (or “energy™)
increases.

Yo study the effects of learning on reaction time, we nced nerel
consider several co p'es Aoy, Mo, Lo, b, of the machine Wi, each with
identical initial dawma an

M e
Mo RAs a largeg

nput f7(#) = I, and differing only in tha
; has, That is, 46, , kacws the

Methmuical Bioseis
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. Ench of the machings 4, has

:
ince a’*»ma‘d have the sgme initial data a nd inpuis.

the same .\'1{:'} UACHion, $iT b
"y e 17 Fr
In narticular, 77 is the same in all the machn

», is lerger in My, than in A, as {603 shows, because :13(9} is }arga;: nfx
: Thus, xy(r7 grows jaster in .., than in M6, so that
'f!i__,-;-: thm ia‘; i "“1 + 7 also

21

ases the reaciion time.
b is s,o_bni.\' found in the spe

on Zeiioand w7 = ] = oz Ao

e (63
\'_,lf}zly {05}
£

64)

A
and
o

of gourse, be modi
ponents of the
another before
-

The next section describes some of be ﬂc\z

as o resuit of inhibitory inferactions beuween pea_ms.

jv
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17. SPATIOTEMPORAL MASKING

The speeding up of reaction ume due o prior lcarning hels
nemory of

=

climix.aie response interference, 10 spontancously improve the
prior fearning, and o creste context effects.
for ‘\ampl,. the homegeneous signed outstar JU of Fig, 3.

¢ sequence ryu has been substanoally betier fearncd than

an e - E - Sy 1 - H . gt 5 A
ime 1 = 0; thar s, 2600030 000, Let all xh = F, fon

. ai u* suppese that a recall tri:

an mnterval of the
To avoid triviaiities,
and v, eveniuaiiv <

ra

Pl S oreetes eg Lzu* signals from oy @

ooto the arrowh Cdd

o das ard oreanahiec b
QOCS, and reuches

sttory stenal from e, o
¥ sl 2 ;

¢ x,{l) generaies an "w..bmn\

al from ¢, can reach ¢, in iorc» befo
signal 1o iy, and can keep v,(7) below the inhibitory thresheld i
Og{ry = 0 since the inhibiiory threshold

these CIrcuImnsiancss,
)

iy smaller than the outpur threshold I', .

in short, speeding up the reaction time of well-learned behavior
sequences /ibirs the oulput from lesser lsarned sequences 1o subthreshold

ciently large, va(r)
0, whereas there

The same arcument ‘.’1' ws that for =

g which 7,,(#} grows.

In shori, speedina up the reaction time of weil-learned behavior
sequances tends to preserve s memory of these sequences,

These arzuments {z’ o Rot require that smG} bz at cqu%ii’trrmm, bui oniv
that M,(Oi 3 Iy \U) 'in. other 3
gir observable

¢
Gmp:z: sign :1/ Og(z} ii‘ (0 2 2,,(0 bu:mxae x4:) grows faster than

Marhemarical Bi
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e’

xXp{r) grows, and can therefore inhibit xy{r} to small values before C,f¢

becomes pasitive. Since a z,{¢} memory exi never appears in

Ms overt behavior, we say thut the ini‘:ibftos"f signal from o, to oy spodiadly

memory by cutting off the output from oy

1the refative timing of the input signals received by q

3
H
i

51

wd oy, it 1S z'caliy more proper to call t
masking.

he maskizlg process spariciemporn

- ﬁ.._.-wdcr e -i?-wo
( (@]

4

=
S i

: # ~ +
IO \12(?)
Frs. 8

The foregoing cxample of spativiemporal masking depends on unegua!

her form of masking
¢, the machine i

o (2 values. Section 10 sugeests the existence of':
due 1o unequal pats [(s) Consider, for ¢
Fig. 8. Choose the parameters and the

data of . Thome-
genecusly: lor example, %] = )., p7, = pj,. and p7, i
ular, lal vi{r) = .\'g(r) = P, 1 €8 For simplicity, let the mpuis £
i graphs given in Fie. 9, is & reclangular

[
o+
PR

(124

[ —

&

Fus. 5

1
<

Marcemaricu? Bioseiences 3 (1969}, 23531
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L T oo tha Ang t
1s the same as :n the ¢ase that

14w

an excitatory

s 3t

{63)

i

(66)

T > 1

alent (o

Marhematico! Bisstionces & 119803, 2555310

AMD INHIBITION

. Altheugh oy receives an input before

uch larger than
&

='ecei‘ce:: 10 Inhibition ront

spatiotemporal n

--Jl"l Uy d geaal deal can aiso creale i maskl

whzch we also ca’;'i a “warm-up,” TRraciic

e - Yyayun e
2 L TOrE nan |
=t

ented to o and 1.

21(.‘.”.!6\6 oM TENar

anteed by co

BRANCES OF EVENTS LONG SUPPRESSED

ST

We now briefly discuss an important case of spatiotemporal mas'};in:{

associations.

ences {say) iror ildhos hat never come inio ¢o

ricgered suc iden

Fover ‘::'JE_"

fized machine 10

{8, which differs from

y nnp nging on v We can F all e
B ¢ <

\5
remarks concerning ieamcd 5

iy
=
B
[
Trs
b
E
kS
IS
3
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the signed outstar part of A0 which we denote by ¥, The “new environ-

B puls nat activaie tese iraniiuens are

entraicd 1108 1w eil\i-i'(!!":iﬂﬁi]h 05]‘1\’ oL

iponment. and i)‘.!i).' the OLH"“'L:{

UCL O

the o!d cavirenment, nputs 1o baih r, and o, can
become Dositi\'e. In purueular, i7 /7 and 17 are simulraneously large. 1hcn

even though the input rr ont il 1o &y c_xm.ed:, the input from ¢, o, because
Ty 2 Iy, the toral input v it
eived by v, from vy, T fore. .\3(.’) can inhibit x,{n), and wes can

e re
casily guarantee that only the output from oy becomes positive. Thus 1
tra

om ¢; and ¢, 1o ry can easily exceed the inpu
rece he
1

nsition along ¢, which is not strong enough to create any ouiput
whatsoever in the new environment, can nonetheless evercome the stronger
transizion along ¢ i
alonig c{;;a.
can easil

spatiotemporal masking due to a mixture of learned transitions

o
<
o
Ui
o
jan’
F
o

fluctuating input environment.

19, REDUCING HIGHER-ORDER ASSOCIATIONS TO SIMPLE ASSOCIATIONS

Section 10 sugeested that a signed embedding field can compu

products Ty x0i) of siates even Yor large seis J of indice
introducing higher-order associations. We now intreducs the
;gned field that can {approximately) accomplish this

Muihematical Biveciences 4 {1749}, 235310

.
¥ construet for 2 elf more complicated and realistic instances of

YWe will show that % can be

constructed 50 that the simple comrelation o, -+ =7 4 77

toiet e obey bounded equations.
A

e mvariant under ney

i =tgoand Po= P, Also

g,

suppuese that the only inputs reaching .Y are £ Iy and ) (r), Then

L obeys the equations

Tty = (M, — x iG] + T

L = G = iy +

:(! ) ’u’u ER

g "‘4

— u{zeley — ik i=1,2

it 1der permutations of ¢y and ¢,. a
Jexcite oy and o, F‘r atl r » 0.

=z G, by symmetry. 1a partic-
W




Since the smmxipuun input received by oy

from oy o v,

corieg aloo .
S Lidiy 20, dn |_'O':}

P PR R TIYE] .
f}eannol grow unless doth x,

{#— — 7y end

also have large values due 1o 2; uent prior

argument

.1

excitagion of vy and rp. A machine in which this warm-up cffect does not
'3

aecur ¢an be constructed simphy by

" of the three or more com
stension of the idea given above

Muthemnai
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:x

raglt)

a’%—-—-—-—--—---—m-b
evfs

i .\'S{f) pecomes In

2 compute the product

and to ¢hoose
The idea
old is not new, althoug

more fundamental consideration
introduction of correlaticns that measure these opera ons and control th
$ize o
up qualitatively new Doss'a:lx ies for the use of this old idea.

iiure signals using [E;cse measurements is aow, however, and opens

aiheﬂd “d'lv TER

UOMTHC YCISUS nega

such examples as particles

3 acias: in our philosephies as
such concepts as the yang versus the y ethics in such valu
as good versus evil. A spf-:cidi case

in the excilaiory

W owill

sening our undersianding of signed fields, raths

formai conseguence of cur previous

1} Bloseiencas £ 11968)
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experiments. This point of view seems ineviiable if we ever wish to bring

the concepts stated herein into harmony with the resviis of other disciplines,
[nvoking exciztory—inhibitory dualism (or EID) in [hL present context
has rar-reaching concrete conseguences as well as s philosophical appeal
clations to equations

1
fpwill, for example, tead us by simple formal ma; oh):
e interp

thar can, in 2 aatural way. b erpreted to ampiy

bitory as well as o icitatory transmilter sub-

o
6

rinal curicatures of Na

I ~ sl -
tee cell memnbrane,

he crzation oY oxe mrory transoitiers of an 1.1\\.1.'d fow of Na-

fuces an cutward fow of K7 ar suprathreshold valuss, wheress
outward How of K- is created by an nh b Oy ransmitie

the exisience of two au antities that are formal SATICaires L)f

CCo i(.ClL’uliOlH inside the cell membrane,

of Na~. K, Ca*~, Mg?~ within the

ing strength 1o produce transmitter production and

@ rRies thal 4ro s O PrIOT presy; paptic and vosisynaptic levels
of membrane potential, and related facts and predictions

Some qualitative insight also emerges congerning such fundamental

probiems as the way in which a nerve cells functions in tlearning defermines
its shape, and the way in which a nerve cell “knows™ how much it must
This article merely intro-
duces some of the iormzai machinery needed to derive these results and
Later papers will investigate these and related 0pics in greater

oo
=
CEf
e
&
d
<
o
=
=
a@
11
o
P
P
'-i
o
C..
.::_
Ll
[
¢
=
)
=
[l
o
%
=

21, THE COUPLING OF FORMAL Na® AnpD K* 10 FORMAL
EXCITATORY AND INHIBITORY TRANSMITTERS

E{D3 1o show how the simplest features of {a¥-(c) in
can be derived. A bounded siened embedding feld,
al
T

ways be censiderec ‘ar def_*m"ne%
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T Wae therefore seek an ecuation for the

uation, at least formally, in (43} if we me ety adjoin an
xpressions therein, Then (43) becomes

= TN R T
— ] TNy — e —'J’_; A N {73
f‘.‘??--'-—v—, -
iy
P
| &
T
% e —i—
3
a7
Fire, {3

Foooof e ipamd Fo pa
o l.;',r\‘.:g\_;.j. tril

. T SUF‘:“\"‘!D 3 I

JiT = Y gy i — iy — s [ A1) — 8277) (76)
' i i) P m i :
el
input Jo (/) is determined fro {1} by invoking EID. This we do
fti the most heuristic way possible m keep the physical meaning of the

resuits ciear,

Compare the excitatory parl

% T = m (78}
f1 773, x(r) Is compared with s maximur ¢, whereas in T8 X702}
B B z i -

is compared wilh its minimum mf. We illustrate this situation in Fig. 13 in
.

"I:sh-.‘e WAV i ire shows fnat
which we denote
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i Oi\

g xaniple,
the expresstcn i0 the ox-

ression [
DIesst I,”

polarities in (706), [uuL

ST = TN = RN T A A 0
ol TR T T ST T U (80)
Srrievand Jym () are also feund by changing + superseripts correspondi ag

6} and (79}, We il

Jny = 3 g I - e —

——— e fx)
mid R () — =i (:’]‘
TR
and
—— — ey 3 ,Lfr{ — ’}\
JiT = = A = IO A — (82}

j3+)
o
2%
=
.
o
oot

Equations {75 and ( 1) satisfy EHD forma fors seem o

describe a complete symmetry between excitator anc_-inhibitor;; processes.

¥

,» a5 we will now show, thcse equations de net give rise 1o a
sensibie learning process unless the coefficients py~. 25 oand pr-
are constrained in an asymmerric way. This “symmeiry bren king™ within
the formal a§mmur\ of {75) and (80) is needed 1o guarantee the “evolu-
tonary trend” with an excitatory bias that we call “learnis 2 in these
systerms. (Is it poswiblﬂ that symmetry breaking of ostensibly symmetric
systems in various other physical discipiines ocours to guarantee a nalogous

evoluzionary trends 7

The need for svmmem reaxing is clearly seen by conside

v br
in{79). x7(7) creates an inhibitory signal along e, whensver .
2 > Q. Smce b > P oan ivhibitory signal is created wi

(,. iz &t equilibrium and p7; > 0. This conclusion
have imir oarced th

suarantes

at equilibr

Maifiomatical Siosciences 4 {19693,

l\

Zia-31G
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bt
o
5
&
5
8

wq.s’n away all learned associations. To sliminate this catastrophic possi-
‘w
J

%43 siill obevs EID formaliv. but the constrami (83) gives the
SQUALION &N ASYINMEITIC 'mpearance.
Since no actual inhibifory inpuis are 9 ermitied in {345, the very coucept

of inhibition can only be salvaged i

{800, Asinall ovr previous discussions

siensl from v, into ¢,

irs inhibitory zhresho-
et 95y
Fon ’\.u{‘) mil (53}

One of the two output expressions

t

: (361
7 [\ ”‘) — I ‘ui [Rele)
or
i - 87
7 m w o "‘.’u{-"}l (‘ !

in Joi(ry and J 700, respectively must therefore equal (85), for every

i —-m;, 2,....n Suppose {86} equais (83). Then. as in (84}, we must
impose the constraint pi; = Oforevervm =1, 2, ..., ThusJ7 (1) =
0, and by analogy, I+ {.r} 0. xF{z) and x7(¢) then obey equations of
identical form in which no inhibitory signals occur, Inhibltory signals are

only possible il (85) equals (87). Then

Gt L e Pyt -t T foa
[-‘7 L) = { *1 [CTa. "7.':(.“] » (&3
Dmi = U, Lim=12....n {89}

= 1,2,....n Eguation {80} becomes

= ) = T — D T+ 1)
(90)

The importanr relation (88} implies that whenever x7(f) has a supra-
threshold vilue, then
e . v e
:)r-)z ":-m‘r“ = I PV ol A A
= constant {91)

Muthewarical Bioscicuves S {1969), 235-318
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o3

{t) and x7{r) are iineariy, but arz!agonisrica‘.r'p; gouple
mh fy g

when x7{2) is driven to suprathreshold values by the excitatory inputJ ,;;‘ (1}
in (234). The coupling (88) cannot be valid when x7(7} 13 driven to smali

3y

vaiues by the inhibitory input J77(0) in (%6}, or else we must zceept (h

[47

absurd conclusion that a large inhibitory input to ¢, creates a large
gxcitatory output from ¢, The Loupiino (83 is therefore broken by an
inhibitory input signal. This situation can be formaliy expressed in terms

Then we reniace {887 by

TR = 1T = BT = Al =0, (92)

T
HE I wisd

so that the coupling {83) holds only 1f

a0 =1V =1,
which 1s the same as saving that ¥ {r) has been driven to suprathreshold

1

values by an eXciiaiory input

The foregoing simple manipulations can be summarized in the {ollow-
ing way, The equation {43) conlaing a 'ia-.jnt symmetry berween s
excitatory and inhibitory interactions. The effort 1o make this S)'mmetr\,'
axpiicit shows that it describes a process v {7} with powa e polariry and &
rywith negarive polariry, along with iour po ible correlutional
(e 2o, T, and 7 T{r). The four

Jin), and "“(1) can be thought of as new

process v

(or associaiional) pro ""*S'“s

now processes x, (1. 7, 7(1),

Tt b
formal degrees of freedom that must be coupled Lo the old variables
“{i}lor v, ‘) an
lé’si‘.'hﬂi” (o* he evolutionary trends) in our original psychologically
derived equations are not lost. The mechanism needed for learning is.
however, manifestly asvmmerrvic with respect to excitatory and inhibitory
interactions. We hereby find the equations {84), (90). and (¥2), which
exhibit an approximaie sysmetry that must nonetheless sometimes e
hroken. In This sense, the modest symmetry br-’akmu within the very
{90y, and (92) reconciles, at least formally, twe

M

o
é .

special situation of {34), )
pervasive bui not manifestly compatible tendencies within nanure; namely.
{i) i‘ tign of eystems whose excilatory and inhibitory interactions are
as sy‘-imetr“ as possible, and (it} the creaﬂon of systems that can benefit
from their sxperience, and can thersby evolve 1o ever mure efficient and
elaborate ‘e“,is of organization. We will presently see that this symmeiry

<

Afecheiatival Biosclesops & (15490, 2335240

rd =77 (or £, (1)) in such a way that the dynamics of
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to eccur in civo in the response of intracelluiar Na* and
¢ excriatory and inhibiiory transmitter substances.

¥
ishing this fact, we remark that another antznonistic
coupling is suggested by B1D. Certainly the associations z,,,(¢) that occur
in the expression J77{7) should have the notation z77ir). By {82) we
I - .

L. YA - F a +
therciors find that
A S, ey P e
O R e sie L%y -t {If.; " 5\‘7-’)
P P . - N . e Y
wileh means that at >"p'¢[£l eshiold v 50t - {(£3.
Ll
P = constant. (94}

-
2. These processes ure antagonistically coupled at suprathreshold
vaiuves, such that;

2 P ST JEIUVDS [ PR N - . - - o . -
3. Anexaitatory signal o ¢, ot Hime J causes an ingrease in Xy within
e, wiich in turs at suprathreshold values causes a decrease in aér)

LS
within

' inhibimr.’ signal to v at time 7 merely causes a decrease in x77(7)

5. A process I7{¢) ecours in every exciratory “end bulb” cluster N
and contributes (o the excitatory signal discussed in propeny 3;
& A process z7(1) occurs in every inhibitory end bulb cluster

N and contributes 5o the inhibitery signal discussed in property 4.
Properties i-6 sugoest an ohnows neural interpretation of the guanti-

'f( LoxT(n), o7 ud z;7(:). We introduce this interpretation
a qﬁi wtive Way bcc«-use our formal work must still be excended
¢ achieve a guantitative connection. Let

¥} = amount of Na' inside the o, “cell membrane™ at ime ¢
X7} == ameunt of K¥ inside the ¢, ce]l memprang” at time ¢,
(1) = amount of excitatory transmitter inside the end bulbs N7F,
‘) = amount of inhibitory transmitter inside the end bulbs N7

The conciusions -6 now r

i’ Each celi body cluster o, contains significant amounts of Na* and
1S
PN

Afatheraticn! Bivsciznees £ {1980}, 235-310
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2. An antagonistic coupling between the amounts of Na* and K¢ in
v, exisis af suprathreshold v zl ues, such that:

3'. Excitatory mansmitter causes an inward flow of Na*, which in
su p azhresho!d values causes an ovtward fiow of K%

4'. Inhibitory transmitter merely causes an cutward flow of K=
Moreover, the process by which the sigral {vi(r) — T

axons e and e7. now reads:

”“1'— lraverses the

5. Thespikes along ¢ 7 are due 1o an inward flow of Na® coupled to

flow of K-

an outward

Albofthese phenomena have been experimentaliy reported 13, 4, 27—43{)2.

A numbes other am-"resting phenoniein, some new, sit in the gquations
&

waiting to de interpreted. Th*s witl be done in a later artcle, which will

neural events, {n fact, later papers will show how (o exignd the formalism

considerably ia a rational way, Nonetheless it s gratifving that such

rw“rimen{al properties as 1'-3" should have formal
i picture that is derived in a simple and rather

inevirable way from such busic princinles as locality, principle of sufficient
reason, and excitatorv-in zbi:os'}f dualism, along with an elementary
analysis of what we mathematicaily mean by learning. 1f the leap from
mathematical 1o neural \-'ariables is accepted, then the results 1'-3" are
conseguences ol these principles, and in this sease, we know “why™ 1'-5’
occur and how these experimental propertics coniribute to learning.
Most important, some of the basic facts about Na~ and K= fluxes, which
heretofore have been thought of as a part of the repetitive, and therefore
srationery, responses of nerves to input signals are now implicated in the
dynamics of neural learning, which is a sonstationary phenomenon,
TEMARK.  Eguations (84}, {50), and (92) cannot possibly be in their

final form. We can see this by analogy with {(**)} in which two kinds of

transformations occur: ““differential” transformations that describe the
ate of change of a process using a differential squation, and “algebraic™
transformations such as z,, - y;, which describe a very fast DIOCESS 1N il
approximate way. Equations (84} and (90) are examples of differential

crmations, whereas (92} Is a very fast process apyroxmﬂtelv
described. Equation (92) manifestly describes a coupling of x7(r) and

o

bl

-

{0} within the ceit uods,b v, but thus far ¢, has no “‘cellular 1Bu‘:fi0 7 in
which to study the details o lme coupiing. Each poini must be blown up

o e

into an extended ceil body before (92) can be replaced by a dififerentia

Aty

ST

Bieseienrey & {1980 032

1 Qur Form alism s at best o rough description of
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transformation. How this can be done will be shown in a later paper,
whers dendritic and other effects of cel! shape will also be discussed.
Clearly a first step in this modification is 1o weaken the coupling between
X)) and x; .z) in (90) and {92}, so that an cutward fux of X* can be
cie Ltcd by a linear mixture of inward excitatory nansmitier-induced Nat

nd

fluxes and of directly applied inhibitory transmitier st different spatial

loct on the blown-up boundary of . Otherwise { 0} and (92} are in
general incompatible as they stand.
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