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ABSTRACT:
Relative fundamental frequency (RFF) is a promising assessment technique for vocal pathologies. Herein, we

explore the underlying laryngeal factors dictating RFF behaviours during phonation offset. To gain physical insights,

we analyze a simple impact oscillator model and follow that with a numerical study using the well-established body-

cover model of the vocal folds (VFs). Study of the impact oscillator suggests that the observed decrease in funda-

mental frequency during offset is due, at least in part, to the increase in the neutral gap between the VFs during

abduction and the concomitant decrease in collision forces. Moreover, the impact oscillator elucidates a correlation

between sharper drops in RFF and increased stiffness of the VFs, supporting experimental RFF studies. The body-

cover model study further emphasizes the correlation between the drops in RFF and collision forces. The numerical

analysis also illustrates the sensitivity of RFF to abduction initiation time relative to the phase of the phonation cycle,

and the abduction period length. In addition, the numerical simulations display the potential role of the cricothyroid

muscle to mitigate the RFF reduction. Last, simplified models of phonotraumatic vocal hyperfunction are explored,

demonstrating that the observed sharper drops in RFF are associated with increased pre-offset collision forces.
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I. INTRODUCTION

In recent years, voice researchers have strived to

develop acoustic measures to assess and classify voice dis-

orders without the need to conduct extensive clinical exami-

nations of the larynx (Henr�ıquez et al., 2009; Jiang et al.,
2009; Jiang et al., 2006). One promising tool that has gained

research interest recently due to its potential assessment

capabilities is the relative fundamental frequency (RFF) of

phonation surrounding voiceless consonants (Goberman and

Blomgren, 2008; Heller Murray et al., 2020; Stepp et al.,
2010). Frequency characteristics during the transition from

the first vowel to the obstructing consonant and then to the

second vowel vary significantly (Hanson, 2009; Ohde, 1984;

Watson, 1998), and the differences in the vocal mechanisms

altering these characteristics among healthy and pathologi-

cal speakers may contribute to the assessment ability of RFF

(Heller Murray et al., 2017).

In clinical evaluations, RFF analysis is conducted on

acoustic signals from microphone recordings (Stepp et al.,
2010; Watson, 1998), or on acceleration signals from neck

measurements (Lien et al., 2015), where phonation cycles

surrounding voiceless consonants are detected either manu-

ally, which is the standard, or semi-automatically (Lien

et al., 2017; Vojtech et al., 2019). Twenty cycles are then

considered in the analysis, with ten cycles for the offset part

of phonation (phonation prior to the voiceless consonant)

and ten cycles for the onset part (phonation following the

voiceless consonant). The fundamental frequency of these

cycles is determined from the signal peaks and the RFF, a

normalized measure of frequency in the form of semitones,

is computed as

RFFðf Þ ¼ 12 log2

f

fref

� �
; (1)

where f denotes the fundamental frequency and fref denotes

the fundamental frequency of the reference cycle. For pho-

nation offset, fref is the first cycle, whereas the tenth cycle is

used for phonation onset.

In general, healthy and pathological speakers exhibit a

drop in RFF during phonation offset and a spike in RFF

followed by a decay during phonation onset (Stepp et al.,
2010). Adult speakers with voice disorders and aged

speakers exhibit sharper drops in RFF during offset in com-

parison to adult speakers with healthy voices and young

speakers, respectively (Stepp et al., 2010; Watson, 1998).

Similarly, these groups also exhibit relatively smaller initial

values of RFF during phonation onset. Interestingly, such

differences between healthy and pathological voices are less

apparent in the case of pediatric speakers (Heller Murray

et al., 2020).

The physics of phonation offset is extremely complex

due to its transient nature and the involvement of various
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laryngeal, aerodynamic, and acoustic factors. During offset,

laryngeal muscles abduct the vocal folds (VFs) and alter

their mechanical properties (vibrating mass, stiffness, etc.),

which induces a gradual transition from a collision to non-

collision regime (Diaz-Cadiz et al., 2019). A number of

studies have attempted to elucidate the physics of phonation

offset. Smith and Robb (2013) conducted an experimental

analysis on utterances of different aerodynamic characteris-

tics and suggested that laryngeal and aerodynamic factors

are equally important in varying frequency during phonation

offset. They further suggested that the drop in RFF during

offset may be attributed to a decrease in the VF stiffness.

Jaiswal (2011) investigated clinically the role of the crico-

thyroid (CT) muscle during offset and found that the CT

activation increase during offset is not consistent among all

speakers. Watson (1998) analyzed the differences in RFF

trends between young and older adult speakers and hypothe-

sized that the drop in RFF during offset is attributed to bio-

mechanical factors and, in particular, the decrease in colli-

sion forces associated with abduction. Lucero and Koenig

(2005) employed inverse analysis, with oral aerodynamic

measurements during the /ihi/ utterance as the observation

data and a two mass model for the fitting, and found a

decrease in the sub-glottal pressure and an increase in the

VF stiffness during offset. They did not, however, elucidate

the mechanisms altering frequency during such phonation

periods.

These prior studies, while offering insights into phona-

tion offset and RFF, do not rigorously explore the physics

of frequency changes and RFF during phonation offset.

This is due to the fact that these prior studies were either

qualitative in nature, reliant on a small number of data

points, and/or based on experimental procedures that result

in highly variable measurements due to uncontrolled laryn-

geal, aerodynamic, and acoustic factors. Controlling and

quantifying such factors during experimental analysis of

phonation offset is extremely challenging and thus, in this

work, we adopt analytical and numerical approaches in an

effort to explain some of the underlying factors altering fre-

quency and RFF during phonation offset. We note that the

literature is rich in analytical studies of the frequency char-

acteristics of the VFs (Berry and Titze, 1996; Titze, 1989;

Titze and Hunter, 2004; Zhang et al., 2006). However, to

the best knowledge of the authors, the theoretical treatment

in this work is the first that considers the role of collision

on fundamental frequency, especially during phonation

offset.

The organization of this work is as follows: Sec. II is

an analytical examination of the driving factors affecting

fundamental frequency during phonation offset using a sin-

gle degree-of-freedom impact oscillator; Sec. III extends

the analysis to a body-cover model of the VFs, enabling

exploration of laryngeal factors, such as muscle activation

and abduction duration, and scenarios associated with

phonotraumatic vocal hyperfunction; and the paper con-

cludes with a summary and discussion of future work in

Sec. IV.

II. INSIGHTS FROM A SIMPLE IMPACT OSCILLATOR

We begin the examination of frequency variations

during phonation offset via analysis of a simplified one

degree-of-freedom impact oscillator. This model embeds the

pertinent physical parameters (e.g., mass, stiffness, neutral

gap, and collision elasticity) yet is analytically tractable.

Impact oscillators arise in a variety of physical systems,

including bouncing balls (Nagurka and Huang, 2004), vibra-

tory plows (Senator, 1970), and rolling ships interacting

with icebergs (Grace and Ibrahim, 2008), and have been

extensively studied numerically, experimentally, and analyt-

ically (Ing et al., 2008; Nordmark, 1991; Shaw and Holmes,

1983).

A. Impact oscillator model

Consider the impact oscillator model shown in Fig. 1,

where M is the mass, K is the body stiffness, d � 0 is the

neutral gap (distance from the collision plane to the rest

position of the mass), and kcol is the collision stiffness. We

assume that the mass is initially at the rest position nð0Þ ¼ 0

moving in the positive direction with kinetic energy E0.

Consequently, the initial velocity is given by

v0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2E0=M

p
. The kinetic energy E0 corresponds to the

aerodynamic energy transferred from the intra-glottal flow

to the VFs. Herein, we implicitly implement a quasi-static

assumption as it was observed clinically that VF abduction

is slow relative to phonation frequency [the abduction

period is about 80 ms, whereas the phonation period is less

than 10 ms (Diaz-Cadiz et al., 2019)]. The governing equa-

tions of the impact oscillator are

M€n þ Kn ¼ 0; nðtÞ � �d; (2)

M€n þ Knþ kcolðnþ dÞ ¼ 0; nðtÞ < �d: (3)

To ensure the occurrence of collision after the oscillator

crosses the rest position, we impose the condition

0 � ~d � 1, where ~d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K=ð2E0Þ

p
d is the normalized neu-

tral gap.

FIG. 1. Schematic of the impact oscillator system.
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B. Frequency analysis

The motion of the impact oscillator is periodic, as

shown schematically in Fig. 2. During each period, the

impact oscillator spends tc in the collision regime, tf when

nðtÞ � 0, and 2td between the neutral position and the colli-

sion plane, where td is the time required to move from the

neutral position to the collision plane (see Fig. 2). The fun-

damental frequency of the oscillator is then given by

f ¼ ðtc þ tf þ 2tdÞ�1
. Substituting the closed-form relations

of tc, tf, and td (see Appendix A) yields

f ¼ 2f0

2

p

ffiffiffi
~k

p
arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=~d

2
� �

� 1

~k

vuut
þ 2

p
arcsin ~d þ 1

; (4)

where f0 ¼
ffiffiffiffiffiffiffiffiffiffi
K=M

p
=ð2pÞ is the natural frequency of the

oscillator and ~k ¼ K=ðK þ kcolÞ is the normalized stiffness.

Note that the stiffness in the collision regime governed

by Eq. (3), K þ kcol, is larger than the stiffness in the non-

collision regime [Eq. (2)], K, while the mass remains

unchanged. Hence, spending more time in the collision

phase increases the system frequency. The fundamental fre-

quency satisfies the bounds f0 � f � 2f0 (see Appendix B),

which indicates that fundamental frequency of the impact

oscillator is larger than or equal to its natural frequency,

with a theoretical upper bound being double the natural fre-

quency. The limiting values of f can be inferred by consider-

ing the cases of (a) a rigid impact (kcol !1) and no gap

(d¼ 0), which results in a rectified version of the basic oscil-

lator, and hence a fundamental frequency of 2f0; and (b) a

large gap (~d > 1) and/or infinitely compliant collision

(kcol ¼ 0), which would result in the basic oscillator without

alteration, and hence a fundamental frequency of f0.

C. Parameters influencing frequency

In this subsection, we illustrate the role of the body and

collision stiffnesses and the neutral gap in altering funda-

mental frequency. Figure 3 shows that the normalized

fundamental frequency f=f0 decreases with increasing ~k and
~d. Physically, this indicates that fundamental frequency is

proportional to collision stiffness kcol and inversely propor-

tional to the neutral gap d. The relation between f=f0 and ~d
also highlights the role of E0, corresponding to aerodynamic

energy transfer to the VFs, wherein an increase in the energy

input leads to higher fundamental frequency. This agrees

with the findings of previous studies, which showed a posi-

tive correlation between fundamental frequency and trans-

glottal pressure (Titze, 1989). Equations (2) and (3) further

state that increasing the body stiffness K increases f,
whereas Eq. (4) and the formula of f0 indicate that increas-

ing the mass decreases the fundamental frequency as

f / M�0:5. Projecting these relations onto clinical data, we

conclude the following: During offset, the VFs transition

gradually from a collision to non-collision regime, where

the frequency in the collision regime is generally higher

than the frequency in the non-collision regime (natural fre-

quency). This shift explains the drop in fundamental fre-

quency or RFF observed clinically. Moreover, activating

different laryngeal muscles during offset changes the

mechanical properties of the VFs (stiffness, mass, neutral

gap, etc.), which consequently alters profiles of fundamental

frequency and RFF.

D. Collision forces and frequency

In this subsection, we illustrate the correlation between

fundamental frequency and collision forces. The correlation

between collision forces and fundamental frequency was

suggested previously by Watson (1998) to explain the clini-

cal RFF observations of aged speakers. By direct computa-

tions (see Appendix C), we obtain the following for the

maximum collision force, defined as

Fcol;max ¼ Fe;maxð1� ~kÞ �~d þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~d

2 þ 1� ~d
2

~k

s0
@

1
A
; (5)

where Fe;max ¼
ffiffiffiffiffiffiffiffiffiffiffi
2E0K
p

is the maximum elastic force in the

non-collision regime. A contour plot of Fcol;max=Fe;max ver-

sus ~d and ~k is presented in Fig. 4. By comparing Figs. 3

and 4, it can be seen that fundamental frequency and
FIG. 2. (Color online) Periodic behaviour of the impact oscillator;

ncol;max ¼ dþ gmax, where gmax is defined in Appendix C.

FIG. 3. (Color online) Contour plot of f=f0 as a function of the normalized

neutral gap ~d and normalized stiffness ~k .
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maximum collision force are correlated, as the effects of ~k
and ~d on f=f0 are similar to their effects on Fcol;max=Fe;max.

This suggests that experimental observations of RFF are

correlated with the variation in collision forces. However,

we note that the fundamental frequency does not depend

solely on collision forces. This can be observed, for exam-

ple, from the fact that the mass affects the fundamental fre-

quency, but it does not alter the maximum collision force, as

seen in Eqs. (4) and (5). The correlation between fundamen-

tal frequency and collision forces will be further explored

numerically in Secs. III C and III E.

E. Parameters influencing relative frequency

In Secs. II A–II D, we analyzed the different factors

altering fundamental frequency. In this subsection, we focus

on fundamental frequency relative to the frequency at the

fully adducted state, f jd¼0. Physically, this relates to RFF

during phonation offset, as it compares the frequency in one

state with that at the fully adducted state (e.g., during a sus-

tained vowel). It can be seen from Fig. 5 that the frequency

ratio f=f jd¼0 is always less than or equal to 1, as the funda-

mental frequency is maximum at the fully adducted state

d¼ 0. Moreover, the frequency ratio decreases with increas-

ing ~d due to reduced time in the collision phase as the

neutral gap increases. This agrees with clinical data that

shows RFF decreasing during offset as the VFs are

abducted. Moreover, f=f jd¼0 increases as ~k increases, which

is attained by decreasing kcol. For small collision stiffness,

frequency is primarily determined by body stiffness K and

thus, fundamental frequency is approximately equal to the

natural frequency. In the case of real VFs, collision stiffness

is significant (Steinecke and Herzel, 1995; Story and Titze,

1995). Hence, collision forces constitute a major factor

altering the fundamental frequency. The role of body stiff-

ness in altering relative frequency is complex as K affects ~d
and ~k in opposing ways. However, by letting the collision

stiffness kcol be dependent on the body stiffness, say

kcol ¼ aK for some constant a > 0 [see, e.g., Steinecke and

Herzel (1995) and Story and Titze (1995)], then
~k ¼ 1=ð1þ aÞ. Hence, the body stiffness does not alter the

stiffness ratio ~k when kcol depends on K linearly. However,

the body stiffness K increases ~d and consequently lowers the

relative frequency values. This implies the correlation

between increased stiffness of the VFs and sharper drops in

RFF, supporting the findings from previous experimental

studies (McKenna et al., 2016).

III. BODY-COVER VOCAL FOLD SIMULATIONS

Section II introduced a simplified theoretical analysis of

phonation offset that ignored the physiological aspects of

the VFs and their transient nature during such phonation

periods. In this section, we adopt a more physiologically rel-

evant model, namely the three-mass body-cover model

(Story and Titze, 1995) and carry out a numerical study

exploring a variety of physical parameters, including muscle

activation, abduction timing, and vibrating mass. This model

is selected for its blend of relative simplicity coupled with

demonstrated success in modeling several phonation scenar-

ios (Erath et al., 2013; Story, 2002; Za~nartu et al., 2014).

A. Body-cover model

Figure 6 shows a schematic diagram of the body-cover

model used in this study. This model, which embeds the

essential physiological components of the VFs employed

during modal voice, consists of two cover masses, m1 and

m2, and a body mass, mb, all connected via springs and

dampers to model tissue viscoelasticity. The resting posi-

tions of the masses result in a nearly rectangular glottal con-

figuration with a neutral glottal gap given by x0. The model

assumes the motion of the VFs to be symmetric about the

medial plane. Collision of the opposing folds is modelled by

activating additional nonlinear spring forces applied to the

cover masses, where the spring force is proportional to the

degree of overlap of the cover masses with the medial (colli-

sion) plane. We note here, unlike the implementation of

Story and Titze (1995), that the damping coefficients are not

increased during collision. The model employs muscle acti-

vation rules to control the primitive model variables (Titze

and Story, 2002), wherein three muscle activation parame-

ters, namely, aCT; aTA, and aLCA, account for the activation

of the CT, thyroarytenoid (TA), and lateral/posterior

FIG. 4. (Color online) Contour plot of Fcol;max=Fe;max as a function of the

normalized neutral gap ~d and normalized stiffness ~k .

FIG. 5. (Color online) Contour plot of frequency ratio f=f jd¼0 as a function

of the normalized neutral gap ~d and normalized stiffness ~k .
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cricoarytenoid (LCA/PCA) muscles, respectively. Moreover,

a sub-glottal tract (Weibel et al., 1963) and a supra-glottal

tract, configured to simulate the /i/ vowel (Takemoto et al.,
2006), are included. The acoustics are modeled using wave

reflection analog (Kelly and Lochbaum, 1962; Liljencrants,

1985; Story, 2005), where outward travelling pressure

waves are multiplied by attenuation factors to account for

losses, similar to implementations employed by Titze and

Alipour (2006) and Zanartu (2006). The intra-glottal flow is

simulated using the Bernoulli flow model. The body-cover

model governing equations (Story and Titze, 1995) are

solved numerically using an explicit version of Newmark’s

method (Newmark, 1959), which has previously been

employed in studies involving discrete-time solutions of the

body cover model (Galindo et al., 2017; Galindo et al.,
2014; Hadwin et al., 2016). The numerical scheme can be

described briefly as follows: let xi; vi ¼ _xi, and ai ¼ _vi

denote the vectors of estimated displacements, velocities,

and accelerations, respectively, of the body-cover model

masses at some time step i, where ai is computed from the

momentum balance given xi and vi. At the next time step,

iþ 1, the displacements and velocities are computed from

the kinematic relations xiþ1 ¼ xi þ visþ aiðs2=2Þ and

viþ1 ¼ vi þ ais, where s is a fixed time step size associated

with the sampling frequency, herein set to 70 kHz. A con-

vergence study indicated that steady state oscillation fre-

quency and offset frequency patterns differed by less than

1% in comparison with simulations at a sampling frequency

of 350 kHz, and was thus deemed sufficiently resolved for

the present study.

The passive model parameters employed, including VF

length, correspond to a male speaker (Titze and Story,

2002). The simulations span 1.1 s, where all the model

parameters are fixed during the first second to ensure that

steady state sustained oscillations are achieved. After the

initial one second, offset is initiated by varying muscle activa-

tion parameters in the remaining 0.1 s. Tables I and II list the

variables and controlled parameters of interest in this study.

Note that the maximum collision forces, maxðFcol;iÞ; i ¼ 1; 2,

in Table I are estimated during the steady state oscillations.

B. Signal analysis

In this work, we consider the time-series of the glottal

area, Ag, instead of acoustic signals in our frequency analysis.

We are concerned with fundamental frequency, which is

directly obtained from the glottal area waveform without the

confounds of higher frequency content present in the acoustic

signal. To facilitate instantaneous frequency estimation, we

modify the glottal area signals by subtracting the nominal

(resting) area 2Lx0, where L is the length of the VF. We note

here that the resting area is time-varying during offset simula-

tions. Fundamental frequency is estimated from the peaks of

the modified signal by identifying the times of two subsequent

peaks, say tj�1 and tj, and computing f ðtjÞ ¼ ðtj � tj�1Þ�1
. We

measure the differences between consecutive peaks and

nadirs of the modified signal, which in general decay dur-

ing phonation offset, and the last offset cycle is determined

to be the cycle associated with a peak-to-nadir difference

less than a threshold set to be 10% of the peak-to-nadir dif-

ference during sustained oscillations (see Fig. 7). If such a

criterion is not met by the end of the simulation time, the last

offset cycle is selected to be the last cycle detected in the simu-

lation. Finally, once frequencies are estimated, RFF is calcu-

lated using Eq. (1), where the reference frequency fref is set to

be the phonation fundamental frequency during the steady state

oscillations.

C. Quasi-static analysis

We begin our numerical study with a quasi-static pre-

liminary analysis to gain deeper insight into the effect of

FIG. 6. Schematic diagram of the body-cover model.

TABLE I. Variables of interest in the current study.

Variable Definition

Ag glottal area

Fcol;1 collision force of lower cover mass

Fcol;2 collision force of upper cover mass

Fcol;max maxfmaxðFcol;1Þ;maxðFcol;2Þg
f fundamental frequency

x0 neutral position

t time

TABLE II. Controlled parameters and their default values.

Parameter Definition Default value

aCT CT activation 0.2

aTA TA activation 0.2

aLCA LCA/PCA activation 2 ½0:3; 0:5�
Ps static sub-glottal pressure 1000 Pa

ti abduction initiation time 1020 ms

Tabd abduction period 80 ms
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neutral gap, x0, and collision forces on phonation fundamen-

tal frequency during sustained oscillations. Specifically, we

record the neutral gap, fundamental frequency, and collision

forces across several values of aLCA. Figure 8 presents the

effect of LCA muscle activation on the neutral gap, showing

that as LCA activates it adducts the folds, which leads to a

higher fundamental frequency in accordance with the find-

ings in Sec. II. This follows the empirical relation intro-

duced by Titze and Story (2002), x0 ¼ 0:25L0ð1� 2aLCAÞ;
where L0 is the un-stretched length of the VFs. Included as

an inset in Fig. 8 are the maximum collision forces for m1

and m2 as a function of aLCA. This highlights that the

increase in fundamental frequency is correlated with the

increase in maximum collision forces. This observation sup-

ports our hypothesis and the findings from Sec. II that the

variation in fundamental frequency, especially during offset,

is associated with the change in collision forces. This will

be revisited in Sec. II E, where transient abduction gestures

are considered.

D. Offset simulations

In order to model offset with the body-cover model, we

employ experimental measurements to calibrate and set an

appropriate aLCA profile. Specifically, we extract the glottal

angle, hg;exp, as a function of time for a healthy male speaker

during the offset portions of repeated /ifi/ utterances1

(Diaz-Cadiz et al., 2019). We estimate the glottal area of the

experiments, Ag;exp, by assuming the glottis to be a circular

sector, and thus Ag;exp ¼ L2
malehg;exp=2, where Lmale ¼ 1:6 cm

is the typical length of a male VF. The LCA muscle activa-

tion profile is then tuned to match the experimental glottal

area estimates. Reasonable abduction levels are obtained

with an aLCA profile that decreases from 0.5 to 0.3 over an

offset period estimated to be 80 ms. This LCA profile will

be used in all offset simulations unless otherwise stated.

Figure 9 shows how the simulated glottal area, based on the

tuned LCA profile, varies in time. Included as an inset are

the empirical data, which exhibit similar glottal areas and

abduction duration.

E. Exploring the role of collision on RFF

In this subsection, we examine our hypothesis that RFF

curve shape is largely driven by changes in the degree of

collision. During offset, the time instance corresponding to

the cessation of collision is identified as the first period for

which the nadir of the original glottal area signal is nonzero.

Figure 10 presents RFF and collision force for the exemplar

case ðaCT; aTAÞ ¼ ð0:3; 0:3Þ. The RFF curve initially decays

while collision forces are non-zero, followed by a minimum

value, denoted by RFFðfminÞ, and subsequent increase in

RFF, with last detected value being denoted RFFðflastÞ,

FIG. 7. (Color online) Modified glottal area profile with estimated location

of the last offset cycle.

FIG. 8. (Color online) Neutral gap and phonation frequency vs LCA activa-

tion and the associated maximum collision forces.

FIG. 9. (Color online) Estimated aLCA profile and simulated glottal area

based on empirical data of glottal area during the offset portion of the /ifi/

utterance. The inset shows empirical data extracted from a healthy male

subject.

FIG. 10. (Color online) RFF and collision forces over time for ðaCT; aTAÞ
¼ ð0:3; 0:3Þ. Vertical thick line indicates the detection of collision

cessation.
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when no collision forces are present. The figure shows cor-

relation between the variation of the collision forces and the

RFF profile, especially prior to collision cessation, which

supports the main hypothesis of this work. After cessation

of collision, the rise in RFF can be attributed to various tran-

sient effects including aerodynamics and abduction initia-

tion time relative to phonation cycle. We note that this

dip in the RFF profile has been observed experimentally

within subjects, as seen in Fig. 11, but it is unknown

whether this rise is associated with the cessation of collision.

Furthermore, such a dip has not been commonly found in

the literature (Heller Murray et al., 2020; Stepp et al., 2010;

Watson, 1998), perhaps because the presented data are typi-

cally averaged over and within several subjects, which

might mask the transient effects.

F. Abduction initiation time and period: Sensitivity
analysis

In this subsection, we study two possible sources of var-

iability in RFF observations associated with transient

effects, namely, abduction initiation time and duration of

the abduction period. In this study, the choice of abduction

initiation time ti was arbitrary (ti¼ 1020 ms). Varying ti will

initiate abduction at different phases of phonation cycle, as

shown in Fig. 12, which impacts the vibration frequency.

Therefore, it is important to analyze the robustness of RFF

against these variations as it will contribute to gesture-to-

gesture variability in RFF for a single subject, since relative

abduction initiation time likely cannot be controlled with

precision. Figure 13 shows that, in general, RFF profiles are

sensitive to the variation in abduction initiation time with

the last offset cycles tending to be less sensitive. This sensi-

tivity is due to the fact that fundamental frequency is

affected by decaying transient effects, associated with the

state of the VF system at the abduction initiation time, and

once these effects vanish, fundamental frequency is equal to

the natural frequency of the VFs system. This implies that

abduction initiation can contribute to the variability of intra-

subject RFF experimental observations. Due to the robust-

ness of the last offset cycles against varying abduction

initiation time, we consider RFFðflastÞ values in the remain-

der of this paper when studying different laryngeal factors.

In addition to variation in abduction initiation phase, the

total duration of abduction may vary from gesture to gesture

and subject to subject. In our analysis of empirical data in

Sec. III D, we estimated the abduction period to be approxi-

mately Tabd ¼ 80 ms. Here, we consider different values of

the duration of the abduction period Tabd, with fixed abduc-

tion initiation time. Figure 14 illustrates the sensitivity of the

RFF profile to the duration of the abduction period. This sen-

sitivity is due to the changed abduction rate and that, in addi-

tion to the effect of abduction initiation time, adds to the

variability of the RFF observations clinically.

G. CT muscle as a compensatory mechanism

It is understood that the CT muscle is the primary regu-

lator of frequency during different phonation scenarios

(Roubeau et al., 1997). In particular, it has been found in

previous studies (Titze and Story, 2002) that increasing the

CT muscle activation increases fundamental frequency

during sustained phonation. Therefore, the CT muscle can

potentially play a role in mitigating the RFF drop during off-

set. To examine this potential role, we increase the CT mus-

cle activation during offset from a minimum value, aCT;min,

to a maximum value, aCT;max, rather than keeping it at a

FIG. 11. (Color online) RFF profiles, based on empirical data extracted

from one male subject, during the offset portions of repeated /ifi/

utterances.

FIG. 12. (Color online) Abduction initiation at different stages of phonation

cycle.

FIG. 13. (Color online) Effect of shifting abduction initiation on the RFF

profile.
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constant value (see the inset of Fig. 15). Figure 15 shows

that increasing the CT muscle activation during offset coun-

ters, in general, the drop in RFF attributed to reduced colli-

sion forces. This supports previous numerical and

experimental studies that showed an increase in the CT acti-

vation, or the stiffness of the VFs, during offset in some

cases (Jaiswal, 2011; Lucero and Koenig, 2005). This may

explain the relatively stable fundamental frequency during

phonation offset observed in healthy speakers, should CT

muscle activation increase during offset in this population.

Moreover, this potential role of the CT muscle may explain

the sharper drop in RFF in the cases of aged and pathologi-

cal speakers as CT activation in this population may be

compromised (Nishida et al., 2013).

H. Phonotraumatic vocal hyperfunction

Phonotraumatic vocal hyperfunction (PVH) refers to

the misuse of the VFs during phonation (e.g., excessive

laryngeal muscle activation, high sub-glottal pressure, etc.)

resulting in benign lesions, such as polyps and nodules

(Hillman et al., 1989). It has been observed that speakers

with PVH need to produce relatively high sub-glottal pres-

sures during phonation to reach desired sound pressure lev-

els, resulting in higher collision forces (Espinoza et al.,
2017; Kuo et al., 1999).

In this subsection, we explore three different scenarios,

associated with PVH, that produce higher collision forces

and analyze the corresponding RFF behavior. The first sce-

nario explores the impact of increasing the sub-glottal pres-

sure. Here, we run offset simulations for various values of

static sub-glottal pressure Ps and record the resulting

RFFðflastÞ and the maximum pre-offset collision force

Fcol;max. Figure 16 shows that increasing the sub-glottal

pressure leads to a sharper drop in RFF, which is correlated

with higher pre-offset collision forces. We note, however,

that the change in RFFðflastÞ and Fcol;max is relatively small

over the 500 Pa range of Ps explored. We further note that

the plateau in the RFF profile observed in Fig. 16 is due to

the choice of the last offset cycle; for slightly longer simula-

tion times, the RFF profile is strictly decreasing.

The second scenario explores increasing the pre-offset

LCA muscle activation values. Previously, we observed

how the LCA/PCA muscle activation is responsible for

adducting/abducting the VFs and, subsequently, altering the

collision forces. Increasing pre-offset LCA muscle activa-

tion values then represents a crude model of laryngeal ten-

sion observed in some types of vocal hyperfunction (Jiang

and Titze, 1994). Specifically, we employ the same LCA

muscle activation waveform, but vary the initial value,

aLCA;max, over the range of [0.45,0.53]. The final value in

the LCA waveform is fixed at 0.3 for all cases, see the inset

in Fig. 17. Figure 17 presents RFFðflastÞ and Fcol;max as

functions of aLCA;max. The figure shows how the increased

pre-offset LCA muscle activation leads to a sharper drop in

RFF, which, as observed previously, is correlated with

higher pre-offset maximum collision forces. We note that

for the highest value of aLCA;max the maximum collision

force actually decreases slightly, despite the continued drop

in RFF, and that can be attributed, in part, to the complex

dynamics of the model, which are beyond the scope of this

work.

The last scenario we consider is increasing the cover

mass, which corresponds to the formation of nodules or pol-

yps (Wong et al., 1991). Here, we study the effect of varying

the lower cover mass, by adding a mass ~m to m1 (see Fig. 6),

on RFFðflastÞ. Figure 18 shows that increasing the lower

cover mass leads to lower RFF values, which is again

FIG. 14. (Color online) Sensitivity of the RFF profile to the duration of the

abduction period.

FIG. 15. (Color online) CT activation increase during abduction and its

consequent effects on RFFðflastÞ.
FIG. 16. (Color online) Effect of increasing sub-glottal pressure on

RFFðflastÞ and maximum collision force Fcol;max.
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correlated to higher pre-offset collision forces. The

increased forces can be attributed to the increased momen-

tum of the VFs (especially prior to impact), which results in

higher penetration into the collision plane and, conse-

quently, higher collision forces. Figure 18 also indicates that

the effect of increasing the cover mass on RFFðflastÞ is

insignificant, compared to, for example, the effect of pre-

offset LCA muscle activation levels displayed in Fig. 17,

which agrees with clinical data showing that the surgical

removal of polyps and nodules does not alter RFF signifi-

cantly (Stepp et al., 2010).

The three scenarios considered in this subsection show

how the larger drops in RFF observed clinically for subjects

with PVH can be potentially attributed, at least in part, to

the increased pre-offset collision forces, which can be

caused by increased sub-glottal pressure, pre-offset LCA

muscle activation, or additional cover mass associated with

an organic pathology.

IV. CONCLUSION AND FUTURE WORK

In this work, we have introduced a theoretical and

numerical framework that enabled understanding some of

the laryngeal factors altering phonation frequency and RFF

during phonation offset. This analysis was motivated by the

promising application of RFF in assessing different voice

pathologies. The main result of this work is that the

clinically observed drop in RFF during offset is correlated

with a decrease in collision forces as the VFs abduct. We

demonstrate using a simple impact oscillator model the cor-

relation between increased VF stiffness and sharper RFF

drops observed in experimental studies. We further show

that intra-subject variability in RFF may arise due to several

factors, most notably the relative phase of the phonation

cycle at which abduction initiates and the duration of the

abduction period, which will vary from token to token and

subject to subject. Moreover, we display the potential role

of increasing the CT muscle activation during offset, which

may be a compensatory mechanism adopted by normal

speakers to stabilize frequency. Finally, we investigate pos-

sible scenarios connected to PVH showing that the clinically

observed sharp RFF drops are associated with how high col-

lision forces are prior to offset.

Our study employs several assumptions to simplify our

analysis of phonation offset, which include: (a) the negligi-

ble role of laryngeal muscles, other than LCA and PCA, in

abducting and adducting the VFs; (b) the constant nature of

sub-glottal pressure during offset, whereas it has been spec-

ulated in the literature that the profile of the sub-glottal pres-

sure during offset is time-variant (Lucero and Koenig,

2005); and (c) the fixed supra-glottal geometry. The men-

tioned assumptions may limit the applicability of our find-

ings, however, the main hypothesis of this work on how

RFF and collision forces are related is not affected by these

assumptions.

In future work, we aim to address the limitations intro-

duced by the mentioned assumptions by implementing

more sophisticated muscle activation rules, such as the ones

proposed by Titze and Hunter (2007), and considering the

time varying nature of sub-glottal pressure and supra-

glottal vocal tract. Moreover, we aim at developing more

advanced theoretical models of abduction that are capable

of capturing the transient nature of the neutral gap, which

can enable better understanding of the offset dynamics.

Finally, we aim to develop models that capture the physio-

logical aspects of different voice pathologies, and in partic-

ular nonphonotraumatic vocal hyperfunction, and to

explore the underlying mechanisms associated with such

pathologies.
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APPENDIX A: DERIVATION OF THE FREQUENCY
FORMULA

Let / denote the solution to Eq. (2), with

/ðt0Þ ¼ 0; _/ðt0Þ ¼ v0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2E0=M

p
, in the collision-free

interval ½t0; t2�, see Fig. 2. Then, / is given explicitly by

/ðtÞ ¼ v0

ffiffiffiffiffiffiffiffiffiffi
M=K

p
sin ð

ffiffiffiffiffiffiffiffiffiffi
K=M

p
ðt� t0ÞÞ; t 2 ½t0; t2�. The term

FIG. 17. (Color online) LCA muscle activation profile with varying initial

values aLCA;max and its consequent effects on RFFðflastÞ and maximum col-

lision force Fcol;max.

FIG. 18. (Color online) The effect of increasing the lower cover mass (by

adding the mass ~m) on RFFðflastÞ and Fcol;max.
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tf ¼ t1 � t0 is obtained by solving the algebraic equation

/ðtf þ t0Þ ¼ 0, which results in tf ¼ p
ffiffiffiffiffiffiffiffiffiffi
M=K

p
. Moreover,

the term td ¼ t2 � t1 can be obtained by solving the alge-

braic equation /ðtd þ t0Þ ¼ d; which has the explicit solu-

tion td ¼
ffiffiffiffiffiffiffiffiffiffi
M=K

p
arcsinð~dÞ. To obtain an analytic expression

of the contact time tc, let gðtÞ ¼ �ðnðtÞ þ dÞ be the displace-

ment beyond the collision plane; then Eq. (3) can be rewrit-

ten as

M€g þ ðK þ kcolÞg ¼ �Kd; gðtÞ > 0: (A1)

Deriving an analytical expression of tc requires solving Eq.

(A1) over the interval ½t2; t3� in the collision regime. The

velocity prior to the collision, vcol, can be obtained from the

energy equation 2E0 ¼ Kd2 þMv2
col resulting in

vcol ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2E0 � Kd2Þ=M

q
. Now, let w be the solution to Eq.

(A1), over the interval ½t2; t3� with wðt2Þ ¼ 0 and _wðt2Þ ¼ vcol,

which is given explicitly as wðtÞ ¼ ~kdðC sin ðxðt� t2ÞÞ
þcos ðxðt� t2ÞÞ� 1Þ; t 2 ½t2; t3�; where x¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðKþ kcolÞ=M

p
and C¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1=~d

2�1Þ=~k

q
. Direct substitution of w into Eq. (A1)

demonstrates that it is indeed a solution to the ODE. Then, tc is

obtained by solving the algebraic equation wðtcþ t2Þ¼0;
which has the analytic solution tc¼2arctanðCÞ=x.

APPENDIX B: FUNDAMENTAL FREQUENCY BOUNDS

The upper bound follows easily from the fact that

arctanðxÞ; arcsinðxÞ � 0 for all x � 0. The lower bound is

obtained as follows: note that for all y 2 ð0; 1� and all

x 2 ½0;1Þ, yarctanðx=yÞ � arctanðxÞ. This inequality can be

obtained by comparing the integrands of arctanðxÞ
¼
Ð x

0
1=ð1þ t2Þ dt and yarctanðx=yÞ ¼

Ð x
0

1=ð1þ ðt=yÞ2Þ dt.

Using this inequality in the expression of f results in the

inequality f � 2f0=ð½2=p�arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=~d

2 � 1

q
þ ½2=p�arcsinð~dÞ

þ1Þ ¼ g. Moreover, using the identity arctan
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2
p

=x
� �

¼ p=2� arcsinðxÞ; x > 0; in the expression of g simplifies

it to be g ¼ f0.

APPENDIX C: MAXIMUM COLLISION FORCE

As the collision forces in the collision regime are line-

arly elastic, we need to find the maximum displacement

gmax beyond the collision plane. To do so, we resort to the

energy equation [deduced from Eq. (A1) by integrating both

sides with respect to g] M _gðs1Þ2=2þ ðK þ kcolÞgðs1Þ2=2

þKdgðs1Þ¼M _gðs2Þ2=2þðKþkcolÞgðs2Þ2=2þKdgðs2Þ;s1;s2

2½t2;t3�. Let s1¼ t2 (beginning of collision) and s2 be the time

instance corresponding to the maximum displacement gmax.

Note that at s1, gðs1Þ¼0 and _gðs1Þ¼vcol¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2E0�Kd2Þ=M

q
,

and at s2, gðs2Þ¼gmax and _gðs2Þ¼0. Consequently, we have

ðKþkcolÞg2
maxþ2Kdgmax�Mv2

col¼0; which results in

gmax¼ ~kdð�1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þð1=~d

2�1Þ=~k

q
Þ. Substituting the formula

of gmax into the formula Fcol;max¼kcolgmax and rearranging

results in Eq. (5).
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