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Abstract

A rich set of frequentist model averaging methods has been developed, but their ap-
plications have largely been limited to point prediction, as measuring prediction uncer-
tainty in general settings remains an open problem. In this paper we propose prediction
intervals for model averaging based on conformal inference. These intervals cover out-of-
sample realizations of the outcome variable with a pre-specified probability, providing a
way to assess predictive uncertainty beyond point prediction. The framework allows gen-
eral model misspecification and applies to averaging across multiple models that can be
nested, disjoint, overlapping, or any combination thereof, with weights that may depend
on the estimation sample. We establish coverage guarantees under two sets of assump-
tions: exact finite-sample validity under exchangeability, relevant for cross-sectional data,
and asymptotic validity under stationarity, relevant for time-series data. We first present
a benchmark algorithm and then introduce a locally adaptive refinement and split-sample
procedures that broaden applicability. The methods are illustrated with a cross-sectional
application to real estate appraisal and a time-series application to equity premium fore-

casting.
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1 Introduction

Predictive modeling in the presence of model uncertainty is a central problem in econometrics
and statistics. A large literature, spanning Bayesian and frequentist approaches, has developed
model averaging methods to improve prediction performance when no single model is known
to be the best choice. Instead of selecting a single model, these procedures combine predictions
from a set of candidate models, typically with weights determined by in-sample fit, predictive
performance, or prior beliefs. Bayesian Model Averaging (BMA, Raftery et al. (1997), Hoeting
et al. (1999)); frequentist methods such as the smoothed information criterion (SIC, Buckland
et al. (1997)), Mallows Model Averaging (MMA, Hansen (2007)), and Jackknife Model Aver-
aging (JMA, Hansen and Racine (2012)); as well as more recent ensemble approaches inspired
by machine learning (e.g., Breiman (2001), Hastie et al. (2009, Chapter 8)), are all examples of
methods that aim to improve predictive performance by combining information across models
and reducing the risk of relying on a single misspecified model. This paper focuses on frequen-
tist averaging methods, but the proposed algorithms can also be applied to BMA and ensemble
approaches. Forecast combination is treated as a special case of model averaging.

Despite the breadth of the model averaging literature, existing work has focused primar-
ily on point prediction. The construction of prediction intervals, which quantify uncertainty
around point predictions, has received much less attention. While Bayesian model averaging
produces credible intervals by integrating over model uncertainty (Raftery et al. (1997)), the
frequentist coverage validity of such intervals generally requires correct model specification. To
our knowledge, there is no published procedure for constructing valid prediction intervals for
frequentist model averaging methods, even when averaging weights are fixed and independent
of the sample. In short, the field has developed methods for estimation, but not for inference.

This paper aims to address that gap. We face two issues in obtaining valid interval pre-
dictions in a general model averaging setting. First, since all models may be misspecified, the
point prediction may not converge to its true value even asymptotically. The limit generally
depends on both the data-generating process and the models included in the set. One way to
address this issue is to assume it away by postulating that the true model is contained in the
set. However, this runs counter to the idea of model averaging, which is based on combining
multiple approximating models for prediction. In empirical work, it is also common for more
than one model to receive nontrivial weights. The second issue is technical: when model weights
are determined endogenously, they depend on both model misspecification and the estimation
sample, making it even less clear how to construct a valid prediction interval.

We propose general-purpose prediction intervals for model averaging using conformal infer-



ence framework of Vovk et al. (2005). We do not require any of the candidate models to be
correctly specified and accommodate a wide range of model combinations, including nested,
disjoint, overlapping, or any combination thereof, with weights that may depend on the sample
in flexible ways. We establish two forms of validity: (i) finite-sample coverage under exchange-
ability, relevant for cross-sectional settings, and (ii) asymptotic coverage under stationarity and
weak dependence, relevant for time series forecasting. In both cases, the coverage guarantees
are distribution-free (that is, they do not rely on knowing or estimating the distribution of the
data-generating process) and the intervals adapt automatically to the chosen model averaging
scheme without further modification.

In particular, we build on the general conformal inference framework of Vovk et al. (2005)
and draw on more recent developments in Lei et al. (2018) for regression settings. While
conformal methods have been widely studied in machine learning for constructing distribution-
free prediction intervals, they have not, to our knowledge, been adapted to frequentist model
averaging in any published work to date. Our results fill this gap by extending conformal
inference to frequentist model averaging methods, allowing for both model misspecification and
dependence in the data.

We begin by proposing a basic algorithm that directly adapts the standard conformal pre-
diction interval, such as Algorithm 1 in Lei et al. (2018) for regression, to the model averaging
context. Although the adaptation is straightforward, its applications are broad, and we show
that the resulting method achieves valid coverage in both exchangeable and time-series settings.
The procedure is general-purpose in that it applies to a wide range of model averaging schemes.
In particular, we consider equal-weight combinations, the regression approach of Granger and
Ramanathan (1984), SIC of Buckland et al. (1997), MMA of Hansen (2007), and JMA of
Hansen and Racine (2012), all of which are examined in our Monte Carlo simulations and
empirical applications. We then extend this basic algorithm to incorporate local adaptivity,
allowing the intervals to respond to heterogeneity or serial dependence in the data and poten-
tially improve finite-sample performance. The main advantage of adaptive intervals is that they
widen when variance is high and narrow when variance is low, a feature especially relevant for
financial applications. Finally, we propose split-sample versions of both procedures, which are
computationally more efficient, though they may sacrifice some statistical efficiency relative to
the full-sample method. We show that this approach also enables us to encompass Bayesian
model averaging and ensemble methods within our framework. All algorithms apply to both
exchangeable and time-series settings.

We examine the finite-sample performance of the proposed methods using both exchangeable

and time-series data-generating processes. For the exchangeable case, we adopt the DGP of



Hansen (2007), extended to include heteroskedasticity. The DGP is an infinite-order regression,
so all candidate models are misspecified. The total sample size is small, with 150 observations;
in the split-sample case, 75 observations are used for training, and averaging is conducted
over 16 models with 2 to 17 coefficients. We find that coverage is close to the nominal level
across all methods. Split-sample intervals are only slightly longer than full-sample intervals
on average, while adaptive methods produce wider intervals when a conservative approach is
used to estimate conditional variance. For the time-series case, we design an experiment that
mimics the empirical problem of equity premium prediction with many potential predictors,
using parameter values calibrated to empirical estimates. We find that the algorithms deliver
coverage close to the nominal level with 100 observations, and coverage improves further when
the sample size is increased to 200. In this setting, split-sample intervals are again only slightly
longer than full-sample intervals on average; however, adaptive methods do not produce much
wider intervals, reflecting the fact that fewer additional parameters are estimated here than in
the exchangeable setting.

We illustrate the proposed algorithms with a cross-sectional application to real estate ap-
praisal and a time-series application to equity premium prediction. To our knowledge, this is
among the first empirical examinations of interval prediction in the context of model averaging.

Real estate appraisal involves estimating property values using covariates such as location,
house age, and proximity to facilities. Model averaging is a natural choice when the covariates
or the functional form are uncertain. In this case, prediction intervals are especially valuable:
for example, a point prediction of 1 million with a 95% interval of [0.9, 1.1] has very different
implications than [0.5, 1.5], both as collateral and for potential sellers in the market. We use
the dataset of Yeh and Hsu (2018), which consists of 414 housing price observations in Taipei.
We consider both nested and non-nested models, a total of 63 models in all, and use a leave-
one-out procedure to evaluate coverage. The results show that all methods achieve adequate
coverage. Additionally, the weighting favors estimated weights over equal weights, as larger
models generate more accurate forecasts.

We then turn to a time-series application, where we use 20 variables from Goyal et al. (2024)
as potential predictors of the equity premium. Following common practice, each variable enters
a bivariate regression, leading to 20 non-nested models for averaging. In this case, we find that
using equal weights produces more accurate forecasts than estimating weights. At the same
time, all methods deliver coverage close to the nominal level despite the small sample size.

The rest of the paper is organized as follows. Section 2 introduces the issue of interest:
measuring prediction uncertainty under model averaging. Section 3 proposes an algorithm for

constructing interval predictions for general model averaging schemes, adapting Algorithm 1 of



Lei et al. (2018) to the model averaging setting. Section 4 establishes formal coverage guar-
antees under two sets of assumptions: exact finite-sample validity under exchangeability and
asymptotic validity under stationarity. It also discusses applications to a range of model averag-
ing schemes. Section 5 proposes extensions of the basic algorithm to capture heteroskedasticity
or serial correlation in the data, while Section 6 provides further extensions based on sample
splitting, which also includes applications to BMA and ensemble methods. Section 7 presents
Monte Carlo experiments to examine coverage properties in finite samples. Section 8 considers

two empirical applications, and Section 9 concludes. All proofs are in the appendix.

2 The issue of interest

The objective of the paper is to measure prediction uncertainty under model averaging. The
setting is general and is as follows. We consider averaging over M candidate models, indexed

by m =1,..., M, where the mth model is given by
yi = (x5 00) F e, i=1,...,m,

with n denoting the sample size; y; is a scalar random variable, and x; is a random vector.
Different models typically contain different explanatory variables (covariates), and x; de-
notes the union of all variables that appear in at least one model. These models may be disjoint
(sharing no common covariates), nested (where one model is a special case of another), or over-
lapping (sharing some but not all covariates). The functional forms can differ and may be linear
or nonlinear. None of them is assumed to encompass the true data-generating process. Each
model acts as if E(e;|x;) = 0, so that f™(x;;8,,) represents the mean-square optimal predic-
tion under model m. This condition need not hold for the true data-generating mechanism,
allowing all models to be misspecified. The dimension of 8,, generally differs across models.
Although we use ¢ to index observations, the proposed algorithms also apply to time series
regressions. In that context, y; and z; are interpreted as ¥y, and x;_1, respectively, and the mth

estimated model is given by
Yt = f(m)(xtfl; 0,)+te, t=1,...,T.

All statements in the previous paragraph apply to the time series case.
Point prediction with frequentist model averaging typically proceeds as follows. Using the
data sample, each model is estimated and used to generate a predicted value for y,,11 at a new

covariate vector x,,1, given by
f(m)(xnﬂ;gm), form=1,..., M. (1)
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This new covariate vector x,, 1 may represent predictors observed at the end of a time window

in a time-series application or predictors for a new observation in a cross-sectional setting. With

model weights W = (01, ..., W) ", the model-averaged prediction at x,,;; is
M
Hni1 = Z @mf(m) (Xn41;0m). (2)
m=1

The weights w may be fixed (e.g., equal weights) or data-driven; the choice of weights will be
discussed later in the paper. The proposed algorithms allow for both cases. We assume all
weights are finite and do not assume they must sum up to one. These procedures yield point
predictions. Bayesian model averaging will be treated separately in Subsection 6.1.

The issue of interest, which is represents the main contribution of the paper, is to construct
valid prediction intervals that measure prediction uncertainty at any user-specified significance
level & € (0, 1). Specifically, we construct an interval that contains the true out-of-sample value

of y when x = x,,,1, denoted v, 1, with the following coverage property:

P{ynJrl S C<Xn+1)} > 1- «,

which holds in finite samples when the observations are exchangeable (with i.i.d. as a special

case) and holds asymptotically when the data are stationary and ergodic with serial dependence.

3 A basic algorithm for interval prediction

We need to address two issues in obtaining a valid interval prediction in a general model averag-
ing setting. First, since all models may be misspecified, the point prediction may not converge
to its actual value even asymptotically. The limit generally depends on both the data generat-
ing process and the models allowed in the model set. One way to address this issue is to assume
away the problem; that is, to assume that the model set contains the true model. However, this
assumption runs counter to the spirit of model averaging, which rests on the idea that multiple
approximating models should be combined for prediction. Moreover, in empirical applications,
it is common for more than one model to receive nontrivial weights. Obtaining valid prediction
intervals in the presence of general model misspecification has remained an unsolved problem.
The second challenge is technical in nature: when model weights are determined endogenously,
they depend on both model misspecification and the estimation sample, making it even less
clear how to construct a valid prediction interval.

We use the conformal inference framework of Vovk et al. (2005) to construct a prediction
interval. A key insight from conformal inference, which we carry into our setting, is that a

plausible value for the unobserved y,,; should be one that conforms to the observed data



sample. In particular, when we attempt to predict y,,.1, it should yield a prediction error that
is consistent with the distribution of historical prediction errors, which are computable from
the data and model. Specifically, given a candidate value y for y, 1, we compute the implied
prediction error €,,1 = y — ip41 as in (2), and compare it to the empirical distribution of in-
sample prediction errors e; = y; — ji;, for i = 1,...,n. If €,,1 is implausibly large relative to the
historical errors at a chosen coverage level, then y,, .1 = y is considered a implausible value and
is excluded from the prediction interval; otherwise, y is included in the interval. The collection
of such values forms a valid prediction interval at the chosen coverage level. This powerful
idea has generated a large and expanding literature for conducting distributional inference on
predictions, and in this paper we adapt it to frequentist model averaging and prove its validity
in general settings.

This approach does not require any model to be correctly specified, as it relies on the notion
of conformity rather than approximations around a true model. A key contribution of this paper
is to show that it applies to both cross-sectional and time-series model averaging. The method
remains valid as long as prediction errors, both in-sample and for the new observation, can be
treated symmetrically. This symmetry condition underlies the conformal inference framework
and is made precise for model averaging in the algorithm and assumptions presented below.

Our proposed algorithm involves parameter and model weights estimation using augmented
samples and can be described as follows. Recall that the observed sample is given by {(x;, v;) }1,
where ¢ denotes either a cross-sectional unit or a time index. Let y be a candidate value for
Ynt+1. Then an augmented sample is given by {(x;,v;)}7; U {(xXns1,%)}. For each model, we
use the augmented sample to estimate 8,, to obtain ﬁm, where the estimate methods can differ
across models, for example, using MLE for some models, while (nonlinear) least squares for
others. Similarly, the model weights are also determined based on the augmented sample; the
specific steps depend on the model averaging method and are described in Section 4.3. Next,

compute the point predictions and associated prediction errors as, respectively,

M
A: ﬁ%i:z{&mf(m)(xi;/@\m) fori=1,...,n,n+1, (3)
m=1
and
/e\y,i =Y — ﬂy,iv 1=1,...,n, /e\y,n-‘,-l =Yy — [/Zy,n-‘,—l- (4)

After that, evaluate whether the value of €, 1 is a plausible value in relation to the historical
realizations e, ; for ¢ = 1,...n, using comformal inference, and keep or reject the corresponding
y value depending on the outcome of the comparsion. Finally, these operations are repeated

for other candidate values of y,,,1 to obtain a set of predictions that form a prediction interval.



The key difference of this procedure from the standard procedure for obtaining point pre-
dictions, as in (1), is the involvement of the candidate value y. This ensures that future and
historical values are treated symmetrically. Changing the value of y generally affects both the
prediction i, ; and the residual e,; for all i = 1,...,n + 1, which is reflected in the notation
that both variables are indexed by y. Formally, we propose the following algorithm for both

cross-sectional and time series data:

Algorithm 1 Prediction Interval for Model Averaging
Input: Data {(x;,y;)}; coverage level (1—a) € (0, 1); model averaging algorithm .A; new ob-

servation X, at which to compute the prediction; values Va1 = {y7,vs, ...} for potential
outcome Y, 41-
Output: A prediction interval at x,,41, namely C(X,41).
1: for y € Va1 do
2:  Using the augmented sample {(x;,v;)}"; U {(Xn11,y)}, estimate the parameters and
model weights to construct the model averaging prediction rule A as in Equation (3).

3:  Calculate conformity scores:
Ry,i = |yz - //vzy,i| for i = L...,n, and Ry,n-‘rl = ’y - ﬂy,n+1| :

4:  Compute p-value of R, ,,11:

L IRy = Ryng)
n+1 )

m(y)

5. end for

6: return
C<Xn+1) = {y € Virial 7T(y) > o }

Model averaging enters the algorithm through the first part of the for loop, which involves
parameter estimation, model weight estimation, and the calculation of model predictions. The
subsequent steps (i.e., parts 3 and 4) are identical to those in standard conformal inference.
In particular, Algorithm 1 in Lei et al. (2018) contains parts 3 and 4 for general regression
prediction problems. Thus, this algorithm can be viewed as a direct adaptation of conformal
inference to the model averaging setting.

Parts 4 and 6 evaluate the p-value of the new prediction residual relative to the empirical
distribution of all residuals. Because a small p-value indicates that the candidate y is implausi-
ble, the algorithm includes ¥ in the prediction set only if its p-value is strictly greater than «; see

Vovk et al. (2005) for discussions of this point. This is equivalent to comparing the new residual



to the empirical (1 — ) quantile with conservative tie handling: y is included if Ry 11 < Ry (1),
where R, () is the k-th smallest residual of all residuals and k& = [(1—a)(n+1)]. No estimation
of nuisance parameters is required.

The model weights are calculated using the augmented sample: this is important to ensure
that the new observation (x,.1,y) affects the estimation in the same way as any existing
observation in the sample. This symmetry implies that the properties of the new prediction
residual should behave like the other residuals, thus providing the basis for conformity. These
weights need to be recomputed for each candidate value of y,, 1. Because these computations are
independent across values and therefore fully parallelizable, we conjecture that the computation
is feasible for many applications in economics and finance. Nevertheless, to accommodate
applications where this computation turns out to be too costly, we will in Section 6 provide
algorithms that involve sample splitting, which computes the model weights only once for the
entire procedure.

The algorithm is generic in that it applies to a wide range of model averaging methods.
Differences across methods affect only the choice of weights, and hence the calculation of pre-
diction residuals. We will show that the algorithm remains asymptotically valid for time series

data without further modification.

4 Coverage validity of the algorithm

In this section, we establish coverage validity under two sets of assumptions: exact finite-sample
validity under exchangeability (with i.i.d. data as a special case), relevant for cross-sectional

settings, and asymptotic validity under stationarity, relevant for time-series predictions.

4.1 Finite-sample validity under exchangeability

The assumptions we need are standard assumptions in the conformal prediction literature and

are nonrestrictive in the context of model averaging.
Assumption 1 The random vectors (x1,41), - -, (Xn, Yn)s (Xnt1, Ynt1) are exchangeable.

Note that a sequence of random vectors is exchangeable if its joint distribution is invariant
under permutations of the indices. In other words, the ordering of the observations does not
matter. Formally, a sequence (Vi, Vs, ..., V,41) is exchangeable if, for any permutation m of
{1,2,....n+ 1}, (Vi, Vo, ..., Viiq) 2 (Vza), Va@)s - -+ Vam+1)), Where 2 denotes equality in

distribution. Every i.i.d. sequence is exchangeable. Conditional heteroskedasticity is permitted:



the variance of y; given x; may differ across observations. Exchangeability is uncommon in time-
series settings, since temporal ordering typically matters and permuting time indices alters the
dependence structure. A notable exception is equicorrelated Gaussian vectors, whose symmetry
makes the joint distribution permutation invariant. This assumption will not be required for
time-series model averaging.

For any augmented sample {(x;,v:) ", U {(Xnt1,y)} in Algorithm 1, let
0 =(01,0,,....01)

denote the collection of parameter estimates from the individuals models, and let

~

\/K\f = (@1,@2,...,1{}]\/])
denote the estimated model weights. Their dependence on y is omitted for simplicity.

Assumption 2 The parameter estimates 0 and model weights W are invariant to the permu-

tation of the augmented sample {(x;,y;)}q U {(Xn11,9)}-

In this assumption, the elements of each vector (x;,y;) are permuted together as a set.
The assumption ensures that reshuffling the sample does not affect the estimates. As a result,
the fitted residuals as in (4) inherit the exchangeability of the original data. Most estimation
methods for cross-sectional data satisfy this condition. In particular, weighted least squares
satisfies it as long as the weight assigned to an observation depends only on that observation
itself, which is typically the case. Time-series multiple regression, where y; is regressed on x;
via OLS, also satisfies this assumption. A counterexample is an estimation procedure that
assigns zero weight to the observation (x,.41,y), meaning that this observation is excluded from
the estimation. In that case, the new observation is treated differently from the others, and
its prediction residual may have different properties. As a result, the residuals are no longer
exchangeable. This assumption is not tied to any particular estimation method or specific
model averaging scheme. It allows users to apply the procedure with any method, including
newly proposed ones, by simply verifying whether the assumption holds in their specific setting.

Under these two assumptions, Algorithm 1 provides correct coverage in finite samples. It
applies to models with either discrete or continuous outcomes, in each case allowing for discrete

and continuous explanatory variables.
Theorem 1 Suppose Assumptions 1 and 2 hold. Then

P{yn+l € C(Xn+1)} 2 1—a.



If, in addition, for all y € R the fitted absolute residuals {Ryvi}?:f have a continuous joint
distribution, then it also holds that

P{ypi1 €C(xp11)} <1 —a+ %

The first inequality reflects a standard property of conformal inference; see Vovk et al.
(2005). The second is established in Theorem 1 of Lei et al. (2018) for regression settings. Both
results hold here because Algorithm 1 is constructed to ensure that prediction residuals under
model averaging are exchangeable. A proof is provided in the appendix, focusing on how model
averaging interacts with exchangeability. Taken together, the two inequalities imply that the
proposed prediction interval is essentially exact: it never undercovers and its overcoverage does
not exceed 1/(n+ 1) for any sample size. In practice, coverage may deviate slightly from these
bounds because implementation requires searching over a finite grid, though the difference is
minor and can be reduced by further refining the grid.

Since coverage validity requires only the exchangeability of the data and the symmetry of the
estimation algorithm, it holds for both fixed and data-dependent model weights. The difference
is that fixed and data-dependent weights lead to different distributions for R, ;; as a result, the
corresponding prediction intervals are generally different. Similarly, model misspecification, the
number of candidate models, and whether the models are nested do not affect coverage validity,

as none of these alter either exchangeability or symmetry.

4.2 Asymptotic validity under stationarity

For time series model averaging, instead of exchangeability, we assume that the data are strict

stationary and ergodic.

Assumption 3 The random vectors (X1,y1),- -, (Xn, Un), (Xnt1, Yns1) are stationary and er-

godic.

Recall that a process (x;,y;) is stationary if the joint distribution of (x;,,vi,), - - ., (Xi,, Y, ) for

any k > 0 is invariant to shifts in the index. That is, for all h,

d
(Xi1 ) yi1)7 ey (Xika ylk) = (Xi1+h7 yi1+h)7 ey (Xik—‘rha yik—i-h)'

This strict stationarity assumption generally cannot be weakened to weak stationarity (i.e.,
time-invariant means, variances, and covariances), because the objective here is to cover a
random variable, not a fixed parameter, with a specified probability. Even without model av-

eraging, for a linear model given by y; = x.8 + e;, with known 3, it is still not possible to
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construct a valid prediction interval for y,.; under weak stationarity alone, since the higher
order moments of y,,1 may differ arbitrarily from those of past observations. No method can
guarantee coverage if the underlying distribution is allowed to evolve freely over time. See also
Barber et al. (2023, pp. 828-829) for a discussion of this point. Meanwhile, we conjecture that
this assumption may be relaxed to allow for restricted distributional changes with appropriate
modifications to the algorithm. Tibshirani et al. (2019) show that a weighted version of confor-
mal inference can be used to construct distribution-free prediction intervals when the covariate
distributions (i.e., of x) differ between the training and test data, provided the likelihood ra-
tio between the two distributions is known. Barber et al. (2023) use weighted quantiles to
introduce robustness to distributional drift and derive bounds on the coverage gap under fixed
weighting schemes. The latter results quantify how coverage deteriorates under distributional
shifts, though they do not prescribe how to select the weights. We leave the adaptation of such
methods to model averaging for further work.

The ergodicity condition in Assumption 3 implies that a single long realization of the pro-
cess is representative of its stationary distribution. This is often a minimal requirement for
conducting inference in stationary time series settings. It covers weakly dependent processes,
including mixing and near-epoch dependence, and allows for conditional variation in all mo-
ments, including conditional heteroskedasticity.

The next assumption requires that 0 and W converge in probability to some pseudo-true
values, denoted by 6y = (0¢1,...,00) and wy = (wo1,...,Wwo ), respectively, where all
components are finite constants. These pseudo-true values generally depend on both the model

set and the data-generating process.
Assumption 4 Asn — oo, N 0y and W 2 wq for some finite 0y and wq independent of n.

This assumption implies that all models included in the averaging are finite-dimensional;
that is, their dimensions do not diverge with the sample size. The first part of the assumption,
[N 0y, concerns the convergence of parameters in individual candidate models, which is
independent of model weights and not specific to model averaging. Conditions for ensuring this
has been extensively studied for both linear and nonlinear models; see, for example, White’s
work on asymptotic analysis under model misspecification in White (1982, 1984, 1994). These
conditions are not restrictive.

The second part of the assumption, W 2> w, concerns the asymptotic behavior of model
weights, which depends on the model set and the averaging scheme. Zhang et al. (2020)
prove weight convergence when averaging linear models with i.i.d. data and when at least one

model in the candidate set encompasses the data-generating process. Their weights minimize
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a generalized Mallows-type criterion, with a penalty term that diverges slowly to infinity. In
addition, if all models are misspecified, their Theorem 3 implies that the estimated weights
converge in probability to the minimizer of the asymptotic risk function, provided that this
limiting criterion has a unique minimizer.! Meanwhile, Hjort and Claeskens (2003) study
the limiting distribution of model averaging estimators when all candidate models lie in a
local neighborhood of the data-generating process. They show, among other results, that
the AIC weights remain random in the limit, partly because AIC is not a consistent model
selection criterion. Therefore, there are practical situations where this assumption holds and
also important cases where it fails. To accommodate the possibility that the weights may not
converge, we will also introduce an alternative assumption to Assumption 4, which is stated
as Assumption 7 later in this section. In addition, we will further examine this assumption
under more primitive time series conditions when explicitly considering various model averaging
schemes in Subsection 4.3.

We also need to impose regularity conditions on model residuals in a local neighborhood of
the pseudo-true value specified in Assumption 4, as is typical in asymptotic analysis. For any

given parameter value and model weights, and any i € {1,...,n,n + 1}, define

M
Ai(w,0) = w " (x;;0,0).
m=1

Assumption 5 The random variable €;(wy, 0y) is integrable and has a density f that is uni-
formly bounded in an open neighborhood of its (1 — o) quantile s: there exists f < oo such that

f(u) < f for all u near s. In addition, its distribution function is strictly increasing at s.

Assumption 6 Let B(6y) and B(wy) denote open neighborhoods of 6y and wy, respectively,
that are independent of n. Assume that €;(w, 0) is continuously differentiable in B(wq) x B(6o)
with probability one. For each i, define

0

Zi = sup m

WEB(W()),BEB(B())

aiw.0)

Assume either:

(i) E[Z;] < 0o, and the conditional density of €;(wq, o) given Z; is finite; or

!Their proof on p. 982 shows that S} (w)/R,(w) converges uniformly to 1 over a compact set of w, or
equivalently, that S*(w)/n divided by R, (w)/n converges uniformly to 1. If R, (w)/n converges uniformly to
R(w) and R(w) has a unique minimizer, then the convergence of the estimated weights follows.

12



(i) A sub-Weibull tail bound holds: there exist constants Cy > 0, a > 0, and k > 1 such that
for all 7,
P(Z; > t) < Coexp(—at®),

—2/k

and the estimators 6 and W converge to 6y and wq at rate (logn) or faster.

Assumption 5 is needed to ensure that the empirical distribution of €;(wy, 8y) converges
uniformly to its population cumulative distribution function in a neighborhood of the (1 — «)
quantile. Assumption 6, similar to Assumption 3 in Andrews (2003), ensures that the quantile
function of €;(w, @) approach that of €;(wg, 8y) as w and @ converge to wo and 0y, respectively.
Its part (i) requires that the conditional density of the residual is finite, without imposing any
condition on the convergence rate of the estimators. Alternatively, part (ii) places no restriction
on the density but restricts the tails of the gradient and requires a mild convergence rate of
the parameter and weight estimates. It accommodates fat-tailed distributions. As shown in
the appendix, this condition can be further relaxed to allow polynomial tails, provided the
convergence rate is faster than some threshold below the root-n rate. We will further this
assumption when considering various model averaging schemes in Subsection 4.3.

We now present an assumption to accommodate situations where the estimated model
weights may not converge to fixed values. It is essentially a stability condition which requires
that the sequence of fitted values from model averaging concentrate around a sequence of sta-
tionary and ergodic random variables, so that the resulting prediction errors are approximately
stationary and ergodic. It is analogous to the stability condition in (Lei et al., 2018, Assumption

A2); adapted to a time series model averaging setting.

Assumption 7 There exists a sequence of stationary and ergodic variables ji; independent of
n, such that y; admits the decomposition: y; = ji; + €;, where €; satisfies Assumption 5, and the

fitted values after model averaging are stable around fi;:

where Z; is a random variable that satisfies a sub- Weibull tail bound: there exist constants Cy >

0, a >0, and k > 1 such that, for all i, P(Z; > t) < Cyexp(—at*), and ¢, = O,((logn)~2/*).

As in Lei et al. (2018), we do not assume that fi; represents the true model. Note also that
the stability condition of Lei et al. (2018) amounts to assuming, in the current notation, that
for large enough n, P(maxic(i,.. nt1} | ,ui(l/l\J,b\) — ;| = nn) < pn, for some sequences satisfying
N, = o(1) and p, = o(l) as n — oo. In our setup, we introduce a dominating variable Z;

and specify a convergence rate, thereby avoiding the need to take a supremum over 7. Our
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formulation is more natural for time series variables, which are often unbounded. The original
condition in Lei et al. (2018) remains sufficient for our result. The next Theorem shows that

Algorithm 1 is asymptotically valid. 2
Theorem 2 If Assumptions 2-6 hold or Assumptions 2, 3 and 7 hold, then
P{yn+1 c C(Xn+1>} ﬁ) 1—a.

We prove this result by adapting the strategy used in the proof of Theorem 1 in Andrews
(2003), which establishes the asymptotic validity of critical values derived from a subsampling-
like method for an F-test designed to detect structural breaks near the end of the sample.
In their approach, critical values are obtained by repeatedly re-estimating the model while
excluding a subset of observations—a procedure that contrasts with the conformal inference
approach used in Algorithm 1, which evaluates residuals using a fixed parameter estimate and
based on a symmetry-based ranking.

Theoretical analyses of conformal inference for time series are far less developed than for the
exchangeable case. Chernozhukov et al. (2018) make an important contribution by studying a
procedure that constructs conformal scores from blocks of residuals rather than from individual
observations. Our result shows that blocking is not required for asymptotic validity. This does
not rule out the possibility that blocking could improve finite-sample performance by reducing
serial dependence across conformal scores. Later in the paper we take a different approach to
deal with such dependence and obtain algorithms that are adaptive to serial correlation and

conditional heteroskedasticity.

4.3 Applications to model averaging methods

In this section, we show how the algorithm can be applied to various model averaging methods
and examine the plausibility of the assumptions in each case. We focus on linear models, both to
provide explicit expressions and because they account for most applications of model averaging
in practice. All methods considered are also evaluated through Monte Carlo experiments and
applied in the empirical applications.

For notation, let y = (y1,...,¥n, %) € R"! denote the observed outcomes augmented with
a candidate value y for y,1. Let X = [x],...,x],x} ;]T € R"*D*P be the regressor matrix
containing all p explanatory variables that appear in any of the M candidate models. For each

model m = 1,..., M, let p,, < p be the number of regressors and define the selection matrix

2The theorem is currently proved under the first set of assumptions. To prove it under Assumption 7 instead,
only Step 1 needs to be modified: replace C,, with the supremum over Z;.

14



C,, € RP*Pm g5 that XC,, € RHDxpm extracts the columns of X used in model m. Then
model m can be written as

y = Xcmﬂm + €, (5)

with 3,, € RPm the coefficient vector and € € R"*! the error term.

All candidate models are estimated by OLS. For the mth model, denote the fitted values
by £ = (FI™ . P T € R Collecting these fitted vectors across all candidate
models yields the matrix

B o (0, F00) g RiHXM,

whose ith row is f;, = (J/”}l), . .,}"}M)) € RM. As before, let w = (wy,...,wy) denote the
vector of model weights.

For assumptions, since the models are estimated with OLS, Assumption 2 is automatically
satisfied, and Assumptions 1, 3, and 5 are standard. We therefore do not examine these further
and instead focus on Assumptions 4 and 6, which we verify using primitive conditions familiar

from the time series literature for each model averaging method considered below.

4.3.1 Fixed weights

Simple model averaging methods with fixed weights (including equal weights) often perform well
relative to more sophisticated approaches, since estimating weights can substantially increase
prediction bias or variance. Stock and Watson (2006) and Timmermann (2006) discuss this
in the context of macroeconomic forecasting, and Claeskens et al. (2016) provide expressions
quantifying the effect of weight estimation on forecast precision. With fixed weights, computa-
tion reduces to repeated OLS regressions and is therefore straightforward. We now turn to the
assumptions.

Assumption 4 holds under mild conditions, as it only requires

for each m € {1,..., M}. This is satisfied, for example, when the regressor matrix has full
column rank and satisfies weak moment restrictions that ensure a law of large numbers for time

series data. Explicitly, it holds under Assumption 3 together with Condition 1 stated below:
Condition 1 (i) E[||x;]|?] < oo, (i) E[||xy:|] < oo, and (i) Elx;x;"] is positive definite.

The proof of (6) is straightforward and given in the appendix for completeness, where we
clarify that it does not require correct model specification (see Lemma 4). Similar conditions
are used in Theorem 3.3.7 of White (2001), which establishes a law of large numbers for the

OLS estimator under dependent and identically distributed observations.
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Now consider Assumption 6, where Z; only consists of derivatives with respect to 3,, for

m=1,..., M. In particular,

de;(w, 3)
9B,,

which involves no unknown parameters. Thus, the inequality in Assumption 6 is satisfied if the

-
= —w,,C, x;,

regressors meet, the sub-Weibull tail condition specified there, including normal distribution as
a special case. The only remaining requirement in that assumption is the convergence rate of

Bm to By, for any m. In the appendix, Lemma 5 shows that

-~

B — Bom = Op(n_l/Q)a

)

under Condition 1, Assumption 3, and the additional condition stated below:

Condition 2 (i) E[||x;x] ||"] < oo and E[||x;y:||"] < oo for some r > 2; and (i) (xi,y;) form

a strong mizing sequence with size 2r/(r — 2).

Condition 2 permits commonly used weakly dependent processes, such as stationary finite-order
vector autoregressive moving-average (VARMA) processes. In summary, the assumptions are
not restrictive for applying the algorithm to model averaging methods with fixed weights in

both cross-sectional and time-series settings.

4.3.2 Granger and Ramanathan’s (1984) regression approach

Granger and Ramanathan (1984) proposed selecting the model weights w by regressing y on
the candidate model predictions F:

y=Fw+te, (7)

where e = (ey,...,e,41) denotes a vector of residuals. Granger and Ramanathan (1984) also
considered including an intercept in the regression, leading to y = wy + Fw + e. This is
equivalent to adding a candidate model with only an intercept as its explanatory variable, and
thus still falls within the current framework.

The application of Algorithm 1 to this approach proceeds as follows. First, run M separate
regressions as in (5) on a sample augmented by y to construct F. Second, regress y on F as
in (7) to obtain the weights w. Third, compute the empirical quantiles of the residuals € to
decide whether to keep y. Finally, repeat the procedure with alternative augmented samples
to obtain an interval. This is simple to implement.

We next turn to the assumptions. For Assumption 4, the regression coefficients still satisfy
Bm —Bom = O,(n~%/?) since their estimation is the same as in the fixed-weights case. To study

the convergence of w, let fi(m) denote the population projection of y; onto the explanatory
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variables of model m: f{™ = x; CnfBy,, and let f; = (fO, e

(2

projected values under the M models. Define wy = (]E[fif;])_l E[f;y;]. Then, Lemma 6 in the

)T denote the vector of

Appendix shows that
Vi (W — wo) = Oy(1) (8)

under Assumption 3, Conditions 1 and 2, and the following condition:
Condition 3 E[fif,"] is nonsingular.

This condition holds as long as there is no collinearity among model predictions asymptotically.
A typical violation occurs when two models are nested and the additional regressors in the larger
model have zero population coefficients. Although Granger and Ramanathan’s (1984) proce-
dure is not intended for such settings, our method remains applicable provided Assumption 7
holds. The intuition behind Assumption 7 in this case is that, even under multicollinearity,
the projection of y onto the column space of F is unique and well-defined. Consequently, the
combined predictor is identified and concentrates around the population projection, which is
stationary and ergodic by Assumption 3.

The last assumption to verify is the inequality in Assumption 6. Because

M
ei(w,B8) =yi — > wnx/ Cp By,

m=1
we obtain
aei (W7 /6)

ae’i(wv /6) o T _ T
8. —w,,C,,x; and G -x; C, B,,- (9)

Hence, the inequality in Assumption 6 holds if the regressors satisfy a sub-Weibull tail condition,
as in the fixed-weight case. We conclude that the algorithm is valid under mild assumptions
for the intended applications of this model averaging approach.

The conclusions reached for (8) and (9) apply equally to the model averaging methods

considered below. Accordingly, we do not re-examine them for those methods.

4.3.3 Smoothed information criteria

Buckland et al. (1997) proposed defining model weights using the Akaike Information Criterion
(AIC) or the Bayesian Information Criterion (BIC):

~ exp(—1Cin/2)

" ew(-10,/2)

where I}, is the information criterion value for the mth model. For linear regression models

estimated by OLS, these are

AIC,, = (n +1)1log(c%) 4+ 2pm, and BIC,, = (n + 1)1log(%) + pp, log(n + 1),

17



where 02, is the estimated error variance from model m, p,, is the number of parameters in
model m, and n + 1 is the augmented sample size.

To implement Algorithm 1 with this model averaging approach, first estimate the M models
for each augmented sample and compute the corresponding information criteria to obtain the
model weights. The same procedure is then repeated for other augmented samples to construct
the prediction interval. These steps mirror the application of our conformal inference procedure
to Granger and Ramanathan (1984)’s model averaging approach.

We next examine Assumptions 4 and 6. We focus on the model weights; the remaining
parts require no further discussion, as noted above. Lemma 7 in the appendix extends Sin and
White (1996) and shows that, under fixed parameters and model dimensions, the estimated
weights asymptotically concentrate on the model(s) that minimize the per-observation Kull-
back—Leibler information criterion (KLIC), with exponential or polynomial rates in the sample
size determined by the KLIC gaps.

We now provide more details for this convergence result. Note that the KLIC for the mth

model, up to an additive constant, is

Qm(0m> = E[_ 1Og gb(yz: X;‘I—Cmﬁnw 0-2” )

with ¢(y; p, 02) = (2ma?) ™2 exp{—(y — 1)?/(20%)}. Let Q,, denote Q,,(8,,) evaluated at its
pseudo-true value 6y ,,. Let m* € argmin,, ), denote an index of a model that attains the
smallest KLIC (when the minimizer is unique, m* is that model). Writing the IC gap for model
m from m* as IC,, — [Cpr = (n+ 1) Ay + ¢, (P — D) + Emns Where Ay, = Qry — Qo
is the KLIC gap, ¢, = 2 for AIC and ¢, = log(n + 1) for BIC, and ¢,,,, = O,(1). Then,
under Assumption 3, Conditions 1 (without #i7) and 2, Lemma 7 implies the following three
results: (1) If m* is unique, then for both AIC and BIC weights, @, — 1 = Op(e’”Am‘“/Q)
and w,, = Op(e_"Am/ 2) for every m # m*, where A, = minj.,,« A;. Therefore, in this case
the estimated model weights converge to 1 or 0 at exponential rates. (2) If multiple models
achieve the smallest KLIC, then the BIC weights concentrate on the tied model with the fewest
parameters, denoted mg with py;, parameters: @w,,, —1 = Op(n_dmm/ 2) and, for any tied model
with p,, > pmin parameters, w,, = Op(n_(pm_pmi")/ 2), where d,,;, > 0 is the parameter gap
between the two most parsimonious tied models. For the remaining models, w,, = Op(e*"Am/ 2).
Thus, the BIC model weights converge to 1 or 0 at polynomial rates (within the tied set) or at
exponential rates (outside the tied set). (3) If multiple models attain the smallest KLIC, then
the AIC weights satisfy > ¢ @, —1 = O,(e7"2°/?) and @y, = Oye™"2m/2) for m & Kuin,
where Knin = {m : A,,, = 0} and A° = min,,gx,,,. A > 0. Thus, the total weight on the best-

performing models converges to 1, and the weights on all other models converge individually
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to 0 at exponential rates. However, within the best-performing set, the weights may remain
random even asymptotically.

Together, the results show that Assumptions 4 and 6 hold under mild conditions, except
when more than one model attain the smallest KLIC and AIC weights are used for model

averaging. The theoretical properties of Algorithm 1 in this case are left for future work.

4.3.4 Mallows criterion

Hansen (2007) proposes selecting the weights by minimizing a Mallows criterion:

M
C(w) = [ly — Fwl|* + 262 " wpim. (10)
m=1
where 02 is an estimator of the error variance, typically obtained from the largest fitted model,
and 2%21 W,Ppm denotes the effective number of parameters of the averaged model, where
Pm is the number of regressors in model m. Hansen (2007) shows that the resulting weights
are asymptotically mean-square optimal for independent data. Hansen (2008) considers its
application to time series forecasting, while Liao et al. (2021) establishes its optimality when
the data-generating process is an infinite-order autoregression. The latter paper also establishes
convergence rates for the estimated weights when the limit is unique and an interior point.
Applying Algorithm 1 here involves running M regressions on an augmented sample, min-
imizing the objective function (10) to obtain Mallows weights, computing empirical residual
quantiles, and repeating the process with alternative augmented samples. The key difference
from the three model averaging approaches discussed earlier is an optimization step to com-
pute the model weights. Since this step is a quadratic program in M variables, the additional
computational cost is typically small.

To verify Assumptions 4 and 6, Lemmas 8 and 9 in the Appendix show that
IW —wol = Op(n~"7%),

in two practical settings: (i) when a single model uniquely minimizes the population risk
(equivalently, has the lowest per-observation KLIC, as defined in smoothed information-criterion
weighting), in which case the estimated weights concentrate on that model, so that wy is a unit
vector with a one in the position of the best model; and (ii) when several models tie in KLIC,
in which case convergence holds provided the population loss

M 2
<yi+1 - Z wmfi(ﬁ)) ]
m=1

Coo(w) =E
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has a unique minimizer on the simplex (i.e., a unique “best mix” of models), so that the limiting
vector wy contains multiple nonzero entries corresponding to the optimal mix. These results
hold under Conditions 1 and 2 and Assumption 3.

These two lemmas do not cover the case where the population loss has multiple minimizers,
i.e., when different model combinations yield the same population risk. In that case, the
estimated weights may remain random asymptotically. Analysis of the algorithm in this setting

is left for future work.

4.3.5 Jackknife weighting

Hansen and Racine (2012) proposed a jackknife model averaging (JMA) estimator which selects

the weights by minimizing a cross-validation criterion:

where F is the same as f‘, except that its ith row, which corresponds to the prediction for y;, is
obtained from OLS regressions excluding the ith observation, rather than using all observations
as in F. This leave-one-out construction is applied to each row of F. Hansen and Racine (2012)
showed that the estimator is asymptotically optimal in the sense of achieving the lowest possible
expected squared error for random samples, allowing for conditional heteroskedasticity. Zhang
et al. (2013) extended the optimality result to a limited class of time series models, including
infinite-order autoregressions and models with serially correlated errors and strict exogeneity.
The application of the algorithm to JMA follows similar steps as in the Mallows case, except
that it’s more computationally costly due to the repeated leave-one-out estimation. The conver-
gence properties of the weights are similar to the Mallows case as well. If the population loss has
a unique minimizer on the simplex, then the jackknife model averaging weights converge to that
target at the usual y/n parametric rate under standard time-series conditions (Assumption 3,
Conditions 1 and 2). Intuitively, the leave-one-out criterion uniformly tracks the population
prediction risk Co (W), and the risk’s positive curvature around its unique minimum delivers
the /n rate. This covers both the case where a single model is optimal (weights concentrate
on that model) and the case where a unique mixture is optimal (weights concentrate on that
mix). If the population loss admits multiple minimizers, one may obtain convergence only to

the minimizer set unless a tie-breaking rule is imposed, again mirrors the Mallows case.

5 Locally adaptive predictive intervals

Algorithm 1 is simple to implement; however, it does not make use of properties of the model

residuals beyond basic assumptions. As a result, the prediction interval is not adaptive and
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remains approximately constant across different covariate values, leaving useful information
unused. For example, if the residuals are conditionally heteroskedastic, this information can
be incorporated to obtain intervals that are narrower when the conditional variance is low and
wider when it is high. This issue arises for conformal prediction broadly and is not specific to
model averaging. It has been examined in recent work such as Lei et al. (2018), Romano et al.
(2019), and Chernozhukov et al. (2021). Building on this line of research, we develop methods
tailored to the model averaging setting. The main idea is to introduce a statistical model for
the model-averaging residuals and use it to prewhiten them before constructing the prediction
interval.

As before, let y be a candidate value for y,,,1. For simplicity, we denote the model-averaging
residual €, in (4) by

e =y — i, t=1,....,n,n+1.
We then introduce a statistical model for the residuals. This model is not assumed to coincide
with the true data-generating process; rather, it serves as a device to capture some degree
of conditional heteroskedasticity and, in the time-series setting, potential serial correlation.
We treat the exchangeable and time-series cases separately, with the former building on the
approach of Lei et al. (2018).

For exchangeable observations, we consider the following model for the model averaging

residuals:
e;=om (i=1,...,n+1),
with
o} = exp(x] 7).

The term 7; is assumed to be i.i.d. with mean zero and unit variance. The parameter =
can be estimated by regressing log(¢?) on x; using OLS, or by maximum likelihood under the
assumption that € ~ N(0,exp(x;~)). If only a subset of covariates is expected to influence
heteroskedasticity, one may consider a subset or use a penalized regression (e.g., LASSO) to

estimate «. Once ~ is estimated, the standardized residuals are computed as

hi= 2 with 62 = exp(x, 7). (11)
g;

Lei et al. (2018) regress absolute residuals on covariates to estimate local variability, which
can also be adopted here. By contrast, the log-linear specification guarantees positivity and
accommodates both OLS and maximum likelihood estimation.

In the time-series case, we propose modeling the residuals with an AR(1)-GARCH(1,1)
specification:

~ A~ 2 ~2 2
€ir1 = (5 + PE; + TiNi+1, g, =¢C —+ ae; —+ Bai—b
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where ¢ = 1,...,n, and 7,1 is assumed to be i.i.d. with mean zero and unit variance. The AR(1)
component is in the same spirit as Andrews (1991), who used it as a parsimonious approxima-
tion to more general data-generating processes to obtain improved covariance estimates in the
presence of heteroskedasticity and autocorrelation of unknown forms. The GARCH(1,1) spec-
ification is motivated by empirical evidence that it is often a competitive model for capturing
financial volatility; see Hansen and Lunde (2005). This proposal does not preclude alternative
specifications—for example, replacing AR(1) with an MA(k) process in the conditional mean
equation when appropriate for the application, or omitting the AR(1) component entirely if
residual serial correlation is expected to be negligible.

The model is estimated by Gaussian maximum likelihood, as is standard practice. To

initialize the recursion, we set
c
2

ST —
which corresponds to the unconditional variance of a stationary GARCH(1,1) process. After
estimation, the conditional standard deviations o; are obtained recursively using the fitted
values of (4, p, ¢, a, ). The residuals are then standardized by first removing serial correlation
and subsequently dividing by the conditional standard deviation, as

~ €iy1 — 0 — pe;

Mip1 = (12)

0;
Putting the pieces together, we propose the following algorithm, which replaces the residuals

e; in Algorithm 1 with the standardized residuals 7;. The procedure applies to both exchange-

able and time-series data.
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Algorithm 2 Locally Adaptive Prediction Interval for Model Averaging
Input: Data {(x;,y;)}l; coverage level (1—a) € (0, 1); model averaging algorithm A; new ob-

servation x,,1 at which to construct the prediction interval; values Va1 = {7, vs, ...} for
potential outcome y,,11; and a parametric model to approximate conditional heteroskedas-
ticity or serial correlation of the prediction residuals.
Output: Prediction interval at x,,,1, namely C(x,41).
1: for y € Yyia do
2:  Using the augmented data {(x;, ;) }%_; U{(Xnt1,v)}, compute the weights and the model
averaging prediction rule A as in Equation (3).
3:  Compute the standardized residuals, using equation (11) for the exchangeable data case

and equation (12) for the time series case. Obtain generalized conformity score:
Ry;=|m| fori=1,...,n,n+ 1.

4:  Compute p-value of R, ,41:

1+3" I(R,; > R,
W(y): Zz_l ( Y, Y, +1>.

n+1

. end for

ot

6: return
C(Xn_H) = {y € Virial | W(y) > Oé} :

For exchangeable data, the algorithm is valid in finite samples because standardizing the
residuals does not affect exchangeability, since each residual e; is specified as a function of
its own covariates x; only. For time series data, where asymptotic validity does not require
exchangeability, the algorithm is asymptotically valid if the standardized residuals are approx-
imately stationary and ergodic in large samples. We formalize these results in the following

corollary. Let ¢ =« in the exchangeable case, and ¢ = (4, p, ¢, a, §) in the time series case.

Corollary 1 (i) For the exchangeable data case, the conclusion of Theorem 1 holds under the
same conditions stated there. (ii) For the time series case, if Assumptions 2 and 3 hold and

Assumptions 4-6 are satisfied with 0 replaced by (0, @) and e; replaced by n;, then
P{yn+1 c C(Xn+1)} ﬂ) 1—a.

The assumptions in Corollary 1 are similar to those in Theorems 1 and 2, with modifications
arising from standardization. Assumptions 1-3 are unchanged, and Assumption 5 remains

standard. For Assumption 4, the convergence of 0 and W is unchanged, but the assumption
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is strengthened to also require convergence of the additional parameters ¢ to fixed values.
Assumption 6 is also modified: it now requires that the derivatives of the standardized residuals
(rather than the original residuals) with respect to the coefficients and weights satisfy regularity
conditions. Assumption 7 does not enter the corollary. Thus, relative to the earlier results, the
main strengthenings are in Assumptions 4 and 6, together with the exclusion of cases covered
by Assumption 7; these changes pertain only to the time-series setting.

The proof for (i) is the same as that of Theorem 1. The proof for (ii) is the same as that of
Theorem 2 after replacing @ and e; with (6, ¢) and 7; when relevant. We therefore we do not

include separate proofs in the appendix.

5.1 Applications to model averaging methods

Algorithm 2 can be applied to all model averaging methods discussed in Subsection 4.5. Be-
cause the standardization step is applied after the model weights are computed, the additional
computational cost is marginal.

Regarding the assumptions for the time series case, verifying the convergence of the AR(1)-
GARCH(1,1) parameters and the properties of the residual gradients in Assumption 6 is cum-
bersome due to the added nonlinearity and dynamics and provides little additional insight.
Instead, we evaluate the procedure through simulations and empirical applications to assess
the trade-offs introduced by the additional assumptions. The results suggest that standardiza-
tion does not affect coverage, but may lead to noticeably wider intervals when many covariates

are included in the variance model.

6 Split-sample prediction intervals

If computational feasibility outweighs prediction accuracy, for example when the sample is
large or the models are complex, split-sample procedures are attractive. Sample splitting is
common in the conformal inference literature (see, e.g., Lei et al. (2018)). Below we introduce

a sample-split version of Algorithm 1.
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Algorithm 3 Split-sample Prediction Interval for Model Averaging
Input: Data {(x;,y;)}l; coverage level (1—a) € (0, 1); model averaging algorithm A; new ob-

servation x,y; at which to construct the prediction; values Va1 = {v7],y5, . ..} for potential
outcome Y, 41-

Output: Prediction interval C4(X,41)-

—_

. Split the index set {1,...,n} into two subsets Z; and Z, of (approximately) equal size.

[\]

. Estimate coefficients and model weights on Z; to obtain the prediction rule zi(+) in A.3

w

: Compute conformity score for each i € Z, using the estimated prediction rule fi(-):

R; = |yz - ﬁ(xz)’ .

(I

. for Yy € ytrial do

Compute conformity score for candidate y:

o

Ryni1 = [y — 1(xp41)] -

2

Compute p-value of R, ,11:

(y) = 1+ Zz’EIQ I(R; > Ryn+1)
! |Z] + 1

(13)

end for

=

8&: return
C(Xnt1) = {Y € Viwiar | 7(y) > a}. (14)

For exchangeable data, the sample splitting should be random, independent of both co-
variates and outcomes. For time series data, the split should follow the time order, with the
first half used for estimation and the second half for inference. Computationally, R, 1 ex-
ceeds the (1 — «) quantile of {R;}iez, U {Ry 11} if and only if it exceeds (1 — a) quantile of
{R;}icz, U {00} (see Lemma 1 in Tibshirani et al. (2019)). Therefore, the set C(x,41) can be
computed equivalently as C(x,+1) = [1(Xnt1) — d, fi(Xns1) + d], where d is the k-th smallest
value of {R; : i € I} with k = [(|Zs| + 1)(1 — «)|. This formula is used in Algorithm 2 of Lei
et al. (2018) to construct split conformal prediction intervals for general regression problems.

The computational saving comes from estimating model weights only once. This makes
it feasible to apply otherwise costly methods, such as ensemble approaches (e.g., bootstrap
aggregation, or bagging; Breiman (1996)) and Bayesian model averaging. In bagging, the

bootstrap is applied to a training subsample to obtain estimates, with the remaining sample used

3Since the coefficient and weight estimates do not depend on candidate y for y,11, [y, simplifies to fi(x;).
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to construct the prediction interval. In Bayesian model averaging, the training subsample is used
to estimate model weights and parameters (e.g., posterior means), and the remaining sample
to construct the interval. The tradeoff is a potential loss of prediction accuracy relative to the
full-sample case, possibly leading to wider intervals. We examine this tradeoff in simulations
and empirical applications. The next result establishes finite-sample validity for exchangeable

data and asymptotic validity for time series data.

Corollary 2 (i) For exchangeable data, under Assumption 1, P{y,+1 € C(Xps1)} > 1 — a. If,
in addition, the fitted absolute residuals |y; — i(x;)|, i € {[n/241],...,n+1} have a continuous
joint distribution for all y € R, then it also holds that P{y,+1 € C(Xp11)} <1 —a+ 1/(|Z] +
1). (ii) For time series data, if Assumptions 3-6 hold, or if Assumptions 3 and 7 hold, then
P {41 € C(Xp1)} 21—

For exchangeable data, because parameters and model weights are estimated on Z;, they do
not interact with the exchangeability of the residuals on Z,, therefore Assumption 2 is no longer
needed. For the time-series case, since the (n + 1)th observation does not enter the estimation,
this assumption is similarly not relevant. This simplification implies that the resulting predic-
tion interval is valid for estimation methods involving resampling, such as bagging. It’s also
valid for Bayesian model averaging, where the prior and estimates are obtained independent of
Z5. More details on these two applications are given at the end of this section. The proof of
this corollary is essentially the same as that of Theorems 1 and 2, in fact simpler because the
(n + 1)th observation is independent of the estimation, and is therefore omitted.

For some applications, combining sample splitting with local adaptability is useful, as it
reduces computational cost relative to full-sample estimation while still adapting to the residual

structure at n + 1. We propose the following algorithm:
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Algorithm 4 Locally Adaptive Prediction Intervals with Sample Splitting for Model Averaging
Input: Data {(x;,y;)}l; coverage level (1—a) € (0, 1); model averaging algorithm A; new ob-

servation x,y; at which to construct the prediction; values Va1 = {v7],y5, . ..} for potential
outcome y,.1; and a parametric model for residuals to capture conditional heteroskedastic-
ity or serial correlation.

Output: Prediction interval C4(X,41).

1: Split the index set {1,...,n} into two subsets Z; and Z, of (approximately) equal size.

2: Estimate coefficients and model weights on Z; to obtain the prediction rule ji(-) and resid-
uals. Fit a parametric model to these residuals to estimate the heteroskedasticity and/or
serial dependence parameters (Z

3: Apply 7(-) and qg to Zy to compute the standardized residuals, using equation (11) for
exchangeable data and (12) for time series data. Calculate the generalized conformity score
for i € Iy: R, = |0y

4: for y € Vi do

5. Compute conformity score for candidate y: Ry 41 = [Tnt1] -

6:  Compute p-value of R ,11:

1+ e, IR 2 Ryna)
Lo + 1

m(y)

7. end for

8: return
C(Xn+1> = {y € ytrial ‘ W(y) > Oé} :

As in Algorithm 3, the model weights are computed only once. All model coefficients,
including those capturing heteroskedasticity and serial correlation, are estimated from the first
subsample. Also, the prediction interval can be equivalently computed as C(x,4+1) = [#(Xn41) —
dGpi1, [M(Xpt1) + doy,4q] for exchangeable data and C(Xp,11) = [(Xp41) + 5+ p{yn — (xn)} —
A6, fia(Xns1) + 0 + p{yn — fra(x,)} + d6,] for time series data, where d is the k-th smallest
value of {R; : i € Io}, with k = [(|Z5| + 1)(1 — a)|. The resuting prediction interval is valid in

finite samples for exchangeable data and asymptotically valid for time series data:

Corollary 3 (i) For exchangeable data, under Assumption 1, P{y,+1 € C(Xp11)} > 1— . If,
in addition, the fitted absolute residuals |1;|, i € {[n/2+1],...,n+ 1} have a continuous joint
distribution all y € R, then it also holds that P{y,+1 € C(Xp41)} < 1 —a+ 1/(|Te| +1). (i)
For time series data, if Assumption 3 hold and Assumptions 4-6 hold with @ replaced by (0, ¢)
and e; replaced by n;, then P {yns1 € C(Xpt1)} = 1 — o

In (i), the upper bound of coverage depends on the size of the second subsample rather

27



than the full sample, reflecting the cost of sample splitting. In both (i) and (ii), because the
parameters, including those for heteroskedasticity and serial correlation, are estimated from
only half of the observations, the added estimation noise may lead to wider intervals. The

proof follows the same arguments as Theorems 1 and 2 and is omitted.

6.1 Applications to model averaging

Algorithms 3 and 4 apply to all model averaging methods discussed in Subsection 4.3. They
also allow the construction of prediction intervals with methods that are either too costly in
their full-sample versions or that require resampling. We illustrate this with one example of
each.

Bayesian model averaging. To apply Algorithms 3 or 4 | split the data {(x;,y;)}" into a
training set Z; and a calibration set Z,, and denote the corresponding datasets by D; and Ds.
For each candidate model M,,, specify a prior p(8,, | M,,) and a likelihood function. Using
D;, compute the posterior mean ém from p(0,, | D1, M,,) and the marginal likelihood:

p(Dy | Myn) = / DDy | B, Mon) p(Brn | M) 6.

The posterior model probability is then
~ p(Dy | M) - p(M,)

T p(Dy | M) M)

Next, apply {9m, W }M_, to T,. For each i € T,, the BMA prediction is

M
ﬂBMA(Xi) = Z {U\m f(m) (Xi; em)7
m=1

and the conformity score is
R; = |yi - ﬂBMA(XiH :

Finally, compute the conformity score for any candidate value of y,,,1. The prediction interval is
the set of candidate values whose conformity scores do not exceed the desired empirical quantile.
If local adaptability is desired, an additional step can be included: obtain the heteroskedasticity
or serial correlation coefficients at the posterior mean from Z;, and then compute residuals for
7T, using these estimates, as in Algorithm 4.

The resulting prediction interval is valid even when all models are misspecified. This con-
trasts with conventional Bayesian credible sets, whose frequentist coverage depends on model
specification. Although the interval is computed using a single parameter value (the posterior

mean) and a single set of model weights, it does not understate uncertainty because it relies
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on conformity rather than the sampling distributions of the parameters and weights. This
distinction is central to its validity.
Bagging. We consider a linear model setting for simplicity. In this context, bagging may
involve generating multiple bootstrap resamples of the original prediction problem, applying a
model selection rule to each resample, and averaging the resulting predictions. For example,
Inoue and Kilian (2008) used this approach to forecast U.S. inflation.

Suppose x; € R?P and y; € R, and we treat

yi:X;rIB+€i

as the most general predictive model, with an unknown subset of x; potentially having predictive
power. The model may be misspecified; for example, the true data-generating process could be
nonlinear, or the model may omit important predictors.

To apply Algorithms 3 and 4, split the sample into two subsets of approximately equal size,
as in the Bayesian model averaging case, with Z; as the training set and Z, the calibration set.
Fit bagged linear predictors on Z; possibly as follows. For b = 1,..., B: Draw a bootstrap
sample of size |Z;| from Z; (sampling with replacement). Fit an OLS regression to the most
general model on the bootstrap sample. Apply a method to determine which variables to
include in this bootstrap sample. For example, one can perform individual ¢-tests on estimated
coefficients against a fixed threshold and discard insignificant coefficients, as in Inoue and Kilian
(2008). Let C, € RP*P> be the resulting selection matrix such that XC, € R™+)*Pe contains
only the selected columns of X. Re-estimate the model using the selected regressors to obtain
the final OLS estimate for this bootstrap sample, denoted B(b). The prediction at any x € R?
is then

FOx) =x"Cy B(b)‘
Repeat this for all b =1, ..., B, and average the predictions across bootstrap models to obtain
fx) =~ i FO) = L i <3,
B b=1 B b=1

All computations above use only the training set Z;. Next, compute residuals on Z,. For each

1 € Iy, the prediction, representing model averaging with equal weights, is given by

B
. 1 ~0) .
(%) = B ;chbﬂ , (1 €1y),

and the conformity score is

Ry = |y — ()| -
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Compute the conformity score for any candidate value of y,,. The prediction interval consists
of candidate values whose conformity scores fall within the desired empirical quantile. The

same remarks on local adaptability from the Bayesian model averaging case also apply here.

7 Monte Carlo experiments

We examine the coverage properties of the proposed algorithms for all model averaging methods
in Subsection 4.3. The following methods are reported, each implemented as originally pro-
posed without modification: equal weighting (Equal), the regression approach of Granger and
Ramanathan (1984) (Regression), Smoothed AIC (SAIC), Smoothed BIC (SBIC), Mallows’
model averaging (MMA), and Jackknife model averaging (JMA). We present results separately
for the exchangeable and time-series cases. The coverage level of the prediction intervals is set

at 90%, and each reported value is based on 500 replications.

7.1 Experiment I: exchangeable data

We consider the same DGP as in Hansen (2007), with an extension to allow for heteroskedastic-

ity. The DGP is an infinite-order regression model (so all candidate models are misspecified):
Yi = Z Bixji + oiei,
j=1

where z1; = 1 is the intercept, the remaining xj; are i.i.d. N'(0,1), and the error term e; ~

N(0,1) is independent of x;. The coefficients are
B = cV 200 12,

in the homoskedastic case (0; = 1), the population R?* = ¢*/(1 + ¢?), controlled by ¢ and
independent of «. This corresponds exactly to the design in Hansen (2007).

We also consider a heteroskedastic extension in which the log standard deviation is
oo
log(;) = Zﬁjxﬁ;
j=1

so that all variables potentially affect the variance. The same coefficients § are used in both
the mean and variance equations, which is not an issue here because the focus is on coverage
properties of intervals rather than efficient estimation. This represents a more general setting

with misspecification in both the mean and variance equations.
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The sample size is set to n = 150, so the split-sample case has 75 training observations. The
number of models M follows Hansen (2007), using the rule M = round(3n'/?), which gives 16

models for this sample size. The m-th candidate model is

m+1

Yi = Z Bjxji + oie;.
j=1
For locally adaptive intervals, the log conditional variance is modeled as a linear function of all
regressors in the largest candidate model. This reflects a conservative choice for local adaptive
methods, since researchers may in practice use additional information to select covariates and
obtain tighter intervals. We varied o = 0.5,1.0, and 1.5 as in Hansen (2007); larger a implies
faster decay of the coefficients 3; with j. We also considered different ¢ values, such that the
population R? = 0.2,0.5, and 0.8. To avoid repetition, results are reported only for o = 1 and

R? = 0.5, since conclusions are similar across values.

Figure 1: Coverage for Exchangeable Data with Homogeneous Variance
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Red dashed: target 90% coverage; Blue dashed: finite—sample upper bounds.

Figures 1 and 2 report the coverage rates and interval lengths for the case with homogeneous
variance. Figure 1 shows empirical coverage rates, with bars grouped into full-sample (left) and
split-sample (right) implementations. Within each group, methods are further distinguished
by whether they are adaptive to heteroskedasticity (blue) or non-adaptive (gray). Error bars

represent one standard error. The red dashed line marks the 90% target coverage, and the blue
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Figure 2: Interval Length for Exchangeable Data with Homogeneous Variance
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Bars show mean interval length + one standard error.

dashed lines indicate finite-sample upper bounds. Across all methods, coverage is close to or
above the nominal level. Adaptive and non-adaptive versions perform similarly, showing that
modeling heteroskedasticity does not compromise validity.

Figure 2 reports the corresponding average interval lengths in the same format. For non-
adaptive methods, split-sample intervals are only slightly longer than full-sample intervals,
suggesting a small efficiency loss from splitting. In contrast, adaptive methods produce no-
ticeably wider intervals, reflecting the additional estimation variability introduced by modeling
heteroskedasticity. The efficiency cost therefore stems less from sample splitting than from local
adaptation. It is worth noting, however, that the effect of variance estimation will naturally
depend on the application; the current design represents a conservative case, since all variables
from the largest model are used to model the variance. Together, Figures 1 and 2 show that
all methods maintain valid coverage, with efficiency tradeoffs depending on the chosen design.

Figures 3 and 4 present coverage and interval length when the data are generated with het-
erogeneous variance. Coverage remains close to or above the nominal level across all methods,
much like in the homogeneous case, with little difference between adaptive and non-adaptive
versions. Efficiency patterns are also similar: split-sample intervals are only slightly longer
than full-sample ones for non-adaptive methods, while adaptive methods produce wider inter-

vals. The main advantage of adaptive intervals is their ability to adjust to local variability,
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Interval length

Figure 3: Coverage for Exchangeable Data with Hetergeneous Variance
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Figure 4: Interval Length for Exchangeable Data with Hetergeneous Variance
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Bars show mean interval length + one standard error.
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intervals should widen when variance is high and narrow when it is low, and we plan to include

a closer examination of this pattern in the paper’s next version.

7.2 Experiment II: time series data

We design an experiment that mimics the empirical problem of predicting stock returns with
many potential predictors, using parameter values calibrated to empirical estimates in Table 1

of Boudoukh et al. (2008). The data are generated from an infinite-order regression,

o0 oo
Tiv1 =0+ Z Bixji + wit1,  Tji1 = PiTii+ Vi1, Ui = Z V5Vt €

j=1 j=1
with u; ~ iid. N(0,02), v;; ~ iid. N(0,02) independent acrossj, and e; ~ i.id. N(0,0?).
The coeflicients

Bj = cV 20, j /2

decay only gradually, so that many predictors contribute to predictability. Fach predictor
follows an AR(1) process, a common assumption in the return-prediction literature. The errors
u; and v;; are set up to be negatively correlated, which is known to bias estimates of 3;, a

feature emphasized in earlier empirical work, including Table 1 of Boudoukh et al. (2008).

Figure 5: Coverage for Time-Series Data with Homogeneous Variance (n=100)
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We set 0 = 0 (without loss of generality), take p; = 0.953 for all j (so all regressors are
persistent), and set o, = 0.202 and o, = 0.154. The correlation corr(v;;, ;) = —0.712 implies
a projection coefficient cov(u;,v;,)/var(v;,;) ~ —0.933; 7; is drawn uniformly from [—0.933,0];

and o, = \/ o2 — 02> 22, v;. This specification coincides with the DGP in Boudoukh et al.

(2008) when there is only a single predictor and v = ; = —0.933. Next, we set & = 1 as in the
exchangeable simulation case and choose ¢ so that the R? of the return prediction equation,
R? =1 — var(u;)/var(r;), equals 0.2, consistent with weak empirical predictability. Results for

R? = 0.5 and 0.8 are similar and are omitted.
Figure 6: Interval Length for Time-Series Data with Homogeneous Variance (n=100)
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We consider two sample sizes, n = 100 and n = 200, with split-sample training sets of 50
and 100 observations, respectively. The number of models follows the rule in Hansen (2007),
M = round(3n'/3). The m-th candidate model is

m+1
Tiy1 =0+ Z Bixji + Uis1.
j=1
Figures 5 and 6 report coverage and interval length for the time-series design (n = 100).

Coverage remains at or above the 90% target across all methods, with little distinction between
adaptive and non-adaptive versions. Interval length shows the expected small loss from sample

splitting, but the gap between adaptive and non-adaptive intervals is much smaller compared
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with the exchangeable case. This reflects the design: the AR(1)-GARCH(1,1) model requires
far fewer parameters to estimate than the high-dimensional specification in the exchangeable
case, so local adaptation adds less variability. Overall, adequate coverage is observed even for
such a small sample size, splitting costs are small, and the efficiency penalty from adaptation is
milder in the time-series setting. Among the methods, however, the regression-based approaches
yield noticeably wider intervals and somewhat lower coverage, a pattern that warrants further

investigation.

Figure 7: Coverage for Time-Series Data with Homogeneous Variance (n=200)
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Figures 7 and 8 present results for the time-series design with n = 200. Coverage remains
close to or above the 90% target and is more stable than in the n = 100 case. Interval lengths
again show a slight cost from sample splitting and a modest gap between adaptive and non-
adaptive methods. Regression-based methods still yield wider intervals and lower coverage,
though the gap is smaller than in the n = 100 case. Results for n = 400 (omitted) show further
improvements along the same lines.

Taken together, these results show that the methods achieve adequate coverage in a challeng-
ing setting with small samples, model misspecification, biased parameter estimates, persistent
regressors, and many predictors. Further work on their performance under stochastic volatility

is currently in progress.
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Figure 8: Interval Length for Time-Series Data with Homogeneous Variance (n=200)
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8 Empirical Applications

Since the proposed algorithms are intended for both cross-sectional and time-series applications,
we consider two empirical applications in these respective settings to evaluate their performance.
We do not focus on efficient prediction, but on coverage properties in complex situations with
limited sample sizes and either many candidate models or many potential predictors, as often

encountered in empirical work.

8.1 Real estate appraisal

Housing is the largest asset for most households. Many predictors of housing values, such as
location, proximity to facilities, house age, and transaction date, have been proposed, but their
effects are often uncertain and vary across datasets. Model averaging offers a natural way to
address this issue and potentially improve predictive accuracy. Yet accurate prediction is only
part of the picture: a point estimate of 1 million with a 95% interval of [0.9, 1.1] has very
different implications than [0.5, 1.5]. In this section, we illustrate how our methods can provide
both point estimates and prediction intervals to capture this uncertainty.

We consider housing prices in Taipei using the dataset of Yeh and Hsu (2018), available
through the UC Irvine Machine Learning Repository. The dataset contains 414 observations,
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with the outcome variable defined as the residential housing price per unit area. Prices were
collected from the Ministry of the Interior’s public database for the period June 2012 to May
2013, covering two districts in Taipei City and two districts in New Taipei City. Six appraisal
predictors are included: distance to the nearest MRT station, number of convenience stores
within walking distance, house age, transaction date, and geographic coordinates (latitude and
longitude). See Yeh and Hsu (2018) for details on the construction of these variables. For
prediction, we use a leave-one-out procedure: each property is in turn treated as the test
observation, with the remaining 413 serving as the training sample. We also experiment with
randomly selecting 100 test observations, and the results are similar.

We average over alternative candidate models that differ in their choice of covariates. Specif-

ically, we estimate the following regressions

Yi = ;nXZ(m) + e,

) 1S a vector

where 1; denotes the transaction price per unit area for the i-th property, and xz(»m
of potential predictors of its price, which always contains the intercept but differs in observable
characteristics. We consider all possible combinations of six appraisal factors, leading to 63 =
26 —1 candidate models. Predictions from these models are combined using six model averaging
methods: equal weighting, regression-based weighting, SAIC, SBIC, MMA, and JMA. For
comparison, we also report results from the largest model containing all predictors, a common
practice in the price-prediction literature. The prediction interval for the largest model is
computed as in the general case by setting the weight on the largest model to 1 and all others
to 0.

We evaluate the methods through 95% and 90% coverage and average and standard error
of the interval length. We also report root mean squared prediction error (RMSPE) and 20%

hit rate of the point prediction, both standard criteria in house appraisal studies, and defined

as

N N .
RMSPE = %; 1(g; —y;)?, and Hit = %; 1(’1/?;;“ < T) ,
where 7 = 0.2 is the tolerance threshold. Reported statistics are averages over all 414 evaluation
points and are reported in Table 1.
We find that the RMSPE of point predictions is broadly similar across methods, with the
notable exception of equal-weight averaging. Equal weighting underperforms because most
predictors are informative and larger models generally produce more accurate forecasts; giving

the same weight to both small and large models leads to suboptimal results. The other methods

perform comparably to the largest model, in some cases achieving slight improvements. This is
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encouraging because it shows that model averaging tilts the weights toward richer models even
with 63 candidates to sift through.

All methods achieve coverage close to the nominal levels, with deviations at most 1%.
Sample splitting only slightly increases interval length, consistent with our simulations. With
adaptive conformal methods, intervals are only mildly wider on average, suggesting a small
efficiency loss. Meanwhile, the variation in interval lengths is strikingly different: without
adaptation, lengths are essentially constant across predictions, whereas with adaptation their
standard deviation is often comparable to the RMSPE. This is not a defect. By construction,
adaptive intervals are meant to vary with the conditional variance of the residual, and here
some covariates help explain that variance. In particular, a simple plot of interval length
against property value shows narrower intervals for lower-priced properties and wider intervals
otherwise, a desirable feature from a valuation perspective.

To summarize, for this cross-sectional application, coverage is accurate when averaging over
a large number of models that include both nested and non-nested specifications. The resulting
weights are informative, tilting toward richer and more predictive specifications. Split-sample
procedures achieve efficiency comparable to full-sample procedures at much lower computational
cost. Finally, adaptive intervals yield shorter intervals where variance is low and longer where
it is high, while preserving nominal coverage and only mildly increasing average length. We

next consider a time series application.

8.2 Equity premium prediction

Prediction of the equity premium (the difference between equity returns and the risk-free rate)
has long been a central topic in finance. Many predictors have been proposed, each showing
predictive power in some contexts, but none consistently dominates. A natural consideration
is to apply model averaging across predictors, while quantifying prediction uncertainty. To our
knowledge, however, no studies have offered frequentist prediction intervals in this setting. Our
analysis provides such results.

We use the dataset and model specifications from Goyal et al. (2024), which reexamined
29 predictors proposed in recent papers (listed their Table 1), of which 20 are available at the
monthly frequency. Our analysis includes all 20 monthly predictors. Their study, as is common

in this literature, focused on bivariate regressions that include a single predictor at a time:
Ter1 = Q; + Biig + Uigg1,

where 4,1 denotes the equity premium (the value-weighted S&P 500 return including dividends

minus the one-month T-bill rate), and x;; is predictor i, as defined in Table 2 of Goyal et al.
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(2024). We adopt the same practice, obtaining 20 candidate models for averaging. The sample
period follows their study but begins in January 1996 to ensure all predictors are available,
producing a balanced panel of 312 monthly observations through December 2021, with forecasts
from all candidate models at each point.

We use a rolling-window design common in this literature. A fixed sample of 212 observations
is moved forward one period at a time, with the subsequent observation serving as the prediction
target, which produces 100 predictions in total. For methods involving sample splitting, half
of the 212 observations are used for estimation. For all methods, we report the mean squared
prediction error (MSPE) of the point prediction, the 95% and 90% coverage rate, and the mean
and standard deviation of interval lengths. All statistics are averaged over the 100 predictions.

Table 2 shows that equal weighting achieves the lowest MSPE, and the remaining MSPEs
are similar. This general pattern suggests that the uncertainty associated with estimating 19
model weights outweighs the potential gains from unequal weighting, even if such weighting
would be optimal in principle.

More central to our analysis are the coverage properties of the prediction intervals. All
methods deliver coverage close to the nominal level: between 0.94 and 0.96 at the 95% level,
and between 0.90 and 0.91 at the 90% level. Average interval lengths are also similar across
methods, roughly 0.18-0.19 for 95% intervals and 0.14-0.15 for 90% intervals.

A sharper difference appears in the variability of interval lengths. The split-sample versions
consistently show larger standard deviations, in some cases much higher than those of the full-
sample versions. This arises from dividing the estimation sample, which increases variation even
though average lengths remain similar. Adaptive intervals are slightly more variable than their
non-adaptive counterparts, suggesting limited gains or losses from allowing adaptivity, since the
rolling-window scheme already provides some adjustment. These findings are consistent with
the simulation evidence documented in the previous section.

Taken together, the results suggest that model averaging yields prediction intervals with
reliable coverage in this time-series setting and broadly comparable efficiency across methods.
Equal weighting performs favorably relative to more elaborate schemes, though in settings with
fewer models or larger samples, unequal weighting may perform better. Our methods can

readily be applied to such settings without modification.

9 Conclusion

We have proposed prediction intervals for general model averaging using conformal inference.

These intervals cover out-of-sample realizations of the outcome variable with a chosen proba-
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bility, thereby quantifying predictive uncertainty beyond point prediction. A point prediction
without a measure of uncertainty offers limited guidance for empirical analysis and decision
making. Our framework allows for general model misspecification and applies to averaging
across multiple candidate models—nested, disjoint, overlapping, or any combination—with
weights that may depend on the estimation sample. We established coverage guarantees un-
der two sets of assumptions: exact finite-sample validity under exchangeability, relevant for
cross-sectional data, and asymptotic validity under stationarity, relevant for time series. We
described a benchmark algorithm, along with locally adaptive refinements and split-sample
procedures that broaden the scope of applications. We also illustrated the methods across a
wide range of model averaging schemes, including fixed weights, weights determined by OLS
regressions, smoothed information criteria, the Mallows criterion, jackknife weighting, Bayesian
model averaging, and bootstrap aggregation.

Taken together, these results show that valid interval prediction for model averaging is
feasible even when the underlying models are misspecified and the data exhibit dependence.
Beyond providing a practical tool for empirical work, the study also suggests open questions
for conformal methods in dependent data settings, including extensions to more complex forms

of serial correlation, as well as to high-dimensional model averaging.
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