Supplementary Appendix: Additional Results and Proofs

This appendix is structured as follows. Section S.1 includes additional theoretical results on
local identification. Section S.2 considers Non-Gaussianity. Section S.3 illustrates the applicability
of the methods to other vector linear processes using the (factor augmented) VARMA model as an
example. Section S.4 contains additional results related to the An and Schorfheide (2007) model.
Section S.5 applies the methods to the Lubik and Schorfheide (2004) model. Section S.6 contains
the equations of the Smets and Wouters (2007) model and additional empirical results. Section S.7
contains additional proofs related to results in the main paper: proof of Theorem 1, followed by
two ancillary lemmas that are needed for proving Corollaries 5 and 6. Section S.8 contains proofs
of the results in this appendix. Some tables with parameter values, KL and empirical distances are

included at the very end.
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S.1 Additional conditions for local identification

The next two results generalize Corollaries 1 and 2 in Qu and Tkachenko (2012) to provide iden-
tification conditions based on the mean and the spectrum and a subset of frequencies. Let u(6)
denote the mean of Y;(6). Let W(w) be an indicator function symmetric about zero to select the
desired frequencies used for the identification.

Definition S.1 The parameter vector 0y is said to be locally identifiable from the first and second
order properties of {Y:} at a point 0y if there exists an open neighborhood of 0y in which pu(01) =
w(6o) and fo, (w) = fo,(w) for all w € [—m, | implies 61 = .

Corollary S.1 Assume u(0) is continuously differentiable over an open neighborhood of 6y. Let
Assumptions 1, 2 and 3 hold, but with G(0) in Assumption 3 replaced by

0= [ (LB (Do) 00100

Then, 0 is locally identifiable from the first and second order properties of {Y:} at a point 0y if and
only if G(6p) is nonsingular.

Corollary S.2 Let Assumptions 1-3 hold, but with G(6) in Assumption 3 replaced by

G (9) = WIV@O<8WE£@®>*<8W§§W”>dw

—T

Then, 0 is locally identifiable at Oy from the second order properties of {Y;} through the frequencies
specified by W (w) if and only if GV (6y) is nonsingular.

We now consider the identification of #” without making statements about that of V. In-
tuitively, if 7 is locally identifiable, then it is potentially possible to determine the parameters
describing technology and preferences, even though those governing the equilibrium beliefs may be
unidentifiable.

Definition S.2 The structural parameter vector 0F is said to be locally partially identifiable from
the second order properties of {Y;} at Og if there exists an open neighborhood of 0y in which fo, (w) =
foo(w) for all w € [—m, 7] necessarily implies 7 = 0F 2

Corollary S.3 Under Assumptions 1-3, 0P is locally partially identifiable from the second order
properties of {Y:} at 6y if and only if G(0y) and

G(6o)

G*(6o) =
008 100’

have the same rank.

“Note that, as in Rothenberg (1971, footnote p.586), the definition does not exclude there being two points
satisfying fo, (w) = fo, (w) and having the 7 arbitrarily close in the sense of H@D — o7 H / 160 — 01]| being arbitrarily
small.
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This result generalizes the first result of Corollary 3 in Qu and Tkachenko (2012). It can also
be used to check the local identification of a further subset of 8” without making statements about
the rest of 6, simply by replacing 05) with the corresponding parameter subset of interest.

Next, we consider the identification of 8 conditional on #Y = Hg . Intuitively, if 0 is locally
conditionally identifiable, then it is potentially possible to pin down the parameters describing
technology and preferences once we select a mechanism for equilibrium belief formation.

Definition S.3 The structural parameter vector 07 is said to be locally conditionally identifiable
from the second order properties of {Yi;} at 8 = 0y if there exists an open neighborhood of HOD n
which fyp Og)(w) = fop QOU)(w) for all w € [—m, ] necessarily implies 67 = 65.

Corollary S.4 Under Assumptions 1-3, 0P is locally conditionally identifiable from the second
order properties of {Y;} at 0y if and only if

D [T [ Ovec fo,(w) * [ Ovec fp, (w)
“ (90)_/4( 267" > ( 26”" )dw

18 nonsingular.

This result generalizes the first result of Corollary 4 in Qu and Tkachenko (2012). It can also be
used to check the local identification of a further subset of 8 conditioning on the rest of 0, simply
by replacing #” with the corresponding parameter subset of interest. The above result follows
immediately from Theorem 1. Therefore, the proof is omitted. The above two results can also be
applied with both mean and spectrum and with a subset of frequencies selected by W (w).

In practice, these results can be applied sequentially. First, Theorem 1 can be applied to check
identification based on the full spectrum. If the parameters are identified, then Corollary S.2 can be
used to verify whether a subset of frequencies is sufficient for the identification. If the identification
fails, then Corollary S.1 can signify whether the information from the steady state can improve the
identification. In addition, Corollaries S.3 and S.4 can be used to find out which parameters are
responsible for the lack of identification. One can refer to Sections 3.1 and 3.2 in Qu and Tkachenko
(2012) for details on how such a procedure is carried out to pinpoint an identification failure due to
the parameters in the Taylor rule equation. Because of the developments here, the same procedure
can now be carried out under indeterminacy.

S.2 Non-Gaussianity

When the condition cum (E4q, b, Eue, €vd) = 0 is relaxed, the variances in Theorem 3 will depend
on the joint fourth cumulant of the shocks. Also, using only the second order properties no longer
reflects the highest distinguishing power possible. Below we analyze two situations.

Suppose we still intend to compare the models’ second order properties. This can be the case
if the benchmark model is Gaussian, which performs well in matching the data’s second order
properties, and we wish to see whether such a feature is largely preserved by the non-Gaussian
structure. Then, the measure psp (0o, ¢, ., T') can still be used, but the asymptotic variances
Vin(6o, ¢g) and Vi r(¢g,00) will need to be modified, whose formulas are given below.
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Corollary S.5 Let Assumptions 1, 2, 4 and 5 hold for both fo(w) and hy(w), but with the cumulant
condition in Assumption 5 replaced by cum (E¢q, Eshy Euc, Evd) €qual t0 Kapeq if t = s =u =v and 0
otherwise. Then, the results in Theorem 3 still hold after redefining Vin (6o, ¢g) and Vir(¢g,00) as

Vintto.00) = 3= [ o {[1= (g )] [1 = sl @)] } o+ Mya(60.60).
o=

Vis(d0,00) = tr { 1= hoo (@)} @)] [1 = oy (@) £ (@)] } dw + Mis (60, 60),

dr .
where My (0o, ¢g) equals

dim('ét)

s 3 e | [T H @)U @) = g @) H )] 7 1)) = b @) H () ds]

cd’
In the above |.],, denotes the (a,b)-th element of the matriz, Kapeq denotes the joint cumulant in
the null model, H(w) equals H(exp(—iw);0p) in (3), and H*(w) is its conjugate transpose. The
term Mps(¢g,00) satisfies the same expression, but with Kapeq now denoting the joint cumulant in
the alternative model and H(w) determined by the lag polynomial operator in hy,(w).

Now, suppose we wish to go beyond the second order properties. Then, the power of the resulting
likelihood ratio test will in general need to be computed with simulations. One possible procedure is
as follows. Let L¢(0g) and Ly (¢g) denote the possibly non-Gaussian log likelihoods associated with
the benchmark structure f and the alternative structure h. First, generate time series of length T’
under the structure f and repeat to obtain the empirical distribution of Lj,(¢y) — Ly (o). Find the
critical value corresponding to its 100(1 — «)th percentile. Next, generate time series of length 7'
under the structure h and again obtain the empirical distribution. Finally, locate the percentile of
the latter distribution that corresponds to the critical value. One minus this percentile gives the
power of the test, or the empirical distance measure incorporating the higher order properties.

The simulation aspect prevents the comparison between a large number of models. Nevertheless,
one practical implementation can be as follows. Suppose the benchmark structure is Gaussian, and
we are interested in models that are close to it in second order properties but differ in higher orders.
Then, we can first use K'Lp, (6o, ¢) and psy (0o, ¢, o, T') to narrow down the set of alternative models
to compare with. For example, if the alternative models have Student-t innovations, this involves
narrowing down the degrees of freedom parameter to make the second order properties close to the
Gaussian model. If the remaining models form a relatively small set, simulation based comparisons
can then be carried out. This implementation reflects that, in practice, a researcher is rarely
interested only in a model’s high order properties, but rather whether they offer improvements.
Therefore, being able to permit both analyses can be viewed as desirable.

S.3 Application to (factor augmented) VARMA models
This section illustrates the applicability of the results to other vector linear processes. Consider
ALY, = ML)fi+ B(L)ey,
fo = T fier + G
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where Y; is an ny-by-1 vector of observables, f; contains the latent factors, ¢; and (; are two
sequences of serially uncorrelated structural shocks satisfying Var () = X,Var(¢;) = I and
Eei¢l, = 0 for all ¢t and s. A(L), B(L), A(L) and T'(L) are finite order matrix lag polynomials. If
A(L) = 0, then the model reduces to a VARMA model. If B(L) = I, it becomes a factor augmented
VAR. If A(L) =0 and B(L) = I, then it is simply a structural VAR.

Assume all the roots of |A(z)| = 0 lie outside of the unit circle. Let 6 denote the vector of the
structural parameters in the model. Then, Y; has the following vector moving average representation

Y, = Hi(L;0)e; + Ha(L; 0) ¢y, (S.1)

where

Hy(L;6) = A(L)"'B(L), Hy(L;6) = A(L)"*A(L)[I - T(L)L] ™.

Its spectral density equals
1 . . . 1 ) . N
folw) = %Hl(exp(fzw);H)Eﬂl(exp(fzw);0) + %Hg(exp(fzw);H)Hg(exp(fzw);ﬁ) .

Some of the identification restrictions, such as the diagonality of ¥ or factor loading restrictions
on elements of A\(L) can be directly incorporated, while other forms of restrictions, such as the
long run restrictions, can be written as constraints on . Let () = 0 be the collection of such
constraints one wishes to impose. Theorem 2 can then be used for checking global identification.
There, global identification at 8y holds if and only if

KL(@(), 91) >0

for all 61 € © with 01 # 0y satisfying ¥(01) = 0. The procedures in Section 5 are also applicable.
For example, we can contrast models with and without factor augmentations, models with different
identification restrictions, or comparing a (factor augmented) VARMA with a DSGE model.

S.4 An and Schorfheide (2007)

S.4.1 A contrast between determinacy and indeterminacy

We draw parameter values from the posterior distribution in Table 1 and check the local identi-
fication at each point. The following parameter bounds are used: 7 € [0.01,10], 8 € [0.9,0.999],
& € [0.01,5], ¢y € [0.01,0.9], 15 € [0.01,5], p, € [0.1,0.99], p, € [0.1,0.99], p, € [0.1,0.99], o, €
[0.01,3], o4 € [0.01,3], 0, € [0.01,3], M, € [-3,3], My € [-3,3], M. € [-3,3], o € [0.001, 3].
Out of the 4000 draws, the smallest eigenvalues are consistently above the tolerance levels (i.e., im-
plying the parameters are locally identified), except for two cases. The two cases involve p, equal
to 0.983 and 0.987, which are close to the boundary value of 0.99. Further, for these two points,
the absolute and relative deviation measures increase noticeably along the curves, all exceeding
E-02 when ||0 — 6p|| reaches 0.050 and 0.709 respectively. For these values the empirical distance
measures for T=1000 equal 0.0524 and 0.0625. This suggests that the model is in fact identified at

these two parameter values.
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We also draw parameter values under determinacy from the posterior distribution in Table 1
and apply Theorem 1 to each point. The same parameter bounds are used, except ¥, € [1.1,5]
and the elements in AV are no longer present. Out of the 4000 draws, there are 3998 cases with
the smallest eigenvalue below the default tolerance level (i.e., signaling identification failure). Even
in the remaining two cases, the eigenvalues are very small, both being of order E-10, and barely
exceed the tolerance levels. Also, in both cases, the values of the two measures along the curves
(20) remain negligible, the largest still being of order E-05 after HHD - 96) H reaches 1. This shows
that the two parameter values are also locally unidentified. In addition, in all cases considered, the
lack of identification is caused by the four parameters in the Taylor rule.

S.4.2 Simulations

The empirical distance measures are derived using asymptotic arguments. It is important to examine
whether they closely track the power in finite samples. To this end, we simulate the distribution of
the exact time domain test (16) under the null hypothesis, obtain the 5% critical value, and then
compare it with the simulated distribution under the alternative hypothesis to obtain the rejection
frequency. The number of replications is set to 5E5 in both simulations.

The exact powers corresponding to the nine columns of Table 2 are as follows. They are
uniformly close to the empirical distances reported in Table 3. Specifically, the nine sets of values
are (in the same order as the columns of Table 3): (0.0516, 0.0524, 0.0520, 0.0534); (0.0555, 0.0582,
0.0589, 0.0713); (0.0630, 0.0683, 0.0701, 0.1046); (0.0545, 0.0552, 0.0574, 0.0662); (0.0694, 0.0763,
0.0831, 0.1417); (0.0797, 0.0912, 0.0989, 0.2028); (0.0600, 0.0653, 0.0677, 0.0956); (0.0839, 0.0994,
0.1083, 0.2343); (0.1151, 0.1502, 0.1710, 0.4644).

Regarding computation, it takes approximately 24 hours to obtain one set of values on a Xeon
E5-2665 8-core 2.4Ghz processor, as opposed to about one minute to obtain a column of Table 3
using the asymptotic approximation. We will revisit the same issue when analyzing the Smets and
Wouters (2007) model.

S.4.3 Asymmetry

We compute the KL and the empirical distance measure using the values in Table 2 but with
the roles of 0y and 0, switched. The resulting values are all fairly close to those reported in
Table 3. This further implies that the extent of asymmetry is fairly small. Specifically, the val-
ues corresponding to the nine columns in Table 3 are (KL followed by the four empirical dis-
tances in each case): (5.19E-07, 0.0509, 0.0513, 0.0515, 0.0534); (1.57E-05, 0.0554, 0.0575, 0.0588,
0.0711); (7.56E-05, 0.0627, 0.0678, 0.0709, 0.1048); (1.04E-05, 0.0545, 0.0562, 0.0572, 0.0669);
(1.64E-04, 0.0703, 0.0786, 0.0838, 0.1436); (3.33E-04, 0.0804, 0.0939, 0.1023, 0.2063); (5.53E-
05, 0.0601, 0.0644, 0.0669, 0.0942); (4.26E-04, 0.0816, 0.0971, 0.1068, 0.2304); (1.22E-03, 0.1135,
0.1479, 0.1704, 0.4633).

We also carry out the same analysis using the parameter values in Table 4. The finding is
very similar. Specifically, the KL, and empirical distances corresponding to the four columns in
Table 5 are: (3.46E-14, 0.0500, 0.0500, 0.0500, 0.0500); (4.49E-14, 0.0500, 0.0500, 0.0500, 0.0500);
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(1.94E-05, 0.0560, 0.0584, 0.0598, 0.0738); (6.00E-05, 0.0605, 0.0650, 0.0677, 0.0965).
The above results imply that if we treated 6 as the benchmark and 6y as the alternative model,
the conclusions regarding (near) observational equivalence would remain the same.

S.4.4 Further illustrations of the empirical distance measure

This subsection further illustrates the informativeness of the empirical distance measure by consid-
ering a range of models different from the original An and Schorfheide (2007) model. Throughout
the analysis, the original model is regarded as the default specification and the significance level
for the empirical distance measure is set to 0.05.

First, consider a situation where the alternative model is known to be difficult to distinguish from
the default model even with a large sample size. Specifically, we take a parameter vector from the
nonidentification curve computed previously for 06) in Subsection 8.1.1, such that HGD — 90D H =1,
but truncate the values of the non-identified parameters (¢, p,, o) to leave 2 decimal places:
(2.06,1.23,0.68,0.24). As expected, the KL criterion is small (1.04E-04), and the value of the
empirical distances equal 0.0662, 0.0725, 0.0763 and 0.1193 for T=80, 150, 200 and 1000. This
exercise is interesting as it illustrates the magnitude of the empirical distance measure that one
could expect when the models are nearly observationally equivalent.

Second, consider the case where all of the parameter values in 7 are the same as in HOD except for
the discount factor 8, which is now lowered to 0.9852, implying a change in the discount rate from
2% to 6% on an annual basis. The KL criterion equals 1.25E-05. The empirical distance measure
equals 0.0535, 0.0553, 0.0564 and 0.0671 for the four sample sizes. These values are similar to those
in the previous paragraph. This confirms the empirical fact that it is hard to estimate 5 to any
precision using the dynamic properties of aggregate data on consumption and interest rates.

Third, consider changing the Taylor rule weight v, in 96) to 1.23 while keeping all other pa-
rameters fixed at their original values. The KL criterion equals 0.0579. The empirical distance
measure equals 0.8295, 0.9883, 0.9987, 1.0000 for the four sample sizes. This suggests that it is
quite feasible to differentiate between the two models with commonly used sample sizes. This also
provides a sharp contrast with the first situation. There, 1; and 1, were simultaneously changed
to more distant values, but resulted in near observational equivalence.

S.4.5 Global identification from business cycle frequencies

First, we re-compute the empirical distance measures using only business cycle frequencies (i.e.,
with periods between 6 and 32 quarters). The values associated with the 9 parameter vectors in
Table 2 are all above 0.0500 and increasing with the sample size. This shows that there is no obser-
vational equivalence over business cycle frequencies. Meanwhile, the feasibility of distinguishing the
9 values from 6y clearly deteriorates. The empirical distances equal (compared with the rows of Ta-
ble 3): for T=80: 0.0505,0.0523,0.0547,0.0531,0.0635,0.0702, 0.0595, 0.0696, 0.1034; for T=1000:
0.0517,0.0592,0.0720,0.0621,0.1127,0.1518,0.0811,0.1345,0.3015. Also, the distances between the
output gap and growth rules are (compared with the last two columns of Table 5) 0.0540 and
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0.0568 for T=80, and 0.0651 and 0.0753 for T=1000. Therefore, these rules are even closer to being
observationally equivalent when only considering their implications at business cycle frequencies.

Next, we minimize the KL criterion using only business cycle frequencies and obtain the em-
pirical distances. We find, interestingly, that the resulting parameter values are very similar to
those obtained using the full spectrum. For illustration, the counterpart to the case c=0.1 in
Table 2 equals: (2.41,0.994,0.49,0.62,0.27,0.87,0.66,0.61, 0.27, 0.58, 0.62, 0.52, —0.06, 0.26, 0.18)".
The patterns of parameter changes in the rest of the cases are also similar to those in Table 2.
Because of the closeness in parameter values, the resulting empirical distance measures are only
slightly below those in the previous paragraph. The details are omitted.

S.5 Lubik and Schorfheide (2004)

The log linearized model is

yo = By —7(r— Eymg) + i,

T = BEmiir + K5y — 2),

re = ppre—1+ (L= p)Yrme + (1= p)¥a(ye — 2¢) + €,
gt = Pg9t-1+ Egt;

Zt = PyRt—1t €,

where y; denotes output, 7 is inflation, r; is the nominal interest rate, g; is government spending
and z; captures exogenous shifts of the marginal costs of production. The shocks satisfy s ~
N(0,02), gg¢ ~ N(0, 03) and e, ~ N(0,02). Among the three shocks, e, and e,; are allowed to
be correlated with correlation coefficient p,,. The structural parameters are

D
0" = (T)Bv K, ¢17¢2,Pw pgvpz7o-7“7o-g’ 027pgz)/'

The state vector is Sy = (¢, Yt, Tt, 9t, 2t, Eymis1, Eryr+1)’ and the observables are ry, y; and 7.

Lubik and Schortheide (2004) applied the following transformation to the model’s solutions
to ensure the impulse responses are continuous at the boundary between the determinacy and
indeterminacy regions: S; = ©1S;_1 + O.¢; + O.¢; with O, = O, + o.(ee)te (et - e.),
where 1, ©, and O, are given in this paper’s Appendix A and O is the counterpart of ©. with
1, replaced by 17}1 =1— (BYy/k)(1/8 —1). We apply the same transformation in order to be
consistent with their analysis. Finally, the sunspot shock ¢ and the sunspot parameter 08U are
specified in the same way as with the An and Schorfheide (2007) model.

S.5.1 Comparing determinacy and indeterminacy

First, consider local identification at the posterior mean reported in Lubik and Schorfheide (2004,
Column 1 in Table 3):

6o = (0.69,0.997,0.77,0.77,0.17,0.60, 0.68, 0.82, 0.23,0.27, 1.13,0.14, —0.68, 1.74, —0.69, 0.20)".

GD 9U

S-8



The smallest eigenvalue of G(6y) equals 6.2E-04, well above the default tolerance level of 1.9E-09.
The absolute and relative deviation measures along the curve (20) corresponding to the smallest
eigenvalue exceed E-03 after ||§ — || reaches 0.085. The empirical distance corresponding to this
value for T=1000 equals 0.0585. This further confirms that the parameter vector is locally identified
at 00.

Next, we draw parameter values from the posterior distribution. The following parameter
bounds are imposed: 7 € [0.1,1], € [0.9,0.999], x € [0.01,5], ¢; € [0.01,0.9], ¢, € [0.01,5],
pr € [0.1,0.99], p, € [0.1,0.99], p, € [0.1,0.99], o, € [0.01,3], o, € [0.01,3], 0. € [0.01,3],
Pg. € [-0.9,0.9], M, € [-3,3], My € [-3,3], M. € [-3,3], oc € [0.01,3]. Out of 4000 draws,
the smallest eigenvalues are above the default tolerance level for 3996 cases. For the remaining 4
cases, the deviation measures increase noticeably along the curve (20), with absolute deviations
exceeding E-03 after [|§ — || reaches 0.08, and relative absolute deviations reaching 1E-03 when
|0 — 0p]| reaches 0.45. The results indicate that these 4 points are also locally identified. Therefore,
the local identification property is not confined to the posterior mean, but rather is a generic feature.

Then, consider local identification properties under determinacy. The smallest eigenvalue of
G(O(]]) ) equals 2.5E-06 at the following posterior mean reported in Lubik and Schorfheide (2004,
Table 3):

08 = (0.54,0.992,0.58,2.19,0.30,0.84, 0.83,0.85, 0.18,0.18, 0.64, 0.36)’.

The Matlab default tolerance level equals 1.1E-11. The largest absolute and relative deviations
along the curve exceed E-03 when |6 — || reaches 1. The corresponding empirical distance for
T=1000 equals 0.0818. Thus, € is locally identified at 63. We also take random draws from
the posterior distribution of Lubik and Schorfheide (2004). Theorem 1 is then applied to all the
resulting values. Out of 4000 draws, 3997 cases have their smallest eigenvalues above the default
tolerance level. For the remaining 3 cases, the corresponding eigenvectors point consistently to the
weak identification of 8. After fixing its value, the eigenvalues become clearly above the tolerance
level. Therefore, like in the indeterminacy case discussed above, the local identification property of
0" is again a generic feature.

In summary, Taylor rule parameters are locally identified in this model but not in that of An
and Schorfheide (2007). These results provide strong evidence that parameter identification is
a system property. The identification conclusions reached from discussing a particular equation
without referring to its background system are often, at best, fragile.

S.5.2 Global identification

This subsection considers global identification at 6y (indeterminacy) and 65 (determinacy).
Under indeterminacy, the parameters minimizing the KL criterion for ¢ = 0.1,0.5,1.0 are re-
ported in Table S9 and the corresponding KL values and empirical distances are reported in Table
S10. They show a pattern similar to the case of An and Schorfheide (2007). On one hand, globally
no parameter value is found to be observationally equivalent to 6. On the other hand, even with
¢ = 1.0, there still exist models with dynamics that are empirically hard to distinguish from those
at 0p. In all three cases, the parameter that moves the most is My.. We also repeat the analysis
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with My, fixed at its original value to examine whether the identification improves substantially.
As shown in Panel (b) in Tables S9 and S10, when c is increased to 1.0, distinguishing between the
models becomes empirically feasible. In addition, the parameters that change the most are: o, for
¢=0.1 and M,, for c = 0.5 and ¢ = 1.0.

Under determinacy, the parameters minimizing the KL criterion are reported in Table S11 and
the KL values and empirical distances in Table S12. The empirical distances are all above 0.0500
and grow with the sample size, showing that the model is globally identified at 05) . However,
their values are quite small, suggesting that the models are hard to distinguish empirically. For
all three values of ¢, the parameters that shift the most are the weights 5 and ¢;. In fact, when
fixing all parameters except 15 and 1, at their original values and repeating the minimization, the
empirical distance values obtained are very similar. Therefore, the Taylor rule parameters are the
main source behind the weak identification. In addition, we study the identification strength when
g is fixed at its original value. As shown in Panel (b) of Table S12, the identification improves
substantially. Fixing 1, instead of 15 leads to a similar pattern of empirical distances.

Given that the Taylor rule parameters are locally identified under determinacy in this model
but not in the model of An and Schorfheide (2007), it is useful to further examine the strength
of this identification. To this end, we trace out the curve in (20) by varying only the four Taylor
rule parameters and following the eigenvector corresponding to the smallest eigenvalue. Table S13
shows ten equally spaced points on the curve along each direction. In direction 1, the curve is
terminated when H@D -0 H exceeds 1. In direction 2, it stops before 1), turns negative. The
table reveals two interesting features. First, the parameters are weakly identified. As shown in
the last two columns in the Table, the empirical distance is only 0.1583 with T=1000 when the
Fuclidean distance from 96) reaches 1.0. Second, along the curve, ¥; and ¥, move substantially in
opposite directions, while p, and o, change very little. This suggests that the effect of decreasing
(increasing) the weight on the inflation target is largely offset by increasing (decreasing) the weight
on the output gap. This implies that, within this model, a hawkish policy (i.e., with ¢; = 2.4840)
can have similar behavioral implications as a more dovish policy (¢; =1.4830), depending on the
value of the output gap policy parameter.

We have also considered the identification of the alternative monetary rules as we have done for
An and Schorfheide (2007). The results are very similar. That is, there exists an expected inflation
rule that is observationally equivalent to the original rule and an output gap rule that is nearly so.
This holds under both determinacy and indeterminacy. The details are omitted to save space.

The similarities and differences in the identification properties of the two models can be summa-
rized as follows. (1) Both models are globally identified at the posterior mean under indeterminacy.
(2) Under determinacy, the model of Lubik and Schorfheide (2004) is globally identified at the
posterior mean while that of An and Schorfheide (2007) is not locally identified. For the latter, the
Taylor rule parameters are the source of the lack of identification, while for the former the same
parameters lead to near observational equivalence. (3) Both models possess parameters that are
weakly identified, although those parameters can differ across models. For both models and under
both determinacy and indeterminacy, fixing a small number of parameters can lead to a substantial
improvement in global identification.
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S.6 Smets and Wouters (2007)

The vector of observable variables includes output (y;), consumption (¢;), investment (i;), wage
(wy), labor hours (l;), inflation (7;) and the interest rate (r;). As in Smets and Wouters (2007),
five parameters are fixed as follows: €, = ¢, = 10,0 = 0.025, g, = 0.18,¢,, = 1.50. The analysis
allows the remaining 34 structural parameters to vary. They are ordered as

D
0 = (pgaauwaup7a71/}7(p?0-c7)‘a¢p7vafunLp7§p7o-lvrﬂ7TAy7Ty7p7pa7pb7pg7

Pis Prs pp7 Pw>%as0b,0¢9,04,0r,0p, 0w, 7, 100(1/6 - 1)),

The bounds imposed on the parameters throughout the analysis follow those used in Smets and
Wouters (2007), except the lower bound for r; is raised to 1.1, the upper bounds for the autore-
gressive coefficients of the seven shocks are lowered to 0.99, and those for the moving average
coefficients are lowered to 0.90: p,, € [0.01,2], ,, € [0.01,0.9], p, € [0.01,0.9], a € [0.01,1],
Y € [0.01,1], ¢ € [2,15], 0. € [0.25,3], A € [0.001,0.99], ¢,, € [1, 3], oy € [0.01,0.99], &, € [0.3,0.95],
tp € [0.01,0.99], &, € [0.5,0.95], oy € [0.25,10], v, € [1.1,3], ray € [0.01,0.5], r, € [0.01,0.5],
p € [0.5,0.975], p, € [0.01,0.99], p, € [0.01,0.99], p, € [0.01,0.99], p; € [0.01,0.99], p, € [0.01,0.99],
pp € [0.01,0.99], p,, € [0.01,0.99], o, € [0.01,3], op € [0.025,5], o, € [0.01,3], oy € [0.01,3],
o, €10.01,3], o) € [0.01, 3], 0, € [0.01, 3], 7 € [0.1,0.8], 100(8~1 — 1) € [0.01,2])".

Below is an outline of the log linearized system. They are consistent with Smets and Wouters’
(2007) code.

The aggregate resource constraint: It satisfies
Yt = CyCt + iyly + 2y + Ef.

Output (y¢) is composed of consumption (c;), investment (i), capital utilization costs as a function
of the capital utilization rate (z;), and exogenous spending (7). The latter follows an AR(1) model
with an i.i.d. Normal error term (7]), and is also affected by the productivity shock (n$) as follows:

5? = pggf—l + pgang + 77?

The coefficients ¢, i, and z, are functions of the steady state spending-output ratio (g,), steady
state output growth (7), capital depreciation (J), household discount factor (/3), intertemporal
elasticity of substitution (o), fixed costs in production (cbp), and share of capital in production («):
iy = (y—1+0)ky, ¢, = 1 — g, — iy, and z, = R¥k,. Here, k, is the steady state capital-output ratio,
and R is the steady state rental rate of capital: k, = ¢, (Ly k)t = ¢, [(1 — a)/a) (R /w,)] ot
with w, = (a®(1 — @)1= /[¢, (RF)*]) /" and R} = 17 — (1 - 5).

Households: The consumption Euler equation is

¢t = cici—1 + (1 — c1)Erer1 + ca(ly — Erlyy1) — c3(re — Eymyyr) — €l (5.2)
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where [; is hours worked, r; is the nominal interest rate, and m; is inflation. The disturbance 5?

follows
el = ppel_1 + ).

The relationships of the coefficients in (S.2) to the habit persistence (\), steady state labor market
mark-up (¢,,), and other structural parameters highlighted above are

Ay (0c—1) (wa*/c*) 1—=M\~
1 = ,C2 = ,C3 = y
L+ Ay oc(14+A/7) (I+A/7)oc
where 11 1
h — ok
Li/cy = — Rik,—,
0 /C ¢w @ ycy

where RF and k, are defined as above, and ¢, = 1 — g, — (v — 1+ 0)k,.
The dynamics of households’ investment are given by

ip = ivip—1 + (1 —i1) Byigg + iaqe + €},
where ¢! is a disturbance to the investment specific technology process, given by
€1 = Pigi—1 + 1li-
The coefficients satisfy
1 , 1

T 11000 BT (T4 pyed) 42

where ¢ is the steady state elasticity of the capital adjustment cost function. The corresponding

i1

arbitrage equation for the value of capital is given by

@ = @ Eq + (1 —q) Byrgy — (1o — Bymyg) — 6135? ; (S.3)
with q1 = By 7% (1 —6) = (1 = 8)/(RF +1 ).
Final and intermediate goods market: The aggregate production function is

yr = ¢p (ki + (1= )bt + 7)),

where « captures the share of capital in production, and the parameter ¢, is one plus the fixed
costs in production. Total factor productivity follows the AR(1) process

a __ a a
€t = Paft—1 T Mt~

The current capital service usage (k) is a function of capital installed in the previous period (k;—1)
and the degree of capital utilization (z;):

kf = kt—l + zt.
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Furthermore, the capital utilization is a positive fraction of the rental rate of capital (rf):
2t = erf7 where z1 = (1 - d})/djv

and 1 is a positive function of the elasticity of the capital utilization adjustment cost function and
normalized to be between zero and one. The accumulation of installed capital (k;) satisfies

ket = kike—1 + (1 — k1) i¢ + koel,

where ¢! is the investment specific technology process as defined before, and k1 and ko satisfy

1—-96 1—-96
b=~ k= <1 - > (14 870770) 7%,
v Y
The price mark-up satisfies
W =a (ki —1l) +ef —wy,
where w; is the real wage. The New Keynesian Phillips curve is
Ty = mmp—1 + moEymip — mwapl +ef,
where £} is a disturbance to the price mark-up, following the ARMA(1,1) process given by
€ = Ppfi-1 T T — Hply—1-
The MA(1) term is intended to pick up some of the high frequency fluctuations in prices. The

Phillips curve coefficients depend on price indexation (1,) and stickiness (£,), the curvature of the
goods market Kimball aggregator (e, ), and other structural parameters:

_ tp _ Bylimee) _ 1 (1- 57(1_00)@0) (1-¢)
= M= —— M3 = .
1+ B,y(l—ac)bp 1+ 57(1—06)% 1+ 6’7(1*‘76)% gp ((¢p — 1) € + 1)

Finally, cost minimization by firms implies that the rental rate of capital satisfies

™

Tf = —(k’f—lt) —i—wt.

Labor market: The wage mark-up is

1
pi = wi = <0llt T (et — (A/W)Ct—l)) :
where o7 is the elasticity of labor supply. Real wage w; adjusts slowly according to
wy = wiwi—1 + (1 — wy) (Bywes1 + Eympp1) — womy + wame—1 — wapy’ + €’
where the coefficients are functions of wage indexation (i) and stickiness (£,,) parameters, and
the curvature of the labor market Kimball aggregator (e, ):

w = 1 wy = 1 + 67(1706)%0 wy = Liw
1+ By(1-0c)’ 1+ By(1=0c) 1+ Bry(1=oe)’

1 (1—py7od¢,) (1-¢,)

14 py=oe) & (o — Dew +1)

The wage mark-up disturbance follows an ARMA(1,1) process:

wyq =

e = puEit1 TN — M1

S-13



Monetary policy: The empirical monetary policy reaction function is
re = pri1+ (L= p) (rame + 1y (ye — 47) +7a, (e — v7) = (Vi1 — vi21)) + &7
The monetary shock ] follows an AR(1) process:
€r = PrEt—1 -

The variable y; stands for the time-varying optimal output level that is the result of a flexible
price-wage economy. Since the equations for the flexible price-wage economy are essentially the
same as above, but with the variables p and pl set to zero, we omit the details.

S.6.1 Global identification under determinacy

The second and third verification methods in Section 7 give the following results. Corresponding
to the three ¢ values of panel (a), the two deviation measures equal [1.2060,0.0188], [5.8134,0.0877]
and [11.0631,0.1657] and the maximum differences between the cdfs with T=1.0E5 increase from
0.1248 to 0.1368 and 0.1681. Therefore, these two methods also support that no observational
equivalence is present.

We consider different neighborhood specifications to evaluate the results reported in Subsection
8.2.1. First, we replace || - ||oo by the L; and Ly norms. The results are reported in Tables S14,
S15, S16 and S17. In both cases, the conclusions remain qualitatively the same. Specifically, no
observational equivalence is found and ¢ and o; move the most in all but three cases. In the latter
cases, they remain among the three parameters that move the most. Next, we consider relative
differences, replacing ||6 — 6o||oo With ||(6 — 00)./w(0p)||co With w(fp) being the lengths of the 90%
credible sets reported in Smets and Wouters (2007, Tables 1A and 1B). When all the parameters are
allowed to vary, 7 (i.e., the trend growth rate) and 100(3~* — 1) (i.e., the discount rate) are found
to move the most in relative terms. These two parameters affect both the dynamic and steady state
properties, with the latter utilized when forming the credible sets in Smets and Wouters (2007), but
not here when constructing the KL. In light of this, we fix these two parameters in the subsequent
analysis. The results are reported in Tables S18 and S19. Again, no observational equivalence is
found. Further, the parameters that move the most in relative terms are r, followed by o; and
. The appearance of r, is new, while o; and ¢ are consistently found to move the most under
absolute changes. The empirical distances are slightly above those in Table 8, with the highest
being 0.3462 when T=150. In summary, the results are overall consistent with those reported in
the paper. In addition, they reveal substantially lower distinguishability between parameter values
than what one might conclude from reading only the posterior credible sets.

Next, as in Subsection 8.1.2, we group parameters into the subsets corresponding to monetary
policy (sel=(7r,7Ay, Ty, Ps pr, 0r)), €xogenous shock processes (sel:(pga,,uw,,up, Pas Pos Pgs Pis Prs Ppys
Pus Tas Tby Tgy Ty Ty Op, Ouy) ), and behavioral parameters (sel=(a, ¥, ¢, 0c, A, Gpy Lws Eus tpy Epy 01, 7,
100(1/8—1)). We then conduct the identification analysis with the constraint {6 : ||0(sel)—60q(sel)||co
¢} used throughout. The results are reported in Tables S20 and S21. First, the results for the be-
havioral parameters are identical to those in the first three columns of Tables 7 and 8 with the
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constraint binding for ¢ in all cases. Second, for the monetary policy parameters, the constraint
is binding for 7, except for the case with ¢ = 1.0, where increasing r, by 1.0 would exceed the
upper bound for this parameter. For the latter, the constraint binds for o,. It is notable that,
compared to the case with ¢ = 0.5, the empirical distances jump from 0.2432 to 1.0 for T=150
because 7, is forced to be within the bounds. Third, for the parameters related to the exogenous
shock processes, constraint binds for p, in cases ¢ = 0.1,0.5, and for o; when ¢ = 1.0, where the
latter occurs due to p, not being able to increase beyond its upper bound. The empirical distances
at T=150 for ¢ = 0.1,0.5,1.0 equal 0.1413,0.5760, 0.8392. Overall, the shock parameters appear to
be better identified compared with the other two subsets. Finally, consistent with the full vector
case, no observational equivalence is detected.

S.6.2 Identification of policy rules

The second and third verification methods in Section 7 give the following results. Corresponding to
the three columns of Table 9, the two deviation measures equal [53.16,0.4262], [148.3,1.4473] and
[190.1,1.4917] and the maximum differences between the cdfs with T=1.0E5 equal 0.59, 1.00 and
1.00. These two methods support that no observational equivalence is present.

S.6.3 Simulations

We consider the parameters in the columns of Table 7. The simulation design is the same as for
the An and Schorfheide (2007) model. The six sets of values are as follows (in the same order as in
Table 8): (0.0546, 0.0554, 0.0562, 0.0640); (0.0711, 0.0808, 0.0851, 0.1497); (0.0945, 0.1156, 0.1284,
0.3125); (0.0562, 0.0609, 0.0617, 0.0806); (0.0890, 0.1093, 0.1227, 0.2881); (0.1347, 0.1873, 0.2176,
0.6170).

Regarding computation, it takes approximately 26 hours to obtain one set of values on a Xeon
E5-2665 8-core 2.4Ghz processor. It takes about two minutes to obtain a column of Table 8.

S.6.4 Asymmetry

We compute the KL and the empirical distance measure using the values in Table 7 with the
roles of 0y and 01 switched. The values corresponding to the six columns in Table 8 are (KL fol-
lowed by the four empirical distances in each case): (8.15E-06, 0.0538, 0.0553, 0.0561, 0.0646);
(1.86E-04, 0.0703, 0.0793, 0.0848, 0.1500); (6.66E-04, 0.0933, 0.1150, 0.1290, 0.3111); (2.87E-
05, 0.0574, 0.0603, 0.0620, 0.0799); (5.88E-04, 0.0899, 0.1096, 0.1223, 0.2864); (1.89E-03, 0.1343,
0.1832, 0.2158, 0.6134). These values are all fairly close to those in Table 8.

We also carry out the same analysis using the parameter values in Table 10. The KL and
empirical distances corresponding to the eight columns in Table 10 are (KL followed by empirical
distances at T=80 and 150 as in Table 10): (0.6706, 1.0000, 1.0000); (0.3447, 1.0000, 1.0000);
(0.0079, 0.2914, 0.4465); (0.0296, 0.6699, 0.8937); (0.1271, 0.9948, 1.0000); (0.1962, 0.9998, 1.0000);
(0.0266, 0.6422, 0.8505); (0.1154, 0.9737, 0.9998). The KL values are close to those in Table 10
except for the first value. All the empirical distances are close to the corresponding values in Table
10.

S-15



Finally, we consider the parameter values related to the three alternative policy rules in Subsec-
tion 8.2.2. The KL and empirical distances are: (0.0084, 0.2813, 0.4414, 0.5398, 0.9914); (0.0530,
0.7721, 0.9513, 0.9854, 1.0000); (0.1667, 0.9990, 1.0000, 1.0000, 1.0000). The above values are close
to those reported in Table 9.

S.6.5 Global identification from business cycle frequencies

This subsection carries out the analysis similar to that in Subsection S.4.5. The findings can
be summarized as follows. First, the model is still globally identified at GOD when only business
cycle frequencies are considered. The respective parameter values minimizing the KL defined in
(9) are broadly similar to those in Table 7. Second, distinguishing between alternative policy
rules is still feasible at typical sample sizes. For T=80, the distances at the minimizers of (9)
are 0.1356,0.2596,0.8305 and for T=150, they grow to 0.1785,0.3743,0.9615 (these values can
be contrasted with the second and the third rows in Table 9). It is notable that the changes in
empirical distances vary substantially across the policy rules. For the expected inflation and the
output growth rules the empirical distances are more than halved compared to the full spectrum
case. In contrast, the empirical distances for the output gap rule change relatively little.

Finally, we also repeated the analysis summarized in Table 10 using business cycle frequencies.
The resulting empirical distances at the minimizers of (9) with T=80 in the same order as in the ta-
ble are (these can be compared with the second row in Table 10): 0.9460, 0.9370, 0.1090, 0.2221, 0.5894,
0.7662,0.2433,0.6631. Overall, the values imply that the statements made in the preceding sub-
section about the relative importance of various frictions also hold when confining attention to
the business cycle frequencies. Also, as in the case with monetary rules, the changes in empirical
distances vary substantially across frictions. The results for price and wage stickiness display very
little change, while those for price and wage indexation as well as for the variable capital utilization
fall dramatically to about a third of the respective values for the full spectrum. The empirical dis-
tances for the remaining real frictions decrease moderately. These findings are informative in view
of the fact that the current generation of DSGE models is designed for business cycle movements,
not fluctuations at very low or high frequencies.

S.7 Proofs related to results in the main paper

The proof for Theorem 1 is essentially the same as that for Theorem 1 in Qu and Tkachenko (2012,
supplementary appendix). This is because, after the parameter augmentation, 6 determines the
second order properties of the process. We outline the main steps. Let

fowyt = | ReUo@) Im(fo(w) (5.4)
—Im(fp(w)) Re(fo(w)) 7

where Re() and Im() denote the real and the imaginary parts of a complex matrix. Because
fo(w) is Hermitian, fy(w)® is real and symmetric. Further, let R(w;#) = vec(fy(w)?). Because the
correspondence between fy(w) and R(w;#) is one to one, to prove the results it suffices to consider
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R(w; ). In addition, Lemma A1 in Qu and Tkachenko (2012, supplementary material) states that

<8vecfg(w)>* <8vecf9(w)> 1 (GR(w;9)>’ <8R(w;9)). (S.5)

o0’ o0’ 2 0o’ o0’
This implies that the left hand side, therefore G(), is real, symmetric and positive semidefinite.
Proof of Theorem 1. The relationship (S.5) implies that G(#) equals

;/_’; <8R(5;;,00)>,<8R59°2;,00)>dw-

This allows us to adopt the arguments in Theorem 1 in Rothenberg (1971) to prove the result.

Suppose 0 is not locally identified. Then, there exists an infinite sequence of vectors {0 }7-
approaching 6 such that, for each k: R(w;6p) = R(w;6y) for all w € [—m,n] . For an arbitrary
w € [—m, 7], by the mean value theorem and the differentiability of fy(w) in 6,

OR;(w;0(j,w))

0= Rj(W; Hk) — Rj(w; 90) = 80/

(9k - 90),

where the subscript j denotes the j-th element of the vector and 5( J,w) lies between 0 and 6y and
in general depends on both w and j. Let di = (0 — 00)/ ||0x — Ool|, then
OR;(w; 0(j,w))
00’

The sequence {d} lies on the unit sphere and therefore it has a convergent subsequence with a limit

dy, = 0 for every k.

point d (note that d does not depend on j or w). Assume {dj} itself is the convergent subsequence.
As 0, — 0y, dj, approaches d and

. OR;(w;0(j,w)) ,  OR;(w;bp)
. o0’ = "—"5g

where the convergence result holds because fp(w) is continuously differentiable in 6. Because this

d=0,

holds for an arbitrary j and w, it holds for the full vector R(w;6fp) and upon integration. Thus,

] (45 () )

Because d # 0, G(6)) is singular.
To show the converse, suppose that G(#) has a constant reduced rank in a neighborhood of

0o denoted by §(6p). Then, consider the characteristic vector ¢(f) associated with one of the zero
roots of G(0). Because G(0)c(0) = 0, we have

/_W <6Ra(’g';0)0(9>>, (‘ch)) deo =0,

Because the integrand is continuous in w and always nonnegative, it must equal 0 for w € [—m, 7]
and all 6 € §(0p). This further implies
OR(w; )

TC(G) =0 (S.6)

S-17



for all w € [—m, 7] and all 6 € §(6p). Because G(6) is continuous and has a constant rank in §(6p),
the vector ¢(f) is continuous in §(fp). Consider the curve x defined by the function 6(v) which
solves for 0< v < v the differential equation

96 (v)
ov

Then,
OR(w;0(v))  OR(w;0(v)) 00(v)  OR(w;0(v))
v  90(v) v 09(v)
for all w € [—m, 7] and 0 < v < ¥, where the last equality uses (S.6). Thus, R(w;0) is constant
on the curve x. This implies that fy(w) is constant on the same curve and that 6y is locally

c(0) =0 (S.7)

unidentifiable. This completes the proof.
The next two lemmas are needed for Corollaries 5 and 6. Note that the dimension of (g,
approaches infinity as 7' — oo, while that of fy,(w) stays finite.

Lemma S.1 Under the conditions stated in Corollary 5, we have, for all 1 < j, kIl <p-+q:

8Q_1 T-1 o —1 ;
W) - T_l/QY’a;f)Y:T_l/ZZtr{I(wi)feaoew £ op(0),
J i=1 J
N T_1/2010g det ngl _ 12 =1 9log det f;()l(wl) )
Ly (090, 09 L™ (o Ofa(w) o1, Ofs(w)
. T 1 0 0 - 1 0 1 0 1
(7i7) tr( 90, 00, 5 /_Wtr (fao (w) 20, o, (w) 26, dw + o(1),
, 1 93L(0)
w) :  su ——————1 = (0,(1),
() v Bloe) | T 0650000, b(1)

where the spectral density of Y can be either fp,(w) or fo,(w), and B(0y) denotes the open neigh-
borhood of 0y specified in Corollary 5.

Proof of Lemma S.1. The results (i) and (ii) follow from arguments in Brockwell and Davis
(1991, p.392-393), but applied to multivariate processes. We present the main steps. The proof of
(iii) requires some new arguments. We give more details.

The proof of (i) consists of three steps. Steps 1 and 2 obtain approximations to the right and
left hand sides of (i), while Step 3 bridges the approximations. Step 1. Let g, (w) be the m-th
order Fourier series approximation to fj, Lw):

gm(w) = Z by, exp (—iwk) , (S.8)
|k|<m
where -
b, = (2m) 1 3 o (w) exp (iwk) dw. (S.9)
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We require m being of order T7/5. Then, the approximation errors satisfy (see Display (10.8.42) in
Brockwell and Davis (1991))

qu(w) - fe_ol(w)H + Haqm(w)/aﬂj - afe_ol(w)/(?&jH = O(T~/°) uniformly over w € [—m, ).
(S.10)
This implies

T_1/2 Z I lafeo (wz) 8Qm(wi) _ Op(T—3/5+1/2) =0, (1> ) (S.ll)

00,

Step 2. Because ¢,,(w) is the spectral density of a VMA (m) process, ¢} (w) is the spectral density
of a VAR(m) process. This VAR process is an m-th order approximation to Y;(p), while ¢,,}(w)
is the associated approximation to fg,(w). Let H,, be the covariance matrix of this VAR process.
Then, applying the arguments that lead to Displays (10.8.17) and (10.8.45) in Brockwell and Davis
(1991, p.392-393), we have

o0, ~1
T2y’ (8;0 agfeﬁ > Yy =T Y2y’ (Hml a;jf” 99018;;"09 ) —0,(1), (S.12)
J J J

where the last equality follows from the triangle inequality, || H,,,! — H = HQ@O (Hm — Q) HM| =
O(T=3/%) and ||0H,,/00; — 0,/00;]] = O(T~3/5). Step 3. To brldge the two approximations

n (S.11) and (S.12), we introduce a new matrix, H,', which equals the covariance matrix of a
VMA (m) process with spectral density (472) g (w). The (j, k)-th ny-by-ny block of this matrix

is given by

T = (4n%)) / g () exp (i — k)ew) doo. (S.13)
Then, we have
a ) OH!
—-1/2 Qm i) —1/2y1 m _
T ZI T2y 50, —my op (1), (S.14)
T—1/2yl aH’I:’Ll _ 8}1\1{—7777,1 Y _ (1)
90, 00 A

where the second equality follows from the arguments in Brockwell and Davis (1991, Displays
(10.8.18)-(10.8.20)) and the continuous differentiability of fy,(w) with respect to 6. The result (i)
follows by combining (S.11), (S.12) and (S.14).

For the result (ii), note that

o0, 00,1 (0)
—1/2 6o \ _ —1/2 177 %00
T tr{ng aej} T E{Y(Gg) T Y (6o) ¢,

where Y (0g) = (Y1(00)', ..., Y7 (0p)"). The quantity inside the expectation operator has the same

structure as the left hand side of (i), therefore can be analyzed in the same way. The display
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therefore equals

. T-1 -1 w;
T—1/2ZEtr{ w;) fg(;e( z)}+o(1):T—1/2;tr{f90(wi)8f98095)}+O(1)_ (S.15)

This proves (ii).
Now consider the result (iii):

-1
T tr 029, 0%,
00; 00y
L[ (9%, _0H., O! L1 (o8 09" oH;! . 1 - OH,, OH,,;!
= — — — tr — — :
or " \\ 00,  00; ) o0, ) 21 "\ 00, \ 06, o6, 90, 00y,
By the Von Neumann’s trace inequality, the first term on the right hand side satisfies
(g, — Hp) 8990 3/5
tr( o7 < 2T25 o; = 0, (T73/%), (S.16)

where {8;}1, and {a;}L_, are the singular values of the two components inside the trace operator
in decreasing order and the last equality follows because 8; = O,(T~3/%) and a; = O,(1). The

1

2T

second term can be analyzed in the same way. To further analyze the third term, let h,_; and h,_p
denote the (a, b)-th ny-by-ny blocks of H,, and H,,!' respectively. Then:

1 OH,, OH ! Oy, Oy
thr<aej 0y, ) tr{QTZZ 201, }

]

The term inside the curly brackets satisfies
Z Z 8ha b Oy_q

00y
1 1( ) Ohp_a

- ZZ( exp (i(a — b)w) dw ) a6,

a=1b=1 T

. 8q'rnl —1 ahb a

= _W ( (27T) ;; a6, exp ( (b—a)w)) dw
) 2(@T) ™ Tl Sl Foaexp (il - a)w))

N / . aa 00y “

ot (e S e -l /T)Esexp(—isw))d

I BT} 01, “

7 gt O[T (L= Jsl /1) Ry exp (—isw)| .

-7 /_7r 09, 90y, “

_ [T 945 (@) 9 ((47*) g (w))

= W/W o0, a0, dw + o(1),
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where the first equality uses the definition of H,,, the second follows from exchanging the order
of the summation and the integration, the third involves exchanging the order of summation and
differentiation, the fourth follows from rearranging the terms, the fifth follows because ES equals zero
for |s| > M, and the last equality follows because the quantity inside the brackets is a summation
under the triangular window with the bandwidth m = O(T'/®). By (S.10), the leading term in the
last line of the preceding display converges to

1 [T 0f (@) 0fay(w) 1 [Ty, fe(w) 1, \Ofs(w)
ar |00, 00, dw__m/wfeo () 00, To (@)=, "

This proves (iii).

We now prove (iv). By the chain rule:

1 93L(0) 1 09, 9P 1 8%
T00,00,06, 2T " (Qﬁ 20, - aejaek>_2:r“ (Qe W) (8.17)

1 0 00 00\ 1 020, 00
——tr Q=L =20t —tr [ Q)1 Q!
2Ttr( 0 90,0 96, 0 aej>+2Ttr< 0 90,00, ¢ 00

1 10Q 0 .00 1 10, 0%
——tr (! Ot Ot —tr (1 Ot
2T r( 0 90,0 09, ¢ o9,) 21"\ B9, 2,00,

1 0 00 00 1 L 0% 0
—y'o;! Ot Ot Oty — —vy'o;t 0! Oy
Tort 0 39,0 @6y, 0 6,0 T 2T 0 90,08, 0 06, °
+LY’Q—18999—18999—189%—13/ _ g1 0 O ly

2T "0 96, ° 06, ° 96; ° 9T 0 96, ° 96,00, °

1 00 00 00 1 00, Q.
—vY'Q;! Ot ot Oy — —vy'o;! Ot Oy
Tort e g, Dg; 0 @60 T T aT 0 96, 00,00, °

1 30y 1 920 00

— vyl "0 _o-ly - y'Q! Ot Oy
o 500000, 0 * T 2T 0 90,00, ° 96, °

2

+iY’Q—18999—18999—18999—1Y _ L1 078 109y,

2T "0 96, 0 96; ° 06, ° 9T "0 90,00, ° 00 °

1, 0 0 0 100 97

—v'o 2ottt oty - vttt Q'Y
Tort 0 Bg, 0 g, 0 g, 0 1 2T 0 8, 0 90,00,
4 L yro1990 -1 0% o1 0 )y,

2 "0 00,77 90, ° 00, 0

The following three results hold and are needed for analyzing the terms on the right hand side.
First, by the law of large numbers, we have

FIVIE = 0,(1). (5.19)

Second, by Lemma 3.1(ii) in Davies (1973), we have

_ 1 _
1257 < 5~ sup 14s W)l (S.19)

T we —T,T
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Third, by the argument in the proof of Lemma 3.1(i) in Davies (1973), we have

H 0 < 27 sup dfo(w) H 7 (S.20)
we[—m,7] 80]
3299 0 fo(w)
< 27 su
H 00,00~ " e || 96,00,
92 9 fo(w)
_ 20 < 9 _— JONE)
H 00;00,00,| " welon . |106,00,06,

The four expressions on the right hand side in (S.19) and (S.20) are all finite uniformly over
0 € B(0p) under the assumptions stated in Corollary 5.
We now apply the three results to bound the terms in (S.17). The first term satisfies

1 L0 82y . agg L 92
— ¢ QO 1 0 1 < 1Y% 1
T r( o 96, ° 09, ae,)‘ = \F‘ 00, o 90,00y,
2
< 7‘ % L‘Qe— 97
JT 90, | VT 00,00},
2|09 || 920
< Q Sk
< w9775, Haejaak
= 0(1),

where the three inequalities follow from (B.1) and the equality holds because of (S.19) and (S.20).
The second to the sixth terms can be analyzed in the same way and are all O (1). The seventh

term satisfies

1 0y 1009 1009 899 0y 100
vl 2ol 2o 2o ly| < o1 ot Poly
T 4 00, 4 00, 4 60] 0 - \F \/ 9 00, 9 00, 0 80] 0
0y 1009 10
< Q0 0 20,
- 00, ? 00, ° 00;
1 2 11 ~—1 0 || || 02 699
< =Y Q

= OP (1>7

where the inequalities again follow from (B.1) and the equality holds because of (S.19), (S.20) and
(S.18). The remaining terms in (S.17) can be analyzed in the same way as this term and are all
Op (1). The above results hold uniformly over B(fy) because the derivatives and the inverse of the
spectral density matrix are finite for all § belonging to this neighborhood.
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Lemma S.2 Under the conditions stated in Corollary 6, we have, for all 1 < j. k <p+q:

T1/2

(@) - T’I/Qtr{Q;IQ(;} 5 | tr{feo( e )}dw+o(1),

(i) : T 'tr {[9;195]2} - % /_W tr {[fe;}(w)a(w)]?} dw + o(1),
T
(i) = TVPY'QQ00Y =T 12 Ztr {fe‘l(wj) (wj) fou (wi)] (wﬂ},

(iv) © TIY'[0;'0) / tr {[£5, (@)3()P } o + o(1),

(v) - T_lyl[ﬂ 195] (Qh _Qf Hy = 0p(1),
where 0(w), s, A, and Qs are defined in (17), (18) and (B.21) and the spectral density of Y can
be either fo,(w) or he,.(w).

Proof of Lemma S.2. The proof of (i) is similar to that of Lemma S.1.(iii). However, because the
trace operator is multiplied by 7-1/2 rather than 7!, some arguments need to be strengthened.
Let H,,! and I;Tnjl have the same definitions as in Lemma S.1 (c.f., Steps 2 and 3 in its proof).
Adding and subtracting terms:

T2ty {Q;IQ(;} =T 124y (ﬁ,;lfzg) +T 12 4y ((Q;l - H;f) Q(;) +T7 2 4y ((H7;1 - I?,;l) Q(;> ,

The second and third terms on the right hand side are both of order O(T3/5+1/2) = (1) in light
of (S.16). Therefore,
T2 {9;195} =72y (ﬁnglgé) +o(1).

To further analyze the leading term on the right side, let g,_; and ﬁa_b denote the (a, b)-th ny-by-
ny blocks of Qs and H-! respectively. Then,

T T
T2y (fIT#Q(;) = tr {T1/2 Z Z ga_bﬁb_a} .

a=1 b=1

The term inside the curly brackets equals

T_l/QZZ < d(w)exp (i(a — b)w) dw > R—a (S.21)

a=1 b=1 -
- T-1 _

T1/2/ Sw) | > (1= [k]/T) hyexp (—ikw) | dw.
- k=—T+1

Applying the definition of by (see (S.9)), we have

[ = oyt =m0 | [t = 1 e ) | = 09,

—T
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Consequently, the right hand side of (S.21) equals

T-1

2 [ 5w ((zm—l ST - [B/T) b exp(—z‘km)) dw + o(1).

k=—T+1

By Assumption 6, by = O(k~*). The preceding display therefore equals

T 0 /
T2 / §(w) ((zml > wap(—z‘kw)) dw + o(1 T” / 3(w) fp, ()dw + o(1).

k=—o0

This proves Lemma S.2(i).

The proof of Lemma S.2(ii) relies on Lemma 3.1 in Davies (1973). Let Q = ( ® I, where ¢
denotes a T'x T matrix whose (j, k)-th element (j,k = 1,...,T) equals exp(27i(j —1)(k—1)/T)/VT
and I is the ny X ny identity matrix. Let Py and Ps be nyT x nyT dimensional block diagonal
matrices whose j-th diagonal blocks (j = 1,...,T) are equal to fy,(w;j—1) and §(w;_1) respectively.
The following identity follows from properties of the trace operator:

Tt {[9;195]2} =Tl {(QQ ok )(nggla(s@*)} . (S.22)
Adding and subtracting terms, the right hand side can be rewritten as

7 {(@971Q7 - P(QOs0710QN |+ 77 {(@05Q7)(Q07 QP }

The first term is bounded by ‘T‘l/Q (QQ;lQ* — Pf_l)‘ H,ﬁnyQQ(;QfQ(;Q*H. The first norm is
o(1) by Lemma 3.1(iv) in Davies (1973), while the second is finite by Lemma 3.1(i)-(ii) in the same
paper. Therefore, this term is negligible. Consequently, (S.22) equals

T {(Q5Q)(Q9125Q7 P ) } + o(1). (3.23)

Note that the leading term in (S.23) has the same structure as the right hand side of (S.22).
Therefore, the same argument as between (S.22) and (S.23) can be applied. This process can be
continued, leading to

T—ltr{[(z;lm]?} - T‘ltr{[Pf_lP(;]Q}—i—o(l)

-1

= TV S wn)d(wy)]? p + o(1)
J

— / tr{feo ()]}dw

Consider Lemma S.2(iii). Let d,,(w) be the m-th order Fourier series approximation to é(w).

~

Il
<)

This proves Lemma S.2(ii).

Let }~€m be an nyT-dimensional square matrix whose (7, k)-th ny-by-ny block is given by

Fi = (4?7t ' Im(w)exp (i(j — k)w) dw. (S.24)

—T
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Continue to let m be of order 7V/5. Then, by Step 2 in the proof of Lemma S.1(i), we have
TYN QY = T V2Y (Hy R H,, )Y + 0 (1) (S.25)

To relate the right hand side of (S.25) to the periodograms of Y, we need a further approximation
to H!. Let H,! be a nyT-dimensional square matrix whose (7, k)-th ny-by-ny block is given by

T
hjr = (2rT) 7! qu(wa) exp (i(j — k)w,) if |7 — k| < m and 0 otherwise. (S.26)

a=1

The difference between h;;, and ﬁjk (recall Ejk is the (j, k)-th block of H ;! see (S.13)) is that the
latter is defined using an integral rather than an average. Because |j — k| = O(T'/?), this difference
is small: ||hjk —Eij < CT~*/" for some C' < oo and for all j and k. Applying this result along with
the argument in Brockwell and Davis (1991, display (10.8.16)), we have ||H ;! — H || = O(T—3/5).
Similarly, let R,, be an nyT-dimensional square matrix whose (j, k)-th ny-by-ny block is given by

T
ik = (2rT) ™ Z Im(wa) exp (i(j — k)wq) if |j — k| < m and 0 otherwise. (S.27)

a=1

Comparing this with (S.24) and applying the same argument as above, we have ||R,, — Rpl|| =
O(T—3/%). Consequently,

TV2Y'(H 'R, H;N )Y = T V2Y'(H 'R, H;NY + 0,(T/10)
T
= T_1/2 Z }/;!Bjkfklﬁlnyn + Op(T_l/lo).
7.k, ln=1

We further analyze the leading term on the right hand side. Expressing l_zjk and T using their
spectral densities as in (S.26) and S.27), we can write this leading term as

T
1 . ) 7
2T Z Y] qm(wa)dm(ws) exp (i(j — k)wa) exp (i(k — Dwp) hinYn
T ik lmab=1
1 T ) T
= oren Z Y qm(wa)0m (W) hin Yo exp (1jwa) exp (—ilwy) Z exp (ik (wp — wq)) -
7,l,n,a,b=1 k=1

The summation over k equals zero unless w, = w,. The preceding display therefore simplifies to

1

T
2T Z Y;gm (Wa)Om (wWa)hin Yo exp (ijws) exp (—ilw,) .

7ln,a=1

Expressing hy, using its spectral density and repeating the same argument, we can further write
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the preceding display as

T
1 . .
2T Z Y qm(wa)0m(wa)Gm(wa) Yn exp (ijwa) exp (—inwa)

]7n7a:1

T T
_ 12 Ztr G (Wa) O (Wa ) G (wa) | (27T) Z Y, Y[ exp (i(j — n)wa)
a=1 Jn=l1

T
— 712 Ztr {@m(Wa)dm (wa)gm(wa)I (wa)}

T
T2t d £ 13)8(5) o, (@) (w5)} + 0p(1),
j=1

where the last equality applies (S.10). This proves Lemma S.2(iii).
Consider Lemma S.2(iv). By the proof of S.2(iii), we have

T
T (0 20 )Y =TS e {15, w@3)8(wi) 25, @) (@5) } + 0p(1).
j=1
The result then follows by the law of large numbers. For the result S.2(v), note that

T Q2@ - Q)Y = —T Y (07 P, Y.

The right hand side is of order O(T~'/2) by the proof of (iii). This proves Lemma S.2(v).

S.8 Proofs for results in this supplementary appendix
Proof of Corollary S.1. Let

Rlw;0) =] | :
ﬁ#(e)

-1 ] (50 (250

Using this representation, the proof proceeds in the same way as in Theorem 1, with R(w;6)
replaced by R(w;6). The detail is omitted.
Proof of Corollary S.2. This follows immediately from the proof of Theorem 1 because W (w) is

then

nonnegative and the integrand of G() is positive semidefinite.
Proof of Corollary S.3. Recall § = (GD’, QU’),. Suppose 00D is not locally identified. Then, there
exists an infinite sequence of vectors {6y },-, approaching 6y such that

R(w;6p) = R(w;0)) for all w € [—m, 7] and each k.
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By the definition of the partial identification, {5 } can be chosen such that HGkD —0p | /116 — 6ol| >
€ with € being some arbitrarily small positive number. The values of GkU can either change or stay
fixed in this sequence; no restrictions are imposed on them besides those in the preceding display.
As in the proof of Theorem 1, in the limit, we have

OR(w; )
a0’

with d” # 0 (where d” is comprised of the elements in d that correspond to 6P ). Therefore, on

d=0,

one hand,

G(HO)d =0,
on the other hand, because d” # 0 and, by definition, 905 /06" = [Idime), Odim(GU)]’ we have

00 b
d=d 0
80/ 7£ )
which implies
G*(0o)d # 0.

Thus, we have identified a vector that falls into the orthogonal column space of G(6p) but not of
G*(0p). Because the former orthogonal space always includes the latter as a subspace, this result
implies that G%(6p) has a higher column rank than G(6).
To show the converse, suppose that G(#) and G®(6) have constant ranks in a neighborhood of
o denoted by 6(0p). Because the rank of G(6) is lower than that of G%(6), there exists a vector
¢(#) such that
G(0)c(0) = 0 but G*(0)c(0) # 0,

which implies for all w € [—m, 7] and all 8 € §(6p) (see arguments leading to (S.6))

OR0) o) =
but
OR(w;0)/00 0
c(0) = 0,
0P 00 ) cP () 7

where ¢P(#) denotes the elements in ¢(f) that correspond to 8. Because G(6) is continuous and
has constant rank in 6(p), the vector ¢(@) is continuous in 6(fp). As in Theorem 1, consider the
curve x defined by the function #(v) which solves for 0< v < v the differential equation

96 (v)
ov

= ¢(6), 6(0) = bo.
On one hand, because c¢”(0) # 0 and cP () is continuous in 6, points on this curve correspond to
different . On the other hand,

OR(w: 0(v)) _ 9R(w:6(v)) 9(v) _ OR(w:b(v)) (0 _
50 O T O
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for all w € [—m, 7] and 0 < v < 0, implying fyp(w) is constant on the same curve. Therefore, 9(])3 is
not locally partially identifiable.

Proof of Corollary S.5. Relaxing the cumulant condition does not affect the asymptotic nor-
mality. Therefore, it suffices to verify that the asymptotic variances have the stated expressions.
We only consider the null hypothesis as the proof under the alternative hypothesis is similar. Let
d(w) = fe_ol(wj) — h *(wj). Then, (B.5) can be written as

o)
1 r-1 ny 1 T-1
2T1/2 > tr{elwn) (@) = fa @)} = 3 o712 > Srawi) Uik (w5) = fooin(w))) ¢ s
J=1 k=1 j=1

where ¢y, (w;) is the (k,1)-th element of ¢(w;) and other quantities are defined analogously. Denote
the quantity in the curly brackets by A(k,[). Applying the same argument as in Proposition 10.8.5
in Brockwell and Davis (1991), we have

T—1 dun Et)

A = oy 3 bl Hialeor) (1 (05) = BT (03)) i) + 0,(1),

7j=1 ab=1

where I%, (w;) is the (a, b)-th element of the periodogram of Z; and Hj; (w;) the (b, k)-th element of
H*(wj). Note that H}, (wj) = Hp(w;). The covariance between A(k, 1) and A(m,n) then equals

T—1 dim(E:)

. Yo Y nlwi)Hialws) Hi(wy) Cov(Ig, (w;) s Iog (Wn)) dmn (wh) Hne(wn) Hy, (wn) + o(1)
j,h=1a,b,c,d=1

T—1 dim(g:)

= Z Z ¢kz(wj)Hla(wj)H§k(Wj)COV(ISb (wj)7jcgd (@Wn)) B (wr) Hen (wh) Himd(wn) + o(1).
7,h=1a,b,c,d=1

Proposition 11.7.3 in Brockwell and Davis (1991) shows for 0 < w;,wy, <
ﬁ"dabcd + ﬁaacadb lf OJ] = Wh,
COV < ab (wj>7_[cd (wh)) g U Iy

1 .
Z2T Rabed if wj # wh,

where o, is the covariance between the a-th and the c-th elements of €,. Applying this result, the
preceding summation equals

1 T— dim(g) dim(2¢)
T Z Z O (wj) Hia(wj)oacHe, (w;) Z Grim (Wj) Hma(w;)oap Hyp (wy)
j=1 a,c=1 b,d=1
1 dim(g¢) T—-1 T-1
T 167272 > Kabed | Y Hip(w;)bp(ws)Hia(w) > Hi(wn) b (wh) Hmalwn) | +o(1).
a,b,c,d=1 7=1 h=1

The first term converges to

iﬁ /7r D1 (@) fooin (W) Brym (@) Fagmi (W) dew
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Upon taking summation over 1< k,I, m,n < ny, it equals
= / o { (5,1 (@) = B t(@)) fao @) (5, (@) = hgH(@)) faow) } deo
= = [ o {[T-pmgl)] [1- gl w)]  de

Meanwhile, the second term summed over 1< k, I, m,n < ny equals

dim(g¢) T—1 ny ny
1
T6-272 Y Kabed 4 Hiy(w;)dp(w;) Hia(w; Z > Hi(wn)bpm(Wn) Hima(wn)
a,b,c,d=1 7=1 k=1 h=1 m,n=1
dim(g¢) -
S [ 1) (f3, () ~ b3} @)) H(mdw}
a,b,c,d=1 ba
X / H* () (fgl(w) - h’l(w)> H(w)dw
2 - 0 %o cd
Because Kgpeq = Kbaed, the right hand side can also be expressed as
dim(2) -
o o Kt o [ ) (110) — k) By
a,b,c,d=1 ab

« [% [ ) () - gl ) )]

This completes the proof.

cd
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Table S1. Parameter values minimizing the KL criterion, AS (2007) model, L; norm

(a) All parameters can vary (b) T fixed (c) 7 and 1), fixed

0p ¢=0.1 ¢=0.5 c=1.0 ¢=0.1 ¢=0.5 c=1. c=0.1 ¢=05 «¢=1.0

T 2.51 2.46 2.24 3.08 2.51 2.51 2.51 2.51 2.51 2.51

s 0995 0.995 0.994 0.996 0.996 0998 0.999 0.997 0.999  0.999

K 0.49 0.49 0.50 0.50 0.48 0.45 0.43 0.47 0.41 0.38

(N 0.63 0.63 0.60 0.69 0.64 0.57 0.49 0.63 0.62 0.61
(N 0.23 0.25 0.34 0.02 0.19 0.43 0.67 0.23 0.23 0.23
Pr 0.87 0.87 0.88 0.86 0.87 0.88 0.90 0.87 0.88 0.88

Py 0.66 0.66 0.66 0.66 0.66 0.66 0.65 0.66 0.65 0.65

P 0.60 0.61 0.62 0.58 0.60 0.60 0.60 0.60 0.61 0.61
o 0.27 0.27 0.27 0.27 0.27 0.27 0.28 0.27 0.27 0.27
o4 0.58 0.58 0.58 0.57 0.58 0.59 0.60 0.58 0.60 0.62
o2 0.62 0.62 0.61 0.66 0.61 0.56 0.51 0.59 0.48 0.36
M, 0.53 0.52 0.51 0.57 0.53 0.50 0.48 0.52 0.49 0.47
M, -0.06 -0.06 -0.05 -0.08 -0.06 -0.04 -0.03 -0.05 -0.03 -0.01
MZE 0.26 0.26 0.26 0.27 0.27 0.31 0.35 0.28 0.39 0.63
O 0.19 0.184  0.179 0.186 0.18  0.182  0.177 0.184 0.170 0.116

Note. KL is defined as K Ly¢(6o,6.) with 6y corresponding to the default specification. All values are rounded
to the second decimal place except for 8 and o.. The bold value signifies the parameter that moves the most.

Table S2. KL and empirical distances between 6. and 6y, AS (2007) model, L; norm

(a) All parameters can vary (b) 7 fixed (c) T and 1y fixed

c=0.1 c=0.5 c=1.0 c=0.1 c=0.5 c=1.0 c=0.1 c=0.5 c=1.0
KL 1.62E-07 4.38E-06 2.12E-05 3.12E-06 6.28E-05 1.68E-04 5.99E-06 1.27E-04 3.52E-04
T=80 0.0505 0.0528 0.0564 0.0523 0.0610 0.0685 0.0533 0.0658 0.0799
T=150 0.0507 0.0539 0.0588 0.0532 0.0656 0.0769 0.0546 0.0728 0.0937
T=200 0.0508 0.0545 0.0603 0.0537 0.0684 0.0820 0.0553 0.0770 0.1023
T=1000 0.0519 0.0605 0.0751 0.0587 0.0981 0.1418 0.0624 0.1255 0.2091

Note. KL is defined as KLys(6o,6.) with 6. given in the columns of Table S1. The empirical distance measure
equals py¢(0o, 0c,0.05,T), where T is specified in the last four rows of the Table.

Table S3. Parameter values minimizing the KL criterion, AS (2007) model, Ly norm

(a) All parameters can vary (b) T fixed (c) 7 and 1), fixed

0p c=0.1 ¢=0.5 c=1.0 ¢=0.1 ¢=05 ¢=1.0 c¢=0.1 =05 ¢c=1.0

T 2.51 2.42 2.98 3.48 2.51 2.51 2.51 2.51 2.51 2.51

8 0995  0.995 0.996 0.994 0994 0996 0999 0998  0.999  0.999

K 0.49 0.49 0.49 0.52 0.50 0.46 0.42 0.45 0.38 0.40

Uy 0.63 0.62 0.68 0.70 0.61 0.50 0.35 0.62 0.61 0.61
Uy 0.23 0.27 0.06 0.01 0.33 0.71 1.17 0.23 0.23 0.23
Pr 0.87 0.87 0.86 0.85 0.88 0.90 0.92 0.87 0.88 0.88

Py 0.66 0.66 0.66 0.66 0.66 0.65 0.65 0.66 0.65 0.64

P 0.60 0.61 0.58 0.57 0.60 0.60 0.59 0.61 0.60 0.66
or 0.27 0.27 0.27 0.26 0.27 0.28 0.28 0.27 0.27 0.27
Og 0.58 0.58 0.57 0.56 0.58 0.59 0.60 0.59 0.62 0.61
o 0.62 0.62 0.65 0.69 0.63 0.57 0.50 0.55 0.35 0.23
M, 0.53 0.52 0.56 0.60 0.53 0.50 0.46 0.51 0.47 0.48
My -0.06 -0.06 -0.08 -0.10 -0.06 -0.05 -0.03 -0.05 -0.01 -0.01
M, 0.26 0.26 0.27 0.27 0.26 0.30 0.37 0.31 0.65 1.15
O 0.19 0.184 0.186 0.184 0.186 0.185 0.175 0.182 0.110 0.001

Note. KL is defined as K Ly¢(6o,0.), where 6y corresponds to the default specification. All values are rounded
to the second decimal place except for § and o.. The bold value signifies the parameter that moves the most.



Table S4. KL and empirical distances between 6. and 6, AS (2007) model, Ly norm

(a) All parameters can vary (b) T fixed (c) T and 94 fixed

c=0.1 c=0.5 c=1.0 c=0.1 c=0.5 c=1.0 c=0.1 c=0.5 c=1.0
KL 4.47E-07 1.36E-05 6.97E-05 9.79E-06 1.54E-04 3.18E-04 3.02E-05 3.65E-04 9.61E-04
T=80 0.0509 0.0550 0.0616 0.0540 0.0673 0.0761 0.0577 0.0807 0.1059
T=150 0.0512 0.0569 0.0665 0.0557 0.0752 0.0888 0.0608 0.0948 0.1347
T=200 0.0514 0.0580 0.0694 0.0566 0.0800 0.0967 0.0626 0.1036 0.1534
T=1000 0.0532 0.0694 0.1014 0.0660 0.1362 0.1951 0.0811 0.2137 0.3980

Note. KL is defined as KLg¢(6o,0.) with 0. given in the columns of Table S3. The empirical distance measure
equals pyr (0o, 0c,0.05,T), where T is specified in the last four rows of the Table.

Table S5. Parameter values minimizing the KL criterion, AS (2007) model, weighted constraints

(a) All parameters can vary (b) B fixed (¢c) B and 1), fixed

0p c¢=0.1 ¢=0.5 c=1.0 ¢=01 ¢=0.5 ¢=1.0 =01 «¢=0.5 c=1.0

T 2.51 2.48 2.33 2.21 2.60 2.96 2.06 2.67 3.31 3.41

5 0995 0.994 0.992 0.988 0995 0995 0.995 0.995 0.995 0.995

K 0.49 0.49 0.51 0.54 0.49 0.49 0.47 0.49 0.50 0.44

N 0.63 0.63 0.62 0.61 0.64 0.69 0.50 0.63 0.64 0.64
(o 0.23 0.25 0.32 0.38 0.19 0.02 0.66 0.23 0.23 0.23
Pr 0.87 0.87 0.87 0.88 0.87 0.86 0.90 0.87 0.87 0.87

Py 0.66 0.66 0.66 0.66 0.66 0.66 0.66 0.66 0.66 0.65

P 0.60 0.61 0.62 0.63 0.60 0.58 0.62 0.59 0.57 0.57

or 0.27 0.27 0.27 0.27 0.27 0.27 0.28 0.27 0.27 0.27
o 0.58 0.58 0.58 0.57 0.57 0.57 0.59 0.57 0.56 0.58
0, 0.62 0.62 0.62 0.62 0.63 0.65 0.57 0.63 0.65 0.44
M, 0.53 0.53 0.52 0.52 0.54 0.57 0.47 0.54 0.57 0.55
Mgy -0.06 -0.06 -0.06 -0.06 -0.06 -0.08 -0.04 -0.07 -0.09 -0.07
Mze 0.26 0.26 0.25 0.25 0.26 0.27 0.28 0.26 0.29 0.61
O 0.19 0.185 0.181 0.175 0.186 0.187 0.177 0.187 0.183 0.035

Note. KL is defined as KLy¢(0o,0.), where 0y contains parameter values of the default specification. All

values are rounded to the second decimal place except for 8 and o..

The constraint is given by {6. :

[(0c — 00)./w(00)|oc > ¢}, where w(6o) contains the lengths of the 90% credible sets from Table 1. The bold
value signifies the binding constraint.

Table S6. KL and empirical distances between 6. and 6y, AS (2007) model, weighted constraints

(a) All parameters can vary (b) B fixed (c) B and 94 fixed

c=0.1 c¢=0.5 c=1.0 c=0.1 c=0.5 c=1.0 c=0.1 c=0.5 c=1.0
KL 2.85E-07 6.18E-06 2.29E-05 7.47E-07 1.91E-05 9.90E-05 4.82E-06 1.01E-04 2.48E-04
T=80 0.0509 0.0542 0.0579 0.0512 0.0563 0.0635 0.0528 0.0638 0.0719
T=150 0.0512 0.0554 0.0605 0.0516 0.0586 0.0694 0.0540 0.0699 0.0825
T=200 0.0513 0.0562 0.0621 0.0519 0.0600 0.0731 0.0546 0.0736 0.0891
T=1000 0.0527 0.0634 0.0778 0.0542 0.0739 0.1136 0.0609 0.1148 0.1691

Note. KL is defined as KLs¢(6o,0.) with 0. given in the columns of Table S5. The empirical distance measure
equals prr(0o,0.,0.05,T), where T is specified in the last four rows of the Table.



Table S7. Parameter values minimizing the KL criterion, AS (2007) model, subset constraints

(a) Monetary policy (b) Shock processes (c) Behavioral

fp ¢=0.1 ¢=05 c=1.0 ¢=0.1 =05 c¢c=1.0 ¢=0.1 ¢=0.5 c=1.0

T 2.51 2.31 2.00 2.38 2.91 2.96 2.38 241 3.01 3.51

G 0995 0994 0992 0999 0994 0.999 0.999 0.995 0.996 0.994

K 0.49 0.50 0.49 0.42 0.52 0.41 0.39 0.49 0.49 0.52

(N 0.63 0.61 0.49  0.52 0.67 0.63 0.38 0.62 0.68 0.70
Yy 0.23 0.33 0.73 1.23 0.11 0.20 0.96 0.27 0.06 0.01
Pr 0.87 0.88 0.90 0.92 0.86 0.87 0.92 0.87 0.86 0.85

Py 0.66 0.66 0.66 0.65 0.66 0.65 0.64 0.66 0.66 0.66
0. 0.60 0.61 0.63 0.60 0.57 0.60 0.66 0.61 0.58 0.57
oy 0.27 0.27 0.28 0.28 0.27 0.27 0.28 0.27 0.27 0.26
Og 0.58 0.58 0.59 0.60 0.56 0.60 0.62 0.58 0.57 0.56
o 0.62 0.61 0.57 0.51 0.72 0.35 0.20 0.62 0.65 0.69
M, 0.53 0.51 0.47 0.45 0.57 0.52 0.44 0.52 0.57 0.60
Mgy -0.06 -0.06 -0.04 -0.02 -0.08 -0.04 0.01 -0.06 -0.08 -0.10
]Wie 0.26 0.26 0.27 0.35 0.23 0.76 1.26 0.26 0.27 0.27

O 0.19 0.181 0.174 0.179 0.190 0.001  0.001 0.183  0.186 0.183
Note. KL is defined as KLy¢(0o,0.), where 0y contains parameter values of the default specification. All
values are rounded to the second decimal place except for 8 and o.. The bold value signifies the binding
constraint. The italicized values signify that the parameter belongs to the constrained subset.

Table S8. KL and empirical distances between 6. and 6y, AS (2007) model, subset constraints

(a) Monetary policy (b) Exogenous shocks (c) Behavioral
c=0.1 c=0.5 c=1.0 c=0.1 c=0.5 c=1.0 c=0.1 c=0.5 c=1.0
KL 3.06E-06 1.23E-04 3.32E-04 3.58E-05 2.75E-04 1.14E-03 5.19E-07 1.57E-05 7.57E-05
T=80 0.0523 0.0646 0.0767 0.0583 0.0751 0.1119 0.0510 0.0553 0.0621

T=150 0.0531 0.0714 0.0898 0.0616 0.0866 0.1446 0.0513 0.0574 0.0672
T=200 0.0536 0.0755 0.0980 0.0636 0.0939 0.1661 0.0515 0.0586 0.0703
T=1000 0.0585 0.1228 0.1998 0.0842 0.1819 0.4446 0.0534 0.0710 0.1041

Note. KL is defined as KLg¢(6o,0.) with 0. given in the columns of Table S7. The empirical distance measure
equals psr (0o, 0c,0.05,T), where T is specified in the last four rows of the Table.

Table S9. Parameter values minimizing the KL criterion
Indeterminacy, LS (2004) model

(a) All parameters can vary (b) Mg, fixed

0o c=0.1 c=0.5 c=1.0 c=0.1 c=0.5 c=1.0

T 0.69 0.69 0.69 0.70 0.69 0.70 0.72

8 0.997 0.998 0.999 0.999 0.953 0.999 0.999

K 0.77 0.77 0.77 0.77 0.78 0.85 0.93

(N 0.77 0.77 0.77 0.78 0.76 0.74 0.71
(I 0.17 0.17 0.16 0.13 0.18 0.31 0.47
Pr 0.60 0.60 0.60 0.60 0.60 0.61 0.61

Py 0.68 0.68 0.68 0.68 0.68 0.66 0.64
0. 0.82 0.82 0.82 0.82 0.82 0.83 0.83
Oy 0.23 0.23 0.23 0.23 0.23 0.24 0.24
Og 0.27 0.27 0.29 0.31 0.27 0.29 0.32
o 1.13 1.13 1.13 1.14 1.16 1.07 1.02
Paz 0.14 0.15 0.11 0.07 0.13 0.17 0.20
Z\que -0.68 -0.69 -0.64 -0.59 -0.66 -1.18 -1.68
Mg 1.74 1.84 1.24 0.74 1.74 1.74 1.74
M, -0.69 -0.70 -0.65 -0.61 -0.66 -0.79 -0.89
O¢ 0.20 0.13 0.39 0.50 0.10 0.16 0.01

Note. KL is defined as KLss(0o,0.). All values are rounded to the second decimal
place except for 5. The bold value signifies the binding constraint.



Table S10. KL and empirical distances between 6. and 6,

Indeterminacy, LS (2004) model

(a) All parameters can vary (b) Mg, fixed
c=0.1 c¢=0.5 c=1.0 c=0.1 c=0.5 c=1.0
KL 4.06E-07 1.22E-05 5.41E-05 5.45E-06 1.10E-03 3.90E-03

T=80 0.0507 0.0550 0.0604 0.0520 0.1084 0.2021
T=150 0.0510 0.0569 0.0646 0.0531 0.1392 0.2926
T=200 0.0512 0.0580 0.0671 0.0538 0.1593 0.3518
T=1000  0.0529 0.0686 0.0941 0.0604 0.4219 0.8739

Note. KL is defined as KLys(6o,6.) with 6. given in the columns of Table S9. The
empirical distance measure equals pss(6o,0.,0.05,T), where T is specified in the last
four rows of the Table.

Table S11. Parameter values minimizing the KL criterion
Determinacy, LS (2004) model

(a) All parameters can vary (b) 14 fixed

0  ¢c=01 =05 c¢=1.0 =01 =05 c=1.0

T 0.54 0.54 0.55 0.55 0.55 0.56 0.57

5 0.992 0.900 0.900 0.900 0.900 0.900 0.900

K 0.58 0.62 0.62 0.62 0.63 0.65 0.67

(N 2.19 2.09 1.71 1.23 2.29 2.69 3.19
Yy 0.30 0.40 0.80 1.30 0.30 0.30 0.30
Pr 0.84 0.84 0.84 0.84 0.84 0.86 0.88
Py 0.83 0.83 0.83 0.83 0.83 0.84 0.84
o 0.85 0.85 0.85 0.85 0.85 0.85 0.85
o 0.18 0.18 0.18 0.18 0.18 0.18 0.19
Og 0.18 0.18 0.18 0.18 0.18 0.19 0.19
o 0.64 0.64 0.64 0.64 0.64 0.64 0.64
Pyz 0.36 0.36 0.36 0.36 0.35 0.32 0.29

Note. KL is defined as KLff(O(?, 6’?). All values are rounded to the second decimal
place except for 3. The bold value signifies the binding constraint.

Table S12. KL and empirical distances between 6 and 6,

Determinacy, LS (2004) model

(a) All parameters can vary (b) 14 fixed
c=0.1 c=0.5 c=1.0 c=0.1 c=0.5 c=1.0
KL 1.06E-07 1.28E-05 6.26E-05 1.05E-04 2.10E-03 6.20E-03

T=80 0.0504 0.0544 0.0602 0.0650 0.1479 0.2729
T=150 0.0506 0.0563 0.0648 0.0713 0.2017 0.4011
T=200 0.0507 0.0573 0.0675 0.0751 0.2373 0.4810
T=1000  0.0515 0.0683 0.0970 0.1178 0.6541 0.9659

Note. KL is defined as KL ;(05,602) with 2 given in the columns of Table S11. The
empirical distance measure equals pff(OOD, Gf,0.0S,T), where T is specified in the last
four rows of the Table.



Table S13. Empirical distances by altering the Taylor rule parameters, LS(2004) model

¥, Py Py or 0P -0F] KL T=80 T =1000
08 21900 0.3000 0.8400 0.1800 - - -
(a) Direction 1
oY 21194 0.3720 0.8399 0.1800 0.1009 1.23E-06  0.0516 0.0555
0 2.0486 0.4442 0.8398 0.1800 0.2019 5.17E-06  0.0533 0.0617
oY 1.9779 0.5163 0.8397 0.1801 0.3029 1.22E-05  0.0552 0.0688
07 1.9072 0.5884 0.8396 0.1801 0.4039 2.28E-05 0.0572 0.0769
oY 1.8365 0.6605 0.8395 0.1801 0.5049 3.75E-05  0.0593 0.0863
0 1.7658 0.7326 0.8394 0.1802 0.6059 5.70E-05 0.0617 0.0969
oY  1.6951 0.8048 0.8392 0.1802 0.7069 8.19E-05 0.0642 0.1092
02 1.6244 0.8769 0.8391 0.1803 0.8079 1.13E-04  0.0670 0.1233
0 1.5537 0.9490 0.8390 0.1803 0.9089 1.52E-04  0.0700 0.1395
0%y 1.4830 1.0212 0.8389 0.1804 1.0099 1.98E-04 0.0733 0.1583
(b) Direction 2

oY 22193 0.2701 0.8400 0.1800 0.0419 1.99E-07  0.0505 0.0520
0 22487 0.2401 0.8401 0.1800 0.0839 7.83E-07  0.0511 0.0541
oY 22781 0.2101 0.8401 0.1800 0.1259 1.73E-06  0.0516 0.0562
07 23075 0.1801 0.8402 0.1800 0.1679 3.02E-06 0.0521 0.0583
oY 23369 0.1501 0.8402 0.1800 0.2099 4.64E-06  0.0526 0.0604
08 2.3664 0.1201 0.8403 0.1800 0.2519 6.56E-06  0.0531 0.0626
0  2.3958 0.0901 0.8403 0.1800 0.2939 8.77E-06  0.0536 0.0648
oY 2.4252 0.0601 0.8404 0.1800 0.3359 1.12E-05  0.0541 0.0670
00 24546 0.0302 0.8404 0.1799 0.3779 1.40E-05  0.0546 0.0692
65 2.4840 0.0002 0.8405 0.1799 0.4199 1.70E-05 0.0551 0.0714

Note. OJD represent equally spaced points taken from the curve determined by the smallest eigenvalue
from changing the four parameters in the monetary policy rule. The curve is extended from 65 along
two directions. Along Direction 1, the curve is truncated when [|0F — 67| exceeds 1. Along Direction
2, the curve is truncated at the closest point to zero where v, is still positive. KL is defined as
KLy (0%, 9?). The last two columns are empirical distance measures defined as pys (0%, HJD, 0.05, 7).



Table S14. Parameter values miminizing the KL criterion, SW(2007) model, L; norm

0y

Pga 0.52
M 0.84
P 0.69
« 0.19

P 0.54

%) 5.74

Oc 1.38
A 0.71

b, 1.60
L 0.58
I3 0.70
Lp 0.24

&p 0.66
o] 1.83
T 2.04
T Ay 0.22
Ty 0.08
P 0.81

Pa 0.95
Py 0.97
Pi 0.71

Pr 0.15
Pp 0.89
Puw 0.96
Oq 0.45
op 0.23
og 0.53
g; 0.45
oy 0.24
op 0.14
Ow 0.24
y 0.43

10087t -1) o0.16

(a) All parameters can vary

c=0.1
0.52
0.84
0.69
0.19
0.54
5.78
1.38
0.71
1.60
0.58
0.70
0.24
0.66
1.84
2.04
0.22
0.08
0.81
0.95
0.22
0.97
0.71
0.15
0.89
0.96
0.45
0.23
0.53
0.45
0.24
0.14
0.24
0.42
0.18

c=0.5
0.52
0.84
0.69
0.19
0.53
5.97
1.38
0.71
1.60
0.57
0.70
0.24
0.66
1.89
2.02
0.22
0.08
0.81
0.95
0.22
0.97
0.71
0.15
0.89
0.96
0.45
0.23
0.53
0.45
0.24
0.14
0.24
0.38
0.24

c=1.0
0.52
0.84
0.69
0.20
0.52
6.21
1.37
0.72
1.61
0.57
0.71
0.25
0.66
1.95
2.00
0.21
0.08
0.81
0.95
0.22
0.97
0.70
0.15
0.89
0.96
0.45
0.23
0.53
0.45
0.24
0.14
0.24
0.34
0.31

c=0.1
0.52
0.84
0.69
0.19
0.54
5.74
1.38
0.71
1.60
0.58
0.70
0.24
0.66
1.86
2.04
0.22
0.08
0.81
0.95
0.22
0.97
0.71
0.15
0.89
0.96
0.45
0.23
0.53
0.45
0.24
0.14
0.24
0.45
0.13

(b) ¢ fixed
c=0.5

0.52
0.84
0.68
0.18
0.54
5.74
1.37
0.72
1.59
0.59
0.71
0.23
0.66
1.95
2.05
0.22
0.08
0.81
0.95
0.22
0.97
0.71
0.15
0.89
0.96
0.45
0.23
0.53
0.45
0.24
0.14
0.24
0.56
0.01

c=1.0
0.53
0.83
0.70
0.20
0.54
5.74
1.43
0.70
1.61
0.56
0.69
0.25
0.66
1.59
2.08
0.22
0.08
0.81
0.95
0.23
0.97
0.71
0.15
0.89
0.96
0.45
0.23
0.53
0.45
0.24
0.14
0.24
0.20
0.45

Note. KL is defined as KLy (OOD, 02). The bold values signify parameters that move the most.

Table S15. KL and empirical distances between 2 and 65, SW(2007) model, L; norm

(a) All parameters can vary

c=0.1
KL 2.86E-06
T=80 0.0525

T=150 0.0533
T=200 0.0538
T=1000 0.0585

c=0.5
7.05E-05
0.0632
0.0682
0.0712
0.1039

c=1.0
2.77E-04
0.0785
0.0905
0.0980
0.1884

c=0.1
4.89E-06
0.0530
0.0541
0.0548
0.0611

(b) ¢ fixed

c=0.5
1.18E-04
0.0662
0.0730
0.0771
0.1238

c=1.0
5.30E-04
0.0892
0.1077
0.1195
0.2707

Note. KL is defined as KLff(G(?,H?) with @2 given in the columns of Table S14. The empirical

distance equals py(68,602,0.05, T), where T is specified in the last four rows of the Table.



Table S16. Parameter values miminizing the KL criterion, SW(2007) model, Ly norm

0y

Pga 0.52
M 0.84
P 0.69
« 0.19

P 0.54

%) 5.74

Oc 1.38
A 0.71

b, 1.60
L 0.58
I3 0.70
Lp 0.24

&p 0.66
o] 1.83
T 2.04
T Ay 0.22
Ty 0.08
P 0.81

Pa 0.95
Py 0.97
Pi 0.71

Pr 0.15
Pp 0.89
Puw 0.96
Oq 0.45
op 0.23
og 0.53
g; 0.45
oy 0.24
op 0.14
Ow 0.24
y 0.43

10087t -1) o0.16

(a) All parameters can vary

c=0.1
0.52
0.84
0.69
0.19
0.54
5.84
1.38
0.71
1.60
0.58
0.70
0.24
0.66
1.84
2.04
0.22
0.08
0.81
0.95
0.22
0.97
0.71
0.15
0.89
0.96
0.45
0.23
0.53
0.45
0.24
0.14
0.24
0.43
0.17

c=0.5
0.52
0.84
0.69
0.19
0.53
6.24
1.38
0.71
1.61
0.57
0.70
0.24
0.66
1.85
2.02
0.22
0.08
0.81
0.95
0.22
0.97
0.70
0.15
0.89
0.96
0.45
0.23
0.53
0.45
0.24
0.14
0.24
0.42
0.20

c=1.0
0.52
0.84
0.69
0.19
0.53
6.74
1.38
0.72
1.61
0.57
0.71
0.24
0.66
1.87
2.01
0.22
0.08
0.81
0.95
0.22
0.97
0.70
0.15
0.89
0.96
0.45
0.23
0.53
0.45
0.24
0.14
0.24
0.42
0.23

c=0.1
0.52
0.84
0.69
0.19
0.54
5.74
1.37
0.71
1.60
0.58
0.70
0.24
0.66
1.87
2.04
0.22
0.08
0.81
0.95
0.22
0.97
0.71
0.15
0.89
0.96
0.45
0.23
0.53
0.45
0.24
0.14
0.24
0.49
0.09

(b) ¢ fixed
c=0.5

0.52
0.85
0.68
0.18
0.53
5.74
1.35
0.72
1.59
0.58
0.72
0.24
0.66
2.27
2.03
0.21
0.08
0.81
0.95
0.21
0.97
0.71
0.14
0.89
0.96
0.45
0.23
0.53
0.45
0.24
0.14
0.24
0.61
0.01

c=1.0
0.52
0.85
0.68
0.18
0.52
5.74
1.32
0.73
1.59
0.58
0.74
0.24
0.66
2.79
2.02
0.20
0.08
0.81
0.95
0.21
0.97
0.71
0.14
0.89
0.96
0.45
0.23
0.53
0.45
0.24
0.14
0.24
0.64
0.01

Note. KL is defined as KLy (OOD, 62). The bold value signifies the parameter that moves the most.

Table S17. KL and empirical distances between 2 and 65, SW(2007) model, Ly norm

(a) All parameters can vary

c=0.1
KL 8.06E-06
T=80 0.0538

T=150 0.0553
T=200 0.0562
T=1000 0.0646

c=0.5
1.84E-04
0.0705
0.0795
0.0850
0.1499

c=1.0 c=0.1
6.62E-04 2.07E-05
0.0939 0.0562
0.1157 0.0586
0.1297 0.0601
0.3112 0.0747

(b) ¢ fixed

c=0.5
5.23E-04
0.0894
0.1078
0.1196
0.2697

c=1.0
1.80E-03
0.1365
0.1843
0.2159
0.6010

Note. KL is defined as KLff(G(?,H?) with @2 given in the columns of Table S16. The empirical

distance equals py(68,602,0.05, T), where T is specified in the last four rows of the Table.



Table S18. Parameter values miminizing KL, SW(2007) model, weighted constraints

c

Pga 0.52
oo 0.84
Hop 0.69
« 0.19
P 0.54
%) 5.74
Oc 1.38
A 0.71
by 1.60
L 0.58
Ew 0.70
Lp 0.24
&p 0.66
oy 1.83
Tr 2.04
TAy 0.22
Ty 0.08
P 0.81
Pa 0.95
Pg 0.97
P 0.71
O 0.15
Pp 0.89
Puw 0.96
o4 0.45
Op 0.23
Og 0.53
o 0.45
oy 0.24
Op 0.14
Ow 0.24
o1 0.43

100(3 —1) 0.16

(a) p and 7 fixed

0.1
0.52
0.84
0.69
0.19
0.54
5.69
1.39
0.71
1.60
0.58
0.70
0.24
0.66
1.81
2.10
0.22
0.08
0.81
0.95
0.22
0.97
0.71
0.15
0.89
0.96
0.45
0.23
0.53
0.45
0.24
0.14
0.24
0.43
0.16

0.5
0.53
0.83
0.69
0.19
0.55
5.54
1.43
0.70
1.59
0.59
0.69
0.24
0.65
1.75
2.33
0.23
0.10
0.83
0.95
0.23
0.97
0.72
0.14
0.89
0.96
0.45
0.23
0.53
0.46
0.24
0.14
0.24
0.43
0.16

1.0
0.53
0.83
0.69
0.19
0.56
0.41
1.48
0.69
1.59
0.59
0.69
0.24
0.65
1.67
2.63
0.24
0.13
0.85
0.95
0.24
0.97
0.72
0.14
0.89
0.96
0.45
0.23
0.53
0.46
0.25
0.14
0.24
0.43
0.16

(b) 8,7 and r;, fixed

0.1
0.52
0.84
0.69
0.19
0.54
6.09
1.38
0.71
1.60
0.58
0.70
0.24
0.66
1.84
2.04
0.22
0.08
0.81
0.95
0.22
0.97
0.70
0.15
0.89
0.96
0.45
0.23
0.53
0.45
0.24
0.14
0.24
0.43
0.16

0.5
0.52
0.85
0.68
0.19
0.52
5.89
1.34
0.73
1.59
0.57
0.74
0.24
0.66
2.77
2.04
0.20
0.08
0.82
0.95
0.21
0.97
0.70
0.13
0.89
0.96
0.45
0.23
0.53
0.45
0.24
0.14
0.24
0.43
0.16

1.0
0.52
0.86
0.68
0.19
0.50
6.06
1.32
0.74
1.59
0.57
0.77
0.24
0.67
3.70
2.04
0.19
0.08
0.82
0.95
0.21
0.97
0.70
0.12
0.88
0.96
0.45
0.23
0.53
0.45
0.23
0.14
0.24
0.43
0.16

(c) B, 7, rx, oy fixed

0.1
0.52
0.84
0.69
0.19
0.54
6.08
1.38
0.71
1.60
0.58
0.70
0.24
0.66
1.83
2.04
0.22
0.08
0.81
0.95
0.22
0.97
0.70
0.15
0.89
0.96
0.45
0.23
0.53
0.45
0.24
0.14
0.24
0.43
0.16

0.5
0.51
0.84
0.70
0.19
0.54
7.47
1.38
0.72
1.61
0.57
0.71
0.24
0.67
1.83
2.04
0.22
0.08
0.81
0.95
0.22
0.97
0.69
0.15
0.89
0.96
0.45
0.23
0.53
0.45
0.24
0.14
0.24
0.43
0.16

1.0
0.51
0.84
0.70
0.19
0.53
9.19
1.39
0.72
1.62
0.56
0.71
0.25
0.67
1.83
2.04
0.22
0.08
0.82
0.95
0.22
0.97
0.67
0.14
0.89
0.96
0.45
0.23
0.53
0.45
0.24
0.14
0.24
0.43
0.16

Note. The constraint is given by {0c : [(8c —60)./w(0o)| > ¢}, where w(fp) contains the lengths of the 90%

credible sets from SW(2007). The bold value signifies the binding constraint.
Table S19. KL and empirical distances, SW(2007) model, weighted constraints

(a) B and 7 fixed

c=0.1
KL 6.81E-05
T=80 0.0605

T=150 0.0653
T=200 0.0682
T=1000 0.0994

c=0.5
1.36E-03
0.1133
0.1500
0.1744
0.4914

(b) 6,7 and r;, fixed

c=1.0 c=0.1
4.22E-03  9.64E-05
0.1950 0.0643
0.2891 0.0703
0.3513 0.0739
0.8896 0.1142

c=0.5
1.74E-03
0.1346
0.1812
0.2120
0.5898

c=1.0
4.83E-03
0.2299
0.3377
0.4072
0.9282

c=0.1
9.67E-05
0.0643
0.0703
0.0739
0.1142

(C) Bv ﬁ) Try, O] fixed

c=0.5 c=1.0
1.77E-03 5.12E-03
0.1341 0.2333
0.1812 0.3462
0.2124 0.4188
0.5952 0.9399

Note. KL is defined as KLy;(0F,07) with 62 given in the columns of Table S18. The empirical
distance equals pyy (GOD, 6%2.0.05, T), where T is specified in the last four rows of the Table.



Table S20. Parameter values miminizing the KL criterion, SW(2007) model, subset constraints

c

s
Hay .
Hop 0.69
«@ 0.19
P 0.54
%) 5.74
Oc 1.38
A 0.71
(o 1.60
L 0.58
Ew 0.70
Lp 0.24
&p 0.66
o] 1.83
Tr 2.04
™ s
T .
py 0.81
Pa 0.95
Pg 0.97
P; 0.71
Py 0.15
Pp 0.89
Puw 0.96
o 0.45
o 0.23
Og 0.53
o; 0.45
oy 0.24
op 0.14
Ow 0.24
¥ 0.43
100(671 —1) 0.16

(a) Monetary policy

0.1
0.52
0.84
0.69
0.19
0.54
5.66
1.40
0.71
1.60
0.58
0.70
0.24
0.66
1.81
2.14
0.22
0.09
0.82
0.95
0.22
0.97
0.71
0.15
0.89
0.96
0.45
0.23
0.53
0.45
0.2/
0.14
0.24
0.45
0.14

0.5
0.53
0.83
0.69
0.19
0.56
5.43
1.46
0.69
1.59
0.59
0.69
0.24
0.65
1.71
2.54
0.24
0.12
0.85
0.95
0.23
0.97
0.72
0.1/
0.89
0.96
0.45
0.23
0.53
0.46
0.2/
0.14
0.24
0.48
0.09

1.0
0.47
0.80
0.75
0.22
0.52
2.79
1.36
0.60
1.78
0.99
0.50
0.24
0.61
0.52
3.00
0.50
0.28
0.50
0.94
0.40
0.96
0.75
0.85
0.99
0.98
0.43
0.16
0.54
0.52
1.24
0.08
0.31
0.65
0.20

(b) Exogenous shocks

0.1
0.52
0.85
0.59
0.19
0.54
5.70
1.38
0.71
1.60
0.59
0.70
0.18
0.66
1.87
2.05
0.22
0.08
0.81
0.95
0.22
0.97
0.71
0.15
0.87
0.96
0.45
0.23
0.53
0.45
0.24
0.13
0.24
0.43
0.13

0.5
0.52
0.86
0.19
0.19
0.54
5.73
1.38
0.71
1.59
0.60
0.71
0.02
0.68
1.90
2.05
0.22
0.08
0.81
0.95
0.22
0.97
0.71
0.15
0.81
0.96
0.45
0.23
0.53
0.45
0.2/
0.10
0.25
0.40
0.12

1.0
0.56
0.81
0.68
0.19
1.00
2.00
2.28
0.52
1.69
0.63
0.63
0.26
0.58
1.03
3.00
0.29
0.17
0.85
0.96
0.57
0.97
0.99
0.16
0.91
0.95
0.43
0.17
0.56
1.45
0.27
0.14
0.25
0.10
0.01

(c) Behavioral parameters

0.1
0.52
0.84
0.69
0.19
0.5/
5.84
1.38
0.71
1.60
0.58
0.70
0.24
0.66
1.83
2.04
0.22
0.08
0.81
0.95
0.22
0.97
0.71
0.15
0.89
0.96
0.45
0.23
0.53
0.45
0.24
0.14
0.24
0.43
0.17

0.5
0.52
0.84
0.69
0.19
0.5/
6.24
1.38
0.71
1.61
0.58
0.70
0.2/
0.66
1.85
2.02
0.22
0.08
0.81
0.95
0.22
0.97
0.70
0.15
0.89
0.96
0.45
0.23
0.53
0.45
0.24
0.14
0.24
0.43
0.19

1.0
0.52
0.84
0.69
0.19
0.53
6.74
1.38
0.72
1.61
0.57
0.71
0.2/
0.66
1.86
2.01
0.22
0.08
0.81
0.95
0.22
0.97
0.70
0.15
0.89
0.96
0.45
0.23
0.53
0.45
0.24
0.14
0.24
0.42
0.22

Note. KL is defined as K L;;(05,07). The bold value signifies the binding constraint. The italicized values

signify that the parameter belongs to the constrained subset.

Table S21. KL and empirical distances between 9? and 90D , SW(2007) model, subset constraints

(a) Monetary policy

c=0.1
KL 1.86E-04
T=80 0.0683
T=150 0.0771
T=200 0.0825
T=1000 0.1469

c=0.5
3.25E-03
0.1677
0.2432
0.2936
0.8079

c=1.0
6.21E-01
0.9983
1.0000
1.0000
1.0000

(b) Exogenous shocks

c=0.1 c=0.5
1.00E-03 1.05E-02
0.1109 0.3937
0.1413 0.5760
0.1610 0.6759
0.4161 0.9981

c=1.0
1.26E-01
0.7609
0.8392
0.8756
0.9959

(c) Behavioral parameters

c=0.1
8.15E-06
0.0539
0.0553
0.0562
0.0646

c=0.5
1.86E-04
0.0706
0.0796
0.0852
0.1505

c=1.0
6.66E-04
0.0941
0.1159
0.1299
0.3123

Note. KL is defined as KLys(05,07) with 6 given in the columns of Table $20. The empirical
distance equals py(68,602,0.05, T), where T is specified in the last four rows of the Table.
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