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Abstract

In this paper we provide a computable characterization of the geometry of optimal repre-
sentations in Contrastive Learning (CL) when the classes are imbalanced. For balanced
classes it is well-known that the optimal representations exhibit Neural Collapse (NC), i.e.,
representations from the same class collapse to their class means and the class means form
an Equiangular Tight Frame (ETF). For imbalanced classes we prove that the optimal repre-
sentations of all samples from the same class collapse to their class means and their geometry
can be determined by solving a convex optimization problem. We further investigate a
special case when class imbalance is extreme and prove that CL exhibits a phenomenon
called Minority Collapse (MC) where all samples from the minority classes (classes with
small probabilities) collapse into a single vector. Both numerical and theoretical results are
provided to illustrate these results.

1 Introduction

CL is a machine learning technique that aims to learn good features (latent representations) by pulling
“similar” samples closer together while simultaneously pushing apart “different” samples in a representation
space. Over the past decade, CL has received significant attention due to its applications ranging from
computer vision, time series analysis, text classification, and natural language processing, just to name a few
(see |Jaiswal et al.| (2020)) for a comprehensive survey).

In CL terminology, a reference sample is called the “anchor” sample, a sample similar to it is called the
“positive” sample, and a sample different from it is called the “negative” sample. If label information is
not available (unsupervised setting), positive samples are usually constructed via data augmentations of
the anchor, and negative samples are randomly selected from the dataset |Chen et al.| (2020). When label
information is available (supervised setting), positive samples can be selected from the same class as the
anchor while negative samples can be picked from either (a) classes other than the anchor’s class |Jiang et al.
(20225 [2023)), or (b) any class (including the anchor’s class) Khosla et al. (2020).

CL learns useful features that can be used in downstream tasks, e.g., classification, by minimizing a loss that
encourages the anchor and positive features to cluster close together while also pushing the features of the



anchor and negative samples further apart |Jaiswal et al.| (2020). Features are typically learned through a
deep neural network without a classifier layer (even in SCL) and a training loss that only quantifies average
or expected similarity/dissimilarity between samples.

1.1 Limitations of Related work and Contributions

Loss function, sampling distribution, and range of k: To the best of our knowledge, most theoretical
studies of CL that have aimed to understand the structure of optimum representations [Fang et al.| (2021));
Graf et al.| (2021)); Kothapalli (2023)); Kini et al.| (2024)); Behnia & Thrampoulidis| (2024) have done so only for
empirical versions of the InfoNCE CL loss (or its variants) with norm-bounded representation
constraints where within each mini-batch b, consisting of n; of samples, the anchor is uniformly distributed
over all n, samples, the positive sample is uniformly distributed over all n, samples (some works exclude
the anchor), and for each anchor-positive pair, all n, samples (some works exclude the anchor or/and the
positive sample) are negative samples (i.e., k = n; or n, — 1 or ny — 2).

Class proportions: In addition to heavily focusing on the empirical InfoNCE CL loss together with the
severely restricted range of k, almost all prior theoretical works in CL [Fang et al.|(2021)); (Graf et al.| (2021));
Kothapalli| (2023)); [Behnia & Thrampoulidis| (2024) have focused on the idealized balanced setting in which
each sample belongs to one of C' > 1 classes (or latent classes) and all classes are equally likely, i.e., have
the same sample size in the training set. The more realistic and practically useful unbalanced setting has
been analyzed primarily for classifier networks with the empirical Mean Squared Error (MSE) loss [Dang
et al| (2023a)) and empirical cross-entropy loss Hong & Ling| (2024); [Dang et al.| (2024a) where there is an
additional linear classifier layer following the representation mapping and the loss function explicitly depends
on the labels of the samples. Analysis of the unbalanced case for CL is very limited and confined to the
empirical InfoNCE loss [Fang et al.| (2021)); Kini et al.| (2024)); Behnia & Thrampoulidis| (2024)).

This paper makes the following contributions:

1. We construct a lower bound for the general family of CL losses that was recently proposed in
Jiang et al.| (2023)). This family consists of losses based on loss functions that are strictly convex
and argument-wise strictly increasing. This subsumes and generalizes popular loss functions with
spherical-ball normalized representations including the InfoNCE loss function. The bound is a convex
function of the Gram matrix whose entries are the pairwise inner products of the class mean feature
vectors. We prove that the lower bound has a unique minimizer which is rank-deficient with a
unit-constant principal diagonal (Lemmas [1|—J4|and Theorem .

2. Using the lower bound, we show that the generalized CL loss is minimized when there is intra-
class variance-collapse, i.e., when the feature vectors of all the samples from the same class are
identical (Corollary . However, the geometry of the optimal class feature vectors need not form
an Equiangular Tight Frame (ETF) as in the balanced classes scenario. We show that the optimal
geometry can be numerically computed as the solution to a convex program (Remark .

3. We establish certain uniqueness and symmetry properties of the optimal geometry some under
additional conditions (Lemma [5|and Corollary [4)) and show that these properties are consistent with
corresponding results for balanced classes (Remark @

4. We further investigate the case when the class imbalance is extreme and prove that CL exhibits the
so-called Minority Collapse (MC) phenomenon in the scenario where there is one majority class and
equiprobable minority classes with the minor class probability less than a threshold that depends on
the number of classes, the number of negative samples per anchor, and bounds on the norms of the
subgradients of the CL loss function (Lemmas |§| — 8] and Theorem .

The remainder of this paper is structured as follows. Section [2] formally introduces the CL framework and
formulates the core optimization problem of interest. Our first main result, namely a lower bound for the
contrastive loss that is a function of the mean feature vectors of the classes, is established in Section
Our second main contribution which shows that the lower bound is a strictly convex function of the Gram



matrix whose entries are the pairwise inner products of class mean feature vectors is established in Section
This immediately leads to an efficient method for computing the optimal mean feature vectors. The MC
phenomenon is investigated in Section [6} We provide numerical experiments that corroborate and illustrate
our theoretical results in Section [7} We end with concluding remarks and a discussion of open questions in
Section

2 Contrastive learning problem setup and notation

We adopt the problem setup and notation used in (Jiang et all [2023]), but customize it to the specific
settings germane to our work. Let X € R? denote the data space, f : X — Z a representation function
from data space to representation space (or feature space) Z € R?, and F a family of such representation
functions. CL seeks to select a representation function from F by minimizing the expected value or the
sample average of a loss that encourages a large inner product between the representation of the anchor
z = f(z) and the representation of a positive sample 2T = f(x¥). At the same time, the loss encourages a
small inner product between the representation of the anchor z = f(z) and the representations of k negative

samples z; = f(z;),i=1,2,..., k The anchor z is also regarded as a positive sample and (z,z") is
called a positive pair. To simplify the notation, for i,j € Z, i < j, we define ¢ : j :== 4,0+ 1,...,5 and
Qj:j = A3, GQiy1,...,a5. If i > j,i:j and a;; are void expressions. We will denote the “all zeros” and “all

ones” column vectors by 0 and 1, respectively. The dimensions of 0 and 1 will be clarified within each context
they are used. The representation map learned via CL is treated as a pre-trained feature extractor and is
used either directly or with fine-tuning in various downstream supervised tasks, predominantly classification.

In this paper, we focus on the following general family of CL losses proposed in (Jiang et al., [2023).

Definition 1 (Generalized Contrastive Loss). A Generalized CL loss is of the form
Uz,2T,20,) = w(zT(zl_ — 2N, 2T (2 — z1)), (1)

where 1 : R¥ — R is loss function which is strictly convex and argument-wise strictly increasing (i.e., strictly
increasing with respect to each argument when the other k — 1 arguments are held ﬁxed)ﬂ

As noted in (Jiang et al., [2023), the family F includes popular functions such as InfoNCE loss which is
defined by:

T+ k
ez z 1 T, — +
élnfoNCE(Za ZJF, Zl_k) = — log = = log 1+ - Z ez (Zf —=7)
A DN ko
zw(zT(zf—zﬂ,...,zT(zk_ —z+)), (2)

where 9 (t1.) = log(l—i—% Zle el?). The InfoNCE loss function ¥ (t1.1) = YmfoncE (k) = log(l—i—% Zle elt)
is clearly argument-wise strictly increasing. Being a log-sum-exponential with a positive offset within the
logarithm, it is not only convex, but strictly convex (see Appendix for a short proof based on Holder’s
inequality).

As in (Jiang et al.l |2023), we define the contrastive risk L(f) of a representation function f as the expected
value (or empirical average) of the contrastive loss across tuples of positive and negative samples, i.e.,

L(f) = B[ (@), ), fay)s oo S ()] (3)

Unlike prior works which are restricted to the empirical CL loss where the joint distribution of the anchor,
positive and negative samples (and also their latent labels in many works) are uniform over suitable discrete
subsets, we adopt a general distributional perspective throughout and work with the population loss (which

I In Contrastive Learning, the feature vectors are typically normalized to have unit Euclidean length. Then, the inner product
of two feature vectors is larger if, and only if, they are closer to each other in Euclidean distance. Therefore, the inner product of
two feature vectors acts as an “inverse distance” or similarity measure between them.

2As a technical aside, the function 1 is a so-called proper convex function because its range is R which excludes —oo.



subsumes the empirical loss as a special case) with the following key modeling assumptions that are consistent
with the specialized assumptions on the (empirical) distribution of samples in prior works:

A1: Class labels. The samples have associated labels given by a deterministic labeling function y(-) : X —
C:={1,...,C},C > 1. These labels represent classes in the supervised setting and latent, i.e., hidden, classes
or clusters in the unsupervised setting.

A2: Positive samples. The joint distribution of positive samples is such that they have the same label.
This can be ensured by design in the supervised setting, but in the unsupervised setting this is an assumption
on the method used to sample a positive pair, e.g., an augmentation mechanism.

A3: Joint distribution. Let z,27 € X be a pair of positive samples and y € C their common class label.
Let 27, € X be a set of k negative samples associated with the positive pair and y;, € C their respective
class labels. Then the joint distribution of all (k + 2) samples x, 2", z7,, and their (k + 1) labels y, y;,, is
assumed to have the following form

p($,$+,$1_:k, yayl_k) = p(yayl_k)p<xax+vx1_k|y7y1_k) 9

k
Py, ) = Ay H /\yt— ) (4)
t=1
k
pla, ™, 2yl ur) = gz, et y) [ s |vi), (5)
t=1

where A\i.c € (0,1),> ;. Ai = 1, denote the probabilities (or relative sample proportions) of the C' possible
classes and they need not be balanced, q(x,z"|y) is the conditional distribution of a positive pair given
their label, and s(z~|y~) is the conditional distribution of a negative sample given that it is from class y~.

We note that (z1,v7 ),..., (2, ¥, ) are independent and identically distributed (iid) and also independent of
(z,2T,y). The (k+ 1) labels y, y,, are iid which implies that, with non-zero probability, negative samples
could have the same label as that of the positive pair, an event referred to as “class collision”. Moreover,
x1,, are conditionally iid given y; ., but unlike in (Jiang et al. [2023), we do not assume that (z,2%) are
conditionally independent given their label y.

A4: Marginal conditional distributions. As in (Jiang et al., 2023)) and for analytical simplicity we also
assume that
VieC Vo, 2t € X, plxly=1) = s(zli), plaT|y=1i)=s(aT|i),

i.e., the marginal conditional distributions of z* given y = i and z given y = ¢ are both s(-|i) which is the
marginal conditional distribution of a negative sample x~ given y~ =i. As explained in (Jiang et al.| 2023,
this can be ensured in the supervised setting, since labels are available, and also in the unsupervised setting,
if a negative sample is generated using the same sampling mechanism that was used to generate a positive
sample, e.g., via an augmentation of a reference sample. Under this assumption, for a representation function
f and all j € C, if we let ; denote the mean of class j samples in the representation space, then we have

Vi€l vie{l:k}, p =E[f(2)ly =] =Elf(a")ly =] =E[f(z7)ly; =] (6)

We define M as the C' x d matrix of class means in representation space, specifically,
T
M = [ p2- - pcl

AS5: Spherical-ball normalized representations. All prior theoretical studies of CL. impose restrictions
on the norms of the representations. This is a type of feature-normalization which typically improves the
performance of CL in practice Wang & Isola) (2020]) and also makes the inner product a truer measure of
“inverse distance” (see footnote. This is accomplished either directly by explicitly requiring all representation
maps in F to be norm-bounded, or indirectly by adding a quadratic penalty on the representation norms of
the anchor, positive, and negative samples to the loss function. In our work, we will primarily adopt the
direct approach by requiring all representation functions to have a 2-norm less than or equal to one, i.e.,

F={f:VeeX, |f@)|*=f(2)f(z) < 1}.



Thus, F is the family of all representation functions that are norm-bounded, but otherwise unconstrained.
Note that since the representation vectors are confined to the unit ball, i.e., || f(z)||* < 1,Vx € X, from the
Cauchy-Schwarz inequality (or alternatively by the convexity of the squared norm function || - ||?), we must
have

Vi € C, llusll* = IELf @)y~ = JlI° = IE[f (= )|y = ]II* = [ELf (2)ly = )I* < Ellf@)IPly =] < 1. (7)

The CL problem seeks to find a representation function f € F that minimizes the contrastive risk, i.e., solves
the following optimization problem

min L(f) (8)
In practice, the family of representation functions is further constrained to be representable by a neural
network having a specific architecture. The optimal solutions of the optimization problem in will be
included in such a family if the representation capacity of the neural network is sufficiently large, i.e., the
neural network can approximate an arbitrary mapping f : X — R to any desired accuracy.
A6: Unconstrained Features Model (UFM). Almost all prior theoretical studies of CL use UFM
Fang et al.| (2021); |Graf et al|(2021) which treats a neural network’s final-layer feature vectors, denoted by
z = f(x), as the free optimization variables instead of the network weights. This decouples feature geometry
from the complex nonlinear encoder weight parameterization. UFM is used as an analytically tractable proxy
for deep neural networks with a sufficiently high representation capacity. In this work we will also use UFM
with the generalized class of CL loss functions
)

o2 o) =02 (o —2%), 2T (2 — 21))

where z = f(z),27 = f(z), 2] = f(x7),.... 2 = f(zy).

The optimization problem in was solved for special loss functions in the balanced dataset setting, i.e.,
Al = A2 = ... =X = 1/C, in Jiang et al.| (2023)); |Graf et al.| (2021); Wang & Palmer| (2023) , where
the optimal solution was shown to exhibit NC. Characterizing and computing the optimal solutions for
imbalanced datasets was left open and is the primary focus of this work.

In Section [3] we will construct a tight lower bound for the generalized contrastive risk as a function of the
class means, and then optimize this lower bound to find the optimal class means in Section [

3 Tight lower bound for contrastive risk in terms of class means

We first show that it is possible to lower bound the contrastive risk by a function of the class means.
Lemma 1. Let M := [y po -+ pc]’ € RE*D. Then,

L(f) =2 G(M),
k
G(M) = Z <)\iH)\jt>¢(:u7Tlu’jl_15"'7luleujk_1))' (9)
i,j1:kEC =1

The lower bound G(M) can be attained if, and only if, f maps all samples belonging to any class, to the mean
representation vector of the class, i.e., Vo € X, f(x) = fiy(s), and Vi € C, [|125]]? = 1.

Proof
L) = B¢, S F)eo Sl

= B[ (fT@(GT) - @) fT @) - f(x*)))} (10)

=5 [Eo (@) ~ e ST Do) - £07)

yylyk” (11)



>E [w (BT @) £@Dly,vi ] = BT (@) F@)ll - BT @) Faily vl — BT (@) £ )] (12)

=5 [0 1 BT S ]y~ BTG S| (13)
k

-y (xi H&-)w(ﬂ win —ELT @) @Dy =il ool g BT @) f@Dly =) (4)
4,51:6 €C t=1
k

=Y (MHMJU/(#?%—L---w?ujk—l), (15)
4,j1:.6€C t=1

where equality follows from , equality is the law of total expectation, inequality is Jensen’s
inequality applied within the inner expectation conditioned on the labels of samples to the convex loss
function ¥(+) ) follows from the conditional independence of anchor and negative samples given their
labels 1mphed by l 15]), (14 follows by expanding the expectation in in terms of all possible tuples of values
of labels together with (4]), and inequality is because ¥ (-) is an increasing function of all its arguments,
all the weights (\; thl ]t) are positive, and fT(x) f(z+) < ||f(z)]| - ||f(z1)|| < 1 since the representations
are constrained to be within the unit ball.

Clearly, if f is such that Vo € X, f(2) = (s and Vi € C,||u][* = 1, then L(f) = G(M). We will now
prove that these conditions are also necessary for equality. If L(f) = G(M), then we must have equality
in and . Equality in can be attained only if Vi € C, with probability one (w.p.1) given
y = i, i.e., under the distribution g(x,z%|i), we have f'(z) f(x*) = 1. This is because ¥ (-) is a strictly
increasing function of its arguments, all the weights ()\i Hle )\jt) are strictly positive, and the norms of
all representations are bounded by one. Therefore, w.p.1 given y = i, we must have f(z) = f(zT) and
[|f(z)]| = 1. Next, equality in the conditional Jensen’s inequality can be attained only if Vi € {1 : k},
w.p.1 given y,y;, we have f T (z)f(x;) — fT(2)f(z) = u; p,- —E[f " (z) f(x1)]y]. This is because 9(-) is a
strictly convex function of its arguments and for all label tuples, p(y, yfk) > 0. This implies that Vi € {1: k}
and all j,1 6 C, w.p.l given y = j,y; = [, we have fT(z)f(z;) = ,uj 1 since, as we previously proved,
equality in (15) implies that w. p 1 given y = j, we must have f(z) = f(z") and ||f(z)|| = 1. Taking j =1,
we conclude that equality in and (12) imply that Vi € {1: k} and all j € C, w.p.1 given y = y; = j,
we have T (z)f(z]) = ||uj||2 But x,z; are conditionally iid with distribution s(-|j) given y = y; = j.
From Lemma in Appendix it then follows that for all j € C, w.p.1 given y = j, f(x) = p;, or
more compactly, Vo € X, f(x) = piy(z). Thus we have shown that the conditions Vo € X, f(x) = f1y(s)
and Vi € C, ||p;]|> = 1 are both sufficient and necessary for the lower bound G(M) to be attained, i.e., for
L(f) = G(M). [ |

Remark 1. In the proof of necessity of within-class variance collapse for the attainment of the lower bound
in Lemma |1}, as an intermediate step we first proved that if we have equality in , then for each i € C,
w.p.1 given y = i, we must have f(x) = f(x*) and ||f(x)|| = 1. Without making any additional assumptions
on the joint distribution of the positive pair, specifically, q(x,x"|y), we cannot conclude from here that we
must have within-class variance collapse. For example, if v = x w.p.1, or if the samples in each class are
grouped into non-overlapping pairs and x,x™ are confined to be within a pair. But if, for ezample, the support
of q(z,x%|y) is the Cartesian product of the supports of s(z|y) and s(z™|y), then indeed we can conclude
within-class variance collapse directly from equality in @ alone without needing to analyze the conditions
for equality in (@

Corollary 1. For InfoNCE loss,

k k
GM)y= > ( H >log< ;Zeﬂ?unl) (16)

,51:k €C t=1

Proof This follows from by replacing the generalized loss with the InfoNCE loss defined in . |



In practice, k could be large (e.g., k = 128,256,512, ...). In the limit & — +o0, the expression for the lower
bound in Corollary simplifies substantially.

Corollary 2. For InfoNCE loss,

lim L(f) =E [log (1 + E[efT@)(f(“f)—f(“” ‘:c xﬂ )} (17)
k—o0
> lim G(M)
k—o0
=3 Alog (1+Zr(j\i) euiurl), (18)
ieC jec

Proof Fort=1:k, let
Uiz, 2, 2;) 1= ef @01

Tu _)—1
Vily,yp ) = e(uy/yt)

Then, from 7 the definition of the InfoNCE loss in , and 7 , and @ we have
1 E
E[log (1 + z ;Ut(x,ﬁ,xt))

E[log <1+]1€Zk:‘/t(y,y[)>‘yﬂ- (20)

t=1

L(f)=E

) -

G(M)=E

Since for all z € X, || f(z)|| < 1, it follows from the convexity of the Euclidean norm and Jensen’s inequality
that for all j € C, |||l = [|E[f(x)|ly = jlll < E[||f(z)|||ly = j] <1 and therefore (by the Cauchy-Schwartz
inequality) |f " (z)f(z;)],|f " (x)f(z+)| < 1. This proves that for all t = 1 : k, |Uy|,|V;| < €2, i.e., they are
bounded random variables. Now, Uy.x|z, 2T and Vi.x|y are conditionally iid. Thus, by the Strong Law of
Large Numbers, their averages converge w.p.1 to their respective conditional expectations, i.e.,

T =
(]~

Uy Z&} E[U; |z, 2] = IE{efT(x)(f(xf)‘f(ﬁ))‘m,xﬂ, (21)
— 00
t

Il
—

k

1 w.p.1 ( ;I' -1 . N—

EY OV EVifa ] =E[e T y] = 3 r(ily) el (22)
t=1 JECy

Since Uy, and Vi, are bounded by e? so are (Zle U;)/k and (Zle V;)/k. The results (17) and then
follow from (19)), (20), (1)), (22), the Dominated Convergence Theorem, and the fact that L(f) > G(M)
proved in Lemma [I] [ |

In this section, we showed that the contrastive risk can be lower bounded by a function of the class means in
representation space and this bound can be attained by any representation function f which collapses the
representations of all samples within a class to the class mean and if all class means have unit norm. We
also showed that in order to achieve the lower bound, “intra-class variance-collapse”, i.e., the collapse of the
representations of all samples from the same class to their class mean, and unit norm class means are also
necessary to attain the lower bound. In the next section we will characterize the optimal class means which
minimize the lower bound.

4 Characterizing and computing optimal class means
An optimal matrix M* € R€*? which minimizes the lower bound in Lemma [1| can be found by solving the
following constrained-optimization problem:

min G(M), where (23)
Mem



M= {M = [y -+ pc] " € RO vi € ¢, lwi]]? = 1}, (24)

A solution to exists since the objective function G(M) is continuous and the constraint set M is compact.
However, neither is the objective function in convex with respect to M nor is the constraint set defined
in convex due to the unit norm equality constraint. This complicates the development of computational
methods for finding an optimal solution. Under additional special conditions on the representations, optimal
solutions can be identified. For example, if the representations are confined to the non-negative orthant of
R?, which can be implemented through the application of a non-negative activation function, e.g., ReLU, to
the final layer of the neural network of the representation map, then we have the following result.

Theorem 1. For all f € F, let f(X) C R%o- Then for all f € F,

with equality, if, and only if, d > C, py1.c are orthonormal, and Vo € X, f(x) = py(z)-

Proof From Lemma L(f) > G(M) with equality if, and only if, Vo € X, f(x) = py(») and p1.c € M.
For any u,v € R%O, u'v > 0 with equality only if v and v are orthogonal. In @), ¥(+) is a strictly increasing

function of its arguments and all the weights ()\i Hle )\jt) are strictly positive and sum to one. Therefore,
G(M) is minimized over M € M N R%o if, and only if, p;.c are orthonormal. This requires d > C. |

Theorem 1 in (Kini et al., [2024) is a specialized version of Theorem [1| for a restricted form of the InfoNCE
loss. These results show that with additional non-negativity constraints on the representation and d > C, the
geometry of the optimum representations is an orthonormal system irrespective of the class imbalance. To
characterize the geometry without non-negativity constraints, let

Niﬂl Miﬂz /QMC
C

A=l = (R RI REE) erO
Ngm Mguz /lglic

denote the Gram matrix of class means in representation space composed of their pairwise inner products.
By construction, A is symmetric, i.e., AT = A, and positive semi-definite (PSD), i.e., A = 0, which means
that Vu € RY, u" Au > 0, and additionally, Vi € C, A;; = 1 since A;; = ||pi||? = 1 to attain the lower bound
in Lemma [Il Let

A= {AeRC: A=AT A=0,VieC,A; =1} and (25)
k

S(A) = Z <)\1H)\Jt>w(AZ]1 - 13"'7Aijk - 1) (26)
4,J1:. €C t=1

Under certain conditions, a solution to can be found by minimizing over .
Lemma 2. Forall M € M, MM € A* and G(M) = S(MMT). Let A* € A* be a solution to the following

optimization problem

min S(A). (27)

If there exists an M* € M such that M*(M*)T = A*, then M* is solution to .

Proof If A:= MMT, then clearly, A= AT and A = 0 (since for all u € R, u" MM "u = ||[M Tu||? > 0),
and Vi € C,A;; = ||uil[> = 1. Therefore A = MM € A*. From (23) and (26)), which define G(-)
and S(-) respectively, it follows that G(M) = S(A) = S(MM"). Therefore, for any M € M we have
GM)=SMMT") > S(A*) = S(M*(M*)") = G(M*). This shows that M* is a solution to . [ ]

We note that any M € M can be mapped to an A = MM T € A*. However, if d < C, it may not be possible
to decompose all A € A* as A= MM for some M € M.



Lemma 3. The function S(-) is a strictly convex function over A*. The constraint set A* C REXY is conver
and compact. Therefore, the minimization problem in is a conver optimization problem and has a unique
solution A* € A*, i.e.,

S(A*) = f{reli}‘l* S(A). (28)

Proof Convexity and compactness of A*: The set A* is clearly convex, since the set of all symmetric
PSD matrices in RE*¢ satisfying the specified unit diagonal equality constraints is convex. The set A* is
also compact since A* C RE*% and for any A € A* and all 4,5 € C, |A;j| < |Ai| - |4j;] = 1, as we prove
next. Since A is real, symmetric, and PSD, by the Real Spectral Theorem it has an eigendecomposition
given by A = USU". If VA := UVIUT, where VX € RE*C is a diagonal matrix with the square roots
of C non-negative eigenvalues of A along the main diagonal, then VA -+vA = A. If e;.c is the standard

basis for RC, then |A;;| = |e) Ae;| = |e] VAV Aej| < ||V Aei|| - ||V Ae;|| = \/eiT\/Z\/Zei : \/ejT\/Z\/Zej =
Vel Aei -y /e;r Ae; = Ay - Aj; = 1, where the first inequality is the Cauchy-Schwartz inequality. Thus, for all
i,7 € C, we have |4, ;| < 1. This shows that A* is a compact set.

Strict convezity of S(-) over A*: Let A € A*. In , for all 4, j1., € C, the k-tuples (Aijl —1,..., Ay, — 1)
are linear functions of A and the weights ()\i | Y )\jt) are all non-negative (in fact, they are all strictly
positive). Since the function ¢ (-) is convex (in fact, it is strictly convex), and S(A) is a positive linear
combination of convex functions of linear functions of A, it follows that S(A) is a convex function of A. To
prove that S(-) is strictly convex over A*, let A, B € A*, A # B. Since Vi € C, A;; = B;; = 1, we must have
A;; # B;; for at least one i # j,i,j € C. For any t € (0,1), let W := (1 —t)A+tB. Then, W € A* since A*
is a convex set and A, B € A* and Vi € C,W;; = (1 — t)A;; + tB;; = 1. Since ¢(+) is a convex function of its
arguments, for all tuples (i, j1.x) € C¥T!, we will have

(1—t)(Aij, — Ais, ..., Aij, — Aii) +t(Bij, — Bis, ..., Bij, — Bii)

=1 —-t)y(Ay, —1,..., Ay, — 1) +t(By, —1,..., By, — 1)

> (1 =1) (A, = 1)+t (Big, = 1),..., (1= 1) (Agj, — 1) + (B, — 1))

=Wy, —1,..., Wy, — 1)

= (Wij, — Wiy ..., Wij, — W)
and the inequality is strict for at least one tuple (4, j1.x) € C**! because 9(-) is a strictly convex function
of its arguments, A # B, and t ¢ {0,1}. Since the weights ()\Z- Hle >\jf,) in are all strictly positive, it
follows that S(-) is a strictly convex function over A*. [ ]
The next lemma proves that the unique solution to is rank-deficient.

Lemma 4. The unique solution A* € A* to has rank(A*) =: r < C — 1. Therefore, the minimum
etgenvalue of A* is zero.

Proof Let v(-) denote the minimum eigenvalue of a matrix. We will prove that v(A*) = 0. For all ¢ > 0, let
B(t) ;== A* —t11" +¢ 1

where 1 is the C' x 1 vector of all ones and T is the C' x C' identity matrix. For all ¢, B(t) is symmetric since
A* 117, and T are symmetric matrices. For all i € C, By;(t) = A}, —t+t =1 and for all i,j € C,i # j,
Bi;(t) = Aj; —t+0 < Aj;. Since 9(-) is a strictly increasing function of all its arguments and all the

weights \; Hle()\jt/(l — ;) in are strictly positive, it follows that S(B) < S(A*). We now show that

if v(A*) > 0, then B(t) is PSD for t =t/ := 2%27‘4:1)). This would imply that B(t) € A* and contradict the
optimality of A*. By the Courant-Fischer min-max theorem,
TB(t T(A* —t117 +¢ 1 TA u —t (u"1)2 + t]|ul|?
v(B(t)) = min i 7 (2)u = min ( 5 t+tDu — min & u—t(u 2) + vl
wt0 ||ufl u#0 [lull uz0 [lul|



ul A*u —t C|ul|? + t||ul|?

> mi 2

= o Tl (29)
. ul A*u .

= m —(C =1t =vp(A") - (C -1,

where is due to the Cauchy-Schwartz inequality. Therefore, v(B(t')) > Z(%ﬂ. Thus, if v(A*) > 0, then
v(B(t")) > 0 which would make B(¢') a PSD matrix and contradict the optimality of A*. We must therefore
conclude that v(A*) = 0 which implies that rank(A*) < C. [ |

Theorem 2 (Main Theorem 1). Let A* = U,X,.U,’ be the unique solution to where r := rank(A*) < C—1,
Y € R™" is a diagonal matriz with the r strictly positive eigenvalues of A* along the main diagonal, and
U, € REX" is the matriz of r orthonormal eigenvectors of A* corresponding to the r positive eigenvalues. If
d>C —1, then M* := U/, Ocya_,41] s a solution to , where /X, is a diagonal matriz with the
square roots of the r positive eigenvalues of A along the main diagonal and O¢ , 4, 1 tsthe C xd—71+1
matriz of all 267‘05E| Moreover, Vi € C, ||ut||? = 1 where u} (i column of (M*)7 ) is an optimal class mean
vector in representation space for class i.

Proof Lemma [4| proved that has a unique solution A* in A* with rank r less than or equal to
C — 1. Since A* is also a real, symmetric, PSD matrix, by the Real Spectral Theorem it has a reduced
eigendecomposition given by A* = U, X, U,T. For all d > C — 1, the matrix M* := [U,v/S, Ocya_ .8
well defined and M*(M*)"T = U.vVEWVE) U + 00004108 ., ., =U,2.U = A*. From Lemma it

follows that M* is a solution to . Moreover, for all i € C, we have ||uf||? = A}, = 1.

Remark 2. The solution A* to is unique. However, the solution to s not unique. The M* defined
m Theorem@ 1s just one solution to when d > C — 1. Still, when d > C — 1, any solution M* to
will also satisfy M*(M*)T = A* because G(M*) = S(M*(M*)T) > S(M*(M*)T) = S(A*) and A* is the
unique minimizer of S(A) over A*.

Remark 3. Ford > C —1, Theorem offers a way to find the optimal mean vectors ui, (s, ..., 5 via
convez optimization. In our simulations in Section[7, we utilize the convex optimization package CVX|[Grang
& Boyd (2014)) to compute A* and then use the spectral decomposition in Theorem to compute an optimal
mean representation vector matriz M*.

Corollary 3. Letd > C —1, M* = [}, yi5, ..., ue]T € M be a solution to (29), and A* = M*(M*)T be the
unique solution to . Then L(f) = G(M*) = S(A*) for an f € F, if, and only if, Vo € X, f(x) = i} ,,)-

Proof This follows immediately from the optimality of A* and M* and Lemma |

Remark 4. The condition C — 1 < d is also required in many papers to show the NC phenomenon and the
existence of the ETF-structure , e.g., |Jiang et al.| (2023);|Graf et al| (2021); | Wang & Palmer (2023);|Dang
et al| (2023) . But they are all in the setting where classes are balanced, i.e., Vi € C, \; = 1/C. In practice,
it is quite reasonable to assume that C — 1 < d since the number of classes is usually much smaller than
the dimension of the representation space, e.g., d = 512 in ResNet-18 compared to C = 10 in the CIFAR10
dataset and C = 100 in the CIFAR100 dataset.

Remark 5. An interesting implication of Corllary[3 is that, in order to globally minimize the contrastive
risk, we only require the dimension of the representation space to be d = C — 1. This suggests that current
approaches which use a very high-dimensional representation space to learn the features may be inefficient in
terms of storage and computational resources.

3Ifd:'r—1, then O¢ x 4 — » 4+ 1 is void.
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5 Some equiangular properties of optimal class means

In this section we present certain equiangular properties of the optimal class means of classes that are
equiprobable. These are consequences of the the uniqueness of A*.

Lemma 5. Suppose that there are two distinct classes i and j with the same probability, i.e., \; = A;. Let
M* = [uy, us, ... 7u"C]T be an optimal mean vector matriz such that M*M*T = A~ Then,

.. P - P -
Vn € C\{i,j}, i py =45 ho-

Proof The key idea of the proof is to show that if we swap pj and pj in M* to form a new matrix @Q,
then S(QQT) = S(M*M*"). By construction, the gram matrix B := QQT € A* since A* = M*M*" € A*,
Since the optimal Gram matrix is unique, B = QQ ' = M*M* ' = A* and therefore for all n € C \ {i,j}, we
must have Qj, = pf ' = A%, = 5 i

It remains to show that S(QQT) S(M*M*T), ie., S(A*) = S(B). To this end, let o : C — C denote the
bijection (specifically, a transposition permutation) where o(i) =j,0(j) =4, and for alln € C\{4,j},0(n) =n.
Then, o(-) is its own inverse, i.e., Vn € C, o(o(n)) = n. For notational convenience, let primed-indices denote
the image under o(-), i.e., n’ := o(n). By construction of @ and the definition of o(-), we have

Vj1,j2 € C, A e U(j{)g(jé) = By j,. (30)
Since A\; = A;, it follows from the definition of o(-) that
VneC, Ay = Ao(n/) = Ap. (31)
Therefore,
k
S(A*) = Z <)‘Jo H >‘Jt> (A;kojl A;OJO’ e A;o]k A;OJO)' (32)
Jo,j1:€C t=1
k
= Z <Aj[') H)\-7£> (A*/ 5/ A;/J/,... 14;3‘7’/C A;(()Jé) (33)
44,41, EC t=1
k
= Z <>‘70 H )‘]t> (Bjojl = Bjojor > Biojn — Bjojo) . (34)
30315 €€ t=1
k
= Z <)‘j0 H >\jt> ’(/}(Bjojl - Bjojoa ceey Bj()jk - Bjojo) . (35)
Jo,Jj1:x€C t=1
= 5(B), (36)

where (32)) follows from the definition of S(-) in (26)), equality holds because o(-) is a bijection, is
due to (30 and , equality holds because o(-) is a bijection, and again follows from the definition

of S(-) in (26)). [ ]
The following Corollary expands the results of Lemma [5| to the scenario where multiple classes have the same
probability.

Corollary 4. Let C :={1,2,...,C} denote the set of C classes, and C' C C a subset of classes that have the

same probability. Then,
Vi, j,€C' i # 7, u;‘TM; = constant.

Proof The Corollary follows directly by applying the result in Lemma [5| to different pairs of (4,5) € C’ as
follows. If C’ contains only two classes, then the proof is immediate. If C' contains more than two classes,

consider any three distinct classes i,j,n € C’. Then, from Lemma |5 we have (1) M;Tﬂ}k = un Wi since

Ai = A; and (2) *Tuj = /[;Tu* since A\; = \,. Therefore, uf—ru; = quTM; = u;’; w. In other words, any
pair of class means has the same inner product. |
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Corollary 5. If all classes are equiprobable, i.e., C' =C in Corollary@ then for alli,j € C,i # j, we have
/ﬁT,u; =—1/(C—=1),Viel, |uf|> =1, and Y ;cc i =0, i.e., the optimal class means form an equiangular

tight frame (ETF) in RY.

Proof If ' =C in Corollary then for all 4,5 € C,i # j, we have MZTM; = b for some constant b. This
implies that A* € A* has the following form

1 b b o b
b1 b - b

A =Q1-vI+b11" = | . | eROxC, (37)
bbb oo 1

where I is the C' x C identity matrix and 1 € R is the all-ones column vector. A matrix A* having the
above form has (C' — 1) eigenvalues equal to (1 — b) and one eigenvalue equal to (C' — 1)b+ 1. Since A*
is PSD, b € [-1/(C —1),1]. By Lemma {4, the smallest eigenvalue of A* is zero which implies that either
1-b=0=b=1lor (C—1)b+1=0=b=—1/(C—1). For both choices of b, A* is PSD, but for the choice
b= —1/(C — 1) (the smaller choice), the value of S(A*) is smaller because for A* having the form in (37),

k
S = > (MHM)W1>1<j1¢z‘>,...,<b1)1(%#1‘)),

1,51, €C

where 1(+) is the indicator function, and v is a strictly increasing function of all it arguments. Thus
b=—1/(C —1). Finally, || Zicc uiII* = Xec 115 1P + Xissijec i) T =C = C(C = 1)/(C~1)=0. W

Remark 6. Corollary@ resolves a question that was left open in|Jiang et al.| (2023) for balanced datasets
and the general CL loss function 1, namely whether the ETF geometry is optimal when the positive pairs are
not conditionally independent given their class label and the classes of the positive and negative samples can
collide.

6 Minority collapse

Minority collapse is a phenomenon that can be observed in imbalanced datasets. It refers to a scenario where the
representations of all the samples in several distinct minority classes (classes with small probabilities) collapse
into a single vector. In deep classifier neural networks it is known that minority collapse will occur if the class
imbalance is extreme (Fang et al 2021} Dang et al., [2023b; 2024bt Hong & Ling; [2024)). In this section, we show
that minority collapse also occurs in contrastive learning for imbalanced datasets. To formally demonstrate the
existence of this phenomenon, we consider the special scenario where 1 > A\ > Ao = A3 =... = Ao = 10111 >0,
i.e., the first class is the majority class and the remaining C' — 1 classes are minority classes. This special
scenario is motivated by considerations of analytical tractability and the goal of deriving an explicit non-
asymptotic sufficient condition under which the minority collapse phenomenon is guaranteed to manifest. We
will prove that if the probability of the minority classes 107—)\11 is less than a certain threshold, or equivalently
if Ay is greater than a threshold, then minority collapse will occur. We will derive an explicit formula for this
threshold in terms of C, k, and bounds on the subgradients of the loss function ). We will then apply the

formula to the InfoNCE loss function and derive a numerical threshold that holds for all C > 3 and all k.

Lemma 6. LetC’ZSand1>)\1>)\2:)\3:...:)\c=lc_j‘ll > 0. Then
1 a a - a
a 1 b b
AF = a b 1 b GRCXC, (38)
a b b 1

with a € [-1,1] and b = (a*(C — 1) —1)/(C — 2).
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Proof The form of A* in follows from Lemma [5|and Corollary |4 The condition on b follows from the
rank deficiency of A* proved in Lemma [l This requires a careful analysis of the eigenstructure of PSD
matrices having the form in . The detailed proof is presented in Appendix ||

Lemma 7. Let ¢ : R — R be strictly conver and argument-wise strictly increasing. Then for all
v € R¥, the subdifferential set Oy(v) is non-empty, convex, and compact. Moreover, if V := [~2,0]*, then
S(1) := Uyevdth(v) is bounded and 1) is Lipschitz over V. Specifically, if

Ay := sup ||w|la, then Ay < oo, S(¥)C (0,A]%, and
w € S(Y)
Vo, o' €V, [¥(v) = ()] < Agffo = o'||2. (39)
For allu € RE S0\ {0} and all t € [-2,0], let ¢y (t) :=(tu). Then,
VueREG\ {0}, 36, € (0,00) : VE, ¢/ € [=2,0], ' <t, (t—1t")6u < Pult) — du(t)). (40)

If u = 0, then for all t, ¢o(t) = ¥(0) and we define éo := 0. If Vi)(v) exits for all v € V, then Ay =
sup,ey [|[VY(v)||2 and Vu € Rgo; 0y = u' Vip(—2u).

Proof The proof essentially follows from standard results in convex optimization theory, the fact that ¢ is
argument-wise strictly increasing, and the definition of subgradients and subdifferentials. The detailed proof
is presented in Appendix [A-4] [ |

Lemma 8. Let C > 3 and let A*(a) denote the matriz A* in @ with a € [-1,1] and b = (a*(C — 1) —
1)/(C —2). Then, for all a,a’ € [-1,1] such that o’ < a, and all i,j € C, we have

|47 (a) = Afj(a)] < 70 - (a = d),

where yo 1= ((CC 21)), and for all i € C and all j1.;, € C\ {i},

(A, (a) = Afy(a), ..., AY; (a) — Afi(a)) — ¥(Af, (a) — A5(d)),..., Af, (a) — A5 (a)] < vo DaVE(a—a),
where 1 and As are as in Lemma @

Proof For all i =j € C, A};(a) = 1, a constant, irrespective of the value of a € [—1,1]. Therefore, for all
a,a’ € [—=1,1] such that o’ < a, we have |A}(a) — A%(a’)| =0 < 2(((,?—_21)) (a—d') =~c-(a—a'). Note that
1< = 50713 < oo since C' > 3. Now consider any 4, € C with i # j. If either i =1 or j = 1, then for
all a € [~1,1], A¥;(a) = a and therefore |A};(a) — Af;(a')| = la —d'| = (a —a') <vyc - (a—d'). Ifi # 1 and
j # 1andi# j, then for all a € [-1,1], Af;(a) = b= (a*(C' — 1) — 1)/(C — 2) and then,

a’® — (a")?|(C -1 a+a)(a—ad)(C—-1 _ , ,
| ((C)—g) ) _ (et )EC—Q;( )Sz((g_zl))(a—a):’Yo'(afa).

475 (a) — A5 (d)| =

This proves that for all a’ < a with a,a’ € [-1,1], and all 7, j € C, we have |A};(a) — Af;(a')| < v¢ - (a —d').
Next, for all ¢ € C, all j1., € C\ {i}, and all a € [-1,1], let

v(a) = (A5, (@) = Afi(a), ... A5, (@) = Afi(a) " = (A7, (a) = 1,... A7, (a) = 1)

31 Ik 191 1k

Then, for all a,a’ € [~1,1] with @’ < a, the bound on |A4};(a) — Aj;(a’)| that we just proved implies that

k

k
l[o(@) = o(@) s = 4| 3 143, (a) — A%, (@2 < | 3 (0 - (a— )2 =70 VE (a—d).

m=1 m=1
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Therefore, from Lemma [7] we get
[$(v(a)) = ¢(v(d))] < Asllv(a) = v(d)||2 < yo VE As(a — ).

Theorem 3 (Sufficient conditions for minority collapse). Let C,A1.c be as in Lemmal6, S(-) be as in (26),
Ay, ¢, and 8, be as in Lemma[7] with 6o := 0 and

5= min 8, € (0,00), 41
wero oy M € (02) ()

and let a,b, A*(a), and vo be as in Lemma @ Let €7 := {y = 1 and for some i, y; # 1}, &1 = {y #
1 and for all i, y; = 1}, and & = &7 U & For all yy, € CF, let u(y,yy,) == Lyy #y),..., 1Ly, #
y)) " € {0,1}*, where 1(-) is the indicator function. With (y,yy,,) distributed as in (4}), if

1
AL >

- 1 )
1+ voVkA E[(S“(yvy;k)|gl]

(42)

then for all a € [-1,1], S(A*(a)) is a strictly increasing function of the variable a and is minimized when
a=—-1=b=1 and then for alli € C\ {1}, pf = —pui with ||pf]| =1, i.e., we have minority collapse. The
sufficient condition for minority collapse given by (@ is satisfied if

A €[r1), T:= ﬁ € (0,1). (43)
Yo \/EAQ
Proof Let &_:={y=y; =... =y, } and & = (6= U &) Then, £—, &, and & are mutually exclusive

and exhaustive events with

. 1_)\1 k+1 1 1_/\1 k+1
Pr(é-) = Mt +(C—1)((C_1))k+1:xf+ +((C—i)’f
a-x*

Pr(gl) = Pr(é'ﬁ) + Pr(é'h) = )\1(1 — )\1)]C + (1 - Al)/\]f = Al (1 — )\1) ( 1_ )\1

+/\’f—1>, (44)

_ k _ k—1

Pr(&) =1-Pr(&2) - Pr(€1) = (1 - Al)Q((ll —/\All) - (1(6 ili)’“ )

Pr(&) A

Pr(é';) > - _1&. (45)

Next, noting the definition of ¢ in Lemmalﬂ and that for all j € C, (4], —1) = (4}, —1) = (a —1)1(j # 1),
we have

V(y,yp) €E=U&, (AL _(a)—1,...,A" (a)—1)=v¢((a—1)u(y,y;,)) = ¢u(y7y;k)(a —1), (46)

Yy, Yy

and in particular for all (y,y;.,) € €=, u(y,y;,,) = 0 and Doy~ )(a —1)=1(0,...,0) = ¢0(0), a constant.
N : l:k

We also note that for all (y,y;.,.) € &1, u(y,y1.,) # 0. For all a,a’ € [—-1,1] with o’ < a and y, y;,, distributed
as in , we have

S(A*(a)) = E[w(A;y,(a) 1, LA (a) - 1)}

= Pr(E2) ¢o(0) + Pr(€1) BB, - (@ — DIE] + Pr(&) E[$(A7, (a) = 1,..., A" _(a) - 1)]52}.

Yy, Yy,

Therefore,

S(A*(a)) — S(A™(a"))

14



= Pr(EE by, (0= 1) = Gy (@ = DIE] +Pr(E)E[U(AL _(a) = 1,..., A% _(a) ~ 1)~

GAL (@) =1, AL () 1)‘52}
> Pr(&)E[8,q,, ) (a—a)&:] - Pr(&) e VEAg (a—d) (47)
, Pr(&
= (a —a’) Pr(&) {Prgg:; E[d, ¢y )IE1] = ’YC‘/EA2}
> (a—a) I;ITS/\) {)\1 E[d,, Ve )|51] -(1 Al)VC\/EAZ} (48)
(e g JOVEA Pr(&) R _
=(a—d) W {M <1+’YC\/EA2 [0, w(yyy,) |51]> 1}
> (. (49)

Inequality follows from and Lemma [8| together with the fact that s > —|s| for all s € R. Inequality
follows from . Inequality follows from condition and the assumption that ¢’ < a. Thus, if
condition is satisfied, then for all a € [—1,1], S(A*(a)) is a strictly increasing function of the variable
a and is minimized when @ = —1. When a = —1, b = (a®>(C — 1) — 1)/(C —2) = 1. Then, Vi € C \ {1},
(u)"pi = a = —1. Since for all j € C we have |l3]|> = 1, it follows from the alignment conditions for
equality in the Cauchy-Schwartz inequality that for all ¢ € C\ {1}, uf = —uj. Finally, if condition is
satisfied, then condition is also satisfied because

A>T =N > ! > L
> Z 7 " > f
+"rc Vk Ao 1+"rc VE Ay ]El:éu(y vy, |51]

and the last inequality holds because for all (y,v;.,.) € &1, u(y,y;.,) # 0, and by the definition of J, in ,
for all u # 0, §,, > 6, > 0. [ ]

We note that the condition A\; € (é 1) is sufficient, but not necessary, for minority collapse

. 14+6./(vo VE Ag)’
and the threshold 7 = 155,/ Go ViR, may be quite loose because it is based on d,, the smallest value of
0, among all u # 0. Moreover, 7 may depend on k and may go to 1 as k increases to infinity. For specific
loss functions, such as InfoNCE, a more careful analysis of can yield a non-trivial threshold that is
independent of k. This is illustrated in the following corollary.

Corollary 6. For the InfoNCE loss function, condition (@ for minority collapse in Theorem@ is satisfied if

_ _ 132
A€ lronD), moim e g ]

y TC = P —
pe L+ metmen

Proof From , a sufficient condition for minority collapse is given by

1
AL 2
1+ cfA Eldyy, Yy, | &
For the InfoNCE loss function, we will show that Ay = 1/(2v/k) and develop a lower bound for E[5 \51]

which is independent of k. This would yield a sufficient threshold for minority collapse. For the InfoNCE loss
function,

(t1x) =1 (14-l 3 tl):>V (trg) = ——b—— (e Y = [V (tp)]]2 = M
Y(t1x) = log kge O (tk DT e ... e V(t1p)]]2 = (k+2k_leti)2'

For all v1.;, € R we have

0< (k—sz)z :21@(21%) <k + (ZUZ)Q ;»416(2]6:1%) < <k+§;vi)2.

i=1 i=1 i=1 i=1
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Therefore, for all vy, € [0, 1],

4k<§:v?> <4k<§:w) < <k+§;w)2

i=1 i=1

Zf:l Uz‘z < 1
(k+F, v)® ~ 2vk

with equality if, and only if, Vi, v; = 1. Thus, for all t.;, € [~2,0], with v; := e’ € [e72,1], we get

k 2
1V 1
ZZ*I = = Yc \/Eﬁz = %’Yc-

Ay= sup ||[VY(tik)|l2=  sup
(k+ i v)” 2VE

t1.€[—2,0] v1.x€le2,1]

Thus, a sufficient condition for minority collapse is given by

1
MZ TR
+'YC’ [

UICTRTN \51]

We will now develop a lower bound for ]E[(Su( v, )|81] which is independent of k. By Lemma |7] for all
u € {0,1}",

[ful |1 Iwh
6 =u vw U; = = u
Z k+Z e —2u; k+e‘2||u\|1—|—(k—||u\|1) 2]{:62—( )||u|| (H H )

=1

and we note that d,, = g(||u||1) is an increasing function of [|ul|;. From Theorem [3} & = &7 U &y, for all
(W, y1.6) € 15 u(y,yy,,) # 0, and for all (y,y;,,.) € €17, ¥y = 1 and (y;,;,) # (1,...,1). Moreover, from ,

Pr&) =AM (1=M)"+M A=) M@ -A)+ A (1=XA) =2\ (1-X\) <3
Therefore,
20 (1= M)E[d, o )161] = Pr(E)E[d,, - |&1],
= D U Y) Sugyy

(y,y ) €&

> 2{: P Y1) Ouy ) »

(y, yl:k)égﬁ

:Z/\1<

(¥,91.,)€E11

k—{lu(Ly~ )1 /1 — A eyl _
=)\ Z )\1 Yk 1(ﬁ> g(||u(1,y1:k)||1),
(y1,.)ECF\{1}

DY S A (2N gy

we{0,1}*\{0} 4 u(1,y;,)=w
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=X\ E[g()], [~ Binomial(k,1—\;),
> ME[L( > k/2)g()], [~ Binomial(k,1—\;), since Vi, g(l) >0,
> M E[L( > k/2) g(k/2)], [~ Binomial(k,1— A1), since g(I) increases with I,
=X g(k/2)Pr(l > k/2), [~ Binomial(k,1— A1),
1
1
= By lEr] 2 41— \) 9(k/2)
1

41+ 3e2)(1—\p)

Therefore, a sufficient condition for minority collapse is given by

1 1 A 1—+/1—p2
Py p— . = . L0e N oM oy » oV
L+ 35 mamaan LT e amseasn e e
where 3¢ ;= ——L+——. We note that 7¢ € (0, 1) since B¢ € (0, 1). [ |
1+4’YC(1+3€2)

Since (C —1) = (C —2)+ 1 and C' > 3, we have y¢ = 2((5_721)) € (2,4]. The most conservative (maximum)
value of 7¢ occurs when [¢ is maximum (since 7¢ is an increasing function of S¢) which occurs when ¢ is

maximum (since ¢ is an increasing function of 4¢), which occurs when C' is minimum, i.e., C = 3. When
C=3,vc =4,8c ~0.9973, and 7¢ = 0.9292. Thus, \; € <0.9292, 1) is a sufficient condition for minority
collapse for the InfoNCE loss, which holds for all C' > 3 and all k.

7 Computer experiments

This section provides two different experiments to verify two phenomena investigated in Section [ and Section [6}
namely, (1) intra-class variance-collapse: the representations of all the samples from the same class collapse
to their class mean vector, and the optimal class mean vectors can be computed via a convex-optimization
program and (2) minority-collapse: if the probabilities of minor classes are less than a threshold, then not
only do the representations of all samples in the minor classes collapse to their class means, but also those
class means also collapse to a single vector. We focus on the well-known InfoNCE loss in all our experiments.

Intra-class variance-collapse. To verify the intra-class variance-collapse phenomenon, we used a dataset
comprising three classes extracted from the CIFAR10 dataset. Specifically, we selected the first 2100, 450,
and 450 image samples, respectively, from the first three classes (i.e., C = 3), namely bird, automobile, and
airplane, of the CIFAR10 dataset to form our dataset comprising 3000 samples. This corresponds to A\; = 0.7
and Ao = Ay = 0.15. We utilized the ResNet-50 architecture to implement the representation function f. To
satisfy the condition C' = 3 < d + 1 in Theorem [2| we set the dimension of the representation space to d = 2.
We set the batch size and the number of epochs to 512 and 200, respectively, and the number of negative
samples to k = 512. We optimized the empirical CL risk using the Adam optimizer with a learning rate of
0.001.

Figure [I| illustrates the samples from three classes in the representation space using: (1) the initial mapping
before the commencement of training, and (2) the optimal mapping at the conclusion of training. Evidently,
all the samples from the same class (represented by the same color) nearly collapse to the same point which
is their class mean.

To verify the optimal solutions obtained by the neural network, we used the CVX modeling system (Grant &
Boyd, 2014) to solve the convex optimization problem in . From Theorem 2, we know that the optimal
mean vector matrix M* is not unique, but the optimal Gram matrix A* is unique and can be computed as
the solution to a convex optimization problem. Therefore, we compare the optimal Gram matrix provided
by the neural network with computed using CVX. The optimal Gram matrices A* obtained by the neural
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Figure 1: Intra-class variance-collapse in imbalanced datasets. Left: R2-space representations of 3000 images
from 3 classes (indicated by color) of the CIFAR10 dataset using the initial representation function (i.e.,
before training). Right: representation vectors of the same images at the conclusion of training.

network and the CVX package are

1.0000 —0.9264 —0.9264 1.0000 —0.9261 —0.9261
Afeural-Network = | —0.9264  1.0000 0.7165 |, AGvx-package = |—0.9261  1.0000 0.7153 | .
—0.9264 0.7165 1.0000 —0.9261  0.7153 1.0000

Evidently, both the neural network and CVX optimal solutions are very similar and this empirically validates
our theoretical results.

We note that if the classes were balanced, then from Theorem 2 in Jiang et al|(2023), the three optimal class
means would form an equilateral triangle in the representation space (an equilateral triangle is an ETF in 2-D
space). For our imbalanced datasets, the three class means clearly do not form an equilateral triangle. They
do, however, form an isosceles triangle and this empirically validates the result of Lemma [5| (since Ao = A3 in
this experiment). This confirms our claim that ETF is not the optimal structure for imbalanced cases.

Minority collapse: In Fig. [l] where the class probabilities are Ay = 0.7 and Ay = A3 = 0.15, we do not
observe minority collapse. To empirically validate the minority collapse phenomenon, we constructed a three
class dataset that is more severely imbalanced. Specifically, we selected the first 2700, 150, and 150 image
samples, respectively, from the first three classes (i.e., C' = 3), namely bird, automobile, and airplane, of the
CIFARI10 dataset to form our second dataset of 3000 samples. This corresponds to the case where A; = 0.9
and Ay = A3 = 0.05. We utilized the ResNet-50 architecture to implement the representation function f. To
satisfy the condition C' =3 < d+ 1 in Theorem [2] we set the dimension of the representation space d = 2.
The batch size and the number of epochs were set to 512 and 200, respectively, while the number of negative
samples was set to k = 512. We optimized the empirical CL risk using the Adam optimizer with a learning
rate of 0.001.

Figure [2] shows the representation vectors of all 3000 samples in the dataset at the beginning and at the
end of training. Evidently, the representations of the two minor classes (blue and red) have collapsed into
one vector (shown in red color), and the representations of these two classes are diametrically opposite on
the unit circle to the representations of the major class (shown in green color). These results empirically
validate the main conclusions of Section [6] We further note that A\; = 0.9 in this experiment is below the
threshold of 0.97 in Corollary [6] which guarantees minority collapse. This empirically bolsters our remarks
before Corollary [6] that the threshold for minority collapse in Theorem [3]is sufficient for minority collapse,
but may not be necessary.
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Figure 2: Minority collapse in heavily imbalanced datasets: R2-space representations of 3000 images from the
first three classes of the CIFAR10 dataset (left subfigure) collapse after training to two diametrically opposite
points on the unit circle (right subfigure). The red point in the right subfigure represents all 300 samples
from the second and third (minority) classes combined whereas the green point represents the 2700 samples
from the first (majority) class.

The optimal Gram matrices A* obtained by the neural network and the CVX package are

1.0000 1.0000  —1.0000
Afinority-collapse = | 1.0000 1.0000  —1.0000
—1.0000 —1.0000  1.0000

1.0000  1.0000  —1.0000
. Atvxpackage = | 1.0000  1.0000 —1.0000] ,
~1.0000 —1.0000  1.0000

and they are identical up to the displayed numerical precision. This further confirms our theoretical results
that the optimal Gram matrix can be found efficiently using convex optimization. For the reproducibility of
our numerical results, we have made our code available at {this lingﬂ

8 Conclusions

In this paper, we proved that for a general family of CL losses (including the widely used InfoNCE loss)
which are based on loss functions which are strictly convex and argument-wise strictly increasing, the optimal
representations, in the supervised setting and imbalanced datasets, will exhibit the intra-class variance-collapse
phenomenon (representations of all samples from the same class must collapse to their class mean when
globally minimizing the risk). Even though there is no specific optimal structure or closed-form expression to
determine the optimal class means in the general imbalanced case, we derived an efficient method based on
convex optimization to compute these optimal class means. We also established some equiangular properties
of the optimal class means of equiprobable classes. We further investigated a special case of extreme class
imbalance and showed that CL also exhibits a phenomenon called minority collapse wherein the optimal
representations of all samples from the minority classes (classes with small probabilities) collapse into a single
vector. Our key theoretical results were empirically validated through computer experiments.

4nttps://drive.google.com/file/d/1PsCOqrVkxcjL025xs1Dz_UDBrqr_2q0D/view?usp=sharing
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A Appendix

A.1 Proof of strict convexity of the InfoNCE loss function

Lemma 9. For alli=0,1,...,k, let a; > 0. Then the generalized log-sum-exponential (GLSE) function

k
Yerse(tig) = log (ao +Y° Ozz‘et?’) (50)
i=1

is strictly conver.

Proof The function ¥grsg(t1,. .. ,tx) is similar to the well-known “standard” log-sum-exponential function
Boyd & Vandenberghe| (2004). The standard log-sum-exponential function is known to be convex, but not
strictly convex. Even though the result in Lemma [J] seems to be well-known, we are only able to find one
reference that briefly mentions this result without a detailed proof Nielsen & Hadjeres| (2018]). Therefore, to
make the paper self-contained, we provide the proof of Lemma [J] below.

For all i € {1: k}, let u;,v; € R, and w; := (1 — X)u; + Av;, where A € (0,1). Let ug = vo = wo = 0 and for

1
some i € {1: k}, let u; #v;. f p:= (15\) and q := %, then p,q € (1, 00), % + = =1, and we have

1
q

k
YaLse(wi.k) = log <a0 + Z aieu—x)uiﬂm)

i=1

k k
=(1-X)log (ao + Zaie“i> + Alog (ao + Z aie“i>

im1 i=1
= (1 — Nvarse(ui:k) + Marse(vik)-

This shows that ¥arsg(+) is a convex function. Equality holds in Holder’s inequality if, and only if, for all
i € {0: k}, we have ((aze®)V/P)P = ¢ ((aze¥)'/9)4 for some constant ¢, i.e., e% = ce, since o; > 0 for all
1€{0:k} and 1/p,1/q € (0,1). Since ug = vy = 0, equality can occur if, and only if, ¢ = 1. This would
imply that u; = v; for all i € {1 : k} which would contradict the assumption that for some i € {1 : k}, u; # v;.

This proves that the inequality in is strict and therefore ¥grsr(+) is a strictly convex function. [ |
Since the InfoNCE loss function is a GLSE function with g =1 and a1 = ... = o, = % > 0, it is a strictly

convex function.

A.2 Lemmas for proving variance collapse

Lemma 10. Let u,v be iid random vectors in R? with probability distribution p(-). If uTv R 0, then,

wﬁ‘l v wﬁ.l 0.
Proof Let D:={1,...,d+ 1} and wy,...,wg+1 ~ iid p(-). Since any d + 1 vectors in d-dimensional space

are linearly dependent,
w.p.1l. 3i € D : w; € Span(wi.g41 \ {w;}).

But for all i € D and all j € D\ {i}, we have w,; w; "2 0 since w;, wj ~ iid p(-). This implies that

dieD:w; RS 0.
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WE.I

p1
But u,v, w1, ..., wq+1 all have the same distribution p(-). Therefore, u VBT 0. [ |

Remark 7. The result of Lemma[I{] is false if u,v are independent, but not identically distributed, e.g.,

w.p. 1 w.p. 1 w.p. 1
if u= (u1,0)",v = (0,v2),€ R% uy,vy iid standard normal. Clearlyu # 0 andv # 0, butu'v = 0.
w.p.1
Here, u,v are independent, but they are not identically distributed because the first component of u # 0 but

the second is and it is reversed for v.

Lemma 11. Let zy, 29 be iid random vectors in R and p := E[z] = E[za]. If z{ 2o v v, a constant, then,

2 VB Y and v = ||l

Proof

w.p.

Az "Ry S Bl zala] "2y = A Ela)a] "2y = 2 Elz] "2y = 2 VR

gl

where the last but one implication is because z; and z; are independent. Since z; and zy are also identically

distributed, we have
T wopl T wWpl
np= mp =y

Therefore, E[z] u] = v = u'pu = ||p||> = 7. Next, define u := z; — p and v := 23 — . Then u,v are

iid random vectors in R? and u'v = 2] 2o — 2/ p — " 20 + " p RS vy—v—7v+~v =0. By Lemma
w.p.1 w.p.1 . . . w.p.1 w.p.1
z1—p = 23— = 0 which implies that z1 = 2z, =" pu. [ |

A.3 Proof of Lemma |§|

Proof From Lemma [5{ and Corollary [} it follows that Vi € C\ {1}, u¥ ' pt = a and Vi,j € C\ {1}, i #

7, u’{Tu; = b for some constants a,b € [—1,1]. Thus, A* € RE*Y is of the form

1 a a -+ a
a 1 b - b
a b b 1

Since A* € A*, it is PSD and all its eigenvalues are non-negative. From Lemma [4] the minimum eigenvalue of
A* is zero. We will show that this implies either a =0 and b=1or a € [-1,1] and b = (a*(C—1)—1)/(C —2).

To this end, let 1 € RC denote the all-ones column vector and e; € R¢ the standard basis vector whose first
component is one and the remaining components are zero. Let uw:=1 — e;. Then, u 1 e; and

A*=(1-b)I+buu’ +beref +aeiu’ +aue], (53)

where [ is the C' x C identity matrix. Let v1.c be any orthonormal basis for RY with vy := ey, vy := u/||ul|,
and vs.c € Spant (e1,u). Then using , it follows that for all ¢ > 3,

A*’Ui = (1 — b)’UZ‘ =0.

This shows that vs.c are (C' — 2) orthonormal eigenvectors of A* with eigenvalue (1 — b). The remaining
two eigenvectors of A* must therefore belong to Span(ej,u). Let v = ae; + Su be an eigenvector of A* in
Span(ep,u) with eigenvalue v > 0. Then v = (a 3...3)" and either a # 0 or 3 # 0 because, by definition,
an eigenvector is a non-zero vector. Since A* v = vv and A* has the form shown in , we have

a+(C—-1aB=va=(C-1af=—1-v)a (54)
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aa+ B+ (C=-2)bp=vf=p((1-v)+(C—-2)) =-a« (55)

Case a = 0. Then, b # 0 since otherwise we would have A* = I which has C eigenvalues all equal to one and
this would contradict the result of Lemma[4l With a = 0,b # 0, would imply that (1 — v) & = 0 which
would imply that either v =1 or a = 0. If » = 1, then together with a = 0 and b # 0 would imply that
£ = 0 which would, in turn, imply that « # 0 since both a and 8 cannot be simultaneously zero. Thus, when
a = 0, one eigenvalue is v = 1 with eigenvector given by a # 0,3 = 0. If a = 0 and we have v # 1, then
a=0,8#0,and (1—v)+(C—-2b=0=v =1+ (C —2)b. In summary, if a = 0 then b # 0 and A* would
have (C — 2) eigenvalues equal to (1 — b), one eigenvalue equal to 1, and one eigenvalue equal to 1+ (C' — 2)b.
Since the smallest eigenvalue of A* is zero, this would imply that either b=1or b= —-1/(C — 2).

Case a # 0. In this case we must have v # 1 because otherwise and C' > 3 would imply that 8 = 0 and
then would imply that o = 0 which would contradict the assumption that both a and 8 cannot be zero
simultaneously. Thus, v # 1. Then, would imply that & = —(C — 1)a 8/(1 — v). Substituting this into

gives us
(C—1)a?
(1—-v)

where we could cancel the common factor § in the first equation because 5 # 0 (if 8 = 0 then with v # 1,
would imply that a = 0, a contradiction). Solving for the roots of the quadratic equation in (1 —v) we get

1/—1+(C_22)bj:\/(c_42)2b2+(6'1)a2 (56)

B((1—v)+(C—2)b) =8 =(1-v)?2+(C-2)b(1-v)—(C—1)a*>=0,

In summary, if a # 0, then A* would have (C — 2) eigenvalues equal to (1 — b) and two eigenvalues given by
. Since the smallest eigenvalue of A* is zero, this would imply that either b =1 or

_ — _ a2_
1Jr(022)b_\/(0 42)2b2+(0—1)a220:>b:(c(01)_2)1o (57)

Observe that if we substitute a = 0 into the expression for b in terms of a given by , we get b= —1/(C—2),
which is consistent with one of the two possibilities that we obtained when we previously analyzed the
case ¢ = 0. Combining the analysis of both cases, we conclude that we must have either a = 0,0 = 1 or

ac[-1,1,b=((C—-1)a®-1)/(C - 2).

Since ¥(-) is a strictly increasing function of all its arguments and all the weights \; Hle()\jt/(l — ;) in
are strictly positive, S(A*) will have a strictly smaller value when a = 0,b = —1/(C — 1) than when
a = 0,b = 1. Therefore, we must have a € [-1,1], b= ((C —1)a®> —1)/(C — 2). ]

A.4 Proof of Lemma

Proof Proposition 5.4.2 in (Bertsekas, 2010]) and Proposition B.24 in Appendix B of (Bertsekas, 2002) prove
that the subdifferential set di(v) at any point v € R* of any real-valued convex function ¢ : R¥ — R, is
non-empty, convex, and compact. Moreover, the union of subdifferential sets of all points belonging to any
non-empty compact set )V is also bounded, i.e., U,c1,0¢(v) is bounded.

In the lemma, we have V = [~2,0]¥ which is a non-empty compact set. Therefore, S(1) := U,cpdtp(v) is
bounded and Az := sup,,e sy ||wl|2 < co. For any vector w € R* we have ||w||s < ||w]||2. This implies that

for all w € S(v), we have ||w||s < As. Since 1 is also strictly increasing over R¥, all components of any
subgradient vector at any point are strictly positive. Specifically, for all v € V, all subgradients w € 9y (v),
all i € C, and all t > 0, we have (by the definition of a subgradient)

—t(ej w) +P(v) < P(v—te;)
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where e; is the i standard basis vector of R¥. Thus, the i*® component of w is bounded from below as

follows
Y= plote)

(e] w) >

where the last inequality is strict since ¢ is argument-wise strictly increasing and ¢ > 0. Therefore, we
conclude that S(¢0) C (0, Ag]*.

Next, for all v,v € [~2,0]%, all w € dv(v), and all w’ € 9P(v'), by the definition of a subgradient, the fact
that [|w]|2, [|w'||]2 < Ag < 00, and the Cauchy-Schwartz inequality, we have

—Ag|lo—v"[2 < —lw'[fo- || ~vl[2 < (v=0") T’ < P()=P(V') < (V=) Tw < w2 ][0 ~v|2 < Agllv' —v]2.

Thus, |¢(v) — (V)] < Ag||lv — v'||2. If Vip(v) exists for all v € V, then S(¢) = {Vy(v) : v € V} and
Az = sup,ey [[V(v)][2.

Since 1 is strictly convex and argument-wise strictly increasing over RF, it follows that Vu € R’;O \ {0},
éu(t) := 1(tu) is also strictly convex and strictly increasing over R (strictly, because at least one component
of w is strictly positive). According to the “chord-slopes inequality” for convex functions (see (Roydenl |1988)),
Chapter 5, Section 5), if ¢ : R — R is convex, then for all s, s9,s), 55 € R such that s; < s} < s} and
s1 < 82 < sb, we have

Bls2) —d(s1) _ olsh) — o(s1)

S9 — 81 - sh— s

Applying this inequality to ¢, with s =¢, s§ =/, with —2 < ¢ <t <0, and s, = —2, and 81 = —2 — ¢,
where € > 0, we get
Pu(—2) — Pu(-=2—¢) < Pu(t) — Pu(t’)
(=2) = (-2—¢) — t—t ’
Since ¢,, is a strictly increasing function, we get

0 < by sy [2ED =020 _ 6ult) = 0u(t).

e>0 € - t—t

Thus, for all ¢,¢' € [—2,0], with ¢’ < ¢, we have
(t - t/) 5u < d)u(t) - ¢u(tl)'

The last inequality clearly holds when ¢ =t as well.

If Vip(v) exists for all v € V, then
6w = u' Vp(—2u),

since for all € > 0, the convexity of ¢,, implies that —e V@, (—2) + ¢ (—2) < ¢p(—2—€) = w <
Vou(—2) = uT Vip(~2u), and lim, o 2eC2=0ul2220 — gy (—9). n
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