
IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE, VOL. 17, NO. 6, JUNE 1995 599Best-Case Results for Nearest NeighborLearningSteven Salzberg, Arthur Delcher, David Heath, and Simon KasifAbstract| In this paper we propose a theoretical modelfor analysis of classi�cation methods, in which the teacherknows the classi�cation algorithm and chooses examples inthe best way possible. We apply this model using the nearest-neighbor learning algorithm, and develop upper and lowerbounds on sample complexity for several di�erent conceptclasses. For some concept classes, the sample complexityturns out to be exponential even using this best-case model,which implies that the concept class is inherently di�cultfor the nearest-neighbor algorithm. We identify several ge-ometric properties that make learning certain concepts rel-atively easy. Finally we discuss the relation of our workto helpful teacher models, its application to decision-treelearning algorithms, and some of its implications for cur-rent experimental work.Keywords|machine learning, nearest-neighbor, geometricconcepts. I. IntroductionSince their introduction in the 1950's, nearest-neighbor(NN) classi�ers have been shown very e�ective in practicefor many problem domains. While the framework of NNwas originally proposed as a tool for pattern recognition, itis widely used in many applications of intelligent systemssuch as speech processing, medical diagnosis, molecular bi-ology, and others (e.g., [1], [2], [3], [4]). In addition tothese practical applications of NN, researchers have devel-oped many important theoretical results showing boundson the error rate that nearest-neighbor classi�ers obtain[5], [6]. Most of this previous research has focussed onanalysis of the performance of NN in the limit (i.e., con-vergence properties) or in the average case; in this paper,we emphasize best-case bounds instead; i.e., results thatgive the minimum number of training examples requiredto learn a concept exactly. Exact learning in this papermeans that a classi�er will assign the correct label to allpossible positive and negative instances of a concept.In this paper, we introduce a model that is based on geo-metric tools rather than statistical ones, and show how thismodel can be used to prove upper and lower bounds on theminimum number of examples required by an algorithm inorder to learn a concept exactly. Geometric analysis hasbeen successfully used in the past to understand the behav-ior of learning systems [7], [8], though not in the contextof a best-case model such as that introduced here.The work of S.L. Salzberg was supported in part by the NationalScience Foundation under Grants IRI-9116843 and IRI-9223591. Thework of and S. Kasif and D. Heath was supported in part by the AirForce O�ce of Scienti�c Research under Grant AFOSR-89-0151.S.L. Salzberg, D. Heath, and S. Kasif are with the Department ofComputer Science, Johns Hopkins University, Baltimore, MD 21218.E-mail: flastnameg@cs.jhu.edu.A.L. Delcher is with Computer Science Department, Loyola Collegein Maryland, Baltimore, MD 21210.

The practical motivation for such a model can be un-derstood best through an illustration. Consider an au-tomated handwriting recognition system based on thenearest-neighbor algorithm that must be trained by theuser. Consider the problem of training it to recognize thecharacter T , which might be described by eight features:the endpoints of the horizontal line segment (x1; y1) and(x2; y2), and the endpoints of the vertical line segment(x3; y3) and (x4; y4). The de�nition of the character T maybe expressed using inequalities such as:j(y1 � y2)j < �1j(x3 � x4)j < �2j(y1 � y3)j < �3j(x1 + x2)=2� x3j < �4Another way to represent this concept is as a geometric re-gion in <8. However, although the user knows this concept,his only method of training the character recognition sys-tem is by providing positive and negative examples of theconcept T . Naturally, the user prefers to minimize the timespent in training. The system's developer would like to beable to tell the user as much as possible about how manyand what kinds of examples to provide to the system. Ourquestion here is, how many examples must the user pro-vide before the system \learns" the concept exactly? As itturns out, the answers to these questions depend on geo-metric properties of the concept being learned.Our goal in this paper is to provide a model that mayultimately help to give precise answers to such questions.We have chosen to address the issue from the point of viewof best-case models because we are assuming that the al-gorithm will be trained (as in this example) by someonewho wants to help it learn; i.e., a helpful teacher. In themodel we de�ne below, the teacher knows the algorithmand tries to present a minimum number of training exam-ples to the algorithm. Lower bounds obtained with thisvery optimistic model provide absolute limits on the min-imum number of examples required for an algorithm tolearn a concept. We apply our model principally to thenearest-neighbor learning algorithm, which is a well-knownand practically useful algorithm. We will show that evenwith this best-case model, there are still some interestingconcept classes that are very hard to learn.In particular, we consider the following questions:� What is the minimumnumber of examples needed be-fore an algorithm will correctly classify all possible ex-amples of a concept?� What is the minimal size representation for a givenconcept, and how does this relate to the minimumnumber of examples needed for training an algorithm?� What geometric properties make a concept class di�-



600 IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE, VOL. 17, NO. 6, JUNE 1995cult to learn in our model?� How stable is a minimal representation; i.e., is it ro-bust when the algorithm is provided with additionalexamples?II. The best-case modelWe answer these and other questions using a best-casemodel for analyzing sample complexity. A learning algo-rithm takes a training set S of examples,X1; X2; : : : ; Xn,where each example consists of a set of d features plus acategory label. The algorithm must use the examples tobuild a representation with which it will classify a test setT of new examples. Thus we use the term \learning algo-rithm" interchangeably with \classi�cation algorithm."1A concept is a mapping from the set of all examples ina domain to a set of labels. A concept class is a set ofconcepts. For example, in the domain de�ned by the unitsquare, the partitioning de�ned by the line x = 0:5 mightbe a concept where any (x; y) in which x � 0:5 is labelled0, and x > 0:5 is labelled 1. An example of a conceptclass in this domain might be the set of all partitioningsde�ned by lines of the form x = r, where 0 � r � 1. Ifthe examples si are contained in <d, then an equivalentterm for concept is decision boundary, where the boundaryincludes all surfaces separating the classes.We will say that a learner has learned a concept exactlyif it correctly classi�es all possible examples. The distri-bution from which the new examples in T are taken canbe di�erent from the distribution used for S. Because ourmodel is not statistical, the results are independent of anyassumptions about these distributions.In our model, the learning algorithm and the concept are�xed and known to the teacher. The teacher then choosesexamples for S in the best way possible. By \best" wemean the learning algorithm requires a minimum numberof training examples to learn a concept. The term samplecomplexity refers to the number of examples required forlearning. The teacher is able to compute a representationof the concept in the same language used by the learner.We have also called this the \helpful teacher" model [9],[10].We will show below that even when using this best-casemodel, some concept classes still have exponential sam-ple complexity for the nearest-neighbor algorithm. Be-cause this is a best-case analysis, we know these classes arehard to learn|the sample complexity may be worse whenone considers average-case or worst-case scenarios. On theother hand, we have also found that, for many concepts,surprisingly little information is required to teach a correctrepresentation. In these cases, though, the representationused by the learner may be \unstable": if the learner storesadditional examples, its representation will change, and itmay no longer be correct.1These usages are standard in the machine learning and arti�cialintelligence literature, but may di�er from the terms used in the pat-tern recognition community; thus they are explicitly de�ned here.

III. Nearest-neighbor algorithmsThe nearest-neighbor algorithm has been a subject ofboth experimental and theoretical studies for many years(see, e.g., [11], [5], [6], [12]). Experimental studies haveshown that the predictive accuracy of nearest-neighbor al-gorithms is comparable to that of decision trees, rule learn-ing systems, and neural net learning algorithms on manypractical tasks (see, e.g., [2], [13], among many others). Inaddition, it has long been known that the probability of er-ror of the nearest neighbor rule is bounded above by twicethe (optimal) Bayes probability of error [5].The basic nearest-neighbor algorithm (henceforth NN)can be summarized as follows. An example is a vectorof real numbers plus a label that represents the name ofa category. Assuming a domain with d features, whereall features have been normalized to the same range,the distance between two examples X = (x1; x2; : : : ; xd)and Y = (y1; y2; : : : ; yd) is simply Euclidean distance:E(XY ) = qPdi=1(xi � yi)2 The algorithm itself is verysimple:1. Store all training instances, plus their classi�cations.2. For a new example X, compute the distance betweenX and each stored instance.3. Let A be the stored instance with the minimum dis-tance to X. Output the classi�cation of A as the pre-dicted classi�cation of X.We will present theorems below showing that algorithmNN can learn some concepts very e�ciently using ourbest case model. One advantage of choosing the nearest-neighbor algorithm as a target of study is that applyingour model is quite easy for this algorithm. The teachersimply selects examples at the best possible locations inthe d-dimensional feature space, and provides those exam-ples to the algorithm. With other algorithms, particularlythose that depend on the order of the inputs, �nding theteacher's best strategies can be much more di�cult. Be-cause the nearest-neighbor algorithm does not depend onthe order of the inputs, the teacher is saved from havingto calculate the optimal order in which to present a set oftraining examples.A. Related learning modelsIn the theoretical computer science community, An-gluin [14] de�ned a di�erent model of a helpful teacher,in which the learner is allowed to ask questions such as\is x a positive example?" She has produced a varietyof results for learning regular expressions and context-freegrammars. Our studies di�er substantially from Angluin'swork, since our teacher has more knowledge of the learnerand much more control over the set of training examples.A more closely-related model is the one recently developedby Goldman and Kearns [15]. In their model, the teacherpresents examples to the learner, who in turn is required tooutput its predictions on-line. Their teacher does not knowthe learning algorithm (unlike our model), but it does knowthe concept, and it is allowed to observe the predictionsmade by the learner. The learner is required to be consis-



SALZBERG ET AL.: BEST-CASE RESULTS FOR NEAREST NEIGHBOR LEARNING 601tent. The goal of the teacher is to select examples so thatthe learner will produce a correct concept while making aminimal number of on-line mistakes.Our model is also related to the notion of \testability"introduced by Romanik [16]. In her model, a class is de�nedto be testable if, given a target object in the class and anerror bound � > 0, a randomly generated set of test pointswill, with high probability, distinguish the target objectfrom any other object in the class if the two objects di�erby more than �. This model includes a measure of testingcomplexity that is closely related to the sample complexitybounds produced using our best-case model. The notionof testability can be viewed as a converse of learnability.Inherent in this model is the error bound; there is not (asyet) a notion of exact testing that would correspond toexact learning.A substantial body of research has been devoted to thenotion of nearest-neighbor \editing," which involves remov-ing examples from a training set S in order to reduce theamount of storage required for NN. In the editing (or �l-tering) model, the training set S is provided as input, andthe learner attempts to �nd a subset of S that constitutesan equally good classi�er. This di�ers from our model inthe following respect: editing methods assume that thetraining set S is given as input, while our best-case modelactually constructs the training set S; i.e., in our model theinput is the concept boundary, and the output is a mini-mum size training set. Nearest-neighbor editing was intro-duced by Hart [17],and modi�ed and extended by Swonger[18], Wilson [19], and Chang [20]. Ritter et al. [21] werethe �rst to give an algorithm that �nds a consistent sub-set of minimum size. Toussaint et al. [22] introduced thenotion of using Voronoi boundaries for editing. Later theyshowed that when the points of S are in general position,their method �nds a minimal-size consistent subset [23].IV. Learning geometric conceptsA. Learning simple convex conceptsOne of the simplest geometric concepts is a simple lineor hyperplane, which translates into the learning problemof classifying examples from exactly two categories thatare separated by a line, plane, or hyperplane. Althoughvery simple, this concept class has proven very useful for alarge number of real data sets, and is fundamental to clas-si�cation techniques such as cluster analysis. Throughoutthis paper, we will say that an algorithm learns a geomet-ric object when it learns a partitioning of space de�ned bythat object. For example, when we write that an algorithmlearns a polygon, we mean that the algorithm learns a par-titioning of the plane in which the interior of the polygonis labelled with one class and the exterior is labelled withanother.We begin with some simple observations about best-caseresults for hyperplanes and other geometric objects. Theseobservations are presented merely to illustrate the type ofresults we will be presenting in the next section. Moredetails on these and additional observations can be foundin Salzberg et al. [9], [10].

Observation 1: Under the best-case learning model, ex-actly two examples are required by algorithm NN to learna concept de�ned by a hyperplane in any number of dimen-sions.The strategy for the teacher here is obvious: choose anytwo points equidistant to the line (or hyperplane) such thatthe line de�ned by the two points is perpendicular to theoriginal line. These two points alone will then correctlyclassify all future examples. A convex polygon is also veryeasy to learn in the best case:Observation 2: If the concept boundary is a convex poly-tope (in 2 dimensions, a polygon) with n faces, then n+ 1examples are necessary and su�cient to learn the conceptexactly.The teacher in this case chooses any point inside the poly-tope as a positive example of the concept. It then simplyreects that point through each of the n faces (or extensionsof the faces), generating n new points labelled as negativeexamples. These n+ 1 points now de�ne the polytope ex-actly. Our introductory problem of training a system torecognize the letter \T" illustrates this concept class; inparticular, after normalizing coordinates, the concept wedescribed there is a 10-sided convex object in <6 and canbe learned from 11 examples (1 positive and 10 negative).B. Learning complex geometric conceptsNext we consider the sample complexity of learning anumber of more complex geometric concepts. By virtue oftheir complexity, these objects probably have the abilityto capture many real-world concepts, including those withcomplex boundaries. Interestingly, some of these conceptclasses may require a large number of examples, even in thebest case. Unless other learning algorithms (besides NN)turn out to be signi�cantly more powerful, these conceptclasses will remain \hard" for learning.To provide some tools for learning complex objects, wewill �rst need a few techniques for learning triangles. Theseobservations will be useful in the proofs that follow. Firstrecall the de�nition of a Voronoi diagram: given a set ofpoints S, a point is in the Voronoi diagram of S if it isequidistant to its two nearest neighbors in S. In otherwords, if a point p has two or more nearest neighbors in S,then p is in the Voronoi diagram of S. (Distance can bemeasured in di�erent ways, but Euclidean distance is themost common method.) Thus, the partitioning of spaceinduced by the NN algorithm is, by de�nition, a Voronoidiagram [24].Observation 3: Suppose we are learning a concept witha triangular boundary. Suppose also that the triangle isnot obtuse; i.e., no angle is greater than 90�. Then exactlynine points are su�cient for Algorithm NN to learn thetriangle, using the following strategy.If l is the length of the shortest side of the triangle,and h is the shortest altitude of the triangle (i.e., theminimum distance of any vertex to its opposite side), let� = 1=2minfl; hg. Choose a distance �1 < �, and place apoint this distance from each corner of the triangle in itsinterior, such that the point is equidistant from the two
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Fig. 1. Learning an acute triangleadjacent sides. Then reect each corner point through thetwo adjacent sides. The resulting Voronoi diagram de�nedby the nine points contains the triangle as a subset. Figure1 illustrates such a diagram. In the �gure, the solid linesare sides of the triangle, and dotted lines are other edges ofthe Voronoi diagram. The intersections of the Voronoi di-agram occur on the vertices, edges, and the interior of thetriangle. None of the Voronoi intersections occur outsidethe triangle. This observation also applies to d-dimensionalobjects in which all angles between adjacent faces (e.g., di-hedral angles in 3-D) are less than or equal to 90�.Of course, a triangle can be learned with just four points(by Observation 2) rather than nine, but the techniquedepicted in Figure 1 can be extended to triangulations ofthe plane with convex boundaries and non-obtuse trian-gles. For our purposes, a triangulation is a partitioning ofthe plane with a polygonal boundary in which all interiorregions (w.r.t. the boundary) are triangles. When morethan one triangle shares a single vertex, then we can usea pair of points around each edge incident to each vertex.This pair of points would be placed a distance �1 < � fromthe vertex, and equidistant on either side of the edge at adistance less than �1 sin�1 �2 from the edge, where � is thesmallest angle at the vertex.Observation 4: For any triangulation in which all trian-gles are non-obtuse (i.e., either right or acute triangles),a teacher can select points around every vertex of everytriangle, using the strategy just described. These pointsallow algorithmNN to learn the triangulation exactly. Theboundary of the triangulation must be convex. If the tri-angulation contains n vertices, this strategy requires O(n)points.Note that Observation 4 does not hold when the trian-gulation contains obtuse triangles. Consider Figure 2, in

which an obtuse triangle is shown attached to an acuteone. If the training examples are placed around each ver-tex, then the Voronoi diagram created will not correctlydemarcate the edge shared by the triangles. Part of theVoronoi diagram is shown as dotted lines in the �gure, andthe resulting mis-classi�ed area is shaded.C. Triangulating with nonobtuse trianglesConsider the set of concepts de�ned by non-convex sim-ple polygons (i.e., polygons that are not self-intersecting).This very general concept class is, it turns out, much harderto learn than that of convex polygons. It would be de-sirable to use the observations above to select points forany polygon; e.g., by �rst triangulating the polygon andthen learning the triangulation. However, Figure 2 showsthe problem that arises when the triangulation containsobtuse triangles. If we could encase a polygon P in itsconvex hull and triangulate the resulting �gure using onlynonobtuse triangles, then by Observation 4, algorithm NNcould learn any concept in the class of non-convex polygonsusing O(n) examples. It turns out that this triangulationproblem is quite hard, even in 2-D, and our best resultfor learning non-convex polygons uses another method, de-scribed in Section IV-E.The problem of triangulating polygons with nonobtusetriangles has until recently been an open problem in com-putational geometry. Baker et al. [25] produced the �rstsolution, which used a relatively large number of triangles(the precise bound was not given). Bern and Eppstein [26]reported a solution in two dimensions that uses O(n2) tri-angles for an n-sided polygon, and later Bern et al. [27]improved this result to O(n) nonobtuse triangles. Theirmethod makes some progress towards solving our best-caselearning problem, although a complete solution requires tri-
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Fig. 2. Problem with an obtuse triangleangulating the shape formed by a polygon plus its convexhull.To see why triangulating the interior of a non-convexpolygon with nonobtuse triangles is not su�cient, considerthe example in Figure 6 below. (This �gure is used againlater, in Section IV-D.) Any triangulation of the interior,even one using nonobtuse triangles, will have vertices thatcoincide with the corners of the top of each vertical \�nger"in the �gure. The point placement strategy of Observation4 will not work because it will place exterior points justoutside these vertices, and those points will be closer tothe interior of the object's horizontal \�ngers" than anyinterior point. To de�ne this shape for algorithm NN, oneneeds �rst to create the convex hull containing all the ver-tices in the �gure, and then to produce a triangulation thatcontains all the interior edges of the �gure as well as theboundary. If this triangulation of the interior and exteriorof the polygon contains only nonobtuse triangles, then wecan de�ne the object using the strategy of Observation 4.D. Rectilinear solidsBefore considering learning the general class of all con-vex polygons (i.e., learning partionings of space de�nedby polygonal boundaries), we can �rst consider learning asubclass that is somewhat easier. Rectilinear polygons arepolygons in which all the sides are parallel to the axes. Fig-ure 3 shows a rectilinear polygon in two dimensions. Wewill consider two-dimensional objects �rst, but our resultshere extend easily to d dimensions. We give both upper andlower bounds for this concept class. Rectilinear conceptsplay an important role in our analysis because they canbe used to learn general geometric concepts with arbitraryprecision.Theorem 1: Any rectilinear polygon with n edges in twodimensions can be learned in the best-case model with n2examples.

Proof: Draw the smallest possible rectangle aroundthe rectilinear polygon. For each edge of the polygon, ex-tend the edge in both directions until it meets the contain-ing rectangle. The resulting grid will contain at most n2=4vertices. Since every vertex of the grid has degree 4, wecan place 4 points symmetrically around each vertex (arbi-trarily close to the vertex). This set of points will de�ne aVoronoi diagram that contains the grid, and therefore con-tains the rectilinear polygon. With appropriate labellingof points, the learning is complete, having used n2 exam-ples. Figure 4 illustrates the grid and the placement ofpoints for the rectilinear polygon from Figure 3. For visualclarity, a single dot appears in the �gure at every vertexaround which points need to be placed. Note that pointsonly need to be placed around grid vertices where the gridcoincides with one of the vertices or edges of the originalpolygon.Any set of non-overlapping rectilinear objects, includ-ing a rectangular tiling of the plane, can be learned withthe same strategy, and the same sample complexity. Notethat for particular rectilinear objects (e.g., grids), the com-plexity may be linear. We also can improve the algorithmslightly by using a smaller object to enclose it|insteadof a convex rectangle, we can use a \rectilinearly convex"object.2Suppose next that we wish to learn a concept de�ned byan arbitrary partitioning of the plane into polygons; for ex-ample, a triangulation of the plane. For such a concept, wemay wish to allow each region of the partitioning to havea di�erent class label. Despite the apparent complexity ofthis concept class, we can use the rectilinear concepts justdescribed to help learn these concepts. The idea behindthis solution is that instead of learning the given partition-ing, we will learn a very similar concept.2A polygon is rectilinearly convex i� every axis-parallel line segmentconnecting two points on the polygon is contained in the interior ofthe polygon.



604 IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE, VOL. 17, NO. 6, JUNE 1995
Fig. 3. Example of a rectilinear polygon
Fig. 4. Learning a rectilinear polygonFirst we need to de�ne what we mean by a \similar"concept. Let the input concept C be de�ned as a polygonaltesselation (a planar partitioning that uses polygons) onthe unit square. Next we de�ne a measure � that representsthe area of the symmetric di�erence between a new conceptC0 and C. Included in � is the area that belongs to C andnot C 0 plus the area that belongs to C 0 and not C. Thus weuse � to represent the di�erence between the true conceptand the learned concept; i.e., these are the regions of theunit square that would be misclassi�ed. When � is verysmall, we say that the concepts C and C 0 are �-similar.Another way to view this is that C 0 is an approximationon a grid to C.Corollary 1.1: Given any polygonal tesselation C in theunit square, algorithm NN can learn exactly a concept C 0that di�ers from C by at most �, using only kn2=� points,

where n is the number of edges in the tesselation and k isa constant.Proof: Given a tesselation, we transform it by layingit on a g � g grid. We create a new rectilinear tessela-tion from the four edges of every grid cell that intersectsthe edges of the original tesselation. An example is shownin Figure 5. In the �gure, the grid squares that becomepart of the rectilinear tesselation have been darkened. Theoriginal tesselation can intersect no more than 2ng gridcells. Because the area of each grid square is 1=g2 (the gridis in the unit square), and at most 1=2 of each square ismisclassi�ed, the total area in which the rectilinear tes-selation di�ers from the original tesselation is less than(2ng)(1=g2)(1=2) = n=g. Therefore, if we can learn therectilinear tesselation exactly and use it for classi�cation,then the area in which errors can occur will be no more than
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Fig. 5. Rectilinear concept that is similar to a polygonal tesselationn=g. In order to guarantee that the error area n=g < �, wecan choose g > n=�. This implies the rectilinear tesselationwill have no more than (2ng)(4) = 8n2=� edges.We can use the rectilinear polygon algorithm to teach thetransformed tesselation to algorithm NN. Generally, givene edges, this algorithm would generate e2 points. In par-ticular, this would mean that the rectilinear tesselation wecreate would require n4=�2 points. Because the grid is asquare grid, however, extending each line segment in thetesselation does not generate any new vertices. Thus therectilinear teaching algorithm only uses a linear numberof points, and only 8n2=� points are necessary to learn aconcept whose symmetric di�erence with the original tes-selation is less than �.This construction extends easily to higher dimensions.Corollary 1.2: Over the unit d-cube in d dimensions,given a target concept C, the number of points used bythis algorithm to learn a similar concept C 0 is kdnd=�d�1,where k is a constant and � now represents the volume ofthe symmetric di�erence between C and C 0.More details can be found in [9]. Note also that, in anynumber of dimensions, any point that is classi�ed incor-rectly using this technique is within a very small distance|no greater than the diagonal length of a grid cell|from anedge of the original tesselation. Thus the similar conceptC0 not only di�ers by a very small amount (i.e., �) fromthe target concept C, but its boundary is always close tothe boundary of C.For the rectilinear concept class, we can also show a lowerbound for the best-case model.Theorem 2: At least n2=32 examples are required forlearning some rectilinear polygons in the best-case model,where n is the number of sides of the polygon.Proof: We prove this theorem by constructing a rec-tilinear object that requires n2=32 points to de�ne it. See

Figure 6 for an example of such an object.3 The objectshown has approximately n=8 vertical \�ngers" and n=8horizontal \�ngers" (since each �nger uses four sides of thepolygon). These �ngers can be made arbitrarily thin andarbitrarily long. By placing the vertical �ngers far apart, aswe have illustrated in the �gure, we make it impossible tode�ne the topmost (horizontal) edge of each �nger withoutinterfering with all of the horizontal �ngers. Thus a pointplaced above the topmost edge of each vertical �nger willpropagate through all of the horizontal �ngers, requiringus to draw a pair of points around each of the edges aboveit. There are n=4 such edges in the n=8 horizontal �ngers,which means that each vertical �nger will require at leastn=4 new points for learning (some of the points used to de-�ne horizontal edges may be shared). Therefore the totalnumber of points required is at least (n=8)(n=4) = n2=32.It is worth noting that this lower bound also implies asimilar lower bound on the number of nonobtuse trianglesrequired for triangulating the shape formed by a polygonplus its convex hull. Although the interior of a non-convexpolygon can be triangulated using just O(n) nonobtuse tri-angles [27], the interior plus exterior will require 
(n2)nonobtuse triangles for some polygons.The theorems for exact learning of rectilinear objectsboth extend quite straightforwardly into d dimensions. Leta rectilinear polytope be a d-dimensional object for whichevery face (or facet) of the object is parallel to one of theaxes.Corollary 2.1: No more than (2n=d)d examples are re-quired in the best case for exact learning of rectilinear poly-topes with n faces (or facets) in d dimensions.Proof: The algorithm is basically identical to thealgorithm given for Theorem 1. We simply enclose the rec-3The idea of this construction was proposed by Michael Goodrich.
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Fig. 6. A rectilinear polygon that requires at least n2=32 examples.tilinear polytope in a hyperrectangle, and extend all thefaces of the polytope until they meet the sides of the en-closing hyperrectangle. The resulting grid contains at most(n=d)d vertices. Since every vertex is just the meeting pointof 2d hyperrectangles, we can place 2d points around eachvertex, arbitrarily close to the vertex. These points willde�ne a Voronoi diagram that contains the grid and there-fore contains the rectilinear polytope. The total numberof such points is (2n=d)d. Note that we can reduce thisnumber somewhat by observing that points only need tobe placed around vertices that coincide with faces in theoriginal polytope.Corollary 2.2: (knd )d examples are required to learnsome rectilinear polytopes with n faces in d dimensions,where k is a small constant.Proof: This lower bound can be proven by construc-tion, as was done above. In three dimensions, we placekn=3 planar slices above the object shown in Figure 6. (kis a constant, k < 1.) If each slice is very thin and allthe slices are very close together, then all of the points re-quired to de�ne Figure 6 in 2-D will propagate through thekn=3 slices. In this manner we can construct a (knd )3 lowerbound in 3-D. Similarly, we can extend the construction toany number of dimensions.E. Learning polygonal partitioningsThe class of simple non-convex polygons is much harderto learn than rectilinear polygons. In fact, it appears to beas hard as learning arbitrary triangulations of the plane.Triangulations are at least as hard as non-convex polygons,in the sense that we always can triangulate an n-sided poly-gon by adding a linear number of sides. The proof thatnon-convex polygons are as hard as triangulations is anopen problem.Because nearest-neighbor partitions are by de�nitionVoronoi diagrams, the problem we would like to solve isequivalent to the following Minimum Voronoi Cover prob-lem: Given a planar tesselation, what is the smallestVoronoi diagram that contains that tesselation as a sub-

graph? Heath [28] showed that for arbitrary planar polyg-onal tesselations this problem is NP-complete.E.1 Triangulations of the planeWe now turn to the class of triangulations. A triangu-lation is a tesselation of some region into triangles, wherethe boundary of the triangulation may be any simple poly-gon. This class is very large, subsuming all geometric con-cept classes in which the component concepts have straightedges.Our best current result for exact learning of triangula-tions in the best-case model requires a number of pointsthat is proportional to the largest aspect ratio (the altitudewith respect to the longest edge) of any triangle. This ra-tio can be arbitrarily large; however, Corollary 1.1 abovegives an algorithm that will use kn2=� examples to learn avery similar concept to any polygonal tesselation, where nis the number of edges and � is the total area of the dif-ference between the learned concept and the target (input)concept. Thus if the aspect ratio is too large, the preferredapproach might be to learn a very similar concept instead.First, recall our earlier observation, that if all trianglesare acute, algorithm NN in the best case can learn a trian-gulation with O(n) examples.Theorem 3: Any triangulation of the plane with n edgescan be learned with 2Lh + n points in the best-case model,where L is the total length of all edges of the triangulation,and h is the minimum altitude of all triangles.Note that even if all edges are very long, h might be ex-tremely small if the triangulation contains very long, nar-row triangles.Proof: We give an algorithm that uses at most 2Lh +npoints to de�ne any triangulation. Beginning simultane-ously at both ends of every edge in the triangulation, placea pair of points symmetrically on either side of the edge asclose as possible to the edge itself and to each end of theedge. (The distance between each point and the edge willdepend on how many bits of precision are used; as long asthis distance is much less than h, the resulting Voronoi di-



SALZBERG ET AL.: BEST-CASE RESULTS FOR NEAREST NEIGHBOR LEARNING 607agram will contain the edge.) Next, moving from the endstowards the middle of each edge, place a pair of points atintervals of length h symmetrically on either side of theedges. Stop when the midpoint of the edge is reached. Thepoints placed near the midpoint may be closer togetherthan h, but this detail will not a�ect the correctness of thealgorithm. If the pairs of points placed near the midpointare at a distance greater than h from each other, place onemore pair of points around the midpoint itself.This strategy correctly de�nes every edge of the triangu-lation. To see this, consider the triangle shown in Figure7. The edges of the triangle are labelled e1; e2; e3 and thevertices are v12; v23; v13. Consider a point x on an edgee1 between two pairs of points, p1 and p2. Without loss ofgenerality, assume that x is closer to the pair p1. By de�ni-tion, x is equidistant to each of the points in p1. Therefore,it will have a Voronoi diagram edge running through it un-less some other point chosen by the teacher is closer. Thedistance from x to the points in p1 is at most h2 . Since h isthe shortest altitude (or edge) of the triangulation, therecannot be a vertex closer to x than the pair of points p1.Likewise, if the closest edge, e3 (as shown in Figure 7) iswithin h of point x, then it must share an endpoint withe1 (i.e., it is part of the same triangle). In the worst case,suppose that the closest point along e3 is one of the pointsplaced by our Helpful-Teacher strategy. Call that point q.If q is closer to v13 than to v23, then it must have beenplaced the same distance from v13 as was p2. Simple ge-ometry then shows that p2 will be closer to x than will q.However, if q is closer to edge v23 (as shown in the �gure),then the vertical distance from q to e1 is more than h2 sincethe altitude at v23 is at least h. Therefore either p1 or p2must still be closer to x. Thus, �nally, we can be sure thatx does have a Voronoi diagram edge running through itwhich is precisely collinear with the edge e1.Clearly, the number of points placed on any one edgeby this strategy is no greater than �2Leh �, where Le is thelength of the edge. Thus the total number of points usedby the teacher in the best case is bounded by 2Lh +n, wheren is the number of edges.Note that if all triangles are nonobtuse, the strategy ofObservation 4 above is much more e�cient than the onejust described.To learn a polygon-shaped concept using this method,one would �rst triangulate the polygon in such a way asto maximize h. Bern et al. [29] have developed an algo-rithm that can construct a triangulation of a polygon inO(n2 logn) time that maximizes the minimum triangle al-titude. Although this result does not give a lower boundfor h, it does provide the maximum possible value for h.However, this method does not necessarily minimize Lh , andin fact the problems of minimizing L and minimizing Lh re-main open problems in computational geometry, even fortwo dimensions.For many triangulations, the strategy of Theorem 3 willwork well, but since L can be exponentially larger thanh, the number of examples required in the worst case isvery large. (This assumes �nite precision on the inputs;

�y = 1 6x = 2 - y = 1?x = 4rA(1;2) rB(3;2) rB(5;2)rB(1;0) rB(3;0) rA(5;0)Fig. 8. Target concept for learning by C4.5if one allows in�nite precision, L=h is unbounded). Tohandle such cases, we would use the strategy for learninga rectilinear concept that is �-similar to the triangulations,presented in Corollary 1.1. If an area no larger than �is allowed to be misclassi�ed, this strategy requires kn2=�edges, regardless of the ratio L=h.Corollary 3.1: In d dimensions, the algorithm of Theo-rem 3 su�ces to de�ne a simplicial decomposition (a multi-dimensional triangulation), with two modi�cations. First,pairs of points have to surround each edge in each dimen-sion. (E.g., in three dimensions, when edges are the in-tersection of two faces, each edge has two pairs of points,rather than one pair, at intervals of length h along theedge.) Second, pairs of points need to be placed on eachside of every face (or hyperface) so that the distance fromany location on the hyperface to a point is always less thanh=2. If A is the total area of all faces of the decomposition,and n is the number of edges, then the number of examplesrequired in d dimensions is at most (A=h)d�1 + nd�1.V. Decision trees and minimal representationsAlthough we have chosen to focus on the nearest-neighbor method in this paper, the best-case model ap-plies to any learning algorithm. In all of our results usingthe nearest-neighbor learning algorithm, the examples cho-sen for the best-case model form a minimal representationof the concept|i.e., with respect to the Voronoi diagramsformed by the examples, if any example is deleted from thetraining set, the Voronoi diagramwill be altered so that thedecision boundary is incorrect. This observation naturallyleads to the question, is the best-case model doing anythingother than looking for the minimal representation of a con-cept? Although the answer to this question is yes in thecase of nearest-neighbor, the answer is no for many otherlearning algorithms. This is best illustrated with a briefexample using a decision tree algorithm. (More details canbe found in [9].)Consider Figure 8. The concept here is a two-categoryproblem, where the categories are labelled A and B in the�gure. Category A occurs in two disjoint regions of the 2-dimensional plane, in the upper left and lower right quad-rants. The horizontal boundaries of the two A regions are
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Fig. 7. Learning a very narrow trianglecollinear, but the vertical boundaries are not. In order toteach this concept accurately, a teacher must provide atleast six points to C4.5, two in category A and four incategory B. Those points are indicated in the �gure.If we give these six points to the decision tree programC4.5 [30], it will construct a tree that correctly partitionsthe space. The tree itself, however, will be larger (by onenode) than the minimal size tree. In order to force C4.5to construct the minimal size tree, at least eight exam-ples must be provided, rather than six. Thus the best-casemodel for learning will produce the larger tree, because thenumber of examples required by the learning algorithm issmaller.This example illustrates clearly that the teacher in ourmodel is not simply looking for minimal representations.Instead, our helpful teacher looks for the smallest set ofexamples that will allow the learner to build a correct rep-resentation. Although the problem of �nding minimal rep-resentations often is related to the problem of teaching ef-�ciently, it is not the same.VI. ConclusionThe results presented in this paper show that, for a givenalgorithm, it is possible to demonstrate lower and upperbounds for many di�erent concept classes using a best-case model that can also be viewed as a helpful teacher.Our results are summarized in Table I. These bounds areuseful for a variety of reasons. First is that our analysisshows how geometric properties such as the convexity andaspect ratio of concept classes are related to complexity oflearning, at least for the NN algorithm. In addition, thelower bounds provide an absolute limit on the number ofexamples required for learning. Such limits can tell us inadvance how many examples must be provided if we expectour algorithm to learn a concept.Limits derived using the best-case model may providean instructive basis for comparison between learning algo-rithms. We now have theoretical models giving worst-case,average-case, and best-case analyses. Although most ofthe studies here involve only the nearest neighbor algo-rithm, this is only a �rst step. Next steps include �ndingbest-case bounds for other algorithms and helpful teach-ing strategies for non-geometric concepts such as Booleanformulas.Some concept classes appear to be \hard" for the nearest-neighbor algorithm, in that the number of examples re-

TABLE IBest-case bounds for the nearest-neighbor algorithm.Concept boundary Lower UpperBound BoundHyperplane 2 2n-face convex polytope n+ 1 n+ 1n concentric rectangles 4n+ 1 16n� 4Nonobtuse n-triangulation 
(n) O(n)with convex boundaryn-sided, d-dimensional (knd )d (2n=d)drectilinear polytope2-D triangulation, n sides,total length of sides L, - 2Lh + nminimum altitude hConcept that di�ers byvolume � from polygonal - kdnd=�d�1tesselation with n faces,d dimensionsquired for learning, even in the best case, is exponential inthe number of dimensions d. In particular, the class of non-convex simple polygons behaves this way. We have shown(by construction) a lower bound on a subclass of non-convex polygons|rectilinear polygons|that exhibits thisexponential behavior. This result points out a weaknessin the nearest-neighbor algorithm itself; thus, if anotherlearning algorithm can be shown to learn this class moree�ciently, that algorithm could justi�ably be described asmore powerful than nearest neighbor.We note that in the context of nearest-neighbor learn-ing, �nding the minimum number of examples is equiv-alent to �nding the minimum size Voronoi diagram thatcontains the decision boundary. For other learning meth-ods, providing the minimumnumber of examples may gen-erate something larger than the minimum representation.For example, we have shown that a strategy to producethe minimum size decision tree for an algorithm such as
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