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We consider a model of a capacitated single-class supply chain consisting of production facilities (stages) in tandem. External demand is
met from the available finished goods inventory maintained in front of the most downstream facility; unsatisfied demand is backlogged.
Every stage orders from its upstream facility, thus production is constrained by the local production capacity and the availability of upstream
inventory. We propose production policies in two separate cases: (1) when each facility has information about its local inventory only,
and (2) when each facility has knowledge of the total downstream inventory. In case (1) the proposed policy guarantees that stockout
probabilities at each stage stay bounded below given constants (service level constraints). In case (2) the proposed policy minimizes total
expected inventory cost subject to desirable service-level constraints. In both cases the parameters of the proposed policies are obtained
analytically based on large deviations asymptotics, which leads to drastic computational savings compared to simulation. An important
feature of our model is that it accommodates autocorrelated demand and service processes, both critical features of modern failure-prone
manufacturing systems. We demonstrate that detailed distributional information on demand and service processes, which is incorporated into
large deviations asymptotics, is critical in inventory control decisions. We discuss extensions to a multiclass setting and to a model wherc
unsatisfied demand is lost instead of backordered.
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1. INTRODUCTION

Manufacturing has recently gone through significant
restructuring. A recent survey (The Economist 1998)
emphasized that “no factory is an island.” Companies are
becoming more global. They consist of factories, suppliers,
distributors, and customer service centers scattered around
the globe. As a result, modern manufacturing enterprises
have recognized that production cannot be viewed sepa-
rately from the physical distribution of goods. Instead, both
activities should be perceived as indispensable parts of a
supply chain.

Manufacturing is also becoming more customer oriented.
In an era of increased competition, customers are more
demanding and require products delivered in a timely man-
ner wherever they happen to be located. In addition to
product functionality, companies are recognizing the sig-
nificance of quality of service (QoS) in acquiring and
maintaining market share. The increasing reliance on infor-
mation technology and the emergence of e-commerce have
increased the importance of effectively managing the sup-
ply chain and at the same time are providing more tools to
that end.

Our primary objective is to develop effective policies for
inventory control in supply chains that address the diffi-
culties present in the new manufacturing environment. The
fundamental trade-off in inventory control is between pro-
ducing, which accumulates inventory and incurs inventory
costs, and idling, which leads to stockouts and unsatisfied
demand. A production policy resolves this trade-off and
determines at each point in time whether the production
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facilities at all stages of the supply chain should be pro-
ducing or idling.

There is a large literature on production inventory sys-
tems (see Kapuscinski and Tayur 1999 for a survey). The
single-stage, single-class version of the problem is signif-
icantly simpler. It has been shown in a variety of settings
(all without set-up costs) that a so-called base-stock pol-
icy (i.e., produce when inventory falls below a prescribed
level and idle otherwise) is optimal (see Evans 1967, Gav-
ish and Graves 1980, Sobel 1982, Federgruen and Zipkin
1986, Akella and Kumar 1986, and Kapusciriski and Tayur
1998). In multiclass single-stage systems the optimal pol-
icy is not, in general, known. In these systems a production
policy involves both idling and scheduling decisions (decid-
ing on which classes to work on, if any). There have been
results only for special cases (Zheng and Zipkin 1990, Ha
1997, Véricourt et al. 2000) or approximations and heuris-
tics for the general case (Wein 1992, Pefia-Perez and Zipkin
1997, Veatch and Wein 1996, Glasserman 1996, and Bert-
simas and Paschalidis 2001). In a multiple-stage, single-
class system, and without capacity limits, Clark and Scarf
in their seminal paper (1960) have shown the optimality of
a production policy where each facility follows a base-stock
policy based on the total inventory available locally and
in the downstream facilities (we will refer to this as eche-
lon inventory). Their result has been generalized in several
directions (Federgruen and Zipkin 1984, Chen and Song
2001). In the more general case, where capacity limits exist
and demand and service processes are autocorrelated, such
a policy is not necessarily optimal. However, the simplicity
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of its structure makes it attractive. Under a similar echelon
policy Glasserman and Tayur (1995) proposed a perturba-
tion analysis approach to compute the hedging points in a
capacitated single-class multistage system, and Glasserman
(1997) has developed asymptotics to approximate stockout
probabilities under renewal demand and constant produc-
tion capacities.

In this paper we propose and analyze two base-stock pro-
duction policies. Our first policy uses only local inventory
information at each stage of the supply chain. Our sec-
ond policy has similar structure with the policy proposed
by Clark and Scarf (1960), that is, each stage makes deci-
sions based on the local and total downstream inventory. In
both cases, we introduce constraints that ensure that stock-
out probabilities stay bounded below given desirable levels.
Such service-level constraints provide a more natural repre-
sentation of customer satisfaction and are closely watched
by manufacturing managers. This is in contrast to most of
the work in the literature that considers policies minimiz-
ing expected inventory and backorder costs. Our analysis is
general enough to accommodate temporal dependencies in
demand and production processes. In practice, demand for
various products might have strong correlations with a vari-
ety of phenomena, such as sales events, weather patterns,
state of the economy, etc. Moreover, manufacturing facili-
ties are stochastic and failure-prone, which creates depen-
dencies in the production process. Under such assumptions,
analyzing stockout probabilities exactly is intractable. We
will instead rely upon large deviations techniques that lead
to asymptotically tight approximations of stockout prob-
abilities as they approach zero. As a result, we will be
able to analytically obtain the appropriate base-stock lev-
els for both policies we consider. Related techniques have
been recently used by Bertsimas and Paschalidis (2001)
to devise production policies in a multiclass, single-stage
setting. Approximation techniques of this type, but in the
simpler case of renewal demand and production processes,
have been introduced by Glasserman (1996, 1997).

Among the main contributions of our work we consider:

Dependencies in the demand and service processes. As
outlined above, this allows us to model more realistic
demand situations and failure-prone production facilities.
On the technical front, we have been able to use the full
power of large deviations techniques to extend the asymp-
totics of Glasserman (1997) beyond the case of renewal
demand and constant production capacities. Our results are
“network” large deviations results (tandem queues in par-
ticular). Such results have only been obtained in limited
network cases, as in Bertsimas et al. (1998b), which we
use in the case of local inventory information. Our eche-
lon inventory results take into account the strong coupling
between different stages of the supply chain and, to the best
of our knowledge, are the first of such “network” results
to do so in the presence of stochastic and autocorrelated
demand and production processes. Our echelon inventory
main result has an interesting interpretation: It identifies

a bottleneck stage whose production capacity is “respon-
sible” for stockouts of finished goods. But this bottleneck
stage is not necessarily the one with the smallest mean
capacity; it is determined by more detailed distributional
information on all stochastic processes involved. In this
sense, such distributional information is critical in making
inventory control decisions.

Relevance of the large deviations asymptotics. Our
numerical results demonstrate that the large deviations
asymptotics are fairly accurate in a wide range of desired
stockout probabilities, including relatively large ones. Key
to this are some heuristics we propose to compute a pref-
actor in front of the large deviations exponential. This pref-
actor can be more tightly characterized in the simpler case
of renewal demand and constant production capacities (see
Glasserman 1997).

The remainder of this paper is organized as follows. In
§2, we provide the detailed model of the multistage, single-
class production-inventory system, introduce the production
policies we will consider, and outline our approach. In §3,
we review some basic large deviations results we will be
using in this paper. In §4, we analyze our first production
policy, which is based on local inventory information. In
§5, we treat our second policy, which uses echelon inven-
tory information. We discuss extensions to the multiclass
case and to a model of lost sales (instead of backorders) in
§6. Numerical results that assess the accuracy of the pro-
posed analytical approach are in §7 and conclusions in §8.

2., THE MODEL

Figure 1 depicts the supply-chain model we consider in this
paper. This system produces a single product class and con-
sists of M production facilities in tandem. We will say that
production consists of M stages. External demand is met
from the finished goods inventory maintained in front of
the stage 1 production facility and is backordered if inven-
tory is not available. Every production facility is fed by its
upstream facility; in particular, to produce one unit facil-
ity i, i=1,...,M —1, requires one unit of the product
of facility / — 1. We assume that facility M is fed with an
infinite supply of raw material. In front of every facility i,
i=2,...,M, there is an inventory buffer that holds the
final product of that facility and from which facility i — 1
draws material for its production. We assume a periodic
review policy in which time is divided into time slots of
equal duration. For all i =1, ..., M and n we let B! denote
the amount that the facility at stage i can produce during
time slot n (production capacity). We also let D! denote the
amount of external orders arriving at stage 1 during time

slot n. Finally, we let 1,’;, i=1,..., M, denote the inventory
in front of stage i at the beginning of time slot #. In inter-
mediate stages i =2, ..., M the inventory I,‘; is constrained

to be nonnegative. In contrast, we allow the inventory at
stage 1, I,f, to take negative values to denote backordering;

when I} is negative —/! is equal to the amount of back-
ordered demand.
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Figure 1.  The model of the supply chain.

Stage M Production
Stage 2 Production

%
=
)

3

The system evolves as follows. At the beginning of time
slot n+ 1, the inventory at stage 1 is given by

Il

n+1

=1I'-D.+P),
where P! denotes the amount produced during time slot
n by the facility at stage 1, which is determined by the
production policy we select and confined by the production
capacity B! and the available upstream inventory I?. The
quantity P! can be also viewed as the demand for stage 2,
which operates in a similar manner and generates demand
for stage 3. Thus, the whole supply chain is driven by the
external demand.

The demand process {D); n € Z} and the production
processes {Bi; n€Z},i=1,..., M, are mutually indepen-
dent, possibly autocorrelated, arbitrary stationary stochas-
tic processes that satisfy certain mild technical conditions
(some form of a sample path large deviations princi-
ple). These conditions are satisfied by renewal processes,
Markov-modulated processes, and in general stationary
processes with mild mixing conditions (for details see Bert-
simas et al. 1998a, b, and 1999). For stability purposes' we
assume that

E[D}] < min E[Bi], ()

which by stationarity carries over to all time slots n. Sta-
bility can be shown under both base-stock policies we will
consider in this paper by using techniques from Baccelli
and Liu (1992). For the case of an echelon base-stock
policy a stability proof is given in Glasserman and Tayur
(1994).

Our objective is to find a policy within a selected class
of production policies that minimizes expected inventory
costs and guarantees that the steady-state stockout probabil-
ity P[1} < 0], at some arbitrary time slot , does not exceed
a desirable small value €. We will be referring to this as
a service-level constraint. In this paper, we will propose
policies in two separate cases: (1) when each stage i has
knowledge of its local inventory I’ only, and (2) when each
facility i has knowledge of the total downstream inventory
I'+17"+...+1I! In both cases, we will implement a base-
stock policy.
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In particular, in case (1) every stage i sets a hedging point
or safety stock w; for its local inventory I and implements
the production policy: produce if I/ falls below w;, and
idle otherwise. In the single-stage (M = 1) case, this pol-
icy has been analyzed in Bertsimas and Paschalidis (2001).
In a multistage system, however, there is strong coupling
between stages because upstream inventory can constrain
downstream production, which makes exact analysis partic-
ularly hard. To bypass this problem, we will use a decom-
position approach. More specifically, we will focus in a
regime where coupling between stages becomes weaker.
For every stage this is the case if the safety stock in the
upstream buffer is large enough, so that downstream pro-
duction is rarely constrained by upstream inventory avail-
ability. In effect, each stage can be viewed as an inde-
pendent single-stage system, and the results in Bertsimas
and Paschalidis (2001) can be applied. To that end, though,
we need to characterize the demand for every stage i by
“propagating” the external demand through the downstream
stages 1,2,...,i—1.

The policy obtained via the decomposition approach,
although it maintains the service-level constraint at stage |,
might not necessarily be efficient in terms of expected
inventory cost. Information of inventory availability in
other stages might lead to lower such cost by giving the
opportunity to trade off inventory between different stages,
i.e., lower the required safety stock in stages where inven-
tory costs are high and compensate by increasing the safety
stock in stages where costs are lower. Case (2) considers
such a situation. Let X! = I + I'"' -+ 1) i=1,..., M,
denote the total downstream inventory from stage i; we will
be referring to this quantity as echelon inventory at stage i.
Consider the policy according to which every stage i sets a
hedging point or safety stock w; for X! and produces if X!
falls below w; and idles otherwise. We will analyze this pol-
icy and devise a production policy that minimizes expected
inventory costs subject to given service-level constraints.

In both cases (1) and (2) we need to obtain the stock-
out probability to be able to maintain the service-level
constraints. An exact expression is intractable, especially
in view of the rather complicated (autocorrelated) models
for the demand and production processes. To that end, we
will employ large deviations theory. In the regime of small
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stockout probabilities (or equivalently, large safety stocks)
stockouts are rare events and are amenable to large devia-
tions analysis. We will provide numerical results to demon-
strate that the large deviations asymptotics are accurate
when compared to simulations.

3. PRELIMINARIES

Before we proceed with our agenda and in the form of
background on large deviations we first review some basic
results, which will also help in establishing some of our
notation. Consider a sequence of i.i.d. random variables
X,, i > 1, with mean E[X,] = X. The strong law of large
numbers asserts that 3", X;/n converges to X, as n —
oo, with probability 1 (w.p.1). Thus, for large n the event
% X; > na, where a > X, (or Y, X; < na, for a < X)
is a rare event. More specifically, its probability behaves as
™" as n — oo, where the function r(-) determines the
rate at which the probability of this event is diminishing.
Cramér’s (1938) theorem determines r(-), and is considered
the first large deviations statement. In particular,

r(a) = sup (6a—1ogE[e"]).

Next, consider a sequence {S,, S,, ..
with values in R and define

. } of random variables,

A,(0) 2 ~ 10gE[ "], @)

For the applications we have in mind, S, is a partial sum
process. Namely, S, = >, X;, where X, i > 1, are identi-

1

cally distributed, possible dependent, random variables. Let
1

A(0) £ lim A, (0) = lim — logE[¢%"]. (3)
n—oo n—>o 1

(We assume that the limit exists for all 6, where oo are
allowed both as elements of the sequence A,(f) and as
limit points.) We will refer to A(:) as the limiting log-
moment generating function. Let us also define

A*(a) & Sl;P((?a —A(9)), 4)

which will be referred to as the large deviation rate
function. Under a technical assumption (see Dembo and
Zeitouni 1998) it has been shown (Gértner-Ellis Theorem)
that for large enough n and for small € > 0,

P[S, € (na— ne, na+ne)] ~e ™', (5)

This can be viewed as an extension of Cramér’s theorem to
autocorrelated stochastic processes. When (5) holds, we say
that {S,} satisfies a large deviations principle (LDP) with
rate function A*(-). The notation “~” should be interpreted
as “asymptotically behaves”; more rigorously, the logarithm
of the probability divided by n converges to —A*(a), as
n— oo.

It is important to note that A(-) and A*(-) are convex
duals (Legendre transforms of each other) (Dembo and
Zeitouni 1998). Namely, along with (4), it also holds that

A(0) = sup(ba — A*(a)).

In this paper, we are also estimating the tail probabili-
ties of the form P[S, < na] or P[S, > na]. We therefore
define large deviations rate functions associated with such
tail probabilities. Consider the case where S, =31 X, the
random variables X;, i > 1, being identically distributed,
and let m = E[X,]. It can be shown (see Dembo and
Zeitouni 1998) that A*(m) = 0. Let us now define

A(a) ifa>m
ot A ’
. (“)“{0 if a <m,
and
vy o | A (a) fa<m,
. (a)_{O if a>m. 6)

Notice that A**(a) is nondecreasing and A*(a) is nonin-
creasing function of a, respectively. The convex duals of
these functions are

A(B) if >0,
1 AL
a (9)“{+oo if 6 <0,

and

o s [AB) if0<0,
A(e)_{—l—oo if 6> 0, ¢

respectively. In particular, A*~ (a) = sup,(0a — A~ (6)) and
A**(a) = supy(fa — AT(6)).

Using the Girtner-Ellis Theorem it can be shown
(Bertsimas et al. 1998b) that for all €, €, > O there exists
n, such that for all n > n,

e—n(A*’(a)+52) < P[Sn < na] < e—n(A*’(a)—e]), (8)
> <

_
e~ (@)+e) < P[S, e~ "W (@)—e) 9)

nal

On a notational remark, in the sequel we will be denoting
by

il
A o .
Sfj=ZXk, =g (10)
=

the partial sums of the random sequence {X;; i € Z} and
make the convention Sl.’fj =0, if i > j. We will be also
denoting by Ay(-) and A%(-) the limiting log-moment
generating function and the large deviations rate function,
respectively, of the process X.

4. THE DECOMPOSITION APPROACH—A LOCAL
INFORMATION CASE

In this section we consider the case where each stage has
knowledge of its local inventory only. We start by review-
ing the single-stage problem; our analysis of the multistage
problem will build on this.
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4.1. Single-Stage Problem

In agreement with the notation introduced in §2 we will
be using I,, D,, and B, to denote the inventory, demand,
and production capacity, respectively, during time slot n.
The system we are dealing with is a make-to-stock system
and has been analyzed (as a special case) in Bertsimas and
Paschalidis (2001).

We implement a base-stock policy that maintains a safety
stock of w in the inventory. The inventory evolves as
follows:

I =min{l, =D =B ab}.

The objective is to keep the stockout probability less than
some given threshold € > 0, i.e., P[], < 0] < €. Define the
shortfall L, as the gap between the current inventory and
the hedging point, i.e., L, £ w—I,. In terms of L,, the
dynamics of the system can be written as

Ln+1 Z[Ln+Dn_Bn]+émax{Lll+Dn_Brl’0}’ (11)

and we have the following equality:

P[/

L, <0]=P[L, > w].

We can view L, as the queue length of a discrete-time
G/G/1 queue with arrival process {D,; n € Z} and service
process {B,; n € Z}. Hence, the problem is to characterize
the steady-state overflow probability P[L, > w]. This has
been done in Bertsimas and Paschalidis (2001) using large
deviations techniques. On a notational remark, in the sequel
we will be dropping the reference to the time slot (subscript
n) when referring to steady-state quantities. For example,
we will be denoting by L the steady-state queue length at
an arbitrary time slot.

THEOREM 1 (SINGLE STAGE, BERTSIMAS AND PASCHA-
LIS 2001). For the single-stage system (cf. (11)), the
steady-state queue length L satisfies

1
lim —logP[L > w] = —67,

w—>00 Y

where 0% > 0 is the largest root of the equation A} (6)+
Ag(—6) =0.

More intuitively, for large enough w we have
RIE=0=R[E—u]~e

thus the minimum w that satisfies P[I < 0] < € is

loge

= .
0;

Note that at the origin A} () + Az(—0) equals zero and its
slope is E[D,]— E[B,], which is negative by the stability
condition (1). It is possible that A%(0) + Az(—0) never
crosses the horizontal axis for 8 > 0, in which case we will
say 6% = 400 and a hedging point of zero should be used
(just-in-time (JIT) policy).
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4.2. Multiple Stages

We now return to our original problem with M stages.
We propose a base-stock policy that maintains a safety
stock equal to w; for the (local) inventory of every stage
i, i=1,...,M. In particular, stage i produces until the
local inventory I! reaches the hedging point w; and idles
if I! > w;. The amount produced by stage i constitutes
demand for the upstream stage i+ 1, fori=1,... , M —1;
we will denote it by Di*!'. Note that the demand for stage
i D;, i=2,...,M, is constrained by the downstream
capacity Bi~! and the available inventory I}.
The dynamics for the supply chain are

[, =min{ll - D\ + B, I! = D\ +I'*', w,},

n W T

¥ =min{I” — D) + B}, wy}.

The demand for stage i (or, equivalently, production of
stage i — 1) is given by

Doile b=l D, Gl oo M

As in the single-stage case, we define the inventory shortfall
for stage i as L} £ w;—1I!,i=1,..., M, and the dynamics
of the supply chain can be written as

L, =max{L,+D; =B, L, + D, + L," —w,,, 0},

L semax (LD B O}

T2

The demand for stage i can now be expressed as

B = R D =D (12)
The major difficulty for analyzing this model and char-
acterizing the stockout probabilities is that the production
is constrained not only by its own capacity, but also by
the upstream inventory. To bypass this difficulty we will
decouple the various stages by ignoring the upstream inven-
tory constraint on the downstream production. More specif-
ically, the proposed decomposition amounts to assuming
that the system operates according to a policy which satis-
fies I't' > B, i=1,...,M —1, almost surely for all time
slots n. We can intuitively argue that this decomposition is
in fact accurate when the inventory level of the upstream
stage is high enough; then the influence of the upstream
inventory constraint will be insignificant when compared to
the capacity constraint. We later argue (see also §7) that we
can approximate this behavior by enforcing a small enough
stockout probability for the upstream stage. In the decou-
pled system, the dynamics of the supply chain can be sim-
plified as follows:
I =mle=D b ). e el

(9

L e=max (L oD =B 00 el ol (13)
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Next note that the dynamics in (13) are exactly the
dynamics of M decoupled make-to-order G/G/1 queues. In
particular, as in the single-stage problem discussed above,
L! can be interpreted as the queue length in a discrete-
time G/G/1 queue with arrival process {D;n € Z} and
service process {B';n € Z} (see Figure 2). Hence, Theo-
rem 1 holds. To apply it, however, we need the large devia-
tions rate functions of the processes {D.; n € Z}. For i =1,
{D}; n € 7} is the external demand process, whose large
deviations rate function is assumed known. For the remain-
ing stages i =2,..., M, recall that D' is the demand for
stage i generated by stage i — 1. In the equivalent make-to-
order version of the system D! can be interpreted as the
number of departures from the stage i — 1 queue during
time slot n. To see that, consider the queue corresponding
to stage i — 1, which has queue length equal to L'~" at time
slot n. (12) simply states that the queue length at slot n
(Li7") plus the number of arrivals at slot n (DI™') is equal
to the queue length at slot n+1 (L%!) plus the number of
departures during slot n (D!).

The following theorem characterizes the large deviations
behaviour of the departure process {D!;n € Z}, for all
i=2,...,M.1Itis acorollary of a result in Bertsimas et al.
(1998b) that characterizes the departure process of a G/GI/1
queue using a continuous-time model. For a proof it suf-
fices to establish a correspondence of the random variables
in the discrete-time model with the ones in a continuous-
time G/G/1 queue and invoke the result in Bertsimas et al.
(1998b); we omit the details.

THEOREM 2 (DEPARTURE PROCESS). The partial sum of the
departure process of the G/G /1 queue of stage i — 1 satis-

fies

1 L
lim —logP!:ZD} > na] =LAy U=l

n—oo 1 s
U=l
where Aj¥(a) = Ayf (a) +ALE (a), and

Di
sup [6a— A} (0)].

Al (@)=
{01 AT (O)+A -1 (~6)<0}

In Bertsimas et al. (1998b), it is also shown that the
departure process satisfies the exact same technical prop-
erties that the arrival process does (some form of a sam-
ple path large deviations principle). This is key because to
Figure 2. The equivalent G/G/1 queue of stage i, i =
l,..., M, in a decoupled multistage supply
chain.

S e W S
pitl DF,
n
BTiL

i
Ln

apply Theorem 1 to every stage i =2, ..., M in isolation
we need the demand process D' to satisfy a large deviations
principle. Moreover, to derive the demand for the upstream
stage i+ 1 we need to apply Theorem 2 which requires
some form of a sample path large deviations principle. We
now have all the ingredients to analyze L' for every stage
i in isolation. The result is summarized in the following
theorem.

THEOREM 3. For every stage i =1, ..., M of the decoupled
system, the steady-state queue length L' satisfies

1 .
lim —logP[L' > w;]=—6] ,,

w;— 00 W;

where 0} ; is the largest root of the equation A}, (0)+

Ag(—6)=0, AS(0), fori=2,..., M, is the convex dual
of Ayt (a), and Af(a) is as specified in Theorem 2.

Assume now that the stockout probability for stage 1
needs to be bounded by some €,. To operate in a regime
where the decomposition is fairly accurate (see also §7) we
can select the service level of stage i, €;, to be the same
as, or an order of magnitude less than, the corresponding
requirement, €;_;, for its downstream stage i — 1. Using the
results of this section, we obtain the hedging points:
el BE b e

0L
To improve the accuracy of the asymptotics, especially for
fairly large es, we can introduce a prefactor f;(w;) and
consider the approximation

RPI" =0l —PIL' w]~ 7 (@)ie 2%, "= L.

where f;(w;) is in general any function that satisfies
log(f;(w;))/w; = 0 as w; — oo (cf. Theorem 3). Notice
that this is true for any polynomial function of w,. For
renewal demand and production processes f;(w;) is a con-
stant (Asmussen 1987), and it is equal to 1 under M/M/1
assumptions. We will use a constant for the more general
case as well. In particular, we will set f;(w;) = ¢; which
yields the following approximation:

PIIISO0]=P[Li > w]~c ey, i=1,...,M. (14

The coefficient ¢; can be estimated by assuming that the
above is the exact distribution of the queue length process
and matching expectations to obtain (see Bertsimas and
Paschalidis 2001 for details)

¢ = 0p E[L']. (15)

Note that in the decoupled system E[L] is independent of
w;, and can be obtained either by approximations of the
expected queue length in a G/G/1 queue (as in Bertsimas
and Paschalidis 2001) or by concurrent simulation (where
one sample path of the stochastic processes involved is used
to obtain E[L'] for all i). Hence, the hedging point satisfies

. log(e;/c;)
5 G
Numerical results that help assess the accuracy of the pro-
posed approximation are given in §7.

i=1,...,M. (16)
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5. THE MULTIECHELON APPROACH—A GLOBAL
INFORMATION CASE

In this section we consider the case where echelon inven-
tory information is available at every stage i =1,..., M.
This will allow us to trade off inventory between various
stages to reduce expected inventory costs while maintaining
the service level constraints. We will be using the model
and notation introduced in §2. In particular, Xfl denotes the
echelon inventory at time slot n, and stage i and is defined
as X! =1I+---+1',i=1,..., M. We implement an ech-
elon base-stock production policy that maintains a hedging
point or safety stock of w; for X!. More specifically, the
facility at stage i produces until X’ reaches w, and idles
otherwise. Clearly, w; < w, < -+ < wy,.

As in §4, we define the shortfall of echelon i inventory
as Y/ £ w, — X!, which implies P[X! < 0] =P[Y] > w,].

The dynamics of the echelon inventory are

X.,,=min{X! — D, + B}, w, X, - D, +I;"'},
M T ()

XM =min{X) —D.+B), wy}. (18)

i
i

In terms of the shortfalls the dynamics can be written as

Y;i+1 = max{Y,f =D Y;f“ + D) — (W — wi)}’
Sl M. ¥(19)
v%, =max(¥}Y +D,—B,,0}. (20)

5.1. Large Deviations Analysis of the
Stockout Probability

Qur first result, which is the main result of this section,
is a large deviations result for the steady-state probabil-
ity P[Y! > w,], which is equal to the steady-state stock-
out probability P[X! < 0]. We will first prove the result
and then interpret it to gain insight. Recall that as in the
previous section, we drop the subscript n when referring
to steady-state quantities. On a notational remark, in the
sequel we will be using @; to denote the ith-dimensional
simplex, i.e.,

i

0= G e G 00 TSl ngly Dabyieill i
j=1
THEOREM 4. Assume the hedging points w;, Wy, ..., Wy in

the multiechelon system (cf. (19), (20)) satisfy
W= B =20 M

where [B; are constants and 1 < B, < -+ < By_;. The
steady-state shortfall Y' of echelon 1 satisfies

1
lim — logP[Y' > w,]= -0}, (21)

w)—> 00 wl
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where 0, | is determined by

1
Hg,l:min[inf— inf (A% (xo)+ A% (x1))s

1
a>0 q xo—x;=a D

il ;

inf — inf

a>0 @ xg—& x| —érxy=ap
(61.62)€0,

(A;T (G L s AL (x1)

+§2A2§(x2)>,,,_,

1

inf — inf (A*+ X,)

a>0 @ xo—& x) = =€y xy=aPy DI( v
1€ €Oy

+¢ ET(XI)+~~+§MA;:4(xM))] (22)

To establish this result we will obtain (i) a sample path
characterization of Y, (ii) a lower and an upper bound on
P[Y' > w,], and (iii) show that the upper and lower bounds
match up to the first degree in the exponent.

We start by obtaining a sample path characterization of
Y!. Suppose that at time 0, the echelon inventories are all
equal to the corresponding safety stocks, i.e., Y =0, for
all i. At time 1, the shortfall of the echelon 1 inventory is

Y!' = max{Y¥, + Dy — By, 0, Y§ + Dy — (w, —w,)}
= max{0, D, — min{By, (w, — w;)}}

= maX{O, D(l) — rII‘l },

where r{ | £ min{B}, (w, —w,)}. Figure 3 depicts a graph
in which rll,1 can be interpreted as the length of the short-
est path from point 1 (corresponding to stage 1) at level O
to level 1. In general, we will use r; ,, to denote the length
of the shortest path among the paths with m hops for stage
i, where n is the number of levels on the graph. For the
remaining stages i =2, ..., M, we have a similar charac-
terization, i.e.,

Vi =ina{0: Dor=#{q)s

iliers v psmin{ B (g —a0 s ¥ =05 e s Ms s la0d
rif = BY!. In accordance with the notation we just intro-
duced, note that in the graph of Figure 3, r{ |, i=1,... , M,
denotes the length of the shortest path from point i at level
0 to level 1. At time n =2,

Y, = max{0, ¥} + D} — B}, Y + D; — (w, — w;)}
= max{0, D, — B|, D; — (w, —w,), Dy + D,
—(w, _wl)}

= max{O, D! —min{B], (w, — w,)},

1 1 1 .2
==l B

D} + D} —min{B| + B;, B} + (w, — w,),
(w, _w1)+B(2)’ (wy —wy) + (wy _wz)}}
= max{O, D —ry,, Dy+D{—r,,},
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Figure 3.

where r}, £ min{B|, (w, — w,)} and r}, £ min{B] +
By, Bi +(wy —w), (wp —wy) + B, (w, —w;) + (w3 — w,)}.
Figure 4 depicts a two-level graph in which r21‘l denotes the
length of the shortest path from point 1 at level O to level 1,
and rzl'2 denotes the length of the shortest path from point
1 at level O to level 2. Similar results can be obtained for
other stages.

In general, the shortfall of stage 1 at time slot » is given
by

- m L
¥ == max{O, lrsnrgi(nli; By rn,m:I }, (23)
where r, , is equal to the length of the shortest path from

point 1 at level O to level m in an n-level graph. A similar
characterization of ¥! in terms of shortest paths in a graph
is given by Glasserman (1997), but for renewal demand and
deterministic production processes. As we will see in the
sequel, stochasticity in the production processes and depen-

Figure 4.

The paths for each stage at time slot 1 (one-level graph).

Level 1

Level 0

dencies in all processes involved substantially complicate
the picture and require a different and more involved large
deviations analysis than the one in Glasserman (1997).
Let us now denote by {D!: n e Z} the time-reversed
stochastic process obtained from the demand process
{D!; neZ}. In particular, for any k € Z, (D!, D}, ..., D))
has the same distribution as (D}, D}_,, ..., D). Similarly,
let {éﬁl; n € Z} denote the time-reversed production pro-
cess {B; n e Z} of stage i, i =1,..., M. Notice that
because of stationarity, 3-7_, D) _; has the same distribution
as Y 5}. More generally, Zj‘:k Dj (or Zj:k ﬁj'.) has the
same distribution as Zﬁ;’j“ Dj (or Zj;’;“ Dj), that is, the
distribution of the partial sum of demands (or time-reversed
demands) during a time period depends only on the length
of the period and not on the starting time. The same is
true for the production processes and their reverse pro-
cesses as well. Moreover, demand and production processes
are independent of each other. Using these observations,
Y! has the same distribution as the right-hand side of the

The paths of each stage at time slot 2 (two-level graph).

Level 2

Level 1

Level 0
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following equation:

m
D A .
Y, =max {0, max | Y D! - min
Ismsn | J my+l+my+ly 4 my=m
= 0<m;<m, 1;€{0,1}

li=0=> myg iy my =0

m ky+my
(ZBil Fh(wy—w)+ > B+ (wy —wy)
i=1

i=k;+1
kp—i+my

+ot Y é{”)“, (24)

i=kpy_+1

where “27 denotes equality in distribution, and &, = i +
Z;zl mj, fori=1,..., M —1. Due to the stability condi-
tion (1), a steady-state distribution exists for ¥!. In partic-
ular, ¥, converges to Y! as n — oo. Therefore, using (24)
we obtain

D H1 .
7 max[Sle = min
m20 ’ my+l+my 4 Amy=m
0<m;<m, 1;€{0,1}
Li=0=myy 1, iy, myy=0

pl R2
(SlB,ml + 4 (wy —w;) + Slﬁ+l,k|+m2

ar 12(w3 . w2) S CAEE S’?Afl+lka—l+”1M>j|’
(25)

where we use the notation introduced in (10) with the con-
vention ZLHI X; =0 for any process {X;; i € Z}. To facil-
itate handling the above expression, let us denote by G,,
the argument of the maximum, i.e.,

Y' 2 maxG,,.
m=0

We will proceed with establishing the large deviations
result in (21). To that end, and in the standard large devia-
tions methodology, we will develop a lower bound and an
upper bound and show that the corresponding exponents
match. We start from the lower bound. We will use the
fact that for a process X and its time-reversed version X ,
Ax(0) = A (6), which can be seen from (3). Consequently,
Ax(a) = A% (a).

Lower Bound. The lower bound result is summarized
in the following proposition.

PROPOSITION 1. Assume the hedging points w;,w,, ...,
Wy in the multiechelon system (cf. (19), (20)) satisfy
w; =B wy, i=2,...,M, where B; are constants and
1< By < < By_y. The steady-state shortfall Y' of ech-
elon 1 satisfies

1
liminf —logP[Y' > w,] > -6} |,

wj—o0 W,

where 0, | is given in (22).
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Proor. For any m > 0 we have

1 |
—logP[Y' > w,] = — logP[max G, > w,]
wl u)1 m=0
1
> —logP[G,, > w]. (26)
W

Choose a > 0 and write w, = ma. Then w, —w, | =

m(B;_, — Bi_y)a for i =2,..., M, where B, 2 1. Using
(26) we obtain

1 i
—logP[Y' > w,] > — logP[G,, > ma], (27)
w ma

and because we are interested in the regime w, — oo it
suffices to analyze the behaviour of the right-hand side of
(27) for large values of m. To that end, select x; >0, i =
0,00 M LE [0, 1) 1 =y M==1; and 0:omy L
i=1,...,M, such that m 4+ 1, +my+ 1,4+ +1,_,+

My, = m,
mxy—mx; —lLm(B; — 1)a—myx, — Lym(B, —B))a

_“'_mM“xm =ma,

and [, = 0 implies m, [, ..., my = 0 for i =
l,..., M —1. To obtain a lower bound on P[G,, > ma] we
will construct particular sample path scenarios character-
ized by x;, [;, and m; that lead to G,, > ma. More specifi-
cally, we have

P[Gﬂl 2 ma]

Al Bl
>P max S —SE
= i 1,m 1,m l( 2 l)
0<m;<m, 1;€{0,1}

Li=0=m gy, lipy e mp =0

BM
e SkMﬁ]+l,kM|+mM> 2 ma]

>P[SE:n_Sl[;:xml —lima(B,—1)

BM
_"'_SkM_,+1,kM__.+mM > ma:!
" D! B! 13
—P[Sl,m _Sl,ml — _SkM_|+I,kM_]+mM

>ma(l+1, (B, = 1)+ 41y (i1~ Bu2) |
(28)

We can distinguish M cases, depending on the values we
select for x;, [;, and m;. In particular:

Case 1. Select I} =--- =1, ; =0 which implies m, =m
and x, — x; = a. Then from (28) we obtain

P[G, > ma] > P [S[)] —Sf]m > ma]

m I,m

D! B!
2 P[Sl,m 2 mx()]P[Sl,m g m’xl]
> e*'"[AgY(XrJ)+A;‘§T(X|)+€]’
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where the last inequality above is due to the LDP principle
for the processes D' and B' (cf. (8) and (9)) and holds
for large enough m and all € > 0. Using (27), taking the
limit as w; — oo, optimizing over x,, x;, and a to obtain
a tighter bound, and recalling that demand and production
processes have identical large deviations rate functions with
their time-reversed versions, we conclude

1
liminf — log P[Y' > w,]

w)—> 00 wl

ol 5 & =
> —1n£; inf [A3F(x0) + A%t (%)) (29)
a> X()—X]:a
(ClIII2 1y 14 = Py 06 9 Wile SRR 5 000 o Uimil B3 ks Uiy ooa o Ui
= 0. This implies x, — &, x, —---— &:x; = af3,_;, where &, =
m;/m,i=1,..., M. Then from (28) we obtain

P[G,, > ma]
b B Bi
2P Sl,m - Sl,m, - Sk,_,+1,k,-,,+m,< = maBi-]]
D! B!
> PSP, > me]P[Sl,m] <myx |

o PLSE ke < 1]
> o IAG Gt AL ()b A (r)+el

where the last inequality above is due to the LDP principle
for the processes D!, B!, ..., B (cf. (8) and (9)) and holds
for large enough m and all € > 0. Note that because m, +
lLi+my+1l+- - +1,_ +my =m, our selection of /,’s and
m;’s implies m, +m, +---+m; = m — (i — 1), which by
its turn implies & +---+ &, =1 as m — oo. As in case 1,
we use (27), take the limit as w; — oo, and optimize over
X, X1, ..., X; and a to obtain a tighter bound, that is,

1
liminf — log P[Y"' > w,]

wp—>00 Wy

1
> —inf = inf (A% (o)

a>0 @ xg—§ X ——&ix;=aP;_,
(&1, ,6)€0;

+& AR () +- -+ EAT (x)]. (30)

The tightest lower bound is obtained by summarizing
(29) and (30) forall i =2,...,M, ie.,

1
liminf —logP[Y' > w,] > —6% ,,

w00 W),
where 6 | is given by (22). O

Upper Bound. Next we will establish an upper bound
on the probability of interest.

PROPOSITION 2. Assume the hedging points w,,w,, ...,
wy, in the multiechelon system (cf. (19), (20)) satisfy
w; = Bi_wy, i =2,...,M, where B; are constants and

1 < By < < By The steady-state shortfall Y' of ech-
elon 1 satisfies

1 -
limsup — logP[Y' > w,] < -6}, (31)

w)—> 00 wl

where
05, £ min(6;, 8,63, ..., By—.0%), (32)
and where
G sup 0,
{020 sup _(Aol O)+§1 851 (—ﬂ)+~--+§,~AB,-(—ﬂ))<0}

(€1,16i)€0;

i=1,...,M. (33)

Proor. We have

1
PlY > w,]
=P[maxG,, >w]
e
A1 5 Rl
=P| max|SP, — min (Sfm
m>0 : myHl+mytly A my=m i

0<m;<m, ;€{0,1}
Li=0=miyy,ligy, e mpy=0

n2
+1,(wy _w1)+SIf,+l,k]+mz + L (w; — w,)
nM
i +S£M_1+l,kM,1+mM)jl 2 wl]
:P[max { max (Sf?,ln —Sf%lm> 5

D! B!
max (Sl,m——Sl,m]
m=0
my+my=m~1

I}Z
‘(wz_wl)"Sk,+1,kl+mz)»~~’

max (S’51 —55 —(wy —w;)

m>0 I,m 1,m,
my+my+-mpy=m—(M-—1)

—— B

kM_;+l,kM_(+mM>] > wn]

sP[max (Sf;—Sfi,,) Zwl]

m20

D! B B?
gl I;l;llg())( (Sl,m_Sl,m, _Sk1+l,k,+m2 2Blu}l
my+my=m—1

+.--+P max

m>0
my+np+tmy=m—(M-1)

I§M
_SkM_,+1,kM_,+mM) 2By wl]'

(34)

(Sf?,'n—S’}l —..

1,m

In the second equality above we consider all sample paths
that can lead to a value larger than w,. In particular, the
first such sample path corresponds to [, = 0, the ith sam-
ple path corresponds to [, =---=1,_, =1 and [, =0, for
i=2,...,M—1, and the Mth sample path corresponds to
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[, =--+=1y_, = 1. The first inequality above bounds the
probability of the maximum by the sum of the individual
probabilities. Hence, it suffices to bound each term in the
right-hand side of (34). We distinguish M cases:

Case 1. For the first probability in the right-hand side of
(34) and for 6 > 0 we have

PI:max (Slf),iln _Sﬁlm> 2 w|:|

m>=0

Hl il
< E [eemaxlrl>0 (SlD,m _Slﬂ,m>] e_owl

<ZEP¢%@»}0M

m>=0

< |:K; (0) + Z em(Af)l (O)+Az (~9)+g]):| e‘ewl

mzmo

<K, (8,€)e7™ if Api(0)+Ap(—6) <0,

where m, is sufficiently large and €, > 0. In the first
inequality above we used the Markov inequality. In the
third inequality above we have split the summation in two
parts. Specifically, terms corresponding to m =0, ... , m,
are summarized in K| (¢). For the remaining terms we use
the existence of the limiting log-moment generating func-
tion (cf. (3)). Finally, in the last inequality above, because
the exponent is negative (for sufficiently small €,) the infi-
nite series converges to some K| (6, €,), which when com-
bined with K{(6) yields K,(6, €;). Optimizing over 6 to
obtain the tightest bound yields

P|:max (Sf?:n —Sﬁlm) > wl}

m=0

z inf K, (0, €;)e=®
{020:A 1 (0)+A 51 (—0) <0}

S ((Ole e

where 6} is as defined in (33).

Case i, i=2,...,M. For the ith probability in the right-
hand side of (34) and for 6 > 0 we have

D! B! B
P Ill;llg())( (Sl,m_Sl,m] _'”_Ski,_l-)—l,k,-‘,+m,-)
my+my+Amy=m—(i—1)

>Bi—1w1]

D! B!
<E|:€Xp 0 max (Sl,m—Sl,m,—.”
m>=0
my+-my=m—(i—1)

_ b —0B;— 1w,
Sk,~,,+l,k,<,1+m,») ”e '

AU al i
< Z E[eo(sll.)m—‘sll].ml—'"ﬁsk},’_l+],ki_]+m,-)J€*0/BiIw]
m=0
my+-+my=m—(i—1)
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N sup

m>=0 my+-+mi=m—(i—1)

bl _ B! B
E |:€0(51,m51.m, =S ke +m,-):| e~ 0Bi-1w

<[ZMM@m

mzmy

sup LI (0)+&1 Ap1 (=0)+--+&iApi (—0)+€;) e 0Bi-w
(€5 6)€0;

g Ki(07 Gi)e*eﬂf—lwl

it sup (Api(0)+&Ap(=0)+-+EAE(=0)) <O,

(&16-2£)E0;

where & =m;/m, i=1,..., M, m, is sufficiently large,
and €; > 0. As in Case 1, in the first inequality above we
used the Markov inequality, in the fourth inequality above
we used the existence of the limiting log-moment gener-
ating functions, and in the last inequality above we used
the fact that the infinite series converges if the exponent is
negative. Optimizing over 6 to obtain the tightest bound

D! B! Bi
PI: I’ng.())( (Sl,m o Sl,m| B Sk,,,|+l,k,,,|+,y;,>
my+my+-Anm;=m—(i—1)
2B w1:|

<K (67, Ei)ew,?‘ﬁ,-,,w, )

1

where 67 is as defined in (33).
Summarizing Cases 1, ..., M and using (34) we obtain
that for all small enough €,...,€,, > 0 and for some

K\ (67, €), ..., Ky (03 €n),
P[Y' >w )< K (6], €)e ™ 4+ Ky (B, €pp) e~ uPu-1v1,
Letting w, — oo we obtain (31). O

Upper and Lower Bounds Match. Finally, we will
show that the upper bound has the same exponent as the
lower bound.

PROPOSITION 3. It holds that 0f; | = 0_5,, where 0, | and
0% | are defined in (22) and (32), respectively.

ProoF. It suffices to show that

|
inf = inf (A*+ X
a>0 g xo—& x| ——&xj=aP;_, b! ( 0)
(€15--61)EG;
+ € AT () oo+ £ ()
=.Bi—1 9?
=PBi_ sup 0],
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foralli=1,...,M, where B, = 1. To that end, notice that

Bi-1 sup 0
{820: sup(e, . eprees (At (O)+£ A g (=0)+--: i (~0))<0}

= sup 0.

{ 020: sup(g, . gye0; (Mp1 OFBi—1)+E1 A1 (=0/Bi—)++§iA i (~0/Bi— ))<°}

We will use the following lemma, which was shown in
Bertsimas et al. (1999, lemma 6.2).

LEMMA 1. For A*(-) and A(:) being convex duals and
assuming that A(0) < 0 for sufficiently small 6 > 0, it holds
that

1
inf ~A*(a) = 0,

a>0
where 0* is the largest root of the equation A(0) = 0.

Notice next that

0§ inff’ B (A (xo) +& A% (x) ++ -+ EAG (x)
Xo—&1 X — =& x;=aP;_,
(£gous &)e;

(35)

is a convex function of a as the value function of a
convex optimization problem with @ appearing only in
the right-hand side of the constraints. Moreover, it can
be shown that it is lower-semicontinuous (by Bertsimas
et al. 1999, Lemma 6.3), and thus we can apply con-
vex duality results (Rockafellar 1970) and use Lemma 1.
Finally, for any £, 20, j=1,...,i, with §; +---+§, =1,
Api(0/Bioy) + & Ap (=0/Biy) + -+ § AR (—0/B;,) is
equal to zero at # =0 and has negative derivative at the
same point due to (1), which implies that

sup (AD‘(Q/IBi—l)+§lAB'(_6/Bi—l)
(€150 60)€0;
+o €A (—0/Biy)) (36)
takes negative values for sufficiently small 8 > 0. As a final

step we show that the expression in (35) is the convex dual
of the expression in (36). Indeed we have

sup { a — inf (AF (xo) + € AGr (%))
a xo—§1x) — =& x;=api_
(é1--,6)€6;

Hergils §I.A’,'}T(xi))}

= sup sup {Oa — A3 (xg) — €1 A5 (x))
a xo=§ xp——&xi=ap;_,
(GRS ENET
o £ ()
= sup ) xo_glxl*‘"'“fixi_AZT(xo)

. ’;T(xo—--‘—mzr(xf)}

{Anl (0/Bi—1) + & Ap (—0/B;_)

= “sip
(é1,---,£)€6;

+oo+EAp(=0/B)). O

Combining Propositions 1, 2, and 3, we obtain Theo-
rem 4. Some remarks are in order:

(1) Theorem 4 provides us with the asymptotic decay
rate for the overflow probability of the shortfall at stage
1, or equivalently, with the asymptotic decay rate of the
stockout probability for the echelon inventory at stage 1.
More intuitively, Theorem 4 asserts that

P[X[ < O] = P[Yl > wl] ~ 670:;,1“’1 . (37)

(2) The proof of Theorem 4 characterizes the most likely
path that leads to stockouts and provides intuition on how

they occur. Recall from the proof that we have shown
(cf. (32))

05, =min(67], B,65, ..., By_10y),

where 07, i =1,..., M, is the largest root of the equation
Sup(g,,...,g,-)e(v,-(A1)l (BERe L ICSHERaE N (S0 =1
(cf. (33)). Consider the case 6, = B, ,0; for some i =
1,...,M, where B, £ 1. To avoid degenerate cases assume
that all production processes B’ have distinct limiting log-
moment generating functions and that 1 < 8, < --- <
Biqo Lt §J’.‘, j=1,...,1i, be the optimal solution of the
optimization problem sup, o (Api(0) + & Ap (—0)+
o4& ARi(—0)) at 6 = 0F. It can be seen that one of the
5}“5, Jj=1,...,i, is equal to 1. In particular, £ is equal
to 1; otherwise, i.e., if §j* =1 for some j < i, 0}* = 0
and B;_,607 will be the minimizer in the definition of 67 |
because ;07 < B,_,0;. Therefore, 0] is the largest root
of the equation A (0) 4+ Ag(—60) =0 and the stockout
probability at stage 1 behaves as the exponential

e Pim1biw — ,—0fw

Considering the single stage result (cf. Theorem 1) we can
say that stage i production capacity is the “bottleneck” and
characterizes the stockout probability at stage 1.

(3) Suppose that B = (B, ..., By_;) — oo. Then from
(32) we have limg_, ., 05 | = 0 |, where 6; | is the largest
root of the equation A (0) 4+ Ay (—80) = 0. This is consis-
tent with the result of Theorem 3. Essentially, as 8 — oo,
the various stages decompose and stage 1 is not affected by
the upstream material requirement constraint, which makes
Theorem 3 accurate. In general, (32) shows 6F, | < 6; |, and
Theorem 3 underestimates the stockout probability.

The result of Theorem 4 can be easily generalized to
yield the steady-state stockout probability of the echelon
inventory X' at stages i =2, ..., M. More specifically, we
can think of echelon inventory X' at stage i, i=1,..., M,
as the echelon 1 inventory of an (M + 1 —i)-stage supply
chain starting at the ith stage of the original system. Hence,
generalizing Theorem 4 we obtain the following corollary.
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COROLLARY 1. Assume the base-stock levels w;, w;,,, -+,
Wy, for i=1,..., M, in the multiechelon system satisfy
Wiy =B Wy k=1, ... » M —i, where Bi,,_, are con-
stants and 1 < B; < -+ < Bi,_,. The steady-state shortfall
Y' of echelon i satisfies

o logP[Y' > w]=-65,,

w;—>00 wi

where 0F, ; is determined by

1
BE =i |:inf — inf (A} (x) + AL (),

a>0 q xo—x;=a

1 :
inf — inf _
a>0 @ xg—§x;—&py 1 xp4 1 =ap]

(§i€ir1)€0,
+ &AM (%) + §i+1A2f—+l (xi-H))’ cees

(Ap7(xo)

(A% (xo)

o :

inf — inf _

a>0 4 xy—gx;——Eyxy=apl,_,
& M) EOM i1

+EAG (5)+ o+ Ey A (XM))]'

5.2. Refining the Large Deviations Asymptotics

Next we will discuss heuristics for refining the large devi-
ations asymptotics. Without loss of generality we will con-
centrate on stage 1. The discussion easily extends to the
remaining stages based on Corollary 1.

Theorem 4 provides us with the asymptotic decay rate
for the stockout probability of the echelon-1 inventory as its
base-stock level goes to infinity. This leads to the following
approximation:

P [eerc il (38)

To improve the accuracy of the approximation, especially
for relatively large stockout probabilities (i.e., small safety
stock w;), we will introduce a prefactor in front of the
exponential. This is in accordance with the development in
§4.2, where we used a constant prefactor (cf. (14)). A con-
stant prefactor was also used in improving the large devia-
tions approximation in the multiclass single-stage case con-
sidered in Bertsimas and Paschalidis (2001). Here, instead,
we will use the following refined approximation:

Pk w, ]~ f(w,, B)e %, (39)

where the prefactor fi(w,;,B) is a function of w, and
B=@B....Byu_1) = (wy/wy, ..., wy,/w,). As we com-
mented in §5.1, as B — oo, different stages decouple
and the upstream material requirement constraint becomes
insignificant. Thus, to be consistent with the analysis of §4
we will select a function f,(w;, B) that converges to a con-
stant as B — oo. In particular, limg_, , f;(w;, B) = ¢, and
limg_,, 05, = 6] |, where ¢, is equal to the constant pref-
actor used in (14).
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We will be using a function f(w,, B), which is piece-
wise linear in w;, and B. More specifically, we will
evaluate the stockout probability P[¥Y' > w,] at sev-
eral sample points w = (w,, ..., w,,) by simulation and
then find a piecewise linear function f(w,,8) so that
fi(wy, B)e %™ matches the true value of D = e
at those sample points. This requires two main steps:
(i) selecting appropriate sample points w = (w,, ..., w,,),
or equivalently points (w;, B) = (w;, wy/wy, ..., wy/w,),
and (ii) given a “data set” of ((wy, B); f,(w,, B)) pairs,
“fit” a function f,(w,, B) to the points in the data set. We
will start from step (i).

We are interested in selecting sample points (w,, )
such that the values of w, are scattered in R,, Bs are in
the feasible set B={B e R¥: 1< B, <--- < By}
and (w;, B)’s adequately “explore” the feasible set R, x
. Recall from the proof of Theorem 4 that (cf. (32))
051 = min(67, 8,03, ..., By,_,0}), where 67’s are defined
in (33). This characterization of 6, , separates the feasible
set 93 into up to M polyhedral regions depending on which
term is the minimizer in (32). Thus, to achieve enough
“variety,” we will pick a number of points in each of those
M regions. Suppose now that we have selected a set of
K x N sample points (wf, ), k=1,...,K,i=1,...,N,
wi € - S w, Let wh' = (wh, whgl, ..., whBi,_,) be the
hedging point vector corresponding to (wf, B7). We simu-
late the system with each sample point w*' and obtain the
stockout probability P[Y' > wk]. We compute

I k
T e
e e

Thus, we construct a data set consisting of pairs
((wf, BY); fi(wk, B)). To reduce the required simulation
time we can select sample points w'!, ... w%" with rel-
atively small safety stocks which do not lead to very small
stockout probabilities (such probabilities require long sim-
ulation running times). The key point here is that we use
analysis to obtain the exponent of the stockout probabil-
ity. We only use simulation to refine the approximation and
for that it suffices to use relatively small safety stocks. The
numerical results of §7 demonstrate that the proposed pro-
cedure leads to rather accurate approximations.

We will now turn our attention to step (ii) mentioned
above. That is, we assume we have a “data set” consisting
of K x N pairs ((w;, B); f;(w,, B)) and wish to fit a func-
tion f;(wy, B) to the points in the data set. We will be using
a function f,(w;, B) which for fixed w, is a piecewise lin-
ear and convex function of B in each of the M polyhedral
regions comprising %, and for a fixed B is a piecewise
linear function of w,. The selection of such a function is
motivated by (38). Note that due to (32)

e %" = max (e‘o'*”" Py . e‘BM*‘%"") ;

which is convex in S3; in each of the M polyhedral regions,
for all i =1,...,M — 1. Of course, the proposed func-
tional form of f(w], B) is just one potential candidate that
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yields satisfactory numerical results. Alternatively, given a
data set consisting of K x N sample points in R, x % we
can approximate f,(w,, B) by some parametric form (e.g.,
some polynomial function or even a neural network) and
then use a least squares procedure to “fit” the parametric
form on the data set.

5.3. Approximating the Expected Inventory Cost
The main motivation for analyzing the echelon inventory
policy was to acquire the flexibility to reduce expected
inventory costs by trading off inventory between various
stages while at the same time maintaining service level con-
straints. To that end, we need to assess expected inventory
costs.

We will assume linear inventory costs. Let h; be the
holding cost for echelon-i inventory for all i =1,..., M.
Noting that the expected echelon-i inventory is given by
E[/l+ - +E[?]+E[(I")"], where (I")" = max(I', 0),
the total expected inventory cost is given by

mE[(1") ]+ hy(E[(1") ] +E[17])
+ o+ By (B[(I)Y 1+ E[P]+- - - +E[IM]). (40)
We have
E[(1')*] =E[(w, - Y]
= w; —E[Y!]+E[max(0, Y! — w,)]. (41)
Using the tail distribution of Y' given in (39), we obtain

E[max (0, Y' —w,)]
= [P —w s A B @)

For all i > 2, we have I' = (w;— Y') — (w,_, — Y'~"), which
implies

B[] = (w, ~E[Y]) - (w,_, —E[¥"]). 43)

Thus, combining (40), (41), (42), and (43), the total
expected inventory cost can be approximated by the fol-
lowing expression:

M
Zh,-(w,-—E[Yi])+(h, +"’+"1M)E[(Yl “w1)+]

=

@ G,

:Zhi(wi_E[Yi])—i—(hl+'“+hM)fl(wl9B) TR

(44)

To obtain an analytical approximation for the inventory cost
we are now left with computing E[Y?]. This is hard to
do analytically; instead we will use an approach similar to
the one used in obtaining f, (w,, B). We will first establish
some structural properties for E[Y].

ProroSITION 4. Consider the multiechelon system (cf.
(19), (20)) and let O < w; < w, < --- < wy, be the cor-
responding hedging points. Define A, £ w, i = Wy o7
i=1,....,M—1. Then E[Y™] is a constant function of
(A, ..., Ay_)). Furthermore, for all i =1,..., M —1,
E[Y] is a function of (A, ..., Ay_,), which is convex and
monotonically nonincreasing in every coordinate. In addi-
tion, as A,, ..., A, — oo, E[Y'] converges to a constant.

PrOOF. Recall from (19) and (20) that the shortfalls satisfy
the following evolution equations:

Y7f+l :max{Y,f—i—D,l,—Bi 0 YH-I +D1]1_Ai}’

Dl V=T, {5)
Y¥, =max{Y)+D,—BY, 0} (46)

) =55
Due to (1), a steady-state distribution exists for each Y/,
i=1,...,M. In particular, ¥/ converges as n — oo to Y'.
From the evolution equations above it is clear that E[Y"]
is a constant function of (A, ..., A, ).

Next, consider the echelon inventory at stage M — 1 in
three distinct systems A, B, and C. System A operates with
hedging points satisfying A,,_, = A,. System B operates
with hedging points satisfying A,,_; = A,. System C oper-
ates with hedging points satisfying A = aA, + (1 —a)A,,
where 0 < @ < 1. Assume without loss of generality that
Ay <Ag Let YY-!, Y=t and Y ! be the echelon short-
fall at stage M — 1 for systems A, B, and C, respectively,
during time slot n. We define the demand and production
processes for all systems A, B, and C on the same prob-
ability space so that they are driven by identical sample
paths. As a result, the echelon-M shortfall in all three sys-
tems is identical for all time slots n; we will denote it by
YM. We have

Y/iv,lu_-:l = max{y//‘\"’”‘] +DII1 _81/:471’0’ Y,;V/ +Dlll _A/\}’
YI;V,IH_%—II = max{ymrl +Drlz __B'/:/l'|’ o’ YI:W +I)r]1 B AB}’
Y(IY‘IN_J:] = max{y(ly,[;l +Dr]r ——Bl/:/[ﬁl’o’ YI{W +DIII _A(.'}‘
At e Sled S e e e S s el

satisfy aY ;' + (1 —a) Y3 > YX5!. At time slot n, sup-
pose aY '+ (1 -a)Y¥ -1 > YY" At time n+1,

aY/I\X,4n—+'| Sl “a)ylyn:r'l
:amax{Y/(""”"'—Jf—D,'I—B,’I”“', 0, YY+D,-A,)
+(1—a)max{Yy" "'+ D) —BY"", 0, Y+ D) — A}
> max{a(Y,"' + D, — B¥)
=)D B =0 O
= R ety Gl S
> max{Y) '+ D) - BY,0,YY + D)~ A}

D)
_ yM-1
- YC‘H+1 0
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Therefore, for all time slots n, aY¥~' + (1 - a)Y¥-! >
Y-l which implies

aE[Y} '+ (1- 2)E[Yy"] > E[YY'].

Thus, E[Y¥~"] is a convex function of A,, ,. Furthermore,
from (45) it can be easily seen that E[Y¥~!] is nonincreas-
ingin A,,_, and as A,,_, — oo converges to a constant. In
particular, it converges to the expected shortfall of a single-
stage system with demand D' and capacity BY~! (decou-
pled system).

Similarly, it can be shown that E[Y'], which is a func-
tion of (A;,...,A,_,), is convex and nonincreasing in A,
and that it converges to a constant as A, — oo. Following a
similar procedure, it can also be shown that for all sample
paths and all time slots n, Y,f+l is a convex and nondecreas-
ing function of Y/*!, which by its turn is convex and non-
increasing in A, , and convex and nondecreasing in Y/*2.
Therefore, E[Y'] is convex and nonincreasing in A, . Con-
tinuing in this fashion, we conclude that E[Y'] is a func-
tion of (A, ...,A,_,) that is convex and nonincreasing
in every coordinate. Furthermore, as A,, ..., A,_; — oo,
E[Y'] converges to a constant. In particular, it converges to
the expected shortfall of a single-stage system with demand
D' and capacity B (decoupled system). [

Motivated by these properties of E[Y] we will
approximate it using a piecewise linear convex function
g&(A;, ..., Ay _), using a similar approach to the one used
in approximating f,(w,, 8) in §5.2. More specifically, we
will be using the following approximation:

E[Y"] = g(wiy — Wiy . o M1,

i’

S W =W )y 0= 1,50

As in §5.2 we can select a number of sample points w/, j =
I,..., N, and construct a piecewise linear convex function
that matches E[Y'] at those sample points. Note that one
can evaluate E[Y'] from the same simulation run used to
evaluate P[Y’ > w,], thus, the same set of sample points
and simulation runs can be used to construct both g;(-)
and f,(").

We now have all the ingredients to pose the problem of
optimizing expected inventory costs subject to maintaining
service level constraints. Using the approximating expres-
sion for the expected inventory cost in (44), we have the
following optimization problem:

M
minimize > 7 (w; — g (Wi — Wy, e s Wy — Wy 1))

i=1

n —0% w

W, Wy \ € 11

+(Zh,>fl <wl,—,...,—>—~0*
=il w; W Gl

PLY'> ) = 1 0 /e 1/ 0)

(47)
subject to

—0* o .
e "Mlge,, 1= 0000 M,
Wy = 2w, 2w, 20,

This problem can be solved analytically using standard
nonlinear programming techniques. Because there are a
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number of approximations involved in this formulation, it
18 of interest to assess the accuracy of the solution when
compared with “brute-force” simulation. We will see in §7
that the solution predicted by the problem in (47) is accu-
rate. The very significant advantage of our approach is that
we can set the proper hedging points analytically, which
leads to drastic computational savings.

6. EXTENSIONS: THE MULTICLASS CASE AND
LOST SALES

In this section we discuss two simple extensions: (1) to a
supply-chain model that can accommodate multiple classes,
and (2) to a model where unsatisfied demand at stage 1 is
lost instead of backlogged.

6.1. The Multiclass Case

In the multiclass case, a production policy consists of
scheduling decisions as well. That is, at each point in time
and at each facility in the chain, we have not only to decide
whether the facility will be working or not, but also to
decide which products it will producing, if any. Finding
an optimal production policy to minimize expected inven-
tory costs subject to service level constraints appears rather
hard, even in a single-stage system (see the discussion in
the Introduction). Bertsimas and Paschalidis (2001) have
proposed production policies in the multiclass, single-stage
problem by using fluid model analysis to obtain a schedul-
ing policy and large deviations analysis for the idling pol-
icy. In this paper we will use a scheduling policy that is
motivated by fairness considerations and ease of analysis.
We extend the model depicted in Figure 1 as follows.
We assume that instead of a single product class the system
produces K products. We will maintain separate inventory
buffers for each product class. We let 75/ denote the class
k inventory at stage j and time slot n, fork =1, ..., K and
Jj=1,..., M. We also let D,’j" denote the amount of exter-
nal orders arriving at stage | for class k during time slot
n. We will implement a scheduling policy which allocates
a constant fraction of the capacity of each facility to every
class. In particular, we will let ¢ ; denote the fraction of
the stage-i capacity B’ allocated to class & at time slot 1, for
all k=1,...,K and i=1,..., M, where Y5 ¢, , =L
Note that ¢, ; is constant for all time slots. This policy will
be referred to as the generalized processor sharing policy
(GPS) and has in fact been analyzed in the large deviations
regime by Bertsimas et al. (1999) for the two-class case;
an approximate analysis for more than two classes can be
found in Paschalidis (1999). The same policy has been used
by Glasserman (1996) in a muiticlass make-to-stock sys-
tem. The GPS policy is attractive because it guarantees a
minimum fraction of the capacity to every class. Thus, it
can be viewed as fair because the performance of a class
cannot be compromised at times that other classes are con-
gested, as might happen for example with a priority policy.
Notice next that, according to the GPS policy, the capac-
ity allocated to a class & can be distributed to the remain-
ing classes during times that class & has no work to be
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done. This allocation of the unutilized capacity can be
done according to the weights ¢, ;. As a result, classes are
“coupled,” which leads to a rather involved large devia-
tions analysis (see Bertsimas et al. 1999). To facilitate the
analysis in our supply-chain model we will decompose the
system across classes and ignore the unutilized capacity
allocated to a class during times that other classes are not
busy. A similar decomposition assumption has been made
in Glasserman (1996). Hence, the multiclass supply chain
is decomposed in K single-class chains, and the results
we have developed in this paper are immediately applica-
ble. In particular, our single-class asymptotics and hedging
points can be derived for each class k by using capacity
¢, B at each stage i during time slot n. The limiting log-
moment generating function and the corresponding large
deviations rate function of the process {¢,,B.; n € Z}
can be easily derived from Ap(0) and A} (a), respec-
tively. Of course, for stability purposes we have to assume
E[DY'] <min,_, , ¢, E[B.], forall k=1,...,K. This
simply implies that the policy will allocate sufficient capac-
ity to each product.

6.2. A Model with Lost Sales

We next turn our attention to a model where if inventory is
not available, external demand is lost and not backordered.
We will start the discussion with the multiechelon inventory
model.

Consider the supply-chain model of Figure 1 operat-
ing under the echelon inventory policy of §5. Assume
that unsatisfied demand is lost. Our notation for the lost
sales system will parallel the one we used in §5. Let )N(,’,
and Y! denote the echelon inventory and shortfall, respec-
tively, at stage / and time slot n for i =1, ..., M. Let also
w = (w,, ... ,w,) denote the hedging point vector. We can
obtain an evolution equation for X! (respectively, ¥!) by
introducing a reflecting boundary at zero (respectively, w;)
in (17) and (18) (respectively, (19) and (20)). In particular,
for ¥/ we have

7y =min{max{ ¥/ 4D}~ B.,0, 77+ D]
~(wi+1—w,-)},w,-}, i=1,....M—1, (48)
¥, =min{max{7 +D, B}’ 0}, w;}. 49)

In the lost sales system the steady-state stockout probability
is P[X' = 0] or, equivalently, P[¥' = w,]. As in §5, our
objective is to minimize the expected inventory cost subject
to maintaining these probabilities below given thresholds ¢;
for each stage i.

Note that the steady-state stockout probability at stage
1 can be interpreted as the long-term average fraction of
time that the system has no stock (under ergodicity assump-
tions). This can be connected with the percentage of orders
that are lost. Consider the case of a Bernoulli demand pro-
cess (i.e., D} is one with probability p and zero otherwise
at each time slot n and independently of anything else in

the system). Then the steady-state probability that an order
is lost is pP[f”' = w;], which is the same as the expected
amount of lost sales (in product units). The same reason-
ing does not apply for arbitrary demand processes because
they may not see “time averages”; the probability that an
order is lost will depend on the distribution of the demand
process. To avoid such complications and have a measure
that depends on the system we opted for the steady-state
stockout probability to construct service-level constraints.

The main result in this subsection is that the stockout
probability (or equivalently, the probability that the shortfall
equals the safety stock) in the lost sales model has the exact
same tail behavior as the stockout probability (or equiva-
lently, the probability that the shortfall crosses the safety
stock level) in the model with backorders of §5. More
specifically, under somewhat more restrictive assumptions
on the demand and production processes (some form of a
sample path large deviations principle) we obtain the fol-
lowing theorem. The proof and a detailed description of the
required assumptions is given in the Appendix.

THEOREM 5. Assume the hedging points w,, W,, ... , Wy, in
the multiechelon lost sales system satisfy w; = B;_ w,, i =
2,...,M, where B; are constants and 1 < B, < -+ < By
The steady-state shortfall Y' of echelon 1 satisfies

1 .
lim —logP[Y' =w,]=-6,, (50)

wj—>o0 W),
where 0F; | is given by (22).

Following an analysis that parallels the one in §5.3 we
can also obtain the total expected inventory cost in the lost
sales system. It is given by

3w, —E[F']).

Thus, to obtain the hedging point vector we can construct
an optimization problem similar to (47).

A lost sales extension to the local information case of
§4 appears to be more involved. The single-stage result of
Theorem 1 can be readily extended to the lost sales model
by taking the limit 8 = (8,, ..., By_,) — oo in Theorem 5
(cf. Remark 3 in §5.1). To use our decomposition approach,
though, for handling the multistage case requires character-
izing the departure process of a G/G/1 queue (Theorem 2).
In the lost sales model, one needs to extend that result and
characterize the departure process of a finite buffer G/G/1
queue. We conjecture that this is doable along the lines of
the result in Bertsimas et al. (1998b); confirming the con-
jecture is, however, beyond the scope of the present paper.
A simple approximation can be easily developed by using
the departure process of an infinite buffer G/G/1 queue to
obtain a bound on the large deviations rate function of the
departure process of a finite buffer queue. Using such an
approximation one can apply our results in §4 to treat the
local information case with lost sales.
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The models for demand and production in Example 1, a two-stage system. We denote by r the vector of

demand or production amounts at each state of the corresponding Markov chain.

Dl
0

@@ Wop C@ @:)

\/

0.4

r=(2,8,0.5)
E[D'] = 2.69
Viar| D =881

7. NUMERICAL RESULTS

In this section, we present numerical results to evaluate the
performance of the proposed large deviations approxima-
tions. We will consider a two-stage system and we will (a)
use the decomposition approach developed in §4 to derive a
base-stock policy for each stage under a variety of service-
level requirements, and (b) use the echelon base-stock pol-
icy analyzed in §5 to optimize the expected inventory cost
subject to service-level constraints. We will also obtain the
echelon base-stock policy for a three-stage system and,
finally, present an example demonstrating that detailed dis-
tributional information on the demand and production pro-
cesses is critical in making inventory control decisions.

Throughout this section we consider Markov-modulated
demand and production processes. Figure 5 depicts the
model of the demand and production processes in a two-
stage supply chain. We will be referring to this system as
Example 1. Notice that according to the mean production
capacities the bottleneck is the first stage. We construct
Example 2 by exchanging the order of the two production
facilities. The three-stage example we will consider will be
referred to as Example 3.

B! B

-
cogijos

0.2 02 0.1

r = (0,4) = (0,4.5)
E[B] =3l E[B%] =40
Vi Bl =1 2.7 N B =21

7.1. A Two-Stage Supply Chain with the
Decomposition Approach

For both examples we use the approach developed in §4.2.
Using the result of Theorem 3 we compute the asymp-
totic decay rate of the stockout probability at each stage,
namely, (67 ,,6;,) = (0.093,0.334) for Example | and
(07 1,07 ,) = (0.258,0.093) for Example 2. To compute
analytically the hedging points we use the expression in
(16). To compute the prefactor ¢; (cf. (15)) we simulated the
system to obtain the expected shortfalls, which are indepen-
dent from the hedging points (due to the decomposition).
In Table I we compare analytical and simulation results for
Example 1. Results for Example 2 are in Table 2. In both
tables, the first two columns list the desired service-level
requirements for stages 1 (final product) and 2, respectively.
The third and fourth columns list the analytically computed
hedging points, for stages | and 2, respectively. We simu-
lated the system with these hedging points. In both tables,
in columns 5-8 we report the simulated values for expected
inventory and service levels. Finally, and to make compar-
isons with the multiechelon approach later on (cf. Tables 3
and 4), we report in the last column the simulated value

Table 1.  Numerical results from the decomposition approach for Example 1.
Analytical Results Simulation Results

€ € w, W, E[(I)*] E[/?] P[I' <0] Bll2=0] hy hy E[C]
0.2 1072 15.73 10.79 23] 9.86 0.227 1.35 x 1072 1 1 26.32
0.15 1072 18.82 10.79 10.70 9.86 0.175 1.35x 1072 1 | 31.26
0.1 1072 23117 10.79 14.42 9.86 0.120 1.35x 1072 1 1 38.70
0.05 o= 8021 10.79 21.20 9.86 0.063 .35 ¢ 107> 1 1 52806
1072 i@ 47.87 17.70 38.61 16.63 1.06 x 1072 1.08 x 1073 1 10 591.01
1072 1073 47.87 17.70 38.61 16.63 1.06 x 1072 1.08 x 1073 1 1 93.85
=2 1073 47.87 17.70 38.61 16.63 1.06 x 1072 1.08 x 107? 5 1 248.29
102 1073 47.87 17.70 38.61 16.63 1.06 x 1072 1.08 x 1073 600 1 23,221.24
1073 1073 72.58 17.70 63.22 16.63 1.05x 1072 1.08 x 1073 1 1 143.07
ile=? 10~4 72.58 24.60 63.28 235 1x1073 0.96 x 10~ 1 1 150.07
104 10~ 97.29 24.60 87.98 28551 1.04 x 1074 0.98 x 10~ 1 1 199.47
1074 1073 972 31.50 87.99 30.40 1.04 x 107 0.94 x 1073 1 | 206.38

The simulated values for the expected shortfalls, which are used in computing the prefactors c;, are E[L'] = 9.297 and E[L?] = 1.098.
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Table 2.  Numerical results from the decomposition approach for Example 2.
Analytical Results Simulation Results
€ € w, w, E[(1')"] E[?] P[I' <0] R[] hy hy E[C]

0.2 1072 4.41 46.55 2.78 38.48 0.196 0.94 x 1072 1 1 44.04
0.15 1072 5,93 46.55 3.69 38.48 0.156 0.94 x 1072 1 1 45.86
0.1 1072 7.09 46.55 5103 38.48 0.111 0.94 x 1072 1 1 48.54
0.05 102 9.78 46.55 7.49 38.48 0.061 0.94 x 1072 1 1 53.46
== 1073 16.01 A1E2S 13.61 63.06 1.02 x 1072 0.98 x 1073 1 1 90.28
1072 1072 16.01 71.25 13.61 63.06 1.02 x 1072 0.98 x 1073 5 1 144.72
0= 1073 16.01 Y25 13.61 63.06 1.02 x 1072 0.98 x 1073 1 10 780.31
1073 1073 24.92 723 22.48 63.06 1.35x 1073 0.98 x 1073 1 [ 108.02
1052 10~ 24.92 95.96 22.50 87.75 1.14 x 1073 1.26 x 1074 1 1 IBONTS
10 10~ 33.83 95.96 31.41 87.74 1.16 x 1074 0.97 x 10~ 1 1 150.56
1074 il 33.83 120.67 31.41 112.45 1.08 x 10~ 0.9x107° 1 1 17927

The simulated values for the expected shortfalls, which are used in computing the prefactors ¢;, are E[L'] =2.420 and E[L?] = 8.216.

for the expected inventory cost under holding costs h, + h,
and h, for stages 1 and 2, respectively.

In most cases, we selected the service-level requirement
of the second stage to be same as, or one order of magni-
tude less, than €,. For relatively large stockout probabilities
(e, > 0.01), we set €, = 0.01. The numerical results sug-
gest that this suffices to make the decomposition approach
valid. In particular, we observe that the proposed large
deviations asymptotics are fairly accurate; they capture the
exponent of the stockout probability and get fairly close
in the first significant digit. They do so even for relatively
large stockout probabilities, that is, away from the large
deviations limit. Of course, there are many combinations
of w, and w, that would lead to the same service level.
Our decomposition approach yields one possible combina-
tion. In particular, the decomposition approach minimizes
the required safety stock for stage 1, w,, since it assumes
that no upstream material requirement constraints are in
effect. In the next subsection we explore how we can select
the best such combination to minimize expected inventory

7.2. A Two-Stage System with the
Multiechelon Approach

Next we apply the multiechelon approach to both Exam-
ple 1 and 2. We start with Example 1. Using the results
of Theorem 4, Corollary 1, and the characterization of
05, in (32) we obtain (67, 605) = (0.0932,0.0932) and
0%, = min(07, w,0;/w,) = 0.0932, for all w, > w,. Simi-
larly, 07, , = 0.2584.

We selected w, = 10, 30, 50, and for each w,, selected
w, such that B, = w,/w, =1, 1.5, 2, 2.5, 3.5. We simu-
lated the system at those sample points (w,, w,) and used
the approach in §5.2 to construct the prefactor f,(w,, 3,)
for the stockout probability and the approximation g,(A,)
for the expected shortfall. By simulation we also obtained
E[Y?] =2.42, and ¢, = 0}, ,E[Y?] = 0.63, which were used
as a prefactor in the echelon-2 stockout probability (as
in (16)).

We solved the nonlinear programming problem in (47)
for a variety of service-level requirements €, (we imposed
no service-level requirement on stage 2, i.e., €, = 1) and

costs. holding costs h = (&, h,) for stages 1, 2, respectively. The
Table 3. Numerical results for Example 1 operated under the multiechelon policy.
Analytical Results Simulated Values Simulation Results
€ h wh E[C] P[X' 0] E[C] w P[X' <0] E[C]

0.20 (1, 1) (16.57, 20.71) 28.63 0.208 28):22]] (17, 21) 0.199 29.81
0.15 (1, 1) (23.41, 23.41) 34.32 0.157 34.4 (20, 24) 0.150 34.67
0.10 (1, 1) (27.76, 27.76) 41.94 0.103 42.0 (26, 28) 0.099 42.30
0.05 (1, 1) (35.25, 35.25) 55.84 0.052 55.86 (32, 36) 0.049 56.43
102 (1, 10) (52.51, 52.51) 541.25 1.01 x 102 541.3 (50, 53) 0.99 x 1072 546.20
102 (1, 1) (52.57, 52.57) 89.61 1.01 x 1072 89.62 (50, 53) 0.99 x 102 89.99
102 5, 1) (52.50, 52.50) 246.67 1.01 x 1072 246.64  (50,53)  0.99x 1072 247.19
(02 (600, 1) (47.72, 95.44) 23,218.00 1.03 x 1072 23,211.00 (48, 57) 1.00 x 1072 23,257.00
103 (1, 1) @il 920 8570 1.03 x 1073 138.70 (74, 78) 0.99 x 103 139.37
1074 (1, 1) (101.93, 101.93) 188.13 9.96 x 1073 188.12 (99, 102) 9.82x 1073 187.77

We denote by w}, (3rd column) the hedging vector obtained by solving the optimization problem in (47). Similarly, w (7th column) denotes the
hedging vector obtained by brute force simulation over integer points. The 4th column (E[C]) lists the optimal value of the optimization problem
in (47), that is, our analytical approximation of the total expected inventory cost of the policy in column 3. Columns 5 and 6 list the stockout
probability and expected inventory cost, respectively, obtained by simulating the policy of column 3. Columns 8 and 9 list the corresponding
values obtained by simulating the policy of column 7.
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Table 4. Numerical results for Example 2 under the multiechelon policy.
Analytical Results Simulated Values Simulation Results
e h wh E[C] P[X' <0] E[C] Wi P[X' <0] E[C]
0.20 %D (8.82, 22.04) 20.87 1.98 x 10! 20.13 (10, 21) 0.200 19.85
0.15 (1, 1) (10.06, 25.19) 24.83 1.52 x 10! 24.03 (10, 25) 0.150 el
0.10 (1, 1) (11.62, 29.91) 30.65 0.102 29.93 (13, 29) 0.099 30.07
0.05 (1, 1) (14.18, 38.05) 40.92 5.06 x 102 40.37 (15 27) 0.05 40.01
102 (1) (21.74, 54.61) 64.73 1.03 x 1072 64.37 (22, 54) 1.00 x 1072 63.99
102 5, 1) (17.75, 62.15) 129.74 1.05 x 1072 129.12 (18, 61) 1.00 x 102 129.12
102 (1, 10) (26.92, 52.81) 460.32 1.03 x 102 459.93 (22, 54) 1.00 x 102 467.19
1073 (1) (29.26, 81.17) 98.73 1.07 x 1073 98.65 (30, 81) 9.95x 10~ 99.20
10-4 (1, 1) (38.21, 106.00) 132.49 1.22 x 10~ 132.47 (40, 107) 1.00 x 10~ 135.46

The notation and the structure of the table are the same as in Table 3.

results are reported in Table 3. We also obtained the optimal
policy (w,, w,) by brute-force simulation. There are two
main observations we can make:

(1) Our analytical approximation for the stockout prob-
ability and the expected inventory cost is very accurate. To
see that compare (i) the actual stockout probability (col-
umn 5) achieved by the “analytical” optimal solution w7}
with the corresponding service level requirement €, and
(ii) the actual inventory cost of w% (column 6) with its ana-
lytical approximation (column 4). Our results are accurate
even for relatively large stockout probabilities, that is, away
from the large deviations limiting regime.

(2) The performance of our analytically obtained policy
w is rather close to the optimal policy (obtained by sim-
ulation). In fact, our policy is within at most 2% of the
optimal (difference of columns 6 and 9), which drops to at
most 1% if we ignore the first row of the table.?

To assess the efficiency of the analytical approach, note
that to optimize the expected inventory cost by simula-
tion we need to simulate for all possible integer combina-
tions of w, and w, and select the one that yields the low-
est cost. Moreover, simulating small stockout probabilities
requires very long sample paths. It usually takes from sev-
eral hours to several days to find the optimal by brute-force
simulation, depending on the length of sample paths (as
dictated by the service level requirements) and the num-
ber of (w,w,) points. In fact, these running times of the
brute-force simulation were achieved by using information
from our analytical solution, that is, starting our search in
a set “centered” around the analytical solution where we
expect the optimal to be. Brute-force simulation with no
information at all would take much longer and would be
computationally intractable for the smaller €, (last rows of
Table 3). The nonlinear programming problem can typi-
cally be solved within 1 minute (for the instances we con-
sidered), while “pre-processing” (i.c., obtaining the prefac-
tors) took on the order of 30 minutes. It is evident that the
proposed analytical approach leads to huge computational
savings at a modest performance cost. It should also be
noted that in finding w§ we only considered integer valued
hedging points w, and w,. As a result, the gap between
w% and wj§ in Table 3 contains this quantization error

and thus overestimates the actual error of the analytical
approach.

To compare the solution obtained by the multieche-
lon approach with the one obtained by the decomposition
approach consider the inventory cost of the latter given in
Table 1 (last column).’ Because we ignore coupling among
stages the decomposition approach is not as accurate in
approximating P[I! < 0]. Thus, in some cases it leads to
solutions that violate the service-level requirement (more
in rows 1-4 of Table 1 and slightly in some of the remain-
ing). In terms of inventory cost, the multiechelon approach
leads, in general, to more efficient solutions (except in rows
1—4 and 8 of Table 1 in which we end up with less inven-
tory cost because we violate the service-level requirement).

Next, we consider Example 2. We compute (67, 85) =
(0.2584, 0.0932), 67 | = min(6}, w,0;/w,) = min(0.2584,
0.0932w,/w,), and 07, = 0.0932. As in Example [, we
simulated the system with sample points (w,, w,), using
w, = 10, 20, 30, 40, and selecting w, such that B, =
wy/w, =1, 2, 2.5, 27736, 3, 4, for each w,. We con-
structed the prefactor f|(w,, 8,) for the stockout probabil-
ity and the approximation g,(A,) for the expected shortfall
using the approach of §5.2. By simulation we also obtained
E[Y?] =9.28, and ¢, = 0}, ,E[Y?] = 0.865, which we used
as a prefactor in the stockout probability at stage 2.

Solving the optimization problem in (47) we obtain
the results of Table 4, which are very similar in nature
to the ones we obtained for Example 1. That is, our
approximations are accurate for both stockout probabilities
and expected inventory costs and the analytical solution
is within at most 2.2% of the optimal. Figure 6 depicts
how the expected inventory cost (obtained by simulation)
changes with the hedging vector for the cases in rows 5
and 6 of Table 4. It can be seen that the policy obtained
by our analytical approach is very close to optimal; devi-
ating from w7 can lead to significantly larger expected
inventory cost, which stresses the significance of optimiza-
tion. Finally, as in Example 1, by comparing the inven-
tory costs in Tables 2 (last column) and Table 4 we con-
clude that the multiechelon policy leads to more economic
solutions.
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Figure 6.

E[Inventory Cost]

7.3. A Three-Stage System with the
Multiechelon Approach

We next consider a three-stage system (Example 3), with
the Markov-modulated demand and production processes
depicted in Figure 7. We apply the multiechelon approach
to Example 3. Using the results of §5 (cf. (32), (33)) we
obtain 07 = 0.1276, 65 = 0.0866, 65 = 0.0866, and 07, | =
min(607, w,0; /w,, w305 /w;) = min(0;}, w,05/w,). There-
fore, the feasible set of B = (B, B,) = (w,/w,, wy/w;)
has two regions determined by B,: 1 < B, < 0}/6;5 and
By = 07/05. We select w, = 20, 40, 60, 80, and for each
wy, select a set of (w,,w;) to include sample points on
the boundary and inside the two regions of B. Using the
approach of §5.2 we obtained f,(w,,B) and g;(-), i =
1,2,3, and, as a result, the stockout probability and the
expected inventory cost.

We solved the nonlinear programming problem in (47)
for a variety of service-level requirements €, and holding
costs h = (h,, h,, hy). The results are reported in Table 5.
Again, we observe that the analytical results are very close
to the ones obtained by simulation. That is, our approx-
imations are accurate for both stockout probabilities and
expected inventory costs and the analytical solution is

The optimal multiechelon policies for Example 2 obtained by simulation. The thick curve is the boundary
of the (feasible) set of (w;,w,) satisfying the service-level constraints. The optimal policy obtained by our
analytical approach is marked with a circle.

w W
o O
© @

E[Inventory Cost]
n
(¢
o

within at most 2.5% of the optimal. Regarding running
times, as we noted in §7.2 the nonlinear programming
problem takes on the order of a couple of minutes, “pre-
processing” took on the order of a couple of hours for
this three-stage example, while the brute-force simulation
approach takes on the order of several days, depending on
the service-level requirement and the number of hedging
point vectors it goes through. Again, as in §7.2, this is the
case for a simulation that uses information from our ana-
lytical solution.

7.4. Significance of Distributional Information

As our final example we present a two-stage supply chain
model operated under the multiechelon inventory policy.
We will demonstrate that distributional information on the
demand and service processes is critical in making inven-
tory control decisions. In particular, we will try to identify
the bottleneck stage that determines the stockout probabil-
ity at stage 1.

The demand and production processes are all discrete-
time Markov modulated processes. Letting P and r denote
the transition probabilities and the vector of demand or pro-
duction amounts in each state of the corresponding Markov

B? Be

Figure 7. The models of demand and production in Example 3.
D BE
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rp = (5,40, 60)

rp = (1,2,10,28) E[BY] 4550
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0.2
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Table 5.  Numerical results for Example 3 operated under the multiechelon policy.
Analytical Results Simulated Values Simulation Results

€ h wh E[C] P[X! <0] E[C] w P[X' <0] E[C]
107! ({1, 1, 1) (27.5, 53.7, 68.7) 129.8 1.14 x 107! 132.6 (23, 51, 74) 0.98 x 107! 136.0
7x102  (1,1,1) (293, 59.0, 74.0) 1428 7.55x 1072 1450 (23, 56, 80) 6.82 x 102 147.6
3%1072  (1,1;1) (352, 68:1,88.1) 1751 3.36x 102 1764 (28, 64, 92) 2.97 x 102 173.4
1052 (1,1,1) (42.5, 83.7, 103.7) 215.6 1.15 x 1072 215.8 (34, 88, 104) 1.01 x 1072 211056
1072 (1,3,1) (43.9, 78.5, 108.5) 360.2 1.20 x 1072 362.7 (34, 85, 106) 1.01 x 1072 364.1
1073 (1,1,1) (59.7, 116.2, 130.0) 289.9 1.08 x 1073 290.1 (57, 116, 130) 1.01 x 1073 287.5
1074 (L1,1) (7591344, 162.6) 3623  097x107* 3635 (69,135 166)  1.00x 10~  360.6

The notation and the structure of the table are the same as in Table 3.

chain we set rj, = (5, 10), rz = (0, 25), rp = (0, 14),
02 08 02 0.8
PD:[OA 0.6]’ P19‘“[0.3 0.7}’

p, —[015 085
B=1005 095/

which implies E[D] = 8.33, E[B'] = 18.18, and E[B?] =
13.22. Applying the results of §5 (cf. (32), (33)) we
obtain 67 = 0.1785, 6; = 0.1785. We compute 6, =
min(0}, w,0;/w,) = 67 = 0.1785, which (according to the
discussion in Remark 2 of §5) implies that the “bottleneck”
is stage 1 in the sense that process B! and not B? charac-
terizes the stockout probability at stage 1. This seems to
contradict the naive intuition that the “bottleneck” is stage
2 because E[B'] > E[B?]! The conclusion that the “bot-
tleneck” is stage 1 is explained by noting that B' is more
bursty than BZ.

8. CONCLUSIONS

We proposed two production policies in a multistage,
single-class supply chain. Demand and service processes
are general, potentially autocorrelated processes, which
makes it possible to model complex demand scenarios and
failure-prone production facilities. Both policies emphasize
quality of service, which is becoming important in mod-
ern manufacturing, by maintaining desirable service level
constraints. The first policy is a base-stock policy that uses
only local inventory information. The second policy is an
echelon-base stock policy. In both cases we relied upon
large deviations techniques for analysis. This led to asymp-
totically tight approximations for the stockout probabilities
which allows us to analytically obtain appropriate hedging
points that maintain the desirable service level constraints.
Our analysis under the echelon policy provides particular
insight on how stockouts occur. In particular, it identifies a
“bottleneck” stage whose production capacity is “responsi-
ble” for stockouts at stage 1. But, this “bottleneck” stage is
not necessarily the one with the smallest mean production
capacity; it depends on the full distribution of production
processes.

The echelon base-stock policy enables optimization
among all possible hedging point vectors that satisfy the

service-level constraints; by solving a nonlinear optimiza-
tion problem we select the one with minimum expected
inventory cost. Numerical results show that the solutions
obtained by analysis are very close to the ones obtained by
brute-force simulation. Our analytic approach for selecting
appropriate hedging points leads to dramatic computational
savings when compared to the time needed to obtain them
by simulation.

APPENDIX

Here we provide the proof of Theorem 5. As we indicated
in §6.2 we will need somewhat more restrictive assump-
tions on the demand and production processes. We will
require that they satisfy the following version of a sam-
ple path large deviations principle (SPLDP) (see Bertsi-
mas et al. 1999 for an extended discussion on SPLDPs).
More specifically, let {X; j € Z} denote any of the (demand
or production) processes {Dj;j € Z}, {B;j € Z}, i =
1,..., M, and let Sj’.fk = Zf‘_:j X, denote the partial sums of
the process X. We will be assuming that for all m € N, for
every €, €, > 0, and for every set of scalars a, ..., a,_,,
there exists K > 0 such that for all n > K and all ky, ... , k,,
with 0=k, <k, < <k, =n,

e“('lfz‘*'ﬂ-":f)] (ki1 —ki) A% (;))
< P[ISliJrl,k,-H — (ki —k)a| <€n, i=0,...,m—1].

(51)

Intuitively, this assumption deals with the probability of
sample paths being constrained within a tube around a
“polygonal” path made up of linear segments of slopes
Qg ... »a,_;. This assumption is satisfied by a large class
of processes, including, renewal, Markov-modulated, and
stationary processes with mild mixing conditions (see
Chang 1995). It can also be seen from the derivation of
the large deviations rate function in Chang (1995) that the
time-reversed process X (see §5) has the same large devi-
ations rate function as the forward process. To prove The-
orem 5 we first need an alternative expression for 67
in (22).
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LEMMA A.l. It holds that

|
0% ,_mm[mf— inf (Af)l(x(,)—{—/\z.(xl)),

a>0 q xo—x;=a

il g

inf — inf

a>0 q xg—& x;—éyxy=aP
(61,62)€0,

RS Zn(x1)+§2/\22(x2)),...,

1
inf — inf o X
”>0a"-()fgl"'l7"'_§I\I«VM:(I,BM,,|( D'( 0)
(TN

+§1A;;,(x.>+-~-+fMA;;M<xM>)] (52)

(A}‘), (%)

Proor. Comparing (22) and (52), it suffices to show

1

inf — inf A

a>0 @ xo—& =& xi=aBi_y ( DI( )
(DI

& A (x) + -+ ENG (x; ))
1
=inf — inf A*
a0 a .r(,—g,,\.l4.,11_15,*,_:“5‘_4( i (X0)
(L6 )0
&AL () o+ EAL ()

for some arbitrary i = 1,..., M. We will denote by
LHS (respectively, RHS) the expression on the left-hand
side (respectively, right-hand side) of the the above. First
observe that LHS < RHS, because for any process X and
any a we have A% (a) < Ai(a) and Ay (a) < Aj(a)
(cf. (6)).

cht consider an optimal solution y = (a*, xj,...,
5 ..., &) of the optimization problem in the LHS.
Wlthout los@ of generality assume that &}, ..., & > 0; oth-
erwise some terms will be eliminated from the objective
function and the rest of the proof carries through. Fix € > 0,
sufficiently small. We will construct a feasible solution
y'(€) of the LHS that is also optimal. We will distinguish
several cases:

(1) Suppose xi > E[D'] and x
IR Bhenfsetiyf ="y

(2) Suppose x; < E[D']. Note that by feasibility xj —
Erxf o —&Fxr > 0. This implies that for some j=1, ..., 1,
x* < E[B/]. Otherwise, ie., if x; > E[B/] for all j =
1,...,i, due to (1) we have

x—&ix =€l
<E[D']-&E[B'] - — {E[B]

<E[D'] —jer[nm }E[Bj] <0.

* < E[B/] for all j =

4/

7

Then set ¥ = (@5 + & X hs X +e/§*,... 55

) Wthh is feasible. Note that because Ny t() is
zero below the mean E[D'] and A} (-) is nomncreasmg
below the mean E[B/] the objectlve value of the problem
in the LHS at y’ is no more than the corresponding value
at y. Hence, y’ is also optimal.

(3) Suppose that for some j, j=1,...
We distinguish two cases:

(a) Suppose x; > E[D']. Then set y' = (a*, x§ —
§exl,...,x7—e SIS s G, (WIICHETS Feasibles
Note that because AZT( 2 is nondecreasing above the mean
E[D'] and A%; (-) is zero above the mean E[B/] the objec-
tive value of the problem in the LHS at y’ is no more than
the corresponding value at y. Hence, y’ is also optimal.

(b) Finally, suppose that xi = E[D']. Then, as in
Case 2 above, for some j' = 1,...,i not equal to j
we have x% < E[B/]. Then set YR e e —
EfETs o e e ot X & i 6 Wil s feam-
ble. Note that because Azl () is nonincreasing below the
mean E[B/] and A% (-) is equal to zero above the mean
E[B/] the objective value of the optimization problem in
the LHS at y’ is no more than the corresponding value at
y. Hence, y’ is also optimal.

Given y we keep repeating the procedure in Cases 2
and 3 above until we construct a new optimal solution
V' 2 e o X il ki)l AL iSatishies ays E[D']
and x; < E[B/] for all j=1,...,i Suchayis feasible
for the optimization problem in the RHS and achieves the
same objective value for both RHS and LHS. The optimal
value of the RHS can be no worse. Thus, RHS < LHS. [

.1, xf > E[B/].

PrOOF OF THEOREM 5. Recall that for each time slot n the
lost sales system satisfies the evolution equations (48) and
(49), while the system with backorders satisfies (19) and
(20). We define demand and production processes on the
same probability space for both systems so that they are
driven by identical sample paths. It holds that Y”l <Yl for

n?

all n. Hence, by using Propositions 2 and 3 we obtain

1 = 1
limsup — log P[¥' = w,] < limsup — logP[Y"' > w,]

w—o0 Wi wy—oo W)

—0g ;-

For the lower bound we will mimic the proof of Propo-
sition 1. The key of that proof is that we identified M sce-
narios (Cases 1, ..., M) which led to Y' > w,. The prob-
abilities of these scenarios provide M lower bounds; we
selected the tightest by maximizing over those. Here we
will establish that these scenarios are also feasible scenar-
ios in the lost sales model and lead to ¥ = w,. Using the
same notation as in the proof of Proposition 1, let m be
large enough, choose a > 0, set w, = ma and consider the
following M scenarios:

Scenario 1.
pl :
{|SDA—]x0| & Gty J1= 1l a0 o i)
{|SBl — || € @ns 1= s 000 o il
where x5, %, 2 0, €, >0, x,—x, =a+¢€, and € =
Gy ar Eiio
Scenarios i =2,... , M.
{|SID = o] e, =t s
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{188, = jm| <emi, j=1,...,m},
{|Sk,L|+l,ki,]+j_jxi| L Gty JJ= Usans ,m,},

WD i B0 e 0d 2 O Gpana oGy = O oy = Eivan —

o —Exy =(a+€)By, & =my/m for j=1,...,i

(§1,.--:6) €0, € =6 +--+eg, and ki =(F-1)+
=l

Zl:] m;.

Using the same arguments as in the proof of Proposi-
tion 1, according to scenario i the shortfall in the system
with backorders builds up linearly with m at a rate of a+¢€’,
where € — 0 as €, ..., € — 0. It reaches m(a+¢€') in m
time slots. Now from (48) and (49) note that starting from
zero, Y and Y follow identical sample paths until they
hit w,. Hence, Y, reaches w, = ma in m time slots. Thus,

using the same notation as in the proof of Proposition 1,
for every i=1,...,M, we have

P[Y' = ma]
> P[min{G,,, ma} = ma]
Pl 5 .
> P[|S,’?j —jx| < €m, j=1,...,m]|

RIS =y Sl o ]

- x P[|S?

B 2 —jx| <em;, j=1,...,m]

S o MING GO AL ()b (el
where m is large enough, € — 0 as €y, €, ... ,€; — 0, and
the last inequality above is due to the SPLDP assumption
in (51). As in the proof of Proposition 1 we optimize over
all parameters of scenario i to obtain

. . ~ ] ~1
liminf — logP[Y' = w,]

wi—00 Wy

|
> —inf — inf A (x
Y -\‘n*fl-"l—"'—§ixi=“ﬁi—-1(§|u-»»fi)eﬁf‘i[ D]( )

+§1A7;|(xl)+'”+§iA73i(xi)}'

By using Lemma A.l and selecting the tightest bound
among all scenarios 1, ..., M we obtain

1 =
liminf — logP[Y' = w,] > —65 .

w)—> 00 wl

ENDNOTES

1. That is, for the existence of a unique stationary distribu-
tion to which the system converges from all initial condi-
tions.

2. In some cases in Table 3, w} achieves less inventory
cost than w} because in these instances w7 slightly violates
the service level requirements (due to the large deviations
approximation).

3. Note that holding costs h,, A, for echelon 1 and 2,
respectively, correspond to holding costs A, + h, and A, for
stage 1 and 2, respectively, in the decomposition approach.
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