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Abstract—We consider a model in which two competing
wireless service providers with licensed spectrum may pool a
portion of their spectrum to better exploit statistical multiplexing.
Given an amount of pooled spectrum, the providers engage in
Cournot competition. We study the impact of pooling spectrum
on the outcome of this competition and show that the gains from
multiplexing are dissipated due to the competition among the
providers.

I. INTRODUCTION

Traditionally, wireless service providers (SPs) have used
their own bands of licensed spectrum to offer service to their
customers. Spectrum pooling is an alternative approach in
which the same spectrum is shared by multiple SPs offering
the same services [1], [2].1 Each SP accessing a spectrum pool
could do so using its own infrastructure perhaps coordinated
via a spectrum manager [4]. This coordination could also occur
through using a technology such as Licensed Assisted Access
(LAA) [5]. Alternatively, this could be implemented via radio
access network (RAN) sharing [6] in which case infrastructure
would be shared along with spectrum.

Spectrum is inherently a congestible resource in which the
quality of service that can be provided to a user in a given
band declines as more users utilize that band. A key advantage
of pooling spectrum is that it can decrease congestion in the
presence of randomly varying demands. In particular, pooling
spectrum enables SPs to exploit statistical multiplexing similar
to the effects that arise in traditional wired networks [7].
However, in a competitive market, the benefits of improved
statistical multiplexing will influence the competition among
the SPs who pool their spectrum. Our goal in this paper is to
understand the impact of such competition on the gains from
pooling spectrum.

We consider a scenario in which there are two compet-
ing SPs, each having its own licensed spectrum. With ran-
domly varying and independent demands presented to the two
providers, congestion is minimized by pooling the two bands
which effectively increases the joint capacity of the SPs by
enabling them to exploit statistical multiplexing.

A reduction in congestion will have an impact on price and
demand. As the reduction in congestion is akin to an increase
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1This type of approach is also called co-primary spectrum sharing [3].

in capacity, we would expect lower prices. This will increase
both demand and congestion. Will the increased demand offset
the drop in prices enough to make the providers better off?
While more consumers are being served, they may face greater
congestion – are they better off?

We study these pooling effects on SP revenue and consumer
surplus in a static scenario where the cost of congestion
in a particular band is given by a weighted combination of
mean load (customers served normalized by bandwidth) and
its variance, where the latter term captures the benefits of
statistical multiplexing. That is, for a given mean load, the
congestion cost decreases with bandwidth due to the decrease
in normalized variance.2 To allow the possibility of partial
pooling while maintaining competition, we consider a scenario
in which the two providers agree to share a fraction of
their allocated spectrum, and then split the users across their
shared and proprietary bands to equalize the corresponding
congestion costs.

Competition between the SPs is captured via a Cournot
model: the SPs simultaneously choose the load they wish
to serve and the total load determines the market price. The
higher the total load, the lower the market price. Consumers
make the decision to purchase service based on the delivered
price which is the market price plus congestion cost. This
model extends the model of competition in [8] by incorporat-
ing statistical multiplexing gains. That paper also examines the
benefits of sharing spectrum. However, the benefit of sharing
in that paper does not arise from the SPs pooling some of
their resources but rather from sharing intermittently available
spectrum from an outside source.

We find that the gains from multiplexing are dissipated in
the competition between the SPs. In fact the SPs profits may
be lower with pooling which eliminates their incentives to
share. More consumers are served because prices are lower but
congestion is higher than before. Consumer surplus, however,
increases with the amount of bandwidth that is shared. We
also compare this with a scenario in which there is a single
monopoly SP with two bands of spectrum. In the monopoly
case, pooling the two bands leads to both higher profits and
greater consumer surplus compared to when the monopolist
keeps the two bands separate.

2The reduced variability is best ascertained by looking at higher moments.
Here we restrict to just the variance but remark that our choice captures the
first two terms of the effective bandwidth formula in [7].



A. Prior Literature
This paper is a contribution to the literature on competi-

tion among wireless service providers with shared spectrum
(e.g. [9]–[12]). In particular, it builds on a line of literature that
adapts models for competition among firms with congestible
resources (e.g. [13]). That literature has not considered the
impact of competition on pooling to exploit multiplexing
gains.

There is an extensive literature on technologies for pooling
spectrum to harvest a multiplexing gain (e.g. [2], [14], [15]).
In this paper we take the existence of multiplexing gains as
given and capture the underlying technology via a congestion
function. Our focus is on whether SPs have an economic
incentive to exploit such gains by pooling their resources.

Another motivation for pooling spectrum is that it may
reduce the cost of deploying infrastructure (see e.g. [16], [17]).
Here, we assume that any investment in infrastructure is fixed a
priori and focus solely on the multiplexing benefits of pooling
given the fixed investment.

There has also been a line of work on the design of
incentives for SPs to enter into pooling agreements (see
e.g. [17], [18]). We take such an agreement as given here
and do not explicitly model this. However, by comparing the
profits of SPs when they pool spectrum, our results provide
insights into when such agreements may emerge.

II. MEAN-VARIANCE MODEL OF LATENCY

To capture statistical multiplexing, we consider a mean-
variance model for the latency of users within a given band of
spectrum. Suppose a single band of capacity C serves a mass
x of non-atomic users, where the capacity C is proportional
to the bandwidth of the spectrum.3 We model the latency per
user as

`(x;C) =
x

C
+
xv

C2
, (1)

where v is a parameter related to the variability of traffic on
the band. We can think of this expression as arising from a
setting where each user brings a random quantity of traffic at
a given time with a unit mean and a variance of v, which is
independent across the users. The system load (given by the
amount of traffic divided by the capacity, C) will then have
a mean of x/C and a variance of xv/C2. Our latency model
assumes that users are sensitive to the sum of the mean and
the variance of the system load.4

We now show that this model of latency provides gains from
multiplexing. If we share by combining two bands of capacity
C1 and C2 which serve x1 and x2 customers, respectively, the
latency on the combined band is:5

`(x1 + x2;C1 + C2) =
(x1 + x2)

(C1 + C2)
+

(x1 + x2)v

(C1 + C2)2
. (2)

3The capacity can also depend on the technology deployed in the band,
which here we assume is fixed across all bands.

4More generally this could be a weighted sum where the weight for the
variance term can simply be absorbed into v.

5Depending on the approach used to pool these two bands, the combined
capacity could be less than C1 +C2, e.g., there may be a degradation due to
coordinating different SPs use of the spectrum. We ignore such effects here.

Suppose x1 = x2 = x and C1 = C2 = C. Then, we have

x

C
+
xv

C2
>

2x

2C
+

2xv

(2C)2
=
x

C
+

xv

2C2
.

Here, the term on the left is the latency experienced if
two separate bands of capacity C are each used to carry
x units of traffic. The term on the right is the latency if
the two bands are pooled creating a band with capacity 2C,
which is used to serve the combined 2x units of traffic. The
inequality establishes that there is a multiplexing gain, which
is increasing with the variance in the traffic v. As v grows,
this gain approaches 50%. When v = 0 (the latency model
used in [8]), there is no multiplexing gain.

III. MONOPOLY

As a baseline we consider a monopoly SP under the mean-
variance latency model with a total capacity of 2C. We assume
the SP can operate on two separate bands having capacity C1

and C2 where C1+C2 = 2C or on a single band with capacity
2C. We compare the revenue, latency, and price across the two
scenarios. 6 For the purposes of comparison of different market
structures, in our analysis below we will modify the mean term
of the latency to be βx/C for parameter β ∈ {0, 1}.7

We assume a pool of infinitesimally small customers each
of whom bears a latency cost as in (7) that depends on the
traffic carried on the band which serves them. Customers care
about the delivered price, pd, which is the posted price plus
the latency cost incurred and related to demand by the inverse
demand curve of pd = 1−x where x ∈ [0, 1] is the normalized
mass of customers accepting service.8 Thus, the SP’s revenue
per customer will be the difference between pd and the latency
suffered.

The surplus obtained by the yth user receiving service is
given by the difference between a consumer’s value for service
(given by the inverse demand curve evaluated at y) and the
delivered price that consumer experiences (pd). The overall
consumer surplus is given by integrating this over all users
receiving service. This results in a surplus of (1/2)(1− pd)2.
From this it is clear that a lower delivered price results in a
larger consumer surplus.

Pooling allows the monopolist to exploit multiplexing which
means they can carry the same volume at lower latency. In
turn this means the monopolist can raise their posted price
leaving the delivered price unchanged. Alternatively, they can
also serve a larger volume of customers at the same announced
price.

A. Separate Bands

We first consider the mean-variance monopoly model with
two separate equal-sized bands. If x is the amount of traffic
carried on each band, then, the total traffic is 2x and delivered

6We can also interpret this as two distinct SPs that coordinate on the traffic
they carry both before pooling their separate bands as well as after.

7Nominally, we will set β = 1, but will consider the case of β = 0 when
comparing to the variance-only results in Section IV-B.

8Note, in our model price influences the number of customers accepting
service but not the amount of traffic a customer generates.



price must be 1−2x. Latency per customer will be β xC + xv
C2 .

Hence, total profit will be

π = (2x)(1− 2x)− β
2x2

C
−

2x2v

C2
. (3)

The profit is maximized by setting x = C2

4C2+2βC+2v , giving
a maximum profit of

π =
C2

4C2 + 2βC + 2v
,

which interestingly is equal to 1/2 of the optimal quantity
served (given by 2x). The profit maximizing delivered price
and the corresponding total latency are given by:

pd = 1− 2x =
C2 + βC + v

2C2 + βC + v
,

l =
C2 (βC + v)

2 (2C2 + βC + v)
2 .

Per user latency will be

βC + v

4C2 + 2βC + 2v
.

Subtracting the per user latency from the delivered price pd
gives that the market price is 1/2, which is the same as what
a monopolist would charge if faced with the same demand
curve in a market without latency. Here, latency causes the
monopolist to reduce the quantity of users it serves but to do
so in a way that keeps the market price fixed.

B. Pooled Bands

Now suppose the two separate bands of capacity C are
pooled into a single band of capacity 2C. If x is the total
traffic carried on the pooled band, the maximum profit of the
SP will be given by

max
x

x(1− x)− β
x2

2C
−
x2v

4C2
. (4)

The optimal value of x is 2C2

4C2+2βC+v resulting in a profit of

π =
C2

4C2 + 2β C + v
,

which again is equal to 1/2 of the total traffic served. The
profit maximizing delivered price and the corresponding total
latency are shown next.

pd = 1− x =
2C2 + 2βC + v

4C2 + 2βC + v
,

l =
C2 (2β C + v)

(4C2 + 2β C + v)
2 .

Per user latency will be

2βC + v

2(4C2 + 2βC + v)
.

Notice that the per user latency has declined compared to the
case of separate bands.

Once again the market price is given by subtracting the
per user latency from the delivered price, which gives 1/2.
Hence, with pooling, a monopolist charges the same market
price, but the reduced latency due to pooling enables it to
expand the number of users served, which in turn increases
its profit. Further, since more customers are served at the
same market price, both the per user latency and the delivered
price decrease. This means that consumer surplus will also
increase, so that both the monopolist and consumers benefit
from pooling.

Note also that if v = 0, the outcome in the pooled and
separate cases become the same, reflecting the fact that when
v = 0 there is no multiplexing gain. As v grows it can be
seen that the ratio of the profit with pooling to that without
pooling also grows and approaches a factor of 2, i.e., for large
values of v a monopolist can nearly double its profit through
pooling.

IV. COURNOT MODEL

We next turn to a model of two SPs competing to provide
service to a common pool of users. Each SP has its own
proprietary band of spectrum and can contribute a portion of
its band for shared use by both SPs. Each SP can then serve
customers on both its proprietary band and the shared band.
We again assume a pool of infinitesimally small customers
with a downward sloping linear inverse demand curve. Each
customer served bears a latency cost that depends on the traffic
carried by a SP on the both the proprietary and shared band.
SPs compete a’la Cournot by choosing the quantity of users
to serve.

Suppose Ci is the capacity of firm i’s proprietary band
(i ∈ {1, 2}) and let α

2 be the amount of bandwidth each firm
contributes for shared use. Notice, we assume that each firm
contributes the same amount. The total capacity of the shared
band is then α.

Denote by xp,i the amount of traffic SP i serves on its
proprietary band and let xs,i be the traffic it serves on the
shared band. The total congestion cost to SP i (summed across
all users) is then

`i = xp,i`p,i + xs,i`s,i (5)

where

`p,i =
xp,i(

C1 −
α

2

)+
xp,iv(

C1 −
α

2

)2, (6)

`s,i =

∑2
j=1 xs,j

α
+
v
∑2
j=1 xs,j

α2
. (7)

Since the latency function in both the proprietary and shared
bands has the same functional form in terms of quantity and
capacity, the underlying assumption is that the SPs deploy the
same technology in all bands. One can interpret this form of
the latency function as arising from SP i randomly assigning
each unit of traffic to its proprietary band or to the shared band.
Specifically, the probability that SP i assigns a customer to its



proprietary band is fp,i = xp,i/(xp,i+xs,i). The total latency
cost on this band is then fp,i`p,i(xp,i+xs,i), and likewise for
the shared band, which is consistent with (5).

The actual price paid by customers is the difference between
the delivered price and per user latency. The delivered price,
pd, given the pair (xp,i, xs,i) for each SP i is

pd = 1−
2∑
i=1

(xp,i + xs,i).

Therefore, SP i’s profit will be

πi = max
xp,i,xs,i

(xp,i + xs,i)

1−
2∑
j=1

(xp,j + xs,j)

− `i. (8)

Note that the profits of the two SPs are coupled through
both the inverse demand term and through the latency on the
shared band. Hence, we consider the (Nash) equilibrium of
the resulting game in which each SP i selects its quantities
(xp,i, xs,i) to maximize its own profit as in (8). Fixing the
quantities of the other provider, the objective in (8) is concave
in (xp,i, xs,i) and so we can characterize each SPs best
responses using first order optimally conditions. This results
in a set of linear equations whose solution is the market
equilibrium. In the following, we will present numerical plots
of the resulting equilibrium quantities and omit the detailed
derivations due to space considerations.

When α = 0, the capacity of the shared band is 0. Since
neither firm can place any traffic on this band, the terms
associated with α in (7), which enter (8), vanish and xs,i = 0
for all i. We will be interested in how equilibrium profits,
prices, and consumer surplus change as α increases from 0
up to 2min{C1, C2}. Figures 1-4 illustrate the equilibrium
behavior as α increases for the case C1 = C2 = 1 and v = 0.5.
The largest feasible value of α is 2. At this value, no SP has
any proprietary bandwidth. For comparison, we also show the
monopoly outcomes from Section III as two red asterisks in
each figure. The mark at α = 0 corresponds to the case where
the monopolists keeps the two bands separate, and the mark
at α = 2 corresponds to the case where the monopolist pools
the two bands.

For this setting, the equilibria are symmetric, i.e., the two
SPs select xp,1 = xp,2 and xs,1 = xs,2 so that they are both
putting the same amount of traffic on the shared bands and
the same amount on the proprietary bands.9 Furthermore, as
the size of the shared band increases, the quantities served on
the proprietary bands decrease and the quantity served on the
shared band increases.

Figure 1 illustrates how the delivered price changes with α.
It rises initially and then declines. This means that the volume
of users initially falls and then rises. Comparing the delivered
price at α = 0 and α = 2 with that of a monopolist, we

9More generally, if the two providers have the same capacity, the equi-
librium will be symmetric. If their capacities differ they will place different
amounts of traffic on their proprietary bands, but the same amount on the
shared band.

Fig. 1: Delivered Price($) vs α when C1 = C2 = 1 and
v = 0.5.

Fig. 2: Profit($) vs. α when C1 = C2 = 1 and v = 0.5.

see that in both the competitive and monopolistic cases, the
delivered price is lower when α = 2. At both values of α,
competition results in a lower delivered price.

Figure 2 shows that SP profit is essentially flat as α
increases. In the monopolist case, the profits slightly improves
for α = 2 compared to α = 0, consistent with the discussion in
Sect. III.10 Consumer surplus displays an increase as shown
in Figure 3. In the monopoly case, there is also a gain in
consumer surplus from pooling, but this is much smaller
than the gain in the competitive case. Figure 4 shows that
total latency (summed across users) initially declines and
subsequently increases.

These figures suggest that if there is a multiplexing benefit
for SPs it may be slight and only for α close to zero.
For moderate or even large values of α, only users benefit
because consumer surplus is increasing. Note that latency
and consumer surplus both increase. This means that the
benefits to users come in the way of lower prices rather than

10Here the value of v is relatively small and so the gain from pooling for
the monopolist is also small.



Fig. 3: Consumer Surplus($) vs. α when C1 = C2 = 1 and
v = 0.5.

Fig. 4: Latency vs. α when C1 = C2 = 1 and v = 0.5.

lower latency. This is because multiplexing, by introducing
additional capacity, gives the firms an incentive to increase the
volume of traffic they serve. This results in a lower delivered
price. While more consumers are served at a lower delivered
price, their latency increases. Thus, SPs don’t benefit from
multiplexing. This is seen most clearly when we compare the
outcome here to the monopoly case.

To verify this intuition, we next examine two polar cases of
the model. The first is when v = 0 (mean latency only), i.e.,
there are no gains from multiplexing. The second is where
latency depends on the v term only (variance only), which
represents the case with the largest gains from multiplexing.

A. Mean-Only Cournot Model

Here, we consider the mean-only variation of the Cournot
model as a no multiplexing gain baseline. We model this by
removing the variance terms in Equation (8) by setting v = 0.
The profit optimization problem of firm i is:

Fig. 5: Delivered Price($) vs. α for mean-only model.

max
xp,i,xs,i

(xp,i + xs,i)

1−
2∑
j=1

(xp,j + xs,j)


−

x2p,i

C1 −
α

2

− xs,i

( ∑2
j=1 xs,j

α

)
.

(9)

Again, xp,i denotes the quantity placed on the proprietary band
of SP i, xs,i, is the quantity placed on the shared band by SP
i.

Figures 5-8 depict how the equilibrium changes as α in-
creases for the case C1 = C2 = 1. As with the full mean-
variance model the largest feasible value of α is 2 and at this
value neither SP has any proprietary bandwidth. The monopoly
outcomes are again indicated via red asterisks. In the mean
only model, the monopoly outcome is the same for both the
separate and the pooled cases as there is no multiplexing gain.
Hence, in each figure the two monopoly outcomes shown are
identical.

Again, each SP will serve the same number of customers
on their individual proprietary bands and the same number
on the shared band. Figure 5 illustrates how the delivered
price changes with α. It initially falls and then rises. This
means that the volume of customers served initially rises.
Since the firms are serving more traffic at lower prices, as
α increases, the latency also increases causing a rise in prices.
This rise in latency is observed in Figure 8. Moreover, the
sharing between the firms is what causes this observed rise
in latency. Once the latency increases to a certain point, the
firms have an incentive to cut back on volume of customers
served. Figure 6 shows a limited change in profit and Figure
7 shows a slight rise and fall in consumer surplus. The initial
rise in consumer surplus can be attributed to the fact that as
α increases more customers are being served. As α increases
to near total sharing, consumer surplus declines. Compared to
the monopoly case, again profits are lower with competition
and consumer surplus is larger.



Fig. 6: Profit($) vs. α for mean-only model.

Fig. 7: Consumer Surplus($) vs. α for mean-only model.

Fig. 8: Latency vs. α for mean-only model.

Visually, there is little to distinguish sharing under the mean
only model from the mean and variance model, suggesting that
competition eliminates any potential benefits of multiplexing.

B. Variance Only Model

Now, we examine the variance-only variation of the model
in order to see the effects of multiplexing unencumbered by
the mean term. The profit of firm i will be

max
xp,i,xs,i

(xp,i + xs,i)

1−
2∑
j=1

(xp,j + xs,j)


−

x2p,iv(
C1 −

α

2

)2 − xs,i

(
v
∑2
j=1 xs,j

α2

)
.

(10)

Figures 9-12 depict how the equilibria in the variance-only
model change as α increases for the case C1 = C2 = 1 and
v = 0.5. Again, the monopolist outcomes are indicated by red
asterisks. In all cases, both SPs will serve the same number
of customers on their individual proprietary bands and on the
shared band.

Figure 9 shows that delivered price initially rises with α and
then begins to fall. This means that the volume of customers
served initially falls and then rises. Since the firms are serving
more people at lower prices, as α increases, the latency also
increases causing a rise in prices. It is much easier to see the
corresponding fall and rise of the total latency in Figure 12.
Interestingly, the rise in latency as more sharing occurs is not
as steep as seen in the mean-only Cournot model in Section
IV-A. These changes indicate that as α increases, the firms
are competing more. Figure 10 shows a slight rise and fall in
profit and Figure 11 shows a rise in consumer surplus.

The initial drop in consumer surplus can be attributed to the
fact that as α begins to increase, the price slightly increases
and the latency decreases. However, as more customers are
being served and experiencing a higher latency, the consumer
surplus slightly increases. When consumers see lower latency,
fewer customers are being served and prices will be higher.
In this case we are able to observe the firms make use of the
multiplexing gain.

To more closely examine the variation in the equilibrium
profits and latency as α changes, we next examine the
derivatives of these quantities versus α. Figure 13 graphs the
derivative of equilibrium profit (denoted by π) with respect to
α against α. Figure 13b graphs the derivative of equilibrium
latency with respect to α. Note that both of these derivatives
are near zero for all α.11

In Figure 14, we show the impact of changing the variance
on the equilibrium profit in the variance-only model. Figure
14a sets α = 0.5. Figure 14b sets α = 0.75. From these two
graphs we are able to observe that the profit is relatively flat
as variance increases, with a slight decreasing trend.

11Analytically we can characterize these quantities for α close to zero, but
omit this here due to space considerations.



Fig. 9: Delivered Price ($) vs. α for variance-only model.

Fig. 10: Profit ($) vs. α for variance-only model.

Fig. 11: Consumer Surplus($) vs. α for variance-only model.

Fig. 12: Latency vs. α for variance-only model.

(a) dπ/dα vs. α.

(b) dl/dα vs. α.

Fig. 13: Derivatives of profit and latency with respect to α for
the variance-only Cournot model.



(a) α = 0.5

(b) α = 0.75

Fig. 14: Firm profit versus variance v for the variance-only
Cournot model with different choices of α.

V. CONCLUSIONS

We studied the impact of pooling spectrum with statistical
multiplexing gains on the competition between SPs. We uti-
lized a model based on Cournot competition with congestible
resources, in which a mean-variance congestion cost was
used to provide a tractable model that captured statistical
multiplexing. Our results show that a monopolist would benefit
from pooling spectrum through an increased profit. However,
in a competitive market, the profit gains from pooling vanish
due to the competition between the SPs. This suggests that SPs
would not have an incentive to enter into a pooling agreement
unless that agreement somehow also limited competition (e.g.
by placing limits on the amount of traffic a SP could place on
the shared band). We leave the study of such agreements to
future work.

Pooling was shown to benefit consumer surplus as the
increased competition resulted in lower prices, which suggests
that from a policy point-of-view ways to encourage spectrum
pooling might be desirable.

We did not address the impact of spectrum pooling on
infrastructure costs. In some cases, e.g. if RAN sharing is
utilized, pooling can reduce such costs, while in others costs
could increase (e.g., due to the need for deploying some
type of spectrum coordinator). Integrating such costs into this
model is another direction for future work.
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VI. APPENDIX

In the above sections, many expressions for profit, price, latency, and consumer surplus were unwieldy and thus presented
as graphs. In this appendix, we will present some of these expressions and their derivations.

A. Cournot Model: Mean-Variance Model

This section derives the firm reaction functions used to determine the equilibrium outcomes described in Section II. As many
of the derived expressions are unwieldy closed form expressions for equilibrium outcomes cannot be had.

The first order conditions for optimality in the Mean-Variance Cournot model for each of the SPs appear below:

1− x21 − x22 − x12 − 2x11 −
2x11

C1 −
α

2

−
2vx11

(C1 −
α

2
)2

= 0

1− 2x21 − x22 − x12 − x11 −
2x21 + x22

α
−
v(2x21 + x22)

α2
= 0

1− x21 − x22 − 2x12 − x11 −
2x12

C2 −
α

2

−
2vx12

(C2 −
α

2
)2

= 0

1− x21 − 2x22 − x12 − x11 −
x21 + x22

α
−
v(x21 + 2x22)

α2
= 0

For notational convenience set

a = 2 +
2

C1 −
α

2

+
2v

(C1 −
α

2
)2

b = 1 +
1

α
+

v

α2

c = 2 +
2

C2 −
α

2

+
2v

(C2 −
α

2
)2

Interestingly, a, b, and c can be interpreted as follows:

• a: Factoring out the 2,
a

2
can be seen as the standardized measure of load for one unit of firm C1.

• b: b is the standardized load on the shared band

• c: Factoring out the 2,
c

2
can be seen as the standardized measure of load for one unit of firm C2.

Theorem VI.1. The equilibrium price in the Mean-Variance model is:

p =
(α2+3α+3 v) (α2−4αC−4α+4C2+8C+8 v)

5α4−20α3 C−3α3+20α2 C2−12α2 C+33α2 v−12α2+36αC2−36αC v+24αC+12αv+36C2 v+24C v+24 v2
(11)

Proof. We must solve the following linear system in order to determine the quantities served by each SP:

=


a 1 1 1
1 1 2b b
1 c 1 1
1 1 b 2b

X =


1
1
1
1





Solving for X we get:

X =


x11
x12
x21
x22

 =



3b− 3bc+ 2c− 2

2a+ 3b− 3abc+ 2c− 4

2a− 3ab+ 3b− 2

2a+ 3b− 3abc+ 2c− 4

a− ac+ c− 1

2a+ 3b− 3abc+ 2c− 4

a− ac+ c− 1

2a+ 3b− 3abc+ 2c− 4


p = 1− (x11 + x12 + x21 + x22) = 1−

4a+ 6b+ 4c− 3ab− 2ac− 3bc− 6

2a+ 3b− 3abc+ 2c− 4

p =
(α2+3α+3 v) (α2−4αC1−4α+4C1

2+8C1+8 v) (α2−4αC2−4α+4C2
2+8C2+8 v)

5α6−20α5 C1−20α5 C2−23α5+20α4 C1
2+80α4 C1 C2+60α4 C1+20α4 C2

2+60α4 C2+73α4 v−80α3 C1
2 C2−28α3 C1

2−80α3 C1 C2
2−112α3 C1 C2−164α3 C1 v+48α3 C1−28α3 C2

2−164α3 C2 v+48α3 C2−144α3 v+48α3+80α2 C1
2 C2

2−16α2 C1
2 C2+164α2 C1

2 v−96α2 C1
2−16α2 C1 C2

2+144α2 C1 C2 v−192α2 C1 C2+144α2 C1 v−96α2 C1+164α2 C2
2 v−96α2 C2

2+144α2 C2 v−96α2 C2+288α2 v2−144α2 v+144αC1
2 C2

2−144αC1
2 C2 v+192αC1

2 C2+96αC1
2 v−144αC1 C2

2 v+192αC1 C2
2−384αC1 C2 v+192αC1 C2−192αC1 v2+96αC1 v+96αC2

2 v−192αC2 v2+96αC2 v+144C1
2 C2

2 v+192C1
2 C2 v+192C1

2 v2+192C1 C2
2 v+192C1 C2 v+192C1 v2+192C2

2 v2+192C2 v2+192 v3

(12)

In the event that C1 = C2 = C, the price expression simplifies to:

p =
(α2+3α+3 v) (α2−4αC−4α+4C2+8C+8 v)

5α4−20α3 C−3α3+20α2 C2−12α2 C+33α2 v−12α2+36αC2−36αC v+24αC+12αv+36C2 v+24C v+24 v2
(13)

Theorem VI.2. The equilibrium latency in the Mean-Variance model is

l =
2 (2α9−10α8 C+3α8 v−2α8+4α7 C2−20α7 C v−20α7 C+26α7 v+25α7+48α6 C3+44α6 C2 v+112α6 C2−116α6 C v−54α6 C+28α6 v2−12α6 v−64α5 C4−32α5 C3 v−32α5 C3+272α5 C2 v−56α5 C2−96α5 C v2−380α5 C v+45α5 v2−32α4 C5+16α4 C4 v−416α4 C4−416α4 C3 v+144α4 C3+160α4 C2 v2+704α4 C2 v−214α4 C v2+82α4 v3+64α3 C6−64α3 C5 v+448α3 C5+32α3 C4 v−176α3 C4−384α3 C3 v2+224α3 C3 v+1448α3 C2 v2+112α3 C v3+64α2 C6 v+448α2 C5 v+288α2 C5+448α2 C4 v2−320α2 C4 v−496α2 C3 v2+688α2 C2 v3+576αC5 v+144αC4 v2−576αC3 v3+288C5 v2+288C4 v3)

(α+2C)2 (5α4−20α3 C−3α3+20α2 C2−12α2 C+33α2 v−12α2+36αC2−36αC v+24αC+12αv+36C2 v+24C v+24 v2)2

(14)

Proof. The initial expressions for the latency of each of the two SPs are as follows:

l1 =
x211

C1 +
α

2

+
vx211

(C1 −
α

2
)2

+ x21(
x21 + x22

α
+
v(x21 + x22)

α2
)

l2 =
x212

C2 +
α

2

+
vx212

(C2 −
α

2
)2

+ x22(
x21 + x22

α
+
v(x21 + x22)

α2
)

Using the equilibrium values for x11, x12, x21, and x22 under the Mean-Variance Cournot model conditions,

l1 =
2 (α2−4αC2−4α+4C2

2+8C2+8 v)
2
(2α9−10α8 C1+3α8 v−2α8+4α7 C1

2−20α7 C1 v−20α7 C1+26α7 v+25α7+48α6 C1
3+44α6 C1

2 v+112α6 C1
2−116α6 C1 v−54α6 C1+28α6 v2−12α6 v−64α5 C1

4−32α5 C1
3 v−32α5 C1

3+272α5 C1
2 v−56α5 C1

2−96α5 C1 v
2−380α5 C1 v+45α5 v2−32α4 C1

5+16α4 C1
4 v−416α4 C1

4−416α4 C1
3 v+144α4 C1

3+160α4 C1
2 v2+704α4 C1

2 v−214α4 C1 v
2+82α4 v3+64α3 C1

6−64α3 C1
5 v+448α3 C1

5+32α3 C1
4 v−176α3 C1

4−384α3 C1
3 v2+224α3 C1

3 v+1448α3 C1
2 v2+112α3 C1 v

3+64α2 C1
6 v+448α2 C1

5 v+288α2 C1
5+448α2 C1

4 v2−320α2 C1
4 v−496α2 C1

3 v2+688α2 C1
2 v3+576αC1

5 v+144αC1
4 v2−576αC1

3 v3+288C1
5 v2+288C1

4 v3)
(α+2C1)

2 (5α6−20α5 C1−20α5 C2−23α5+20α4 C1
2+80α4 C1 C2+60α4 C1+20α4 C2

2+60α4 C2+73α4 v−80α3 C1
2 C2−28α3 C1

2−80α3 C1 C2
2−112α3 C1 C2−164α3 C1 v+48α3 C1−28α3 C2

2−164α3 C2 v+48α3 C2−144α3 v+48α3+80α2 C1
2 C2

2−16α2 C1
2 C2+164α2 C1

2 v−96α2 C1
2−16α2 C1 C2

2+144α2 C1 C2 v−192α2 C1 C2+144α2 C1 v−96α2 C1+164α2 C2
2 v−96α2 C2

2+144α2 C2 v−96α2 C2+288α2 v2−144α2 v+144αC1
2 C2

2−144αC1
2 C2 v+192αC1

2 C2+96αC1
2 v−144αC1 C2

2 v+192αC1 C2
2−384αC1 C2 v+192αC1 C2−192αC1 v2+96αC1 v+96αC2

2 v−192αC2 v2+96αC2 v+144C1
2 C2

2 v+192C1
2 C2 v+192C1

2 v2+192C1 C2
2 v+192C1 C2 v+192C1 v2+192C2

2 v2+192C2 v2+192 v3)2

(15)

l2 =
2 (α2−4αC1−4α+4C1

2+8C1+8 v)
2
(2α9−10α8 C2+3α8 v−2α8+4α7 C2

2−20α7 C2 v−20α7 C2+26α7 v+25α7+48α6 C2
3+44α6 C2

2 v+112α6 C2
2−116α6 C2 v−54α6 C2+28α6 v2−12α6 v−64α5 C2

4−32α5 C2
3 v−32α5 C2

3+272α5 C2
2 v−56α5 C2

2−96α5 C2 v
2−380α5 C2 v+45α5 v2−32α4 C2

5+16α4 C2
4 v−416α4 C2

4−416α4 C2
3 v+144α4 C2

3+160α4 C2
2 v2+704α4 C2

2 v−214α4 C2 v
2+82α4 v3+64α3 C2

6−64α3 C2
5 v+448α3 C2

5+32α3 C2
4 v−176α3 C2

4−384α3 C2
3 v2+224α3 C2

3 v+1448α3 C2
2 v2+112α3 C2 v

3+64α2 C2
6 v+448α2 C2

5 v+288α2 C2
5+448α2 C2

4 v2−320α2 C2
4 v−496α2 C2

3 v2+688α2 C2
2 v3+576αC2

5 v+144αC2
4 v2−576αC2

3 v3+288C2
5 v2+288C2

4 v3)
(α+2C2)

2 (5α6−20α5 C1−20α5 C2−23α5+20α4 C1
2+80α4 C1 C2+60α4 C1+20α4 C2

2+60α4 C2+73α4 v−80α3 C1
2 C2−28α3 C1

2−80α3 C1 C2
2−112α3 C1 C2−164α3 C1 v+48α3 C1−28α3 C2

2−164α3 C2 v+48α3 C2−144α3 v+48α3+80α2 C1
2 C2

2−16α2 C1
2 C2+164α2 C1

2 v−96α2 C1
2−16α2 C1 C2

2+144α2 C1 C2 v−192α2 C1 C2+144α2 C1 v−96α2 C1+164α2 C2
2 v−96α2 C2

2+144α2 C2 v−96α2 C2+288α2 v2−144α2 v+144αC1
2 C2

2−144αC1
2 C2 v+192αC1

2 C2+96αC1
2 v−144αC1 C2

2 v+192αC1 C2
2−384αC1 C2 v+192αC1 C2−192αC1 v2+96αC1 v+96αC2

2 v−192αC2 v2+96αC2 v+144C1
2 C2

2 v+192C1
2 C2 v+192C1

2 v2+192C1 C2
2 v+192C1 C2 v+192C1 v2+192C2

2 v2+192C2 v2+192 v3)2

(16)

In the event that C1 = C2 = C, the latency expression for both SPs simplifies to:

l =
2 (2α9−10α8 C+3α8 v−2α8+4α7 C2−20α7 C v−20α7 C+26α7 v+25α7+48α6 C3+44α6 C2 v+112α6 C2−116α6 C v−54α6 C+28α6 v2−12α6 v−64α5 C4−32α5 C3 v−32α5 C3+272α5 C2 v−56α5 C2−96α5 C v2−380α5 C v+45α5 v2−32α4 C5+16α4 C4 v−416α4 C4−416α4 C3 v+144α4 C3+160α4 C2 v2+704α4 C2 v−214α4 C v2+82α4 v3+64α3 C6−64α3 C5 v+448α3 C5+32α3 C4 v−176α3 C4−384α3 C3 v2+224α3 C3 v+1448α3 C2 v2+112α3 C v3+64α2 C6 v+448α2 C5 v+288α2 C5+448α2 C4 v2−320α2 C4 v−496α2 C3 v2+688α2 C2 v3+576αC5 v+144αC4 v2−576αC3 v3+288C5 v2+288C4 v3)

(α+2C)2 (5α4−20α3 C−3α3+20α2 C2−12α2 C+33α2 v−12α2+36αC2−36αC v+24αC+12αv+36C2 v+24C v+24 v2)2

(17)



Theorem VI.3. The equilibrium profit in the Mean-Variance model is as follows:

π =

(
a2 − 4 a c− 4 a+ 4 c2 + 8 c+ 8 v

)2 (
2 a10 − 8 a9 c− 7 a9 − 8 a8 c2 + 8 a8 c+ 27 a8 v − 19 a8 + 64 a7 c3 + 52 a7 c2 + 4 a7 c v + 100 a7 c− 50 a7 v − 38 a7 − 32 a6 c4 − 316 a6 c2 v − 4 a6 c2 + 128 a6 c v + 180 a6 c+ 113 a6 v2 − 120 a6 v − 128 a5 c5 − 208 a5 c4 + 352 a5 c3 v − 416 a5 c3 − 744 a5 c2 v + 16 a5 c2 + 412 a5 c v2 + 520 a5 c v + 18 a5 v2 + 128 a4 c6 − 128 a4 c5 + 208 a4 c4 v + 176 a4 c4 + 1152 a4 c3 v − 864 a4 c3 − 868 a4 c2 v2 − 1024 a4 c2 v + 884 a4 c v2 + 100 a4 v3 + 448 a3 c6 − 448 a3 c5 v + 64 a3 c5 + 416 a3 c4 v + 544 a3 c4 + 1056 a3 c3 v2 − 64 a3 c3 v − 2224 a3 c2 v2 + 544 a3 c v3 + 448 a2 c6 v + 576 a2 c6 − 512 a2 c5 v + 576 a2 c5 + 496 a2 c4 v2 + 1408 a2 c4 v + 1952 a2 c3 v2 − 1184 a2 c2 v3 + 1152 a c6 v − 576 a c5 v2 + 1152 a c5 v + 1440 a c4 v2 + 1152 a c3 v3 + 576 c6 v2 + 576 c5 v2 + 576 c4 v3

)
(a+ 2 c)

2
(5 a6 − 40 a5 c− 23 a5 + 120 a4 c2 + 120 a4 c+ 73 a4 v − 160 a3 c3 − 168 a3 c2 − 328 a3 c v + 96 a3 c− 144 a3 v + 48 a3 + 80 a2 c4 − 32 a2 c3 + 472 a2 c2 v − 384 a2 c2 + 288 a2 c v − 192 a2 c+ 288 a2 v2 − 144 a2 v + 144 a c4 − 288 a c3 v + 384 a c3 − 192 a c2 v + 192 a c2 − 384 a c v2 + 192 a c v + 144 c4 v + 384 c3 v + 384 c2 v2 + 192 c2 v + 384 c v2 + 192 v3)

2

Proof. The initial expressions for the profits of each of the two SPs are as follows:

π1 = (x11 + x21)(1− (x11 + x12 + x21 + x22))− l1

π2 = (x12 + x22)(1− (x11 + x12 + x21 + x22))− l2

Using the equilibrium values for x11, x12, x21, and x22 under the Mean-Variance Cournot model conditions and the values
of l1 and l2,

π1 =

(
a2 − 4 a c2 − 4 a+ 4 c2

2 + 8 c2 + 8 v
)2 (

2 a10 − 8 a9 c1 − 7 a9 − 8 a8 c1
2 + 8 a8 c1 + 27 a8 v − 19 a8 + 64 a7 c1

3 + 52 a7 c1
2 + 4 a7 c1 v + 100 a7 c1 − 50 a7 v − 38 a7 − 32 a6 c1

4 − 316 a6 c1
2 v − 4 a6 c1

2 + 128 a6 c1 v + 180 a6 c1 + 113 a6 v2 − 120 a6 v − 128 a5 c1
5 − 208 a5 c1

4 + 352 a5 c1
3 v − 416 a5 c1

3 − 744 a5 c1
2 v + 16 a5 c1

2 + 412 a5 c1 v
2 + 520 a5 c1 v + 18 a5 v2 + 128 a4 c1

6 − 128 a4 c1
5 + 208 a4 c1

4 v + 176 a4 c1
4 + 1152 a4 c1

3 v − 864 a4 c1
3 − 868 a4 c1

2 v2 − 1024 a4 c1
2 v + 884 a4 c1 v

2 + 100 a4 v3 + 448 a3 c1
6 − 448 a3 c1

5 v + 64 a3 c1
5 + 416 a3 c1

4 v + 544 a3 c1
4 + 1056 a3 c1

3 v2 − 64 a3 c1
3 v − 2224 a3 c1

2 v2 + 544 a3 c1 v
3 + 448 a2 c1

6 v + 576 a2 c1
6 − 512 a2 c1

5 v + 576 a2 c1
5 + 496 a2 c1

4 v2 + 1408 a2 c1
4 v + 1952 a2 c1

3 v2 − 1184 a2 c1
2 v3 + 1152 a c1

6 v − 576 a c1
5 v2 + 1152 a c1

5 v + 1440 a c1
4 v2 + 1152 a c1

3 v3 + 576 c1
6 v2 + 576 c1

5 v2 + 576 c1
4 v3

)
(a+ 2 c1)

2
(5 a6 − 20 a5 c1 − 20 a5 c2 − 23 a5 + 20 a4 c12 + 80 a4 c1 c2 + 60 a4 c1 + 20 a4 c22 + 60 a4 c2 + 73 a4 v − 80 a3 c12 c2 − 28 a3 c12 − 80 a3 c1 c22 − 112 a3 c1 c2 − 164 a3 c1 v + 48 a3 c1 − 28 a3 c22 − 164 a3 c2 v + 48 a3 c2 − 144 a3 v + 48 a3 + 80 a2 c12 c22 − 16 a2 c12 c2 + 164 a2 c12 v − 96 a2 c12 − 16 a2 c1 c22 + 144 a2 c1 c2 v − 192 a2 c1 c2 + 144 a2 c1 v − 96 a2 c1 + 164 a2 c22 v − 96 a2 c22 + 144 a2 c2 v − 96 a2 c2 + 288 a2 v2 − 144 a2 v + 144 a c12 c22 − 144 a c12 c2 v + 192 a c12 c2 + 96 a c12 v − 144 a c1 c22 v + 192 a c1 c22 − 384 a c1 c2 v + 192 a c1 c2 − 192 a c1 v2 + 96 a c1 v + 96 a c22 v − 192 a c2 v2 + 96 a c2 v + 144 c12 c22 v + 192 c12 c2 v + 192 c12 v2 + 192 c1 c22 v + 192 c1 c2 v + 192 c1 v2 + 192 c22 v2 + 192 c2 v2 + 192 v3)

2

π2 =

(
a2 − 4 a c1 − 4 a+ 4 c1

2 + 8 c1 + 8 v
)2 (

2 a10 − 8 a9 c2 − 7 a9 − 8 a8 c2
2 + 8 a8 c2 + 27 a8 v − 19 a8 + 64 a7 c2

3 + 52 a7 c2
2 + 4 a7 c2 v + 100 a7 c2 − 50 a7 v − 38 a7 − 32 a6 c2

4 − 316 a6 c2
2 v − 4 a6 c2

2 + 128 a6 c2 v + 180 a6 c2 + 113 a6 v2 − 120 a6 v − 128 a5 c2
5 − 208 a5 c2

4 + 352 a5 c2
3 v − 416 a5 c2

3 − 744 a5 c2
2 v + 16 a5 c2

2 + 412 a5 c2 v
2 + 520 a5 c2 v + 18 a5 v2 + 128 a4 c2

6 − 128 a4 c2
5 + 208 a4 c2

4 v + 176 a4 c2
4 + 1152 a4 c2

3 v − 864 a4 c2
3 − 868 a4 c2

2 v2 − 1024 a4 c2
2 v + 884 a4 c2 v

2 + 100 a4 v3 + 448 a3 c2
6 − 448 a3 c2

5 v + 64 a3 c2
5 + 416 a3 c2

4 v + 544 a3 c2
4 + 1056 a3 c2

3 v2 − 64 a3 c2
3 v − 2224 a3 c2

2 v2 + 544 a3 c2 v
3 + 448 a2 c2

6 v + 576 a2 c2
6 − 512 a2 c2

5 v + 576 a2 c2
5 + 496 a2 c2

4 v2 + 1408 a2 c2
4 v + 1952 a2 c2

3 v2 − 1184 a2 c2
2 v3 + 1152 a c2

6 v − 576 a c2
5 v2 + 1152 a c2

5 v + 1440 a c2
4 v2 + 1152 a c2

3 v3 + 576 c2
6 v2 + 576 c2

5 v2 + 576 c2
4 v3

)
(a+ 2 c2)

2
(5 a6 − 20 a5 c1 − 20 a5 c2 − 23 a5 + 20 a4 c12 + 80 a4 c1 c2 + 60 a4 c1 + 20 a4 c22 + 60 a4 c2 + 73 a4 v − 80 a3 c12 c2 − 28 a3 c12 − 80 a3 c1 c22 − 112 a3 c1 c2 − 164 a3 c1 v + 48 a3 c1 − 28 a3 c22 − 164 a3 c2 v + 48 a3 c2 − 144 a3 v + 48 a3 + 80 a2 c12 c22 − 16 a2 c12 c2 + 164 a2 c12 v − 96 a2 c12 − 16 a2 c1 c22 + 144 a2 c1 c2 v − 192 a2 c1 c2 + 144 a2 c1 v − 96 a2 c1 + 164 a2 c22 v − 96 a2 c22 + 144 a2 c2 v − 96 a2 c2 + 288 a2 v2 − 144 a2 v + 144 a c12 c22 − 144 a c12 c2 v + 192 a c12 c2 + 96 a c12 v − 144 a c1 c22 v + 192 a c1 c22 − 384 a c1 c2 v + 192 a c1 c2 − 192 a c1 v2 + 96 a c1 v + 96 a c22 v − 192 a c2 v2 + 96 a c2 v + 144 c12 c22 v + 192 c12 c2 v + 192 c12 v2 + 192 c1 c22 v + 192 c1 c2 v + 192 c1 v2 + 192 c22 v2 + 192 c2 v2 + 192 v3)

2

In the event that C1 = C2 = C, the profit expression for both SPs simplifies to:

π =

(
a2 − 4 a c− 4 a+ 4 c2 + 8 c+ 8 v

)2 (
2 a10 − 8 a9 c− 7 a9 − 8 a8 c2 + 8 a8 c+ 27 a8 v − 19 a8 + 64 a7 c3 + 52 a7 c2 + 4 a7 c v + 100 a7 c− 50 a7 v − 38 a7 − 32 a6 c4 − 316 a6 c2 v − 4 a6 c2 + 128 a6 c v + 180 a6 c+ 113 a6 v2 − 120 a6 v − 128 a5 c5 − 208 a5 c4 + 352 a5 c3 v − 416 a5 c3 − 744 a5 c2 v + 16 a5 c2 + 412 a5 c v2 + 520 a5 c v + 18 a5 v2 + 128 a4 c6 − 128 a4 c5 + 208 a4 c4 v + 176 a4 c4 + 1152 a4 c3 v − 864 a4 c3 − 868 a4 c2 v2 − 1024 a4 c2 v + 884 a4 c v2 + 100 a4 v3 + 448 a3 c6 − 448 a3 c5 v + 64 a3 c5 + 416 a3 c4 v + 544 a3 c4 + 1056 a3 c3 v2 − 64 a3 c3 v − 2224 a3 c2 v2 + 544 a3 c v3 + 448 a2 c6 v + 576 a2 c6 − 512 a2 c5 v + 576 a2 c5 + 496 a2 c4 v2 + 1408 a2 c4 v + 1952 a2 c3 v2 − 1184 a2 c2 v3 + 1152 a c6 v − 576 a c5 v2 + 1152 a c5 v + 1440 a c4 v2 + 1152 a c3 v3 + 576 c6 v2 + 576 c5 v2 + 576 c4 v3

)
(a+ 2 c)

2
(5 a6 − 40 a5 c− 23 a5 + 120 a4 c2 + 120 a4 c+ 73 a4 v − 160 a3 c3 − 168 a3 c2 − 328 a3 c v + 96 a3 c− 144 a3 v + 48 a3 + 80 a2 c4 − 32 a2 c3 + 472 a2 c2 v − 384 a2 c2 + 288 a2 c v − 192 a2 c+ 288 a2 v2 − 144 a2 v + 144 a c4 − 288 a c3 v + 384 a c3 − 192 a c2 v + 192 a c2 − 384 a c v2 + 192 a c v + 144 c4 v + 384 c3 v + 384 c2 v2 + 192 c2 v + 384 c v2 + 192 v3)

2

Theorem VI.4. In equilibrium, the Mean-Variance model consumer surplus will be

CS =

(
a2 + 3 a+ 3 v

) (
a2 − 4 a c− 4 a+ 4 c2 + 8 c+ 8 v

)2 (
2 a4 − 8 a3 c− a3 + 8 a2 c2 − 4 a2 c+ 11 v a2 + 12 a c2 − 12 v a c+ 12 v c2

) (
10 a10 − 40 a9 c− 13 a9 − 40 a8 c2 − 34 a8 c+ 118 a8 v − 19 a8 + 320 a7 c3 + 216 a7 c2 − 112 a7 c v + 104 a7 c− 68 a7 v − 13 a7 − 160 a6 c4 + 304 a6 c3 − 880 a6 c2 v + 164 a6 c2 − 292 a6 c v + 126 a6 c+ 383 a6 v2 − 132 a6 v − 640 a5 c5 − 1168 a5 c4 + 1088 a5 c3 v − 640 a5 c3 − 488 a5 c2 v − 40 a5 c2 + 756 a5 c v2 + 140 a5 c v + 63 a5 v2 + 640 a4 c6 − 672 a4 c5 + 864 a4 c4 v − 784 a4 c4 + 2144 a4 c3 v − 720 a4 c3 − 1036 a4 c2 v2 − 320 a4 c2 v + 670 a4 c v2 + 182 a4 v3 + 2048 a3 c6 − 2048 a3 c5 v + 896 a3 c5 + 640 a3 c4 v + 368 a3 c4 + 1248 a3 c3 v2 + 160 a3 c3 v − 776 a3 c2 v2 + 656 a3 c v3 + 2048 a2 c6 v + 1728 a2 c6 − 832 a2 c5 v + 864 a2 c5 + 2192 a2 c4 v2 + 1088 a2 c4 v + 1456 a2 c3 v2 − 496 a2 c2 v3 + 3456 a c6 v − 1728 a c5 v2 + 1728 a c5 v + 1584 a c4 v2 + 576 a c3 v3 + 1728 c6 v2 + 864 c5 v2 + 864 c4 v3

)
(a+ 2 c)

2
(5 a4 − 20 a3 c− 3 a3 + 20 a2 c2 − 12 a2 c+ 33 a2 v − 12 a2 + 36 a c2 − 36 a c v + 24 a c+ 12 a v + 36 c2 v + 24 c v + 24 v2)

3
(5 a6 − 40 a5 c− 23 a5 + 120 a4 c2 + 120 a4 c+ 73 a4 v − 160 a3 c3 − 168 a3 c2 − 328 a3 c v + 96 a3 c− 144 a3 v + 48 a3 + 80 a2 c4 − 32 a2 c3 + 472 a2 c2 v − 384 a2 c2 + 288 a2 c v − 192 a2 c+ 288 a2 v2 − 144 a2 v + 144 a c4 − 288 a c3 v + 384 a c3 − 192 a c2 v + 192 a c2 − 384 a c v2 + 192 a c v + 144 c4 v + 384 c3 v + 384 c2 v2 + 192 c2 v + 384 c v2 + 192 v3)

Proof. The initial expressions for the consumer surplus of each of the two SPs are as follows:

CS1 =
1

2
(x11 + x21)(1− (x11 + x12 + x21 + x22)(1− p− l1)

CS2 =
1

2
(x12 + x22)(1− (x11 + x12 + x21 + x22)(1− p− l2)

Using the equilibrium values for x11, x12, x21, and x22 and the values of l1 and l2 under the Mean-Variance Cournot model
conditions ,

CS1 =

 (a2+3 a+3 v) (a2−4 a c2−4 a+4 c2
2+8 c2+8 v)

2 a2 (a−2 c2)2
(

3 v
a2 + 16 v

(a−2 c1)2
+ 16 v

(a−2 c2)2
+ 3

a−
8

a−2 c1
− 8

a−2 c2
− 12 (a2+a+v) (a2−4 a c1−2 a+4 c1

2+4 c1+4 v) (a2−4 a c2−2 a+4 c2
2+4 c2+4 v)

a2 (a−2 c1)2 (a−2 c2)2
+7

) +
(a2−4 a c1−4 a+4 c1

2+8 c1+8 v) (a2−4 a c2−4 a+4 c2
2+8 c2+8 v)

2 (a−2 c1)2 (a−2 c2)2
(

3 v
a2 + 16 v

(a−2 c1)2
+ 16 v

(a−2 c2)2
+ 3

a−
8

a−2 c1
− 8

a−2 c2
− 12 (a2+a+v) (a2−4 a c1−2 a+4 c1

2+4 c1+4 v) (a2−4 a c2−2 a+4 c2
2+4 c2+4 v)

a2 (a−2 c1)2 (a−2 c2)2
+7

)
 (

a2 + 3 a+ 3 v
)
 (a2+3 a+3 v) (a2−4 a c1−4 a+4 c1

2+8 c1+8 v)

a2 (a−2 c1)2
(

3 v
a2 + 16 v

(a−2 c1)2
+ 16 v

(a−2 c2)2
+ 3

a−
8

a−2 c1
− 8

a−2 c2
− 12 (a2+a+v) (a2−4 a c1−2 a+4 c1

2+4 c1+4 v) (a2−4 a c2−2 a+4 c2
2+4 c2+4 v)

a2 (a−2 c1)2 (a−2 c2)2
+7

) +
(a2+3 a+3 v) (a2−4 a c2−4 a+4 c2

2+8 c2+8 v)

a2 (a−2 c2)2
(

3 v
a2 + 16 v

(a−2 c1)2
+ 16 v

(a−2 c2)2
+ 3

a−
8

a−2 c1
− 8

a−2 c2
− 12 (a2+a+v) (a2−4 a c1−2 a+4 c1

2+4 c1+4 v) (a2−4 a c2−2 a+4 c2
2+4 c2+4 v)

a2 (a−2 c1)2 (a−2 c2)2
+7

) +
2 (a2−4 a c1−4 a+4 c1

2+8 c1+8 v) (a2−4 a c2−4 a+4 c2
2+8 c2+8 v)

(a−2 c1)2 (a−2 c2)2
(

3 v
a2 + 16 v

(a−2 c1)2
+ 16 v

(a−2 c2)2
+ 3

a−
8

a−2 c1
− 8

a−2 c2
− 12 (a2+a+v) (a2−4 a c1−2 a+4 c1

2+4 c1+4 v) (a2−4 a c2−2 a+4 c2
2+4 c2+4 v)

a2 (a−2 c1)2 (a−2 c2)2
+7

) +

 2 (a2−4 a c1−4 a+4 c1
2+8 c1+8 v) (a2−4 a c2−4 a+4 c2

2+8 c2+8 v)
a (a−2 c1)2 (a−2 c2)2

(
3 v
a2 + 16 v

(a−2 c1)2
+ 16 v

(a−2 c2)2
+ 3

a
− 8

a−2 c1
− 8

a−2 c2
−

12 (a2+a+v) (a2−4 a c1−2 a+4 c1
2+4 c1+4 v) (a2−4 a c2−2 a+4 c2

2+4 c2+4 v)
a2 (a−2 c1)2 (a−2 c2)2

+7

)+
2 v (a2−4 a c1−4 a+4 c1

2+8 c1+8 v) (a2−4 a c2−4 a+4 c2
2+8 c2+8 v)

a2 (a−2 c1)2 (a−2 c2)2

(
3 v
a2 + 16 v

(a−2 c1)2
+ 16 v

(a−2 c2)2
+ 3

a
− 8

a−2 c1
− 8

a−2 c2
−

12 (a2+a+v) (a2−4 a c1−2 a+4 c1
2+4 c1+4 v) (a2−4 a c2−2 a+4 c2

2+4 c2+4 v)
a2 (a−2 c1)2 (a−2 c2)2

+7

)
 (a2−4 a c1−4 a+4 c1

2+8 c1+8 v) (a2−4 a c2−4 a+4 c2
2+8 c2+8 v)

(a−2 c1)2 (a−2 c2)2
(

3 v
a2 + 16 v

(a−2 c1)2
+ 16 v

(a−2 c2)2
+ 3

a−
8

a−2 c1
− 8

a−2 c2
− 12 (a2+a+v) (a2−4 a c1−2 a+4 c1

2+4 c1+4 v) (a2−4 a c2−2 a+4 c2
2+4 c2+4 v)

a2 (a−2 c1)2 (a−2 c2)2
+7

) +
2 (a2+3 a+3 v)

2
(a2−4 a c2−4 a+4 c2

2+8 c2+8 v)
2

a4 (a+2 c1) (a−2 c2)4
(

3 v
a2 + 16 v

(a−2 c1)2
+ 16 v

(a−2 c2)2
+ 3

a−
8

a−2 c1
− 8

a−2 c2
− 12 (a2+a+v) (a2−4 a c1−2 a+4 c1

2+4 c1+4 v) (a2−4 a c2−2 a+4 c2
2+4 c2+4 v)

a2 (a−2 c1)2 (a−2 c2)2
+7

)2 +
4 v (a2+3 a+3 v)

2
(a2−4 a c2−4 a+4 c2

2+8 c2+8 v)
2

a4 (a+2 c1)
2 (a−2 c2)4

(
3 v
a2 + 16 v

(a−2 c1)2
+ 16 v

(a−2 c2)2
+ 3

a−
8

a−2 c1
− 8

a−2 c2
− 12 (a2+a+v) (a2−4 a c1−2 a+4 c1

2+4 c1+4 v) (a2−4 a c2−2 a+4 c2
2+4 c2+4 v)

a2 (a−2 c1)2 (a−2 c2)2
+7

)2

 (
a2 − 4 a c1 − 4 a+ 4 c1

2 + 8 c1 + 8 v
) (
a2 − 4 a c2 − 4 a+ 4 c2

2 + 8 c2 + 8 v
)

5 a6 − 20 a5 c1 − 20 a5 c2 − 23 a5 + 20 a4 c12 + 80 a4 c1 c2 + 60 a4 c1 + 20 a4 c22 + 60 a4 c2 + 73 a4 v − 80 a3 c12 c2 − 28 a3 c12 − 80 a3 c1 c22 − 112 a3 c1 c2 − 164 a3 c1 v + 48 a3 c1 − 28 a3 c22 − 164 a3 c2 v + 48 a3 c2 − 144 a3 v + 48 a3 + 80 a2 c12 c22 − 16 a2 c12 c2 + 164 a2 c12 v − 96 a2 c12 − 16 a2 c1 c22 + 144 a2 c1 c2 v − 192 a2 c1 c2 + 144 a2 c1 v − 96 a2 c1 + 164 a2 c22 v − 96 a2 c22 + 144 a2 c2 v − 96 a2 c2 + 288 a2 v2 − 144 a2 v + 144 a c12 c22 − 144 a c12 c2 v + 192 a c12 c2 + 96 a c12 v − 144 a c1 c22 v + 192 a c1 c22 − 384 a c1 c2 v + 192 a c1 c2 − 192 a c1 v2 + 96 a c1 v + 96 a c22 v − 192 a c2 v2 + 96 a c2 v + 144 c12 c22 v + 192 c12 c2 v + 192 c12 v2 + 192 c1 c22 v + 192 c1 c2 v + 192 c1 v2 + 192 c22 v2 + 192 c2 v2 + 192 v3

CS2 =

 (a2+3 a+3 v) (a2−4 a c1−4 a+4 c1
2+8 c1+8 v)

2 a2 (a−2 c1)2
(

3 v
a2 + 16 v

(a−2 c1)2
+ 16 v

(a−2 c2)2
+ 3

a−
8

a−2 c1
− 8

a−2 c2
− 12 (a2+a+v) (a2−4 a c1−2 a+4 c1

2+4 c1+4 v) (a2−4 a c2−2 a+4 c2
2+4 c2+4 v)

a2 (a−2 c1)2 (a−2 c2)2
+7

) +
(a2−4 a c1−4 a+4 c1

2+8 c1+8 v) (a2−4 a c2−4 a+4 c2
2+8 c2+8 v)

2 (a−2 c1)2 (a−2 c2)2
(

3 v
a2 + 16 v

(a−2 c1)2
+ 16 v

(a−2 c2)2
+ 3

a−
8

a−2 c1
− 8

a−2 c2
− 12 (a2+a+v) (a2−4 a c1−2 a+4 c1

2+4 c1+4 v) (a2−4 a c2−2 a+4 c2
2+4 c2+4 v)

a2 (a−2 c1)2 (a−2 c2)2
+7

)
 (

a2 + 3 a+ 3 v
)
 (a2+3 a+3 v) (a2−4 a c1−4 a+4 c1

2+8 c1+8 v)

a2 (a−2 c1)2
(

3 v
a2 + 16 v

(a−2 c1)2
+ 16 v

(a−2 c2)2
+ 3

a−
8

a−2 c1
− 8

a−2 c2
− 12 (a2+a+v) (a2−4 a c1−2 a+4 c1

2+4 c1+4 v) (a2−4 a c2−2 a+4 c2
2+4 c2+4 v)

a2 (a−2 c1)2 (a−2 c2)2
+7

) +
(a2+3 a+3 v) (a2−4 a c2−4 a+4 c2

2+8 c2+8 v)

a2 (a−2 c2)2
(

3 v
a2 + 16 v

(a−2 c1)2
+ 16 v

(a−2 c2)2
+ 3

a−
8

a−2 c1
− 8

a−2 c2
− 12 (a2+a+v) (a2−4 a c1−2 a+4 c1

2+4 c1+4 v) (a2−4 a c2−2 a+4 c2
2+4 c2+4 v)

a2 (a−2 c1)2 (a−2 c2)2
+7

) +
2 (a2−4 a c1−4 a+4 c1

2+8 c1+8 v) (a2−4 a c2−4 a+4 c2
2+8 c2+8 v)

(a−2 c1)2 (a−2 c2)2
(

3 v
a2 + 16 v

(a−2 c1)2
+ 16 v

(a−2 c2)2
+ 3

a−
8

a−2 c1
− 8

a−2 c2
− 12 (a2+a+v) (a2−4 a c1−2 a+4 c1

2+4 c1+4 v) (a2−4 a c2−2 a+4 c2
2+4 c2+4 v)

a2 (a−2 c1)2 (a−2 c2)2
+7

) +

 2 (a2−4 a c1−4 a+4 c1
2+8 c1+8 v) (a2−4 a c2−4 a+4 c2

2+8 c2+8 v)
a (a−2 c1)2 (a−2 c2)2

(
3 v
a2 + 16 v

(a−2 c1)2
+ 16 v

(a−2 c2)2
+ 3

a
− 8

a−2 c1
− 8

a−2 c2
−

12 (a2+a+v) (a2−4 a c1−2 a+4 c1
2+4 c1+4 v) (a2−4 a c2−2 a+4 c2

2+4 c2+4 v)
a2 (a−2 c1)2 (a−2 c2)2

+7

)+
2 v (a2−4 a c1−4 a+4 c1

2+8 c1+8 v) (a2−4 a c2−4 a+4 c2
2+8 c2+8 v)

a2 (a−2 c1)2 (a−2 c2)2

(
3 v
a2 + 16 v

(a−2 c1)2
+ 16 v

(a−2 c2)2
+ 3

a
− 8

a−2 c1
− 8

a−2 c2
−

12 (a2+a+v) (a2−4 a c1−2 a+4 c1
2+4 c1+4 v) (a2−4 a c2−2 a+4 c2

2+4 c2+4 v)
a2 (a−2 c1)2 (a−2 c2)2

+7

)
 (a2−4 a c1−4 a+4 c1

2+8 c1+8 v) (a2−4 a c2−4 a+4 c2
2+8 c2+8 v)

(a−2 c1)2 (a−2 c2)2
(

3 v
a2 + 16 v

(a−2 c1)2
+ 16 v

(a−2 c2)2
+ 3

a−
8

a−2 c1
− 8

a−2 c2
− 12 (a2+a+v) (a2−4 a c1−2 a+4 c1

2+4 c1+4 v) (a2−4 a c2−2 a+4 c2
2+4 c2+4 v)

a2 (a−2 c1)2 (a−2 c2)2
+7

) +
2 (a2+3 a+3 v)

2
(a2−4 a c1−4 a+4 c1

2+8 c1+8 v)
2

a4 (a−2 c1)4 (a+2 c2)

(
3 v
a2 + 16 v

(a−2 c1)2
+ 16 v

(a−2 c2)2
+ 3

a−
8

a−2 c1
− 8

a−2 c2
− 12 (a2+a+v) (a2−4 a c1−2 a+4 c1

2+4 c1+4 v) (a2−4 a c2−2 a+4 c2
2+4 c2+4 v)

a2 (a−2 c1)2 (a−2 c2)2
+7

)2 +
4 v (a2+3 a+3 v)

2
(a2−4 a c1−4 a+4 c1

2+8 c1+8 v)
2

a4 (a−2 c1)4 (a+2 c2)
2

(
3 v
a2 + 16 v

(a−2 c1)2
+ 16 v

(a−2 c2)2
+ 3

a−
8

a−2 c1
− 8

a−2 c2
− 12 (a2+a+v) (a2−4 a c1−2 a+4 c1

2+4 c1+4 v) (a2−4 a c2−2 a+4 c2
2+4 c2+4 v)

a2 (a−2 c1)2 (a−2 c2)2
+7

)2

 (
a2 − 4 a c1 − 4 a+ 4 c1

2 + 8 c1 + 8 v
) (
a2 − 4 a c2 − 4 a+ 4 c2

2 + 8 c2 + 8 v
)

5 a6 − 20 a5 c1 − 20 a5 c2 − 23 a5 + 20 a4 c12 + 80 a4 c1 c2 + 60 a4 c1 + 20 a4 c22 + 60 a4 c2 + 73 a4 v − 80 a3 c12 c2 − 28 a3 c12 − 80 a3 c1 c22 − 112 a3 c1 c2 − 164 a3 c1 v + 48 a3 c1 − 28 a3 c22 − 164 a3 c2 v + 48 a3 c2 − 144 a3 v + 48 a3 + 80 a2 c12 c22 − 16 a2 c12 c2 + 164 a2 c12 v − 96 a2 c12 − 16 a2 c1 c22 + 144 a2 c1 c2 v − 192 a2 c1 c2 + 144 a2 c1 v − 96 a2 c1 + 164 a2 c22 v − 96 a2 c22 + 144 a2 c2 v − 96 a2 c2 + 288 a2 v2 − 144 a2 v + 144 a c12 c22 − 144 a c12 c2 v + 192 a c12 c2 + 96 a c12 v − 144 a c1 c22 v + 192 a c1 c22 − 384 a c1 c2 v + 192 a c1 c2 − 192 a c1 v2 + 96 a c1 v + 96 a c22 v − 192 a c2 v2 + 96 a c2 v + 144 c12 c22 v + 192 c12 c2 v + 192 c12 v2 + 192 c1 c22 v + 192 c1 c2 v + 192 c1 v2 + 192 c22 v2 + 192 c2 v2 + 192 v3

In the event that C1 = C2 = C, the consumer surplus expression for both SPs simplifies to:



CS =

(
a2 + 3 a+ 3 v

) (
a2 − 4 a c− 4 a+ 4 c2 + 8 c+ 8 v

)2 (
2 a4 − 8 a3 c− a3 + 8 a2 c2 − 4 a2 c+ 11 v a2 + 12 a c2 − 12 v a c+ 12 v c2

) (
10 a10 − 40 a9 c− 13 a9 − 40 a8 c2 − 34 a8 c+ 118 a8 v − 19 a8 + 320 a7 c3 + 216 a7 c2 − 112 a7 c v + 104 a7 c− 68 a7 v − 13 a7 − 160 a6 c4 + 304 a6 c3 − 880 a6 c2 v + 164 a6 c2 − 292 a6 c v + 126 a6 c+ 383 a6 v2 − 132 a6 v − 640 a5 c5 − 1168 a5 c4 + 1088 a5 c3 v − 640 a5 c3 − 488 a5 c2 v − 40 a5 c2 + 756 a5 c v2 + 140 a5 c v + 63 a5 v2 + 640 a4 c6 − 672 a4 c5 + 864 a4 c4 v − 784 a4 c4 + 2144 a4 c3 v − 720 a4 c3 − 1036 a4 c2 v2 − 320 a4 c2 v + 670 a4 c v2 + 182 a4 v3 + 2048 a3 c6 − 2048 a3 c5 v + 896 a3 c5 + 640 a3 c4 v + 368 a3 c4 + 1248 a3 c3 v2 + 160 a3 c3 v − 776 a3 c2 v2 + 656 a3 c v3 + 2048 a2 c6 v + 1728 a2 c6 − 832 a2 c5 v + 864 a2 c5 + 2192 a2 c4 v2 + 1088 a2 c4 v + 1456 a2 c3 v2 − 496 a2 c2 v3 + 3456 a c6 v − 1728 a c5 v2 + 1728 a c5 v + 1584 a c4 v2 + 576 a c3 v3 + 1728 c6 v2 + 864 c5 v2 + 864 c4 v3

)
(a+ 2 c)

2
(5 a4 − 20 a3 c− 3 a3 + 20 a2 c2 − 12 a2 c+ 33 a2 v − 12 a2 + 36 a c2 − 36 a c v + 24 a c+ 12 a v + 36 c2 v + 24 c v + 24 v2)

3
(5 a6 − 40 a5 c− 23 a5 + 120 a4 c2 + 120 a4 c+ 73 a4 v − 160 a3 c3 − 168 a3 c2 − 328 a3 c v + 96 a3 c− 144 a3 v + 48 a3 + 80 a2 c4 − 32 a2 c3 + 472 a2 c2 v − 384 a2 c2 + 288 a2 c v − 192 a2 c+ 288 a2 v2 − 144 a2 v + 144 a c4 − 288 a c3 v + 384 a c3 − 192 a c2 v + 192 a c2 − 384 a c v2 + 192 a c v + 144 c4 v + 384 c3 v + 384 c2 v2 + 192 c2 v + 384 c v2 + 192 v3)

1) Mean Only Model: We set the variance equal to 0 in the Mean-Variance model first order conditions to get the first
order conditions for the mean-only model. For the variables a, b and , c that are defined in Section 6.1, we also set the variance
equal to 0. Using these definitions we can make the following claims.

Theorem VI.5. In equilibrium, the Mean-Only model price will be

p =
(α+ 3) (2C − α+ 4)

3α+ 18C + 10αC − 5α2 + 12

Proof. Using the adjusted definitions of a, b, and c we solve the same system presented as part of Theorem 6.1. We get the
following expression for price in the Mean-Only Cournot model:

p = 1− (x11 + x12 + x21 + x22) = 1−
4a+ 6b+ 4c− 3ab− 2ac− 3bc− 6

2a+ 3b− 3abc+ 2c− 4

p =
(α+ 3) (2C1 − α+ 4) (2C2 − α+ 4)

48C1 + 48C2 + 14αC1 + 14αC2 + 36C1 C2 − 10α2 C1 − 10α2 C2 − 23α2 + 5α3 + 20αC1 C2 + 48

In the event that C1 = C2 = C, the price expression simplifies to:

p =
(α+ 3) (2C − α+ 4)

3α+ 18C + 10αC − 5α2 + 12

Theorem VI.6. In equilibrium, the Mean-Only model latency will be

l =
2
(
2α4 − 6α3 C − 2α3 − 24α2 C + 25α2 + 8αC3 + 56αC2 − 4αC + 36C2

)
(α+ 2C) (3α+ 18C + 10αC − 5α2 + 12)

2

Proof. The initial expressions for the latency of each of the two SPs are as follows:

l1 =
x211

(C1 −
α

2
)

+ x21(
(x21 + x22)

α
)

l2 =
x212

(C2 −
α

2
)

+ x22(
(x21 + x22)

α
)

Using the equilibrium values for x11, x12, x21, and x22 under the Mean-Only Cournot model conditions,

l1 =
2 (2C2 − α+ 4)

2 (
2α4 − 6α3 C1 − 2α3 − 24α2 C1 + 25α2 + 8αC1

3 + 56αC1
2 − 4αC1 + 36C1

2
)

(α+ 2C1) (48C1 + 48C2 + 14αC1 + 14αC2 + 36C1 C2 − 10α2 C1 − 10α2 C2 − 23α2 + 5α3 + 20αC1 C2 + 48)
2

l2 =
2 (2C1 − α+ 4)

2 (
2α4 − 6α3 C2 − 2α3 − 24α2 C2 + 25α2 + 8αC2

3 + 56αC2
2 − 4 aC2 + 36C2

2
)

(α+ 2C2) (48C1 + 48C2 + 14αC1 + 14αC2 + 36C1 C2 − 10α2 C1 − 10α2 C2 − 23α2 + 5α3 + 20αC1 C2 + 48)
2

In the event that C1 = C2 = C, the latency expression for both SPs simplifies to:

l =
2
(
2α4 − 6α3 C − 2α3 − 24α2 C + 25α2 + 8αC3 + 56αC2 − 4αC + 36C2

)
(α+ 2C) (3α+ 18C + 10αC − 5α2 + 12)

2

Theorem VI.7. In equilibrium, the Mean-Only model profit will be

π1 = (x11 + x21)(1− (x11 + x12 + x21 + x22))− l1



=
(3b− 2)2(a− 1)(c− 1)(a+ c+ 2)

(2a+ 3b+ 2c− 3abc− 4)2
− l1

Proof. The initial expressions for the profit of each of the two SPs are as follows:

π1 = (x11 + x21)(1− (x11 + x12 + x21 + x22))− l1

π2 = (x12 + x22)(1− (x11 + x12 + x21 + x22))− l2

Using the equilibrium values for x11, x12, x21, and x22 under the Mean-Only Cournot model conditions,

π1 =
(2C2 − α+ 4)

2 (
2α5 − 4α4 C1 − 7α4 − 8α3 C1

2 − 6α3 C1 − 19α3 + 16α2 C1
3 + 12α2 C1

2 + 62α2 C1 − 38α2 + 56αC1
3 + 44αC1

2 + 104αC1 + 72C1
3 + 72C1

2
)

(α+ 2C1) (48C1 + 48C2 + 14αC1 + 14αC2 + 36C1 C2 − 10α2 C1 − 10α2 C2 − 23α2 + 5α3 + 20αC1 C2 + 48)
2

π2 =
(2C1 − α+ 4)

2 (
2α5 − 4α4 C2 − 7α4 − 8α3 C2

2 − 6α3 C2 − 19α3 + 16α2 C2
3 + 12α2 C2

2 + 62α2 C2 − 38α2 + 56αC2
3 + 44αC2

2 + 104αC2 + 72C2
3 + 72C2

2
)

(α+ 2C2) (48C1 + 48C2 + 14αC1 + 14αC2 + 36C1 C2 − 10α2 C1 − 10α2 C2 − 23α2 + 5α3 + 20αC1 C2 + 48)
2

In the event that C1 = C2 = C, the latency expression for both SPs simplifies to:

π =
(2C − α+ 4)

2 (
2α5 − 4α4 C − 7α4 − 8α3 C2 − 6α3 C − 19α3 + 16α2 C3 + 12α2 C2 + 62α2 C − 38α2 + 56αC3 + 44αC2 + 104αC + 72C3 + 72C2

)
(α+ 2C) (5α3 − 20α2 C − 23α2 + 20αC2 + 28αC + 36C2 + 96C + 48)

2

Theorem VI.8. In equilibrium, the Mean-Only model consumer surplus will be

CS =
(α+ 3) (2C − α+ 4)

3 (
α+ 6C + 4αC − 2α2

) (
10α7 − 60α6 C − 93α6 + 80α5 C2 + 312α5 C + 245α5 + 160α4 C3 + 232α4 C2 + 94α4 C − 69α4 − 480α3 C4 − 1440α3 C3 − 2072α3 C2 − 1640α3 C − 200α3 + 320α2 C5 + 432α2 C4 − 464α2 C3 − 344α2 C2 + 48α2 C − 208α2 + 1024αC5 + 4112αC4 + 5856αC3 + 4256αC2 + 1600αC + 864C5 + 3888C4 + 5184C3 + 1728C2

)
(α+ 2C) (5α3 − 20α2 C − 23α2 + 20αC2 + 28αC + 36C2 + 96C + 48)

4

Proof. The initial expressions for the consumer surplus of each of the two SPs are as follows:

CS1 =
1

2
(x11 + x21)(1− (x11 + x12 + x21 + x22)(1− p− l1)

CS2 =
1

2
(x12 + x22)(1− (x11 + x12 + x21 + x22)(1− p− l2)

Using the equilibrium values for x11, x12, x21, and x22 under the Mean-Only Cournot model conditions,

CS1 =
(α+ 3) (2C1 − α+ 4) (2C2 − α+ 4)

2 (
α+ 6C1 + 4αC1 − 2α2

) (
10α7 − 20α6 C1 − 40α6 C2 − 93α6 − 40α5 C1

2 + 80α5 C1 C2 + 64α5 C1 + 40α5 C2
2 + 248α5 C2 + 245α5 + 80α4 C1

3 + 160α4 C1
2 C2 + 364α4 C1

2 − 80α4 C1 C2
2 − 8α4 C1 C2 + 282α4 C1 − 124α4 C2

2 − 188α4 C2 − 69α4 − 320α3 C1
3 C2 − 240α3 C1

3 − 160α3 C1
2 C2

2 − 960α3 C1
2 C2 − 580α3 C1

2 − 240α3 C1 C2
2 − 1272α3 C1 C2 − 928α3 C1 − 220α3 C2

2 − 712α3 C2 − 200α3 + 320α2 C1
3 C2

2 − 32α2 C1
3 C2 − 392α2 C1

3 + 464α2 C1
2 C2

2 − 720α2 C1
2 C2 − 820α2 C1

2 + 648α2 C1 C2
2 + 120α2 C1 C2 − 32α2 C1 + 356α2 C2

2 + 80α2 C2 − 208α2 + 1024αC1
3 C2

2 + 1888αC1
3 C2 + 784αC1

3 + 2224αC1
2 C2

2 + 3136αC1
2 C2 + 928αC1

2 + 1936αC1 C2
2 + 2752αC1 C2 + 1024αC1 + 576αC2

2 + 576αC2 + 864C1
3 C2

2 + 2016C1
3 C2 + 1152C1

3 + 1872C1
2 C2

2 + 2880C1
2 C2 + 576C1

2 + 1152C1 C2
2 + 1152C1 C2

)
(α+ 2C1) (48C1 + 48C2 + 14αC1 + 14αC2 + 36C1 C2 − 10α2 C1 − 10α2 C2 − 23α2 + 5α3 + 20αC1 C2 + 48)

4

CS2 =
(α+ 3) (2C1 − α+ 4)

2
(2C2 − α+ 4)

(
α+ 6C2 + 4αC2 − 2α2

) (
10α7 − 40α6 C1 − 20α6 C2 − 93α6 + 40α5 C1

2 + 80α5 C1 C2 + 248α5 C1 − 40α5 C2
2 + 64α5 C2 + 245α5 − 80α4 C1

2 C2 − 124α4 C1
2 + 160α4 C1 C2

2 − 8α4 C1 C2 − 188α4 C1 + 80α4 C2
3 + 364α4 C2

2 + 282α4 C2 − 69α4 − 160α3 C1
2 C2

2 − 240α3 C1
2 C2 − 220α3 C1

2 − 320α3 C1 C2
3 − 960α3 C1 C2

2 − 1272α3 C1 C2 − 712α3 C1 − 240α3 C2
3 − 580α3 C2

2 − 928α3 C2 − 200α3 + 320α2 C1
2 C2

3 + 464α2 C1
2 C2

2 + 648α2 C1
2 C2 + 356α2 C1

2 − 32α2 C1 C2
3 − 720α2 C1 C2

2 + 120α2 C1 C2 + 80α2 C1 − 392α2 C2
3 − 820α2 C2

2 − 32α2 C2 − 208α2 + 1024αC1
2 C2

3 + 2224αC1
2 C2

2 + 1936αC1
2 C2 + 576αC1

2 + 1888αC1 C2
3 + 3136αC1 C2

2 + 2752αC1 C2 + 576αC1 + 784αC2
3 + 928αC2

2 + 1024αC2 + 864C1
2 C2

3 + 1872C1
2 C2

2 + 1152C1
2 C2 + 2016C1 C2

3 + 2880C1 C2
2 + 1152C1 C2 + 1152C2

3 + 576C2
2
)

(α+ 2C2) (48C1 + 48C2 + 14αC1 + 14αC2 + 36C1 C2 − 10α2 C1 − 10α2 C2 − 23α2 + 5α3 + 20αC1 C2 + 48)
4

In the event that C1 = C2 = C, the latency expression for both SPs simplifies to:

CS =
(α+ 3) (2C − α+ 4)

3 (
α+ 6C + 4αC − 2α2

) (
10α7 − 60α6 C − 93α6 + 80α5 C2 + 312α5 C + 245α5 + 160α4 C3 + 232α4 C2 + 94α4 C − 69α4 − 480α3 C4 − 1440α3 C3 − 2072α3 C2 − 1640α3 C − 200α3 + 320α2 C5 + 432α2 C4 − 464α2 C3 − 344α2 C2 + 48α2 C − 208α2 + 1024αC5 + 4112αC4 + 5856αC3 + 4256αC2 + 1600αC + 864C5 + 3888C4 + 5184C3 + 1728C2

)
(α+ 2C) (5α3 − 20α2 C − 23α2 + 20αC2 + 28αC + 36C2 + 96C + 48)

4



2) Variance Only Model: In Section IV-B we introduced the Variance-Only Cournot model. As many of the expressions in
the derivation are unwieldy we used graphs in the above sections. In this section we show the derivations for Section IV-B.
These derivations follow from the derivations in Section VI-A.

We remove the non-variance latency terms from the Mean-Variance model first order conditions in order to obtain the first-
order conditions for the Variance-Only model. For the variables a, b, and c that are defined in Section 6.1, we also remove the
non-variance terms, maintaining the constants in the expressions. Using these definitions we can make the following claims.

Theorem VI.9. In equilibrium, the Variance-Only model profit will be

p =

(
α2 + 3 v

) (
α2 − 4αC + 4C2 + 8 v

)
5α4 − 20α3 C + 20α2 C2 + 33α2 v − 36αC v + 36C2 v + 24 v2

Using the adjusted definitions of a, b, and c we solve the same system presented as part of Theorem 6.1. We get the following
expression for price in the Variance-Only Cournot model:

Proof.

p = 1− (x11 + x12 + x21 + x22) = 1−
4a+ 6b+ 4c− 3ab− 2ac− 3bc− 6

2a+ 3b− 3abc+ 2c− 4

p =
(α2+3 v) (α2−4αC1+4C1

2+8 v) (α2−4αC2+4C2
2+8 v)

5α6−20α5 C1−20α5 C2+20α4 C1
2+80α4 C1 C2+20α4 C2

2+73α4 v−80α3 C1
2 C2−80α3 C1 C2

2−164α3 C1 v−164α3 C2 v+80α2 C1
2 C2

2+164α2 C1
2 v+144α2 C1 C2 v+164α2 C2

2 v+288α2 v2−144αC1
2 C2 v−144αC1 C2

2 v−192αC1 v2−192αC2 v2+144C1
2 C2

2 v+192C1
2 v2+192C2

2 v2+192 v3

(18)
In the event that C1 = C2 = C, the latency expression for both SPs simplifies to:

p =

(
α2 + 3 v

) (
α2 − 4αC + 4C2 + 8 v

)
5α4 − 20α3 C + 20α2 C2 + 33α2 v − 36αC v + 36C2 v + 24 v2

Theorem VI.10. In equilibrium, the Variance-Only model latency will be

l =
2 v (3 a8−20 a7 c+44 a6 c2+28 a6 v−32 a5 c3−96 a5 c v+16 a4 c4+160 a4 c2 v+82 a4 v2−64 a3 c5−384 a3 c3 v+112 a3 c v2+64 a2 c6+448 a2 c4 v+688 a2 c2 v2−576 a c3 v2+288 c4 v2)

(a+2 c)2 (5 a4−20 a3 c+20 a2 c2+33 a2 v−36 a c v+36 c2 v+24 v2)2

(19)

Proof. The initial expressions for the latency of each of the two SPs are as follows:

l1 =
vx211

(C1 −
α

2
)2

+ x21(
v(x21 + x22)

α2
)

l2 =
vx212

(C2 −
α

2
)2

+ x22(
v(x21 + x22)

α2
)

Using the equilibrium values for x11, x12, x21, and x22 under the Variance-Only Cournot model conditions,

l1 =

2 v

(
2 v

( a
2−c1)

2 + 2 v

( a
2−c2)

2 −
(

2 v

( a
2−c1)

2 + 2

) (
2 v

( a
2−c2)

2 + 2

)
+ 3

)2

a2
(

4 v

( a
2−c1)

2 + 4 v

( a
2−c2)

2 + 3 v
a2 − 3

(
2 v

( a
2−c1)

2 + 2

) (
2 v

( a
2−c2)

2 + 2

) (
v
a2 + 1

)
+ 7

)2+

v

(
4 v

( a
2−c2)

2 + 3 v
a2 − 3

(
2 v

( a
2−c2)

2 + 2

) (
v
a2 + 1

)
+ 5

)2

(
a
2 + c1

)2( 4 v

( a
2−c1)

2 + 4 v

( a
2−c2)

2 + 3 v
a2 − 3

(
2 v

( a
2−c1)

2 + 2

) (
2 v

( a
2−c2)

2 + 2

) (
v
a2 + 1

)
+ 7

)2

l2 =

2 v

(
2 v

( a
2−c1)

2 + 2 v

( a
2−c2)

2 −
(

2 v

( a
2−c1)

2 + 2

) (
2 v

( a
2−c2)

2 + 2

)
+ 3

)2

a2
(

4 v

( a
2−c1)

2 + 4 v

( a
2−c2)

2 + 3 v
a2 − 3

(
2 v

( a
2−c1)

2 + 2

) (
2 v

( a
2−c2)

2 + 2

) (
v
a2 + 1

)
+ 7

)2+

v

(
4 v

( a
2−c1)

2 + 3 v
a2 − 3

(
2 v

( a
2−c1)

2 + 2

) (
v
a2 + 1

)
+ 5

)2

(
a
2 + c2

)2( 4 v

( a
2−c1)

2 + 4 v

( a
2−c2)

2 + 3 v
a2 − 3

(
2 v

( a
2−c1)

2 + 2

) (
2 v

( a
2−c2)

2 + 2

) (
v
a2 + 1

)
+ 7

)2

′

In the event that C1 = C2 = C, the latency expression for both SPs simplifies to:

l =
2 v
(
3 a8 − 20 a7 c+ 44 a6 c2 + 28 a6 v − 32 a5 c3 − 96 a5 c v + 16 a4 c4 + 160 a4 c2 v + 82 a4 v2 − 64 a3 c5 − 384 a3 c3 v + 112 a3 c v2 + 64 a2 c6 + 448 a2 c4 v + 688 a2 c2 v2 − 576 a c3 v2 + 288 c4 v2

)
(a+ 2 c)

2
(5 a4 − 20 a3 c+ 20 a2 c2 + 33 a2 v − 36 a c v + 36 c2 v + 24 v2)

2



Theorem VI.11. In equilibrium, the Variance-Only model profit will be

π1 = (x11 + x21)(1− (x11 + x12 + x21 + x22))− l1

=
(3b− 2)2(a− 1)(c− 1)(a+ c+ 2)

(2a+ 3b+ 2c− 3abc− 4)2
− l1

Proof. The initial expressions for the profit of the two SPs are as follows:

π1 = (x11 + x21)(1− (x11 + x12 + x21 + x22))− l1

π2 = (x12 + x22)(1− (x11 + x12 + x21 + x22))− l2

Using the equilibrium values for x11, x12, x21, and x22 under the Variance-Only Cournot model conditions,

π1 =

(
a2 − 4 a c2 + 4 c2

2 + 8 v
)2 (

2 a10 − 8 a9 c1 − 8 a8 c1
2 + 27 a8 v + 64 a7 c1

3 + 4 a7 c1 v − 32 a6 c1
4 − 316 a6 c1

2 v + 113 a6 v2 − 128 a5 c1
5 + 352 a5 c1

3 v + 412 a5 c1 v
2 + 128 a4 c1

6 + 208 a4 c1
4 v − 868 a4 c1

2 v2 + 100 a4 v3 − 448 a3 c1
5 v + 1056 a3 c1

3 v2 + 544 a3 c1 v
3 + 448 a2 c1

6 v + 496 a2 c1
4 v2 − 1184 a2 c1

2 v3 − 576 a c1
5 v2 + 1152 a c1

3 v3 + 576 c1
6 v2 + 576 c1

4 v3
)

(a+ 2 c1)
2
(5 a6 − 20 a5 c1 − 20 a5 c2 + 20 a4 c12 + 80 a4 c1 c2 + 20 a4 c22 + 73 a4 v − 80 a3 c12 c2 − 80 a3 c1 c22 − 164 a3 c1 v − 164 a3 c2 v + 80 a2 c12 c22 + 164 a2 c12 v + 144 a2 c1 c2 v + 164 a2 c22 v + 288 a2 v2 − 144 a c12 c2 v − 144 a c1 c22 v − 192 a c1 v2 − 192 a c2 v2 + 144 c12 c22 v + 192 c12 v2 + 192 c22 v2 + 192 v3)

2

π2 =

(
a2 − 4 a c1 + 4 c1

2 + 8 v
)2 (

2 a10 − 8 a9 c2 − 8 a8 c2
2 + 27 a8 v + 64 a7 c2

3 + 4 a7 c2 v − 32 a6 c2
4 − 316 a6 c2

2 v + 113 a6 v2 − 128 a5 c2
5 + 352 a5 c2

3 v + 412 a5 c2 v
2 + 128 a4 c2

6 + 208 a4 c2
4 v − 868 a4 c2

2 v2 + 100 a4 v3 − 448 a3 c2
5 v + 1056 a3 c2

3 v2 + 544 a3 c2 v
3 + 448 a2 c2

6 v + 496 a2 c2
4 v2 − 1184 a2 c2

2 v3 − 576 a c2
5 v2 + 1152 a c2

3 v3 + 576 c2
6 v2 + 576 c2

4 v3
)

(a+ 2 c2)
2
(5 a6 − 20 a5 c1 − 20 a5 c2 + 20 a4 c12 + 80 a4 c1 c2 + 20 a4 c22 + 73 a4 v − 80 a3 c12 c2 − 80 a3 c1 c22 − 164 a3 c1 v − 164 a3 c2 v + 80 a2 c12 c22 + 164 a2 c12 v + 144 a2 c1 c2 v + 164 a2 c22 v + 288 a2 v2 − 144 a c12 c2 v − 144 a c1 c22 v − 192 a c1 v2 − 192 a c2 v2 + 144 c12 c22 v + 192 c12 v2 + 192 c22 v2 + 192 v3)

2

′

In the event that C1 = C2 = C, the profit expression for both SPs simplifies to:

π =
2 a10 − 8 a9 c− 8 a8 c2 + 27 a8 v + 64 a7 c3 + 4 a7 c v − 32 a6 c4 − 316 a6 c2 v + 113 a6 v2 − 128 a5 c5 + 352 a5 c3 v + 412 a5 c v2 + 128 a4 c6 + 208 a4 c4 v − 868 a4 c2 v2 + 100 a4 v3 − 448 a3 c5 v + 1056 a3 c3 v2 + 544 a3 c v3 + 448 a2 c6 v + 496 a2 c4 v2 − 1184 a2 c2 v3 − 576 a c5 v2 + 1152 a c3 v3 + 576 c6 v2 + 576 c4 v3

(a+ 2 c)
2
(5 a4 − 20 a3 c+ 20 a2 c2 + 33 a2 v − 36 a c v + 36 c2 v + 24 v2)

2

Theorem VI.12. In equilibrium, the Variance-Only model consumer surplus will be

CS = −

(
a2 + 3 v

) (
a2 − 4 a c+ 4 c2 + 8 v

)3  2 (a2−4 a c+4 c2+8 v)
2

(a−2 c)4
(

3 v
a2 + 32 v

(a−2 c)2
− 12 (a2+v) (a2−4 a c+4 c2+4 v)2

a2 (a−2 c)4
+7

) +
2 v (a2−4 a c+4 c2+8 v)

4

a2 (a−2 c)8
(

3 v
a2 + 32 v

(a−2 c)2
− 12 (a2+v) (a2−4 a c+4 c2+4 v)2

a2 (a−2 c)4
+7

)2 +
2 (a2+3 v) (a2−4 a c+4 c2+8 v)

a2 (a−2 c)2
(

3 v
a2 + 32 v

(a−2 c)2
− 12 (a2+v) (a2−4 a c+4 c2+4 v)2

a2 (a−2 c)4
+7

) +
4 v (a2+3 v)

2
(a2−4 a c+4 c2+8 v)

2

a4 (a−2 c)4 (a+2 c)2
(

3 v
a2 + 32 v

(a−2 c)2
− 12 (a2+v) (a2−4 a c+4 c2+4 v)2

a2 (a−2 c)4
+7

)2

 (
2 a4 − 8 a3 c+ 8 a2 c2 + 11 v a2 − 12 v a c+ 12 v c2

)
2 (5 a6 − 40 a5 c+ 120 a4 c2 + 73 a4 v − 160 a3 c3 − 328 a3 c v + 80 a2 c4 + 472 a2 c2 v + 288 a2 v2 − 288 a c3 v − 384 a c v2 + 144 c4 v + 384 c2 v2 + 192 v3)

2

Proof. The initial expressions for the consumer surplus of the two SPs are as follows:

CS1 =
1

2
(x11 + x21)(1− (x11 + x12 + x21 + x22)(1− p− l1)

CS2 =
1

2
(x12 + x22)(1− (x11 + x12 + x21 + x22)(1− p− l2)

Using the equilibrium values for x11, x12, x21, and x22 under the Variance-Only Cournot model conditions,

CS1 = −

(
a2 + 3 v

) (
a2 − 4 a c1 + 4 c1

2 + 8 v
) (
a2 − 4 a c2 + 4 c2

2 + 8 v
)2  2 (a2−4 a c1+4 c1

2+8 v) (a2−4 a c2+4 c2
2+8 v)

(a−2 c1)2 (a−2 c2)2
(

3 v
a2 + 16 v

(a−2 c1)2
+ 16 v

(a−2 c2)2
− 12 (a2+v) (a2−4 a c1+4 c1

2+4 v) (a2−4 a c2+4 c2
2+4 v)

a2 (a−2 c1)2 (a−2 c2)2
+7

) +
(a2+3 v) (a2−4 a c1+4 c1

2+8 v)

a2 (a−2 c1)2
(

3 v
a2 + 16 v

(a−2 c1)2
+ 16 v

(a−2 c2)2
− 12 (a2+v) (a2−4 a c1+4 c1

2+4 v) (a2−4 a c2+4 c2
2+4 v)

a2 (a−2 c1)2 (a−2 c2)2
+7

) +
(a2+3 v) (a2−4 a c2+4 c2

2+8 v)

a2 (a−2 c2)2
(

3 v
a2 + 16 v

(a−2 c1)2
+ 16 v

(a−2 c2)2
− 12 (a2+v) (a2−4 a c1+4 c1

2+4 v) (a2−4 a c2+4 c2
2+4 v)

a2 (a−2 c1)2 (a−2 c2)2
+7

) +
2 v (a2−4 a c1+4 c1

2+8 v)
2
(a2−4 a c2+4 c2

2+8 v)
2

a2 (a−2 c1)4 (a−2 c2)4
(

3 v
a2 + 16 v

(a−2 c1)2
+ 16 v

(a−2 c2)2
− 12 (a2+v) (a2−4 a c1+4 c1

2+4 v) (a2−4 a c2+4 c2
2+4 v)

a2 (a−2 c1)2 (a−2 c2)2
+7

)2 +
4 v (a2+3 v)

2
(a2−4 a c2+4 c2

2+8 v)
2

a4 (a+2 c1)
2 (a−2 c2)4

(
3 v
a2 + 16 v

(a−2 c1)2
+ 16 v

(a−2 c2)2
− 12 (a2+v) (a2−4 a c1+4 c1

2+4 v) (a2−4 a c2+4 c2
2+4 v)

a2 (a−2 c1)2 (a−2 c2)2
+7

)2

 (
2 a4 − 8 a3 c1 + 8 a2 c1

2 + 11 v a2 − 12 v a c1 + 12 v c1
2
)

2 (5 a6 − 20 a5 c1 − 20 a5 c2 + 20 a4 c12 + 80 a4 c1 c2 + 20 a4 c22 + 73 a4 v − 80 a3 c12 c2 − 80 a3 c1 c22 − 164 a3 c1 v − 164 a3 c2 v + 80 a2 c12 c22 + 164 a2 c12 v + 144 a2 c1 c2 v + 164 a2 c22 v + 288 a2 v2 − 144 a c12 c2 v − 144 a c1 c22 v − 192 a c1 v2 − 192 a c2 v2 + 144 c12 c22 v + 192 c12 v2 + 192 c22 v2 + 192 v3)
2

CS2 = −

(
a2 + 3 v

) (
a2 − 4 a c1 + 4 c1

2 + 8 v
)2 (

a2 − 4 a c2 + 4 c2
2 + 8 v

)  2 (a2−4 a c1+4 c1
2+8 v) (a2−4 a c2+4 c2

2+8 v)

(a−2 c1)2 (a−2 c2)2
(

3 v
a2 + 16 v

(a−2 c1)2
+ 16 v

(a−2 c2)2
− 12 (a2+v) (a2−4 a c1+4 c1

2+4 v) (a2−4 a c2+4 c2
2+4 v)

a2 (a−2 c1)2 (a−2 c2)2
+7

) +
(a2+3 v) (a2−4 a c1+4 c1

2+8 v)

a2 (a−2 c1)2
(

3 v
a2 + 16 v

(a−2 c1)2
+ 16 v

(a−2 c2)2
− 12 (a2+v) (a2−4 a c1+4 c1

2+4 v) (a2−4 a c2+4 c2
2+4 v)

a2 (a−2 c1)2 (a−2 c2)2
+7

) +
(a2+3 v) (a2−4 a c2+4 c2

2+8 v)

a2 (a−2 c2)2
(

3 v
a2 + 16 v

(a−2 c1)2
+ 16 v

(a−2 c2)2
− 12 (a2+v) (a2−4 a c1+4 c1

2+4 v) (a2−4 a c2+4 c2
2+4 v)

a2 (a−2 c1)2 (a−2 c2)2
+7

) +
2 v (a2−4 a c1+4 c1

2+8 v)
2
(a2−4 a c2+4 c2

2+8 v)
2

a2 (a−2 c1)4 (a−2 c2)4
(

3 v
a2 + 16 v

(a−2 c1)2
+ 16 v

(a−2 c2)2
− 12 (a2+v) (a2−4 a c1+4 c1

2+4 v) (a2−4 a c2+4 c2
2+4 v)

a2 (a−2 c1)2 (a−2 c2)2
+7

)2 +
4 v (a2+3 v)

2
(a2−4 a c1+4 c1

2+8 v)
2

a4 (a−2 c1)4 (a+2 c2)
2

(
3 v
a2 + 16 v

(a−2 c1)2
+ 16 v

(a−2 c2)2
− 12 (a2+v) (a2−4 a c1+4 c1

2+4 v) (a2−4 a c2+4 c2
2+4 v)

a2 (a−2 c1)2 (a−2 c2)2
+7

)2

 (
2 a4 − 8 a3 c2 + 8 a2 c2

2 + 11 v a2 − 12 v a c2 + 12 v c2
2
)

2 (5 a6 − 20 a5 c1 − 20 a5 c2 + 20 a4 c12 + 80 a4 c1 c2 + 20 a4 c22 + 73 a4 v − 80 a3 c12 c2 − 80 a3 c1 c22 − 164 a3 c1 v − 164 a3 c2 v + 80 a2 c12 c22 + 164 a2 c12 v + 144 a2 c1 c2 v + 164 a2 c22 v + 288 a2 v2 − 144 a c12 c2 v − 144 a c1 c22 v − 192 a c1 v2 − 192 a c2 v2 + 144 c12 c22 v + 192 c12 v2 + 192 c22 v2 + 192 v3)
2

In the event that C1 = C2 = C, the consumer surplus expression for both SPs simplifies to:



CS = −

(
a2 + 3 v

) (
a2 − 4 a c+ 4 c2 + 8 v

)3  2 (a2−4 a c+4 c2+8 v)
2

(a−2 c)4
(

3 v
a2 + 32 v

(a−2 c)2
− 12 (a2+v) (a2−4 a c+4 c2+4 v)2

a2 (a−2 c)4
+7

) +
2 v (a2−4 a c+4 c2+8 v)

4

a2 (a−2 c)8
(

3 v
a2 + 32 v

(a−2 c)2
− 12 (a2+v) (a2−4 a c+4 c2+4 v)2

a2 (a−2 c)4
+7

)2 +
2 (a2+3 v) (a2−4 a c+4 c2+8 v)

a2 (a−2 c)2
(

3 v
a2 + 32 v

(a−2 c)2
− 12 (a2+v) (a2−4 a c+4 c2+4 v)2

a2 (a−2 c)4
+7

) +
4 v (a2+3 v)

2
(a2−4 a c+4 c2+8 v)

2

a4 (a−2 c)4 (a+2 c)2
(

3 v
a2 + 32 v

(a−2 c)2
− 12 (a2+v) (a2−4 a c+4 c2+4 v)2

a2 (a−2 c)4
+7

)2

 (
2 a4 − 8 a3 c+ 8 a2 c2 + 11 v a2 − 12 v a c+ 12 v c2

)
2 (5 a6 − 40 a5 c+ 120 a4 c2 + 73 a4 v − 160 a3 c3 − 328 a3 c v + 80 a2 c4 + 472 a2 c2 v + 288 a2 v2 − 288 a c3 v − 384 a c v2 + 144 c4 v + 384 c2 v2 + 192 v3)

2

Theorem VI.13. In equilibrium, the derivative of profit with respect to alpha will be

dπ/dα =
2 v
(
−3 a12 − 246 a11 c+ 1488 a10 c2 − 47 a10 v − 3136 a9 c3 − 2526 a9 c v + 3552 a8 c4 + 14160 a8 c2 v + 444 a8 v2 − 4032 a7 c5 − 32768 a7 c3 v − 5504 a7 c v2 + 3328 a6 c6 + 38752 a6 c4 v + 51472 a6 c2 v2 + 2124 a6 v3 − 14784 a5 c5 v − 128064 a5 c3 v2 + 4176 a5 c v3 − 768 a4 c8 − 15104 a4 c6 v + 71744 a4 c4 v2 + 94992 a4 c2 v3 + 2400 a4 v4 + 512 a3 c9 + 11264 a3 c7 v + 31232 a3 c5 v2 − 125568 a3 c3 v3 + 16128 a3 c v4 + 20736 a2 c8 v + 16128 a2 c6 v2 + 25920 a2 c4 v3 + 39168 a2 c2 v4 − 13824 a c9 v − 33792 a c7 v2 − 68352 a c5 v3 − 70656 a c3 v4 + 34560 c6 v3 + 13824 c4 v4

)
(a+ 2 c)

3
(5 a4 − 20 a3 c+ 20 a2 c2 + 33 a2 v − 36 a c v + 36 c2 v + 24 v2)

3

Proof. The initial expressions for profit for the two SPs are as follows:

π1 = (x11 + x21)(1− (x11 + x12 + x21 + x22))− l1

π2 = (x12 + x22)(1− (x11 + x12 + x21 + x22))− l2

Using the equilibrium values for x11, x12, x21, and x22 under the Variance-Only Cournot model conditions,

dπ1/dα =
2 v
(
a2 − 4 a c2 + 4 c2

2 + 8 v
) (
−3 a16 − 54 a15 c1 − 168 a15 c2 + 1104 a14 c1

2 + 1584 a14 c1 c2 + 696 a14 c2
2 − 95 a14 v − 5184 a13 c1

3 − 8832 a13 c1
2 c2 − 5904 a13 c1 c2

2 − 3262 a13 c1 v − 928 a13 c2
3 − 2632 a13 c2 v + 8160 a12 c1

4 + 29184 a12 c1
3 c2 + 26496 a12 c1

2 c2
2 + 38448 a12 c1

2 v + 7872 a12 c1 c2
3 + 24176 a12 c1 c2 v + 464 a12 c2

4 + 9976 a12 c2
2 v − 500 a12 v2 + 2112 a11 c1

5 − 46848 a11 c1
4 c2 − 75264 a11 c1

3 c2
2 − 115776 a11 c1

3 v − 35328 a11 c1
2 c2

3 − 181632 a11 c1
2 c2 v − 3936 a11 c1 c2

4 − 57360 a11 c1 c2
2 v − 43072 a11 c1 v

2 − 11552 a11 c2
3 v − 19136 a11 c2 v

2 − 15104 a10 c1
6 + 19968 a10 c1

5 c2 + 122112 a10 c1
4 c2

2 + 107744 a10 c1
4 v + 100352 a10 c1

3 c2
3 + 548352 a10 c1

3 c2 v + 17664 a10 c1
2 c2

4 + 352896 a10 c1
2 c2

2 v + 398576 a10 c1
2 v2 + 58816 a10 c1 c2

3 v + 116032 a10 c1 c2 v
2 + 5776 a10 c2

4 v + 72000 a10 c2
2 v2 + 6220 a10 v3 + 22528 a9 c1

6 c2 − 96768 a9 c1
5 c2

2 + 50496 a9 c1
5 v − 162816 a9 c1

4 c2
3 − 659200 a9 c1

4 c2 v − 50176 a9 c1
3 c2

4 − 1076736 a9 c1
3 c2

2 v − 970752 a9 c1
3 v2 − 382464 a9 c1

2 c2
3 v − 1330048 a9 c1

2 c2 v
2 − 29408 a9 c1 c2

4 v − 101824 a9 c1 c2
2 v2 − 200464 a9 c1 v

3 − 76416 a9 c2
3 v2 − 90496 a9 c2 v

3 + 23808 a8 c1
8 + 30720 a8 c1

6 c2
2 − 114944 a8 c1

6 v + 129024 a8 c1
5 c2

3 + 112128 a8 c1
5 c2 v + 81408 a8 c1

4 c2
4 + 1476864 a8 c1

4 c2
2 v + 739776 a8 c1

4 v2 + 1181696 a8 c1
3 c2

3 v + 3712000 a8 c1
3 c2 v

2 + 191232 a8 c1
2 c2

4 v + 1878144 a8 c1
2 c2

2 v2 + 1870160 a8 c1
2 v3 − 2560 a8 c1 c2

3 v2 + 90688 a8 c1 c2 v
3 + 38208 a8 c2

4 v2 + 262176 a8 c2
2 v3 + 64800 a8 v4 − 15872 a7 c1

9 − 43008 a7 c1
8 c2 − 57344 a7 c1

7 v − 40960 a7 c1
6 c2

3 + 411648 a7 c1
6 c2 v − 64512 a7 c1

5 c2
4 − 649728 a7 c1

5 c2
2 v + 268032 a7 c1

5 v2 − 1571840 a7 c1
4 c2

3 v − 2836992 a7 c1
4 c2 v

2 − 590848 a7 c1
3 c2

4 v − 6344704 a7 c1
3 c2

2 v2 − 4441728 a7 c1
3 v3 − 1510912 a7 c1

2 c2
3 v2 − 4594304 a7 c1

2 c2 v
3 + 1280 a7 c1 c2

4 v2 + 606080 a7 c1 c2
2 v3 − 214528 a7 c1 v

4 − 215936 a7 c2
3 v3 − 209920 a7 c2 v

4 + 28672 a6 c1
9 c2 − 18432 a6 c1

8 c2
2 + 198912 a6 c1

8 v + 16384 a6 c1
7 c2 v + 20480 a6 c1

6 c2
4 − 735232 a6 c1

6 c2
2 v − 694016 a6 c1

6 v2 + 595968 a6 c1
5 c2

3 v − 835584 a6 c1
5 c2 v

2 + 785920 a6 c1
4 c2

4 v + 5027328 a6 c1
4 c2

2 v2 + 2161728 a6 c1
4 v3 + 5554176 a6 c1

3 c2
3 v2 + 10713088 a6 c1

3 c2 v
3 + 755456 a6 c1

2 c2
4 v2 + 6266240 a6 c1

2 c2
2 v3 + 4918400 a6 c1

2 v4 − 920064 a6 c1 c2
3 v3 − 676608 a6 c1 c2 v

4 + 107968 a6 c2
4 v3 + 408704 a6 c2

2 v4 + 174336 a6 v5 + 12288 a5 c1
9 c2

2 − 132608 a5 c1
9 v + 24576 a5 c1

8 c2
3 − 559104 a5 c1

8 c2 v + 393216 a5 c1
7 c2

2 v − 309248 a5 c1
7 v2 + 991232 a5 c1

6 c2
3 v + 2209792 a5 c1

6 c2 v
2 − 297984 a5 c1

5 c2
4 v + 602112 a5 c1

5 c2
2 v2 + 1548544 a5 c1

5 v3 − 3282944 a5 c1
4 c2

3 v2 − 3040768 a5 c1
4 c2 v

3 − 2777088 a5 c1
3 c2

4 v2 − 14042112 a5 c1
3 c2

2 v3 − 9681408 a5 c1
3 v4 − 4422144 a5 c1

2 c2
3 v3 − 8162304 a5 c1

2 c2 v
4 + 460032 a5 c1 c2

4 v3 + 1906176 a5 c1 c2
2 v4 + 525312 a5 c1 v

5 − 153600 a5 c2
3 v4 − 153600 a5 c2 v

5 − 16384 a4 c1
9 c2

3 + 372736 a4 c1
9 c2 v − 12288 a4 c1

8 c2
4 + 571392 a4 c1

8 c2
2 v + 915456 a4 c1

8 v2 − 524288 a4 c1
7 c2

3 v + 524288 a4 c1
7 c2 v

2 − 495616 a4 c1
6 c2

4 v − 2099200 a4 c1
6 c2

2 v2 − 1858816 a4 c1
6 v3 − 1581056 a4 c1

5 c2
3 v2 − 4243456 a4 c1

5 c2 v
3 + 1641472 a4 c1

4 c2
4 v2 + 6106624 a4 c1

4 c2
2 v3 + 1541632 a4 c1

4 v4 + 6410240 a4 c1
3 c2

3 v3 + 10476544 a4 c1
3 c2 v

4 + 2211072 a4 c1
2 c2

4 v3 + 9100800 a4 c1
2 c2

2 v4 + 6574080 a4 c1
2 v5 − 1032192 a4 c1 c2

3 v4 − 976896 a4 c1 c2 v
5 + 76800 a4 c2

4 v4 + 230400 a4 c2
2 v5 + 153600 a4 v6 + 8192 a3 c1

9 c2
4 − 380928 a3 c1

9 c2
2 v − 610304 a3 c1

9 v2 − 663552 a3 c1
8 c2

3 v − 2138112 a3 c1
8 c2 v

2 + 262144 a3 c1
7 c2

4 v − 180224 a3 c1
7 c2

2 v2 − 1310720 a3 c1
7 v3 + 516096 a3 c1

6 c2
3 v2 + 1124352 a3 c1

6 c2 v
3 + 790528 a3 c1

5 c2
4 v2 + 1718272 a3 c1

5 c2
2 v3 + 2510848 a3 c1

5 v4 − 1935360 a3 c1
4 c2

3 v3 + 1253376 a3 c1
4 c2 v

4 − 3205120 a3 c1
3 c2

4 v3 − 13365248 a3 c1
3 c2

2 v4 − 8355840 a3 c1
3 v5 − 2506752 a3 c1

2 c2
3 v4 − 3833856 a3 c1

2 c2 v
5 + 516096 a3 c1 c2

4 v4 + 1548288 a3 c1 c2
2 v5 + 1032192 a3 c1 v

6 + 442368 a2 c1
9 c2

3 v + 1425408 a2 c1
9 c2 v

2 + 331776 a2 c1
8 c2

4 v + 1400832 a2 c1
8 c2

2 v2 + 1806336 a2 c1
8 v3 + 983040 a2 c1

7 c2
3 v2 + 3883008 a2 c1

7 c2 v
3 − 258048 a2 c1

6 c2
4 v2 − 497664 a2 c1

6 c2
2 v3 − 239616 a2 c1

6 v4 + 1794048 a2 c1
5 c2

3 v3 + 2666496 a2 c1
5 c2 v

4 + 967680 a2 c1
4 c2

4 v3 + 2635776 a2 c1
4 c2

2 v4 − 700416 a2 c1
4 v5 + 4521984 a2 c1

3 c2
3 v4 + 5849088 a2 c1

3 c2 v
5 + 1253376 a2 c1

2 c2
4 v4 + 3760128 a2 c1

2 c2
2 v5 + 2506752 a2 c1

2 v6 − 221184 a c1
9 c2

4 v − 933888 a c1
9 c2

2 v2 − 1204224 a c1
9 v3 − 663552 a c1

8 c2 v
3 − 491520 a c1

7 c2
4 v2 − 2260992 a c1

7 c2
2 v3 − 3219456 a c1

7 v4 − 221184 a c1
6 c2

3 v3 − 442368 a c1
6 c2 v

4 − 897024 a c1
5 c2

4 v3 − 3514368 a c1
5 c2

2 v4 − 3883008 a c1
5 v5 − 884736 a c1

4 c2
3 v4 + 884736 a c1

4 c2 v
5 − 2260992 a c1

3 c2
4 v4 − 6782976 a c1

3 c2
2 v5 − 4521984 a c1

3 v6 + 442368 c1
9 c2 v

3 + 1327104 c1
7 c2 v

4 + 110592 c1
6 c2

4 v3 + 663552 c1
6 c2

2 v4 + 884736 c1
6 v5 + 884736 c1

5 c2 v
5 + 442368 c1

4 c2
4 v4 + 1327104 c1

4 c2
2 v5 + 884736 c1

4 v6
)

(a+ 2 c1)
3
(5 a6 − 20 a5 c1 − 20 a5 c2 + 20 a4 c12 + 80 a4 c1 c2 + 20 a4 c22 + 73 a4 v − 80 a3 c12 c2 − 80 a3 c1 c22 − 164 a3 c1 v − 164 a3 c2 v + 80 a2 c12 c22 + 164 a2 c12 v + 144 a2 c1 c2 v + 164 a2 c22 v + 288 a2 v2 − 144 a c12 c2 v − 144 a c1 c22 v − 192 a c1 v2 − 192 a c2 v2 + 144 c12 c22 v + 192 c12 v2 + 192 c22 v2 + 192 v3)

3

dπ2/dα =
2 v
(
a2 − 4 a c1 + 4 c1

2 + 8 v
) (
−3 a16 − 168 a15 c1 − 54 a15 c2 + 696 a14 c1

2 + 1584 a14 c1 c2 + 1104 a14 c2
2 − 95 a14 v − 928 a13 c1

3 − 5904 a13 c1
2 c2 − 8832 a13 c1 c2

2 − 2632 a13 c1 v − 5184 a13 c2
3 − 3262 a13 c2 v + 464 a12 c1

4 + 7872 a12 c1
3 c2 + 26496 a12 c1

2 c2
2 + 9976 a12 c1

2 v + 29184 a12 c1 c2
3 + 24176 a12 c1 c2 v + 8160 a12 c2

4 + 38448 a12 c2
2 v − 500 a12 v2 − 3936 a11 c1

4 c2 − 35328 a11 c1
3 c2

2 − 11552 a11 c1
3 v − 75264 a11 c1

2 c2
3 − 57360 a11 c1

2 c2 v − 46848 a11 c1 c2
4 − 181632 a11 c1 c2

2 v − 19136 a11 c1 v
2 + 2112 a11 c2

5 − 115776 a11 c2
3 v − 43072 a11 c2 v

2 + 17664 a10 c1
4 c2

2 + 5776 a10 c1
4 v + 100352 a10 c1

3 c2
3 + 58816 a10 c1

3 c2 v + 122112 a10 c1
2 c2

4 + 352896 a10 c1
2 c2

2 v + 72000 a10 c1
2 v2 + 19968 a10 c1 c2

5 + 548352 a10 c1 c2
3 v + 116032 a10 c1 c2 v

2 − 15104 a10 c2
6 + 107744 a10 c2

4 v + 398576 a10 c2
2 v2 + 6220 a10 v3 − 50176 a9 c1

4 c2
3 − 29408 a9 c1

4 c2 v − 162816 a9 c1
3 c2

4 − 382464 a9 c1
3 c2

2 v − 76416 a9 c1
3 v2 − 96768 a9 c1

2 c2
5 − 1076736 a9 c1

2 c2
3 v − 101824 a9 c1

2 c2 v
2 + 22528 a9 c1 c2

6 − 659200 a9 c1 c2
4 v − 1330048 a9 c1 c2

2 v2 − 90496 a9 c1 v
3 + 50496 a9 c2

5 v − 970752 a9 c2
3 v2 − 200464 a9 c2 v

3 + 81408 a8 c1
4 c2

4 + 191232 a8 c1
4 c2

2 v + 38208 a8 c1
4 v2 + 129024 a8 c1

3 c2
5 + 1181696 a8 c1

3 c2
3 v − 2560 a8 c1

3 c2 v
2 + 30720 a8 c1

2 c2
6 + 1476864 a8 c1

2 c2
4 v + 1878144 a8 c1

2 c2
2 v2 + 262176 a8 c1

2 v3 + 112128 a8 c1 c2
5 v + 3712000 a8 c1 c2

3 v2 + 90688 a8 c1 c2 v
3 + 23808 a8 c2

8 − 114944 a8 c2
6 v + 739776 a8 c2

4 v2 + 1870160 a8 c2
2 v3 + 64800 a8 v4 − 64512 a7 c1

4 c2
5 − 590848 a7 c1

4 c2
3 v + 1280 a7 c1

4 c2 v
2 − 40960 a7 c1

3 c2
6 − 1571840 a7 c1

3 c2
4 v − 1510912 a7 c1

3 c2
2 v2 − 215936 a7 c1

3 v3 − 649728 a7 c1
2 c2

5 v − 6344704 a7 c1
2 c2

3 v2 + 606080 a7 c1
2 c2 v

3 − 43008 a7 c1 c2
8 + 411648 a7 c1 c2

6 v − 2836992 a7 c1 c2
4 v2 − 4594304 a7 c1 c2

2 v3 − 209920 a7 c1 v
4 − 15872 a7 c2

9 − 57344 a7 c2
7 v + 268032 a7 c2

5 v2 − 4441728 a7 c2
3 v3 − 214528 a7 c2 v

4 + 20480 a6 c1
4 c2

6 + 785920 a6 c1
4 c2

4 v + 755456 a6 c1
4 c2

2 v2 + 107968 a6 c1
4 v3 + 595968 a6 c1

3 c2
5 v + 5554176 a6 c1

3 c2
3 v2 − 920064 a6 c1

3 c2 v
3 − 18432 a6 c1

2 c2
8 − 735232 a6 c1

2 c2
6 v + 5027328 a6 c1

2 c2
4 v2 + 6266240 a6 c1

2 c2
2 v3 + 408704 a6 c1

2 v4 + 28672 a6 c1 c2
9 + 16384 a6 c1 c2

7 v − 835584 a6 c1 c2
5 v2 + 10713088 a6 c1 c2

3 v3 − 676608 a6 c1 c2 v
4 + 198912 a6 c2

8 v − 694016 a6 c2
6 v2 + 2161728 a6 c2

4 v3 + 4918400 a6 c2
2 v4 + 174336 a6 v5 − 297984 a5 c1

4 c2
5 v − 2777088 a5 c1

4 c2
3 v2 + 460032 a5 c1

4 c2 v
3 + 24576 a5 c1

3 c2
8 + 991232 a5 c1

3 c2
6 v − 3282944 a5 c1

3 c2
4 v2 − 4422144 a5 c1

3 c2
2 v3 − 153600 a5 c1

3 v4 + 12288 a5 c1
2 c2

9 + 393216 a5 c1
2 c2

7 v + 602112 a5 c1
2 c2

5 v2 − 14042112 a5 c1
2 c2

3 v3 + 1906176 a5 c1
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In the event that C1 = C2 = C, the derivative of the profit expression with respect to alpha for both SPs simplifies to:

dπ/dα =
2 v
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−3 a12 − 246 a11 c+ 1488 a10 c2 − 47 a10 v − 3136 a9 c3 − 2526 a9 c v + 3552 a8 c4 + 14160 a8 c2 v + 444 a8 v2 − 4032 a7 c5 − 32768 a7 c3 v − 5504 a7 c v2 + 3328 a6 c6 + 38752 a6 c4 v + 51472 a6 c2 v2 + 2124 a6 v3 − 14784 a5 c5 v − 128064 a5 c3 v2 + 4176 a5 c v3 − 768 a4 c8 − 15104 a4 c6 v + 71744 a4 c4 v2 + 94992 a4 c2 v3 + 2400 a4 v4 + 512 a3 c9 + 11264 a3 c7 v + 31232 a3 c5 v2 − 125568 a3 c3 v3 + 16128 a3 c v4 + 20736 a2 c8 v + 16128 a2 c6 v2 + 25920 a2 c4 v3 + 39168 a2 c2 v4 − 13824 a c9 v − 33792 a c7 v2 − 68352 a c5 v3 − 70656 a c3 v4 + 34560 c6 v3 + 13824 c4 v4
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Theorem VI.14. In equilibrium, the derivative of latency for a single firm with respect to alpha will be

dl/dα = −
4 v
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15 a12 − 150 a11 + 181 a10 v + 600 a10 − 1330 a9 v − 1280 a9 + 1014 a8 v2 + 5064 a8 v + 1920 a8 − 1480 a7 v2 − 14592 a7 v − 2880 a7 + 1362 a6 v3 + 19304 a6 v2 + 26496 a6 v + 3200 a6 + 4968 a5 v3 − 72384 a5 v2 − 16320 a5 v − 1968 a4 v4 + 57720 a4 v3 + 52384 a4 v2 − 16000 a4 v − 3840 a4 − 9216 a3 v4 − 47424 a3 v3 + 27520 a3 v2 + 16384 a3 v + 2560 a3 − 8064 a2 v4 + 18144 a2 v3 − 5760 a2 v2 + 6912 a2 v − 39936 a v4 − 43392 a v3 − 12288 a v2 − 4608 a v + 20736 v4 + 10368 v3
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(a+ 2)
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(5 a4 − 20 a3 + 33 a2 v + 20 a2 − 36 a v + 24 v2 + 36 v)
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Proof. The initial expression for latency is
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Using the equilibrium values for x11, x12, x21, and x22 under the Variance-Only Cournot model conditions,
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In the event that C1 = C2 = C, the derivative of the latency expression with respect to alpha for both SPs simplifies to:

dlα. = −
4 v
(
15 a12 − 150 a11 + 181 a10 v + 600 a10 − 1330 a9 v − 1280 a9 + 1014 a8 v2 + 5064 a8 v + 1920 a8 − 1480 a7 v2 − 14592 a7 v − 2880 a7 + 1362 a6 v3 + 19304 a6 v2 + 26496 a6 v + 3200 a6 + 4968 a5 v3 − 72384 a5 v2 − 16320 a5 v − 1968 a4 v4 + 57720 a4 v3 + 52384 a4 v2 − 16000 a4 v − 3840 a4 − 9216 a3 v4 − 47424 a3 v3 + 27520 a3 v2 + 16384 a3 v + 2560 a3 − 8064 a2 v4 + 18144 a2 v3 − 5760 a2 v2 + 6912 a2 v − 39936 a v4 − 43392 a v3 − 12288 a v2 − 4608 a v + 20736 v4 + 10368 v3

)
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