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Abstract

Estimating multinomial logit models with many fixed effects or individual-specific
coefficients faces prohibitive computational challenges. We develop a new frame-
work to address this issue that leverages the Minorization-Maximization (MM) al-
gorithm. This method transforms the logit likelihood into a sequence of tractable
least-squares regressions, allowing the use of linear methods for handling fixed

effects. When combined with nonlinear acceleration methods, our approach is

*The opinions expressed in this article are the authors’ own and do not reflect the views of
Charles River Associates. The empirical application relies on data from the U.S. Federal Trade
Commission and was completed during Meeker’s tenure at the Commission. The views expressed
here are solely those of the authors and do not necessarily reflect those of the Commission or its
Commissioners. We thank Devesh Raval and Ted Rosenbaum for their feedback and for sharing
the data used in the empirical application. We also thank Keith Brand and Daniel Grodzicki for

their comments.



highly memory-efficient and dramatically faster than existing alternatives for esti-
mating fixed effects, while remaining highly competitive and easier to implement
for individual-specific coefficients. We demonstrate the practical value and flex-
ibility of our estimator through robust numerical simulations and an empirical

application to hospital choice.

Keywords: MM algorithm, multinomial logit, fixed effects, jack-knife bias cor-

rection, acceleration methods

1 Introduction

Implementing models with many fixed effects is critical to modern empirical work
and plays a central role in what Angrist and Pischke (2010) term the credibility
revolution in economics. In linear models, methods for addressing large numbers of
unobserved individual effects, such as demeaning, are well-known. However, these
approaches do not directly extend to non-linear models, such as the multinomial
logit. Instead, standard implementations of multinomial estimation typically rely
on estimating dummy variable coefficients, which becomes computationally slow
and memory intensive, or even infeasible, as the number of fixed effects grows
large. While there are a number of methods for applying fixed effects approaches
to binary outcome models, extending these methods to multinomial models has

remained a significant challenge.

In this paper, we introduce a new framework for calculating maximum likelihood
estimates for a multinomial logit model with fixed effects. Our approach draws on
the Minorization-Maximization (MM) algorithm, which can be seen as a generaliza-
tion of the Expectation-Maximization (EM) algorithm (Hunter and Lange, 2004)).
While the MM algorithm was developed in the statistics literature (Hunter and
Lange, [2004; Lange, 2016) and was introduced for multinomial logit estimation by
Bohning (1992)), who does not consider fixed effects, it has seen little application in
econometrics to date. Applications of quadratic-bound MM to multinomial logistic
regression have, to our knowledge, been confined to settings with a shared, low-
dimensional coefficient vector and none confront the incidental parameters problem
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that arises from individual, time, or multi-way fixed effects, nor the resulting need

for bias-corrected point estimates and valid inference.

We build on this statistical foundation by providing a new MM algorithm based
on a deliberately looser quadratic bound—a simple scalar multiple of the identity
matrix, in place of Bohning’s tighter, correlation-aware matrix bound. As we
show, for alternative-specific parameters like fixed effects, our algorithm using this
simple scalar bound mathematically matches the exact parameter trajectory of
Bohning’s method. However, our scalar relaxation is not merely a simplification.
While Bohning’s bound takes better advantage of curvature, our scalar identity
bound yields a fast Ordinary Least Squares (OLS) update rather than the more
involved Generalized Least Squares (GLS) implied by Béhning’s bound. Because

our method is easier to compute, it is thus faster than the matrix bound approach.

The scalar bound is the key that unlocks our primary contribution: transform-
ing non-linear logit estimation into a sequence of tractable linear regressions to
absorb high-dimensional fixed effects. This theoretical mapping allows us to seam-
lessly import linear panel data techniques, such as Frisch-Waugh-Lovell demeaning,
enabling us to estimate models with millions of fixed effects. We extend the ap-
proach to a block-coordinate variant that accommodates individual-specific coeffi-
cients, and pair the resulting estimator with a split-panel jackknife bias correction
(Dhaene and Jochmans, 2015). We also show how to efficiently compute cluster-
robust standard errors that avoid ever forming or inverting the massive multi-way

Hessian.

We use simulations to demonstrate the computational advantages of our new meth-
ods over competing alternative methods. We consider three sets of methods. The
first set consists of MM-based methods, which includes the scalar-bound MM al-
gorithm that we propose and Bohning’s MM algorithm. For this set of methods,
we also show how the algorithms perform with an acceleration method that is ap-
plicable to EM and MM settings, and a conditional MM algorithm that maximizes
subsets of parameters using sequential conditioning arguments. The second set
of methods is based on Newton’s method. Standard implementations of multi-
nomial logit estimation, such as those available in Stata or R, rely on Newton’s

method and handle fixed effects by introducing indicator variables for each group,
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the so-called dummy variables approach. These implementations create enormous
Hessian matrices to invert and so are extremely slow or run into memory problems
in our simulations. To advantage Newton’s method, we also implement a highly
optimized version that exploits the sparsity and structure of the Hessian, following
Hospido (2012). The third approach uses the optimization algorithm Adam, as
recommended for the multinomial logit by Du, Kanodia, and Athey (2023)).

We explore how these methods scale with the number of fixed effects and the
number of individual-specific coefficients on a continuous explanatory variable.
In terms of coefficients, all methods return essentially the same coefficients. In
terms of speed, we find that the acceleration methods pair well with the MM
algorithms. Our methods, particularly with acceleration, outperform competing
ones when handling fixed effects. Our algorithm outperforms some alternatives
when handling large numbers of individual-specific coefficients, but struggles more

as the scalar bound does not take into account dependencies between alternatives.

While highly-optimized Newton’s method is a strong competitor, any speed im-
provement over methods is small relative to the level of bespoke programming
required to achieve it. Generally applicable code for implementing our MM algo-
rithm with and without acceleration methods is available on author websites[]] We
also find that conditional maximization can further improve computational speed
in the case of individual-specific coefficients, where demeaning is less effective.
This approach performs well in our simulations because the parameter blocks are

largely independent. We discuss below conditions under which that may not hold.

We conclude with an empirical application to hospital choice based on Raval,
Rosenbaum, and Tenn (2017). Their method has been applied in several recent
papers (i.e., Barrette, Gowrisankaran, and Town, 2022; Brot et al., [2024)) and has
been influential in antitrust settings (i.e., Tenn and Vandergrift, [2017). This line of
research emphasizes highly flexible choice models in order to accurately determine
the relevant market for competition policy purposes, which can be implemented
with large numbers of fixed effects. In part because of the estimation challenge
of estimating so many fixed effects, Raval, Rosenbaum, and Tenn (2017) estimate

separate multinomial logit models for each sub-population in the data with just
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an intercept for each hospital as the only explanatory variable. This approach
means the researcher cannot hold any coefficients constant across the whole popu-
lation, and cannot include any other explanatory variables, such as time dummies,
a continuous variable, or multi-way fixed effects. In this context, we show our es-
timator accommodates population-wide estimation of all of their parameters, and

can easily handle these additional explanatory variables as well.

Overall, our paper makes several contributions. We provide an attractive new
framework to estimate the multinomial discrete choice models with fixed effects
or individual-specific coefficients. Unlike many alternative approaches to han-
dling fixed effects in nonlinear models, our methods allow the researcher to recover
individual-specific fixed effects and coefficients, which is valuable if the researcher
wants to make use of them in predicting outcomes or constructing summary vari-
ables. Within the MM literature, we provide a new minorization for the multi-
nomial logit model and show how it can be used to efficiently address panel data
estimation. We also show how to reformulate Bohning’s (1992) algorithm as a
regression problem, unlocking the use of linear panel methods to this existing al-
gorithm. Our general approach could likely be extended to a number of linear-index
likelihood models, allowing a wide range of non-linear models to handle many fixed

effects.

Literature Review Our paper contributes to the literature on fixed effects es-
timation of nonlinear panel data models. Several other papers precede us in this
regard. A classic contribution is Chamberlain’s conditional logit model (Chamber-
lain, [1980)), which relies on conditioning arguments to avoid estimating the fixed
effects. Typical implementations handle only the binary outcome case, and ex-
tending the model to multinomial outcomes creates significant combinatoric com-
plexities. Furthermore, the model does not naturally deliver estimates for the fixed
effects, which our approach does. A recent example of a relevant applied paper is
Dubois, Griffith, and O’Connell (2020)), which estimates a model of soda taxes in
a multinomial logit with individual-specific coefficients on price and several indica-
tor variables. They use the parameter results to construct compensating variation,

which requires recovering the individual-level coefficients, which our model allows.



D’Haultfeeuille and Iaria (2016) and Hospido (2012)) introduce efficient methods
for estimating the dummy variables model and the latter provides a bias-corrected
likelihood approach. D’Haultfceuille and laria (2016) rely on simulation (which
introduces integration error) of the choice set to cheaply compute the Hessian
of the objective function, while Hospido (2012) exploits the sparsity of the fixed
effects. When calculating the Hessian for Newton’s method, we adapt Hospido
(2012) to our setting.

Stammann, Heif}, and McFadden (2016)) is similar to us in that they advocate for
iterative demeaning to obtain estimates, and then ex-post bias correction, in their
case based on Hahn and Newey (2004)). Several techniques rely on concentrating
out fixed effects so the researcher can maximize over the remaining parameters,
such as Hinz, Hudle, and Wanner (2019) and Stammann (2018). Our under-
standing is that all three of these approaches have been developed only for binary

outcomes and do not easily extend to multinomial settings.

Another approach relies on differencing out fixed effects in a way that leads to
estimation with moment inequalities, such as Ho and Pakes (2014) and Shum, Song,
and Shi (2018). Our approach differs in that it generates point identification and
delivers estimates of the fixed effects, and we view our approach as computationally
less challenging than estimation with moment inequalities. It is possible to replace
the multinomial logit model with the Poisson model, as in Guimaraes, Figueirdo,
and Woodward (2003), which is attractive because the Poisson model more easily
accommodates fixed effects. However, this technique requires groups of agents to

have the same explanatory variables.

Our discussion focuses on estimation methods. For identification, Mugnier and
Wang (2024)) study identification in a linear index model with a non-parametric link
function. Similar to our paper, they study the cases of fixed effects, two-way fixed

effects, and individual-specific slope coefficients, and so cover our applications.

The Minorization-Maximization algorithm is sometimes called the Majorization-
Minimization algorithm, but is the MM algorithm in either case. It has appeared
under many other names as well, often depending on what function was used.
Relative to the EM algorithm, the MM algorithm expands the set of functions
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that can be used in the first step (the E-step of the EM algorithm). Béhning and
Lindsay (1988) is an important early citation, which dates the origin of the MM
algorithm similar to EM algorithm. Hunter and Lange (2004) and Lange (2016)

provide a helpful overview and history.

The closest paper to ours in the statistics literature is probably Bohning (1992),
which also develops an MM algorithm for the multinomial logit. While Bohning
(1992) does not mention fixed effects, we show how his method can be adapted
to a panel setting and connects to our algorithms. Another related MM paper
is James (2017), who shows that the MM algorithm can be advantageous in the
context of the mixed multinomial logit model of McFadden and Train (2000]) but

does not discuss fixed effects.

We are aware of several papers making use of our algorithm. Sahai (2023)) embeds
our MM algorithm into an EM algorithm to allow for the estimation of many fixed
effects in a mixed logit model. He applies his EM algorithm to estimate a model
of school choice in India. Rysman, Wang, and Wozniak (2025) applies our model
to study a panel of consumers choosing between payment type (such as card, cash,
or check). They estimate a multinomial logit model with more than 1.4 million
fixed effects.

Our paper is closely related to that of Chen (2019). She proposes a new EM al-
gorithm for nonlinear panel data models with interactive effects. She uses the EM
algorithm to transform the model into a linear form (with generalized residuals),
enabling the application of existing techniques for handling interactive fixed effects
in the linear case. Additionally, she derives the bias formula, and with its known
analytic form, one can perform ex-post bias correction. Notably, her implemen-
tation of the EM algorithm closely resembles the MM algorithm. However, she
does not consider multinomial models. Building on her ideas, our model could be
extended to accommodate interactive fixed effects in a multinomial logit model.
However, caution is required, as the log-likelihood function would no longer be

concave, and the MM algorithm would, at best, converge to a local maximum.



2 The MM Algorithm

The central idea in our paper is to use the MM algorithm to estimate a nonlinear
discrete choice model in an iterative series of two steps. First, in each iteration, we
construct a simpler concave surrogate function that minorizes the complicated log-
likelihood function, such that the surrogate function is less than the log-likelihood
function everywhere but at the current best guess of the parameters, where it is
equal. Second, we maximize the surrogate function instead of the log-likelihood
function. The ascent of the log-likelihood is guaranteed by the properties of mi-
norization. By alternating between these steps of minorization and maximization,
the MM algorithm finds the parameters that maximize the original log-likelihood

function.

Before diving into the details of our multinomial logit model, we first discuss the
definition of the MM algorithm in general and provide conditions required for
convergence. Relative to the standard mathematical definition of a minorizing
function, we add an extra condition that makes the function suitable for use in
a maximization problem. We refer to our minorization as a transfer minoriza-
tion. Our name is based on the terminology of Lange, Hunter, and Yang (2000),
which refers to the minorization as the transfer function. That is, we transfer

optimization from the function of interest to the minorization of this function.

Definition 1. Let €2 C RP be a closed subset, L : 2 — R be a twice differentiable
function, and S : Q x Q — R be a real-valued function. We say that S is a transfer
minorization of L if the following conditions hold for all 8,9 € Q):

(a) 5(0719) < £(9>:
(b) S(9;9) = L(9);

(c) V2S5(0;9)—which denotes the second derivative of S with respect to @ —exists

and is negative definite at 6.

Analogously, S is a transfer majorization of L if —S is a transfer minorization of
—L. The first two conditions of Definition (1| are from Leeuw and Lange (2009)
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and are standard for defining a minorization. The third condition ensures that the

minorization is well-behaved around the focal point.

As shown in Leeuw and Lange (2009), Definition (1| implies:

Corollary 1. If S is a transfer minorization of L, then for all 6 € €):

VeS(0;0) = VL(6).

This follows because, at 8 = 1, the gradients of S and £ must coincide for S to

be a minorization.

Intuitively, when maximizing a challenging likelihood function £, we instead it-
eratively maximize a surrogate function S. Each maximizer of S(-;8®)) should
improve the objective, and S is chosen to be easier to optimize than £. Figure
provides an example for a scalar parameter 6 (we write 6 instead of 8 as we are
considering a scalar). Starting from an initial guess #*), we construct a transfer
minorization S(6;0*)), which lies below £ and matches it at 6%*). The concavity
of S ensures a well-defined maximizer 1), Repeating this process converges

(under suitable regularity conditions) to a local maximum of L.

The general MM algorithm starts from an initial guess 8. The MM algorithm
iteratively applies the following two-step procedure. In the first step, the minoriza-
tion step,the surrogate function S(@;8") is computed for the current iterate 6.
In the second step, the mazimization step, calculate the next iterate 8%*1) which
is the value @ € RP that maximize S(6;0"). At each step, let 8%) = @+ and

repeat the procedure until 8*) converges.

Lange (2013, Chapter 8) establishes convergence of the MM algorithmﬂ Thus,
any function that satisfies Definition [I| for some function £ can be used in the MM
algorithm to find an optimum to £. This approach allows substantial freedom in
selecting the transfer minorization. From the perspective of the MM algorithm, the

EM algorithm is a special case and it works because the conditional expectation

2Lange (2013) does not include part (c) of Definition [1|in the definition of a minorization but
then later imposes it for the proof of convergence.
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Figure 1: One-dimensional illustration of MM algorithm as a minorization or op-
timization transfer strategy.

of £ used in the EM algorithm is a transfer minorization. The MM algorithm is
more general because the researcher is free to use any minorizing function. Hunter
and Lange (2004) discuss several approaches for constructing MM algorithms. In
the next section, we focus on a Taylor expansion, which we use to deliver a least-

squares optimization problem in our context.

3 Model

In the multinomial logit model, an individual makes a discrete choice among several
alternatives, each of which draws an Extreme Value error. The distinguishing
feature of the model is the closed-form logistic function for the probability of each

choice.
We observe [ individuals make a discrete choice among J alternatives in each of
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T time periodsﬂ Individual 7 in period ¢t who chooses alternative 7 obtains utility

u;;¢. Utility is defined as:
Uije = T35 + Wiy + vy + Eije, (1)

where z;; is a set of individual-specific observable characteristics; w;; is a set of
alternative-specific characteristics; and a;; is a set of fixed effects at the household-
by-alternative level. For instance, if we observe households choosing the method of
transportation to work, z;; might represent household income, w;; might represent
the cost of various transportation modes, and «;; would be separate fixed effects
for every household and alternative combination. We typically normalize one al-
ternative to have a utility of zero, so «;; represents I x (J — 1) fixed effects. It
is possible to allow w;; to vary across individuals (i.e., w;j;), for instance, if prices

were specific to the household.

Continuing with Eq., let €;;; be an i.7.d idiosyncratic shock following a Type I
Extreme Value distribution. The variable y;j; is a binary indicator for the alterna-

tive that consumer ¢ chooses in ¢, where:

Yije = Luie > wine, VK], Vi, t.

Define the parameter vector @ = {3;,v;, ;i1 =1,...,1; j=1,...,J}. Let
Yije = T + wirvi + 06j, Wi = (Vires -+, Vige),

where 8 = (B1,...,85), v = (7,---,7), and &y = (i, ..., ;7). The log-
likelihood is:

L(0) = Zlog Uit Yit), (2)
it
with yi = {yi1e, - -+, yise} and

exp (i)
Ziﬂ exP(Vimt)

3The number of alternatives can differ across time and consumers. For ease of presentation,
we consider a balanced panel.

J
Ui Yi) = sz‘jt('ﬁit)y”t, pijt (i) =
=1
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In practice, we normalize the mean utility of one of the alternatives to be zero, as

is standard in the multinomial logit.

4 An MM Algorithm for the Multinomial Logit

4.1 A New Transfer Minorization

We now derive a function S satisfying Definition [1| as a transfer minorization of the
multinomial logit log-likelihood £. We start from the second-order Taylor expan-
sion of the log-likelihood around an iterate H(k) We construct an MM surrogate
by replacing the Hessian in the third term with the scalar-identity —0.5/ and
completing the square. Thus, we use a lower bound for the third term in the Tay-
lor expansion. Our approximation has less curvature than the Taylor expansion,

although we choose it to be relatively easy to compute.

Theorem 1. Let £(0) be in Eq.([2). Define

5(6;6%) = £(6"))+ Zh iy R i) ——Z (o = wpu) (0 — )
(3)

where

hj ('I/Jz(f)v yzt) 2 <yijt ngt(’%b(k))> )
h(¢z(t)>yzt) = {hl( it ayzt) hJ(’lpz(f)7th)}

) N exp(%‘jt)
ngt(wl ) Z;]n 1 e)(p(@[h;mt)7

k k) k k
b8 = 28% +win® + o

ij

Yije = TS5 + Wiy + gy,
A (T
Yy = {%’m Vit
vy =i + R )
Then S(0;0%) is a transfer minorization of L(0).

4We write out the full Taylor expansion in Equationin Appendix for interested readers.
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Therefore 8%+ = argmax, S(0;0W™), k = 0,1,2, ... converges to a local, if not

global, maximum of £(8).

The parameters that we are maximizing over MM algorithm, @, appear only in
the third part of the right-hand side of Eq.. Focusing on this third part, we
can view the optimization of S(@,0%) as a linear regression of the pseudo-data
vi(ft) = xz-tﬁj(.k) + wjt%(k) + ozg?) + h; (Q/Jff ); Yit) on T, wjt, and household-alternative
fixed effects. Maximizing this surrogate function with respect to the parameters 6

is equivalent to solving the OLS problem:
minz (v-(k) —Z; (9>/ (v(k) —Z; 9) (4)
0 — it it it it

where: Z;; is the matrix formed by the independent variables for individual ¢ at
time t and ¥, = Z;,0.

The central benefit of our MM approach to the multinomial logit is that we convert
a non-linear optimization problem to a series of sequential linear optimization.
This allows us to apply linear methods like demeaning to a nonlinear estimation

problem.

The functional form of hj(¢§f );yit) is clearly important to our technique. For

this bound, this function takes on a particularly simple form: 2 (yzjt — pijt(@bi(f ))>

Thinking of xitﬁj(-k) + wjty.(k) + ozgf) as the expectation of w;;; at iteration k, our
iterative linear regression uses a dependent variable above the expectation for

observations with y;;; = 1 and below the expectation for observations with y;;; = 0.

If we could observe u;;;, we could estimate our coefficients and fixed effects directly
by linear techniques rather than relying on discrete outcome methods such as the
multinomial logit. In this sense, the minorization step of the MM algorithm is a
form of data augmentation (Tanner, 1996). That is, we calculate v;j; as an approx-
imation of the unobserved u;;;. That is the intuition behind many applications of
the EM algorithm.

In the multinomial logit, v;;; does not coincide with the expectation of u;;;. That is,
UZ-(]]-? # Eluiji|vi, wjt, i, Yije, Hj(k)]. Indeed, substituting v

13
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would lead to biased results because the likelihood of the expectation is not equal
to the expectation of the likelihood. Generating the expectation of the likelihood
function for the case of the multinomial logit is more complicated than our mi-

norization approach, so the EM algorithm is relatively unattractive in our context.

Remark 1 (A Digression on the Binary Probit). In the case of the binary probit,
the MM and EM algorithms coincide. Chen (2019) estimates the binary probit by
the EM algorithm and derives a functional form equivalent to our MM algorithm.
Ruud (1991) and Greene (2018) also discuss applying the EM to the binary probit
model. In the case of binary probit:

(I)(xitﬁ + wey; + OZZ'), Vi = 1

Uzuh + weyi + ous yie) =
1= ®(zufB+wey + ), Yy =0

where ®(-) is the cumulative distribution function of the standard normal distri-
bution, ¢(-) is its probability density function. We have suppressed j subscripts

relative to the previous equations as there are only two alternatives.

For ease of notation, let ¥;; = ;8 + wyy; + a;. Accordingly:

(Yie — @ (Vi) @ (V)
D (i) (1 — @ (vhir))

h(%t; yit) =

Thus, we see that h(1y;yi) corresponds to the well-known Mills ratio and, as a
result, h(vy; yi) = Eleq|iu, yi], where €, corresponds to the normally distributed
error from the probit model. In this sense, the MM and EM algorithms correspond
in the case of the binary probit.

Remark 2 (Normalization). The multinomial logit is identified up to a constant
and requires a normalization. The typical normalization is to set the linear index
of the base alternative equal to 0. This means estimating parameters for only J —1
alternatives. The OLS problem, however, updates the parameters based on the full
space of J alternatives. As a result, our MM algorithm generally produces a non-
zero update for the base option fixed effects, which we show in Appendix [D] The
update is a function of the starting value and the difference between the observed
choice and the predicted probabilities, adjusted for any movement in the base
slope. Although this does not create problems for convergence, we still normalize
ex post. That is, we estimate the model allowing the algorithm to update all of
14



the fixed effects and then subtract off the base alternative fixed effects from the
other fixed effects at the end, so we still report the base alternative fixed effects

equal to zero.

4.2 Connection to Béhning (1992)

Bohning (1992) provides an alternative MM algorithm for the multinomial logit.
He also starts from the Taylor series approximation, but replaces the Hessian with
a matrix bound, which is tighter than our scalar bound. Béhning’s bound takes
into account dependencies between alternatives. Working in the space of J — 1

alternatives, Bohning’s bound is{’

1 1.,

Using this bound, we obtain the surrogate function:
. 1 Y . 1 /
$(0:0) = £ (00153 (R) BT —5 32 (81— 2u0) B (410~ 2u0)

it it

where the pseudo-data target are defined as:

o) =\ + B7'hY, (7)
7 (k k
by =y — ply) (8)

While Béhning (1992) presents the solution of his surrogate as a modified Newton
step, treating the update from a purely numerical optimization perspective, we can
instead think of this surrogate from a regression perspective. As with our surro-

gate, the parameters to be estimated 0 appear only in the last term. Maximizing

5For ease of exposition, we consider the case where all consumers face the same choice set
over time. With varying choice sets, we would need to index Bohing’s bound B and the number
of alternatives J by 7 and ¢
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Bohning’s surrogate is equivalent to the generalized least squares problem:
: SONNS >/B<.(k)_Z‘ )
min zt: ('vlt 0 (I il (9)

Translating Bohning’s MM algorithm into a regression framework makes it clear
how we can apply linear methods to handle fixed effects. Relative to our method,
Bohning’s better approximates the curvature of the objective function and thus
converges in fewer iterations. However, it uses a GLS maximization step, which is

slower than our OLS maximization.

Bohning’s pseudo-data bears a close resemblance to the pseudo-data for our MM

algorithm. If we multiply by B!, Bohning’s pseudo-data simplifies to:
o) =i = 11+ 2(yie — YY) — 20y — pie)1 (10)

The first two terms are the same as in our pseudo-data. The reason is that the
inverse of Bohning’s bound contains the same scalar-identity component. The dif-
ference lies in the third term. The off-diagonal terms in Béhning’s bound translate
to subtracting off the base alternative. This ensures that the base alternative is
normalized to 0 and that we can estimate the parameters in the space of J — 1

alternatives.

In contrast, our MM algorithm uses the space of J alternatives and ex-post normal-
ization. Alternatively, we could impose the normalization by subtracting the value
of the base options at each iteration for both the regressors and our pseudo-data.
Doing this yields Bohning’s pseudo-data. Because this base-differencing creates
correlation across observations, it requires estimating the maximization step via
GLS rather than OLS, where the weight matrix is exactly Bohning’s. Thus, ap-
plying this J — 1 differencing and GLS transformation to our scalar surrogate
mathematically produces Bohning’s exact update. However, this means our base-
line OLS algorithm and Bohning’s algorithm take different mathematical paths
in the general case. When a model includes shared parameters, estimating the
unconstrained OLS surrogate in J dimensions and estimating the differenced GLS
surrogate in J — 1 dimensions will yield slightly different intermediate step trajec-

tories, as the full-space OLS surrogate penalizes absolute movement along shared
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utility components.

This geometric connection reveals a powerful equivalence: for models containing
only alternative-specific coefficients and fixed effects, our full-space OLS algorithm
and Bohning’s GLS algorithm yield algebraically identical relative parameter tra-
jectories (See Appendix[A.2|for mathematical proof). When parameters are strictly
alternative-specific, the regressors are identical across all alternatives. Under this
condition, a standard property of Seemingly Unrelated Regressions (SUR) applies:
the GLS weight matrix analytically cancels out, causing Bohning’s differenced
system to collapse mathematically into equation-by-equation OLS. Consequently,
the relative updates produced by our unconstrained scalar MM algorithm exactly
match Bohning’s updates at every iteration. Consequently, for this broad class of
models, our unconstrained scalar MM algorithm achieves the exact same optimal,
curvature-adjusted path as Bohning’s method, but does so natively, avoiding the

need to base-difference the data or apply GLS whitening transformations

5 The Algorithms

5.1 MM Algorithm

Our MM algorithm starts from an initial guess 8®. From this initial guess, each
iteration follows a two-step procedure. In the minorization step, we compute v;;; =
xitﬁj(-k) + wjt%-(k) + agf) +2 (yijt — pijt(Q(k))). In the maximization step, we update
the parameters by linearly regressing v;;; on x;, wj, and household-choice fixed

effects. These steps repeat until convergence.

For our base algorithm, we use the dummy variables approach to handle fixed
effects. Let d;; be an I x J set of dummy variables indicating individual ¢ and
alternative j; d; be the set of dummy variables indicating individual 7; and d; be
the set of dummy variables indicating alternative j. We interact the regressors x;
and wj; with the appropriate dummy variables and combine with d;; into a single

vector 2y = [T @ dj, wjr ® d;,d;j]. We then stack the observations to form the
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matrix Z. We write out the steps in Algorithm

Algorithm 1 (MM Algorithm)

Require: initial guess 8 —{ﬁ ,% , Z(;))}izl,...,ljzl,...,J
repeat
Minorization Step'

Z(jt) = xztﬁ + wjt%'(k) + 04( ' +2 (ymt pijt(e(k)»

<—{Uljt}z 1,...0; j=1,...J; t=1,..T
Max1m1zat10n Step: (Update 6% by OLS)
0t « (Z2'Z) " Z'v ™)
k+—k+1

until convergence

In the algorithm, we did not specify a convergence criterion. The MM algorithm
accommodates a number of different convergence criteria. The researcher should
use the criterion that makes sense with their application. A natural choice is
the difference in the successive values of the parameters HO (k+1) (k)H. An-
other possible choice is the difference in successive values of the log-likelihood
‘L’( o+ ) L (O(k)) ‘ This criterion requires an additional computational step
since the MM algorithm does not compute the likelihood.

We can improve the speed of the algorithm with some minor adjustments. Because
the independent variables do not change from iteration to iteration, we need to
compute the pseudo-inverse (Z'Z )_1 Z' only once at the beginning. This converts
the maximization step into simple matrix multiplication. The best way to compute
the pseudo-inverse will depend on the problem. When the number of regressors
is small, computing the pseudo-inverse with matrix multiplication and standard
inversion will often be the fastest approach, but also the least stable. Where
stability is needed, QR decomposition strikes a good balance between stability

and speed.

Reuse of the linear index can also improve the algorithm’s speed. The linear index
xitﬁj(-k) + wjt%(k) + ozl(f) appears both in the expression for the minorization and in
the logit probabilities. So we need to compute this term only once per minorization

step, resulting in small savings.
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5.2 Demeaning

We now turn to handling fixed effects. If some of the fixed effects have many
categories, updating the parameters using OLS with dummy variables is inefficient
or even infeasible. Our MM algorithms accommodate two approaches to handling
fixed effects. The first approach is to use standard techniques for handling fixed
effects in linear models such as demeaning. The second approach is to transform
the maximization step into a conditional maximization step, updating the fixed

coefficients and fixed effects sequentially.

5.2.1 One-Way Fixed Effects

As the model is linear at each iteration, we can make use of the Frisch-Waugh-
Lovell theorem to absorb the fixed effects. Partialling out the fixed effects greatly
reduces the dimensionality of the problem and hence the computational cost of the

maximization step.

In the case of one-way fixed effects, we can residualize the regressors by demeaning
the variables. In the maximization step, we first recover a subset of the parame-
ters n = {{B,};=1...7, {7i}i=1...1} using demeaned OLS. The asymptotic runtime
of OLS helps us understand why demeaned OLS can lead to large speed improve-
ments. OLS has a complexity of O(NK? + K?) where N is the number of obser-
vations and K is the number of regressors (i.e., the dimensions of z; and wjt).ﬂ
Because runtime scales superlinearly with the number of regressors, absorbing the
fixed effects has a major impact on the speed of the algorithm relative to the
dummy variables approach, which introduces I x J additional regressors. This
suggests that our method will be most effective when the number of additional

covariates is small and the number of fixed effects is large.

After recovering 1, we then recover the fixed effects in a separate, additional step.

The computational cost of this additional step is small relative to the gain from

6The Big-O calculation assumes schoolbook matrix multiplication for all multiplications and
Gauss-Jordan elimination for computing the inverse. Other methods will have different complex-
ities. QR decomposition, for example has a complexity of O(NK?).
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using partitioned regression.

For ease of notation, we combine the variables z;; and w;; into a single matrix and
stack observations to form the matrix Z. We denote the demeaned variables with
a tilde, such as Z.

Using partitioned regression, our MM algorithm becomes:

Algorithm 2 (MM Algorithm - Fixed Effects)

0) (0
i QY Vimt, 1 =10

Require: initial guess () = {5§0),
repeat
Minorization Step:
vg? — ﬂfitﬂj(k) + wjt%(k) + Oég'c) + 2 (yije — pije (0P))

k
v {Ugjt)}izl,...N; j=1,...J; t=1,...,T
2®) « Demean v*)
Maximization Step:

1. Update n®) by demeaned OLS:
) o (Z2'2) 250
2. Update the fixed effects: a
k) k) _ ZplktD) _ ({,(k) _ én(k+1)>
kE<+—k+1

until convergence

Our update treats the partialled out parameters like nuisance parameters. It recov-
ers the contribution of these parameters. For one-way fixed effects, this alternative
update returns a vector with a length equal to the number of observations N.
This vector repeats o;; for each time period. The advantage of this update step
is that it extends naturally to multi-way fixed effects and many individual-specific
coefficients.

An alternative way to update the fixed effects is to take the average of the residuals:

1

k+1 z : k +

OCZ(]‘ ) = — Uz(jt) - Zijt’f](k ) (].1)
t
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This update is often simpler but does not extend to more complicated problems

with multiple nuisance parameters.

Note that the independent variables Z do not change from iteration to iteration.
~r=\—1 -

To avoid repetition, we can then pull out the pseudo-inverse (Z/Z) Z' and save

it for later iterations, transforming the maximization step into a simple matrix

multiplication.

5.2.2 Multi-Way Fixed Effects

The above algorithms also apply to the case of multi-way fixed effects with minor
modification. The algorithms can accommodate both individual-alternative fixed

effects and alternative-time fixed effects. For example, utility can have the form:
Wit = ity + Wity + Qi + T + Eijt, (12)

where 7j; are the alternative-time fixed effects. The other variables are the same

as in ﬂ

The main difference with multi-way fixed effects is the method for residualizing
the regressors. With multi-way fixed effects, the annihilator matrix for projecting
out the fixed effects is not equivalent to demeaning and beyond two fixed effects,
directly computing the annihilator matrix is normally impossible. A number of
papers provide methods for absorbing multi-way fixed effects in linear models.
Notably, Guimaraes and Portugal (2010), Gaure (2013)), and Correia (2017) provide
iterative estimators based on the method of alternating projections. Fong and
Saunders (2011)) provide an alternative estimator for solving sparse linear systems
more generally. Finally, Somaini and Wolak (2016) provide a method for computing
the annihilator matrix in the case of two-way fixed effects. These methods are

available in many commonly-used statistical softwareﬂ Researchers can use any of

"Because the alternative-time fixed effects absorb the main effect of the characteristic Wi, &
location normalization on the slopes such as v; = 0 is needed.

8All of the methods mentioned are available in the python package PyHDFE. Gaure (2013)
is also available in the R packages lfe and collapse, and Correia (2017)) is available in the Stata
package reghdfe.
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these methods to residualize the regressors in the maximization step.

In the case of multi-way fixed effects, the update recovers the sum of the fixed
effects a;; 4+ 7;; rather than the actual coefficients. So in the maximization step,
we are updating the sum as:

k ~ ~(k ~ A
[y + Tjt](kﬂ) = 'Uz(jt) - Zz’jtn(kﬂ) - (Uz(jt) - Zz’jm(kﬂ)) (13)

Recovering the coefficients involves solving the system defined by:
Qij + Tje = Vige — Zigel) — (Vije — Zijel) (14)

where 7 is the final estimates. Uniquely solving for the separate coefficients requires
a normalization. With high-dimensional fixed effects, this system will be too large
to solve directly and must be solved using numerical routines. Gaure (2013) and
Stammann (2018) describes how to solve this particular system using the Kaczmarz
method (Kaczmarz, 1993).ﬂ Solving for the coefficients ex-post will reduce some

of the computational gains from our MM algorithm.

5.3 Conditional Maximization

An alternative approach to handling the fixed effects that avoids demeaning is
to rewrite the maximization step as two conditional maximization steps. In the
case of one-way fixed effects, we first maximize the surrogate with respect to n
conditional on the fixed effects a and then maximize the surrogate function with

respect to a conditional on the updated value of 7.

n* ) = argmax S (n, a®; 0%) (15)
n
a*™ = argmax S (n*, a; 6™ (16)
[e 2

To find the update, we simply need to solve the first-order conditions one at a

time. The first-order conditions have simple closed-form solutions. They yield the

9This is the English translation of Kaczmarz’s original 1937 paper in German.
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least squares solution with the parameter that is fixed substituted into the model
as a constant. While we are not fully maximizing the surrogate function, we are

improving so we preserve the ascent property of the MM algorithm. We have:

[,(0('“)) — S(Q(k);g(k)) < S(n(kﬂ)’a(k);g(k)) < S(n(kﬂ)’a(kﬂ);g(k)) < ﬁ(g(kﬂ))

(17)
The first equality and the last inequality follow from the fact that S is a trans-
fer minorization. The middle inequalities hold from the conditional maximization
process. As we do not alter the minorization, the gradient alignment condition
still holds (I). Provided the regressors exhibit sufficient variation (as detailed
in Appendix A) to ensure full rank, each block’s design matrix has full column
rank. Under this condition, the negative quadratic surrogate ensures each condi-
tional least-squares problem is strictly concave and yields a unique update. Conse-
quently, provided standard regularity conditions hold to ensure a finite maximum
likelihood estimator exists, convergence to a local if not global maximizer is guar-
anteed by standard block-coordinate ascent and Block-MM theorems (e.g., Tseng,
2001; Razaviyayn, Hong, and Luo, 2013)).

Conditional maximization yields the following minorization-conditional-maximization

(MCM) algorithm[I]

10We choose to use terminology along the lines of Chauveau and Hunter (2013)) to emphasize
that this is a generalization of the ECM approach of Meng and Rubin (1993)). In the optimization
literature, these types of methods are often referred to as Block-MM algorithms (Li et al., [2026)).
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Algorithm 3 (MCM Algorithm)

Require: initial guess 8 = {B ,% , g))}i:l’__y[j:l
repeat
Minorization Step‘

z(jt) 2B+ win? + o)) + 2 (gige — pie(00))

) {%t} 1,..01; j=1,..,J; t=1,...T
Condltlonal Max1mlzation Steps:
1. Update n®) by OLS:
nt+)  (2'Z2)7 Z (0™ — a)

2. Update the ﬁxed eﬁectS' a

(k+1) (k+1)
az] - T Zt zgt — ZijtT

k+—k+1

until convergence

The real difference between the MM and the MCM versions is in the update of
7). The MM algorithm uses the demeaned versions of all of the variables and fully
accounts the fixed effects, whereas the MCM algorithm relies only on “demeaned”

pseudo-data.

While updating the parameters in blocks simplifies the maximization, it comes at
the cost of requiring more iterations. The MCM algorithm effectively ignores the
information contained in cross-terms. When blocks are highly correlated and the
cross-terms are important, the MCM will exhibit slow convergence as the MCM
update will be a poor approximation to the full solution. Whether the simpler

updates outweigh the slower convergence will depend on the problem.

5.4 Handling Individual-Specific Coefficients

The dimension of the individual-specific coefficients ; can also pose computa-
tional problems. Updating these parameters using OLS with interactions between
regressors and dummies is inefficient and at worst infeasible. Just as we did with

the fixed effects, we can solve this problem by using demeaning or by turning to
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conditional maximization.

5.4.1 Demeaning

Partialling out the alternative-specific variables reduces the dimensionality of the
problem and offers significant speed advantages. To partial out the alternative-
specific variables, we need to use a generalized demeaning algorithm that accom-
modates heterogeneous slopes, such as Bergé, Butts, and McDermott (2026]). Pro-
jecting out the individual-specific variables in addition to the fixed effects requires
only a slight modification to algorithm [2 As with the fixed effects, demeaning af-
fects the maximization step, not the minorization step. In the maximization step,
we first recover the parameters 3 = ({f3;};=1,...7) using demeaned OLS. After re-
covering (3, we then recover the contribution of alternative-specific variables and
the fixed effects in an additional step. The estimation procedure can be found in
Algorithm [4]

Algorithm 4 (Fixed Effects and Individual—SpeCiﬁc Coefficients)

Require: initial guess () —{ﬁ ,’yz , Z(;))}izL,,,,]j:L,_.,J
repeat
Minorization Step'

fjt) 208+ wir ™ + ol + by ()

) {Ul(jkt)}zzl,...N; j=1,...J; t=1,...T

(k) < Demean v®
Maximization Step:

1. Update 8*) by demeaned OLS:
B+ (X'X) 0
2. Update the contribution wvy + a:
wy ) k) k) _ X gl _ (;,(k) _ Xﬁ(kzm)
k+—k+1

until convergence

As with multi-way fixed effects, our algorithm recovers the overall contribution of
alternative-specific variables and the fixed effects rather than the coefficients. It is
25



straightforward to solve the first-order conditions to obtain individual parameter

values as we do in the MCM algorithm.

5.4.2 Conditional Maximization

Just as we did with fixed effects, we can replace the maximization step by a series
of conditional maximization steps[’] We separate the parameters into following
three blocks: 3, v, and a. This simplifies the update as we can ignore the cross-

dependencies.

Alternatively, we could separate the parameters into two blocks, one with 3 and
the other with (v, a). Under this partitioning of the parameters, we need to jointly
solve the first-order conditions for v and a;, which involves solving a large system

of equations.

We update each set of parameters solving the first-order conditions one at a time

giving the following algorithm:

11'We thank an anonymous referee for this helpful point.
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Algorithm 5 (MCM - Fixed Effects and Individual-Specific Coefficients)

Require: initial guess 8 = {B ,% , 5?)}1*:1,,_71]-:1 ,,,,, J
repeat
Minorization Step‘

Z(jt) «— xztﬁ + wjt7£ ) + O{ + h; (’L/Jzt ayzt)

) {Uzgt} 1,..N; j=1,..,J; t=1,...,T
Condltlonal Max1mlzation Steps:

1. Update B%® by OLS:

B (X' X)) X' (v®) — WAk — %)
2. Update ~ as:

7(k+1 (W W) lwl(,v(k) . Xﬁ(k—i-l) _ a(k))
3. Update ¢ as:

k+1) (k+1 1
az(] - T Zt 'th - xltﬁ ) - jt,yi( :
k< k+1

until convergence

As written, the update for « is inefficient. W is the stacked vectors w;; interacted
with dummies variables for individuals. Let W; be the submatrices of W, the

stacked wj; corresponding to individual ¢’s choice set. We can update ~ as:
A = WW) W - XY — o) (18)

The term (W;W;)"'W/ does not vary across iterations so we can compute this

once at the beginning. When choice sets do not vary across individuals, W; is
fixed across all individuals and we just need to compute the pseudo-inverse for one

individual. In the case where wj; is a scalar, the update formula simplifies to:

k k k
(k+1) _ th(vz(jt) - %tﬂ]( ) _ Oél(j))wjt (19)
' th w]zt

As before, the MCM algorithm avoids the need to demean, but can take more iter-
ations to converge. The tradeoff between the full maximization solution computed
via demeaning or the MCM algorithm depends on the problem. Where demeaning

is most expensive and cross-terms are not important, conditional maximization
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offers greater benefits.

We can also use conditional maximization to handle individual-specific coefficients
in Bohning’s MM algorithm. The algorithm is similar to our MM algorithm, but

we need to whiten the fixed effects. We provide pseudo-code in the appendix.

5.5 Bohning’s MM algorithm

We provide analogous algorithms for the MM algorithm of Bohning (1992)) in Ap-
pendix [B.3] While Bohning (1992)) derives his update as an explicit mathematical
map from one iterate to the next, we demonstrated how to recast his solution as
a sequence of regressions. For one-way fixed effects, the algorithm for Béhning is
very similar to the MM algorithm we present above, but the partitioned regression
uses the demeaned whitened data. In the case of conditional maximization, in-
corporating the whitening element of Bohning’s algorithm is less straightforward.

That is the case for individual fixed effects as well.

The main difficulty with handling individual-specific coefficients in Bohning’s MM
algorithm is that updates recover the whitened version of the contribution of the
nuisance parameters. To compute the linear index for the next iteration, we then
need to unwhiten the contribution, making Bohning’s MM algorithm more cum-

bersome to implement.

5.6 Acceleration Methods

The low cost per iteration of the MM algorithm relative to gradient approaches
comes at the expense of more iterations. Many MM algorithms can exhibit slow
convergence close to the maximum (Zhou, Alexander, and Lange, 2011). In these

cases, acceleration methods can be used to improve the rate of convergence.

Acceleration methods use additional information to improve the parameter up-

dates. There are many acceleration methods for MM and fixed-point algorithms.
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We highlight SQUAREM (Varadhan and Roland, 2008]), an iterative method well-

suited to our algorithms.

SQUAREM approaches the MM algorithm from the perspective of a fixed point
equation.B We can view the MM algorithm as a mapping F' from the current
iterate @) to the next iterate -+ 9+ = F(9*)) In this formulation, the
goal of the MM algorithm is to find the fixed point §* = F(6*), or equivalently, to
find the root of the function G(0) = 6 — F(0). This can be done with Newton’s

method updating the parameters as:
o+ = o) _ vG(9W) G (") (20)

Rather than compute VG(8%®)~! directly, SQUAREM relies on an approxima-
tion[H]

Before giving the update formula, we first define the quantities u;, = F(8%*)) —0®),
and w, = F o F(O%) — F(6®). These quantities are differences in the parameter
values between successive steps of the MM algorithm. With these defined, the
SQUAREM update formula is:

0%+ = %) — 25,0y, + 52 (wy, — uy) (21)
— Ml 4
where s; = — Hwk—kuku I

As the update formula shows, a single step of each acceleration method really
consists of three steps. The method first performs two steps of the MM algorithm,
saving the parameter values at each step. Rather than taking another step of
the MM algorithm, SQUAREM extrapolates the next value from the two MM
iterations. By using information from two MM steps, the method can produce

larger steps or better search directions.

12This discussion is close to that in Zhou, Alexander, and Lange (2011).

13We also experimented with the acceleration method of Zhou, Alexander, and Lange (2011)),
which uses a different approximation than SQUAREM. We found that this method performed
similarly to SQUAREM, although slightly worse. Thus, we focus on SQUAREM in this paper.

4There are three variants of SQUAREM that calculate the step size s in different ways
(Varadhan and Roland, 2008) We focus on the third variant, which generally performs the best
(Du and Varadhan, [2020).
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While SQUAREM can result in noticeable speed improvements over the base al-
gorithm, it breaks the ascent property of the MM algorithm. As a result, this
method will not necessarily give parameter values that increase the likelihood at
every iteration. In this case, the researcher can fall back to the second MM up-
date F o F(8™)) to ensure reliability. The extrapolation can similarly disrupt the
convergence of the other MM-based algorithms. Without safeguards, the extrapo-

lation step may cause the algorithm to diverge or oscillate endlessly.

5.7 Bias Correction

Our focus so far has been on obtaining point estimates. However, estimates from
the MM algorithm for nonlinear panel data models may still be biased, as with
any maximum likelihood estimator, due to the incidental parameters problem. To
reduce the bias, we recommend that researchers use split-panel jackknife estimation
following Dhaene and Jochmans (2015). The split-panel jackknife removes the

leading bias and reduces the bias from higher-order terms.

Split-panel jackknife estimation involves splitting the dataset into two subpanels.
In the simplest case, the first subpanel runs from time ¢t = 0 to t = % and the
second runs from ¢t = % +1tot =T. We use the MM algorithm to obtain
an estimate for the full sample 0, an estimate for the first subpanel 8;, and an
estimate for the second subpanel 6,. The split-panel jackknife estimator 0 is then

é:2é—§<é1+ég>.

6 Inference

Although our focus has been on how to generate point estimates rapidly and reduce
incidental parameter bias, researchers also require reliable standard errors. For es-
timation, the key insight of our algorithms is that translating the multinomial logit
into a sequence of least-squares regressions completely avoids the need to invert

massive, intractable parameter matrices. As we show below, the computational
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benefits of this linearization extend directly to inference as well.

6.1 The Hessian and the Schur Complement

In a model with common parameters 3 and a high-dimensional vector of nuisance

parameters & = (a, 7), writing the Hessian in a block-partitioned form is helpful:

H:

Hpe He

where Hpgg corresponds to the curvature over 3, Hge corresponds to the curvature

over the fixed effects €, and Hgg captures the cross-derivatives.

The covariance matrix of the maximum likelihood estimators is the negative inverse
of the Hessian evaluated at the optimum Var(B) = —H~!'. To conduct inference
on our parameters of interest B, we require the top-left block of the inverse of
this massive information matrix. From block matrix inversion, this variance block

evaluates to the inverse of the Schur complement:

1

Var(8) = — (Hgp — HpeHy Hp,) ™ (23)
In standard multinomial logit software, evaluating this variance requires construct-
ing and inverting the high-dimensional nuisance parameter block Hge. With
one-way fixed effects, H¢e has a block diagonal structure that makes direct in-
version computationally convenient. Multi-way fixed effects destroys this block-
independence, rendering direct inversion of Hge computationally difficult for large
datasets. However, we can bypass this inversion entirely by recognizing the ge-
ometric relationship between Newton’s method and Iteratively Reweighted Least
Squares (IRLS) method not unlike our MM algorithm.
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6.2 Connection to Newton’s Method

While the MM algorithms discussed earlier use constant matrix bounds to avoid
re-weighting the data at every step, a direct second-order approximation reveals
the exact curvature of the log-likelihood. Operating in the J —1 dimensional space
normalized against the base alternative, the second-order Taylor expansion of the

log-likelihood in 1 around the current linear predictor 1p®*) is:

5(0;0%) = £(o") +Zh ) (Wi — i)

= Z (i - ¢§f>) Qe (v — )

(24)

where Q;; = diag(pi;) — puD), represents the true logit probability weights, and
hgf ) =y — pgf ) is the residual gradient. Maximizing this function is mathemati-

cally equivalent to solving the generalized least squares problem:
i 0 _ o )’Qw( %) _ 5 ) 5
melnzt (vzt 10 ) Q7 vy it (25)

where the pseudo-data is constructed using the inverse logit weights, 'v(k) = 1/)55 )+

ng )= 1h(’l,bi(t ), Yit), and Z;; is the matrix of independent regressors for individual ¢

at time ¢t. Combining the weight matrices and design matrices across the sample,
the closed-form solution to this problem is:

0(k+1) — (Zlﬂ(k) Z)flzlﬂ(k),v(k) (26)

Substituting the expression for the pseudo-data and simplifying yields the classic
Newton-Raphson update:

) = oW 1 (Zz’QWZ)1Z' (y — p¥) (27)

This iteratively reweighted least squares (IRLS) algorithm is just the regression
formulation of Newton’s method. Thus, evaluating the exact inverse of the Hessian

is structurally equivalent to executing a weighted linear projection.

In general, because the weight matrix Q®*) changes at every iteration, repeatedly
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forming and inverting the massive parameter-space matrix Z’Q®* Z makes New-
ton’s method computationally costly. We can leverage this exact equivalence one

single time at convergence to secure analytical standard errors["]

6.3 Analytical and Clustered Standard Errors

Once an MM-based algorithm has successfully converged to the MLE, the predicted

probabilities p and their corresponding weight matrices Q) are fixed.

By the Frisch-Waugh-Lovell theorem, the Schur complement Hgg — Hge H, gng B¢
is algebraically identical to the weighted cross-product matrix of the residualized
covariates, which are obtained by projecting the covariates of interest onto the
nuisance fixed-effects space using GLS. We therefore do not need to invert the

massive, multi-way Hge matrix. Instead, we can simply use weighted demeaning.

To obtain the standard errors for 3. We start by evaluating the model at the
converged MLE to calculate the exact logit weight matrix Q. We can then regress
the covariates X onto the fixed effects space & using these true logit weights,
and extract the residualized covariates, denoted X. We provide additional details
on how to compute the weighted projection in Appendix [C] For multi-way fixed
effects, this weighted projection can be accomplished using the method of alter-
nating projections. Finally, we can calculate the asymptotic variance matrix of the
parameters of interest as Var(3) = (X'QX) .

This framework also yields cluster-robust standard errors at virtually no additional
computational cost. By utilizing the residualized covariates x;;, we construct the
effective observation-level score gradient as g; = &},(yix — Pir). Summing these
score vectors within clusters (e.g., individuals or regions) provides the target matrix
S =>.9.9.. The exact multi-way, cluster-robust standard errors are then com-
puted via the standard sandwich estimator, H-'!SH!, where H™ = (X’ X)"".

15Calculating Newton’s method using IRLS is inefficient. For the multinomial logit, it is better
to exploit the Hessian’s structure following Hospido, 2012/ when implementing Newton’s method.
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While the analytical and cluster-robust standard errors derived above offer signif-
icant computational savings, researchers may also rely on traditional bootstrap-
ping to conduct inference. Because our MM algorithms drastically reduce the
time required to compute the maximum likelihood estimates, re-estimating the
model across hundreds of bootstrap resamples is highly feasible. Bootstrapping is
particularly attractive in empirical settings where the multinomial logit model is

embedded within a more complex, multi-step estimation procedure.

For researchers interested in transformations of [ alone, standard errors can be
calculated using the delta method with the covariance matrix derived above. For
transformations that also depend on estimated fixed effects, such as marginal ef-
fects, the delta method requires either forming the full joint covariance matrix or
solving the joint information system directly against the target’s gradient. Because
these joint calculations can be computationally demanding, researchers may find it
much simpler to compute standard errors for these quantities using the bootstrap

approach.

6.4 Bias-Corrected Standard Errors

As proven by Dhaene and Jochmans, 2015, the split-panel jackknife removes the
leading O(1/7T) bias and when the data environment is stationary across the two
subpanels leaves the asymptotic variance of the estimator entirely unchanged. Be-
cause the asymptotic variance of the bias-corrected estimate B is identical to that
of the uncorrected estimator, it is fully valid asymptotically to simply report the
exact full-sample analytical or clustered standard errors calculated in the previous
section alongside the bias-corrected point estimates. However, if the distribution of
covariates changes significantly over time, these variances can diverge. To robustly
account for this temporal heterogeneity, researchers can compute standard errors

using the combined influence function detailed below.

For researchers wishing to compute asymptotic cluster-robust standard errors that
explicitly account for the mechanical covariance between the full panel and the

subpanels, we can recycle our residualized covariates to calculate the estimator’s
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Influence Functions (IF).

An influence function represents the cluster-level score multiplied by the inverse
Information Matrix. Having run the IRLS projection once each for the full sample
and the two sub-panels, we construct the influence function for cluster ¢ under
model m € {full, 1,2} as:

IFc,m - Iy_nlgc,m (28>

where g.,, is the effective score for cluster ¢ in that specific sample. Because
the SPJ estimator is a strict linear combination, its joint influence function is
identically:

1 1

IFC,SPJ = 2IFc,full - §IFC,1 - éIFcQ (29)

Note that if an observation belongs only to the first half of the panel, its observation-
level score contribution to the second subpanel is zero, and vice versa. However,
because individuals typically span both halves of the panel, the cluster-level com-
ponents IF . ; and IF ., will generally both be non-zero and must be retained for the
combined influence function. The asymptotic cluster-robust variance matrix for
the bias-corrected estimates is simply the sum of outer products of these combined

vectors:

o C N-1
Varcluster(ﬁ) = ZIFC,SPJIF/C7SPJ X (mN — K) (30)
c=1

7 Performance of the MM Algorithm

In this section, we demonstrate the performance of the MM algorithm relative to
existing methods through two simulations. The first simulation considers how our
method scales with the number of fixed effects and the second considers how our
method scales with the number of individual-specific coefficients. First, we outline

some similarities across the methods, which we further explain in the appendix.

35



7.1 Iterative Ascent Methods

In the simulations, we assess the performance of the MM algorithm against com-
monly used first and second-order ascent methods. Specifically, we consider Adam
(Kingma and Ba, 2014) and Newton’s method. These particular methods are

available in existing software implementations of logit models[T|

To compare these methods, it is helpful to recognize that they, along with our least-
squares MM updates, all belong to the family of preconditioned gradient ascent
methods. Preconditioned gradient ascent modifies the standard optimization step
by multiplying the gradient search direction by a preconditioning matrix P, which
helps correct for the curvature of the parameter space. It updates the parameters

iteratively as:
o+ — 9%) 1 5 PV L(OW) (31)

To see that our MM algorithm fits this structure, substituting the definition of our
pseudo-data into the OLS update yields:

6+ = (2'2)7 2126 + 2(y — p»)] (32)
which simplifies precisely to:
0(k+1) — O(k) + 2(Z/Z)71Z/(y - p(k)) (33)

Because the term Z’(y — p'®)) is exactly the gradient of the multinomial logit log-
likelihood, our MM algorithm effectively takes a deterministic score step modified
by a constant preconditioner P, = (Z'Z)~!. Ultimately, these iterative methods
differ primarily in what type of information they use to construct this precondi-
tioning matrix P and how they set the step size oy.

We compare the preconditioning terms and their construction across the different

the alternative methods in Appendix [El The core computational innovation of

16The R package mlogit and the Stata commands cmlogit use Newton’s method. The recent
Python package torch-choice described in Du, Kanodia, and Athey (2023) includes a variety of
first-order methods, including Adam, which the paper recommends for large-scale problems.

36



our framework is recognizing that the least-squares regression equivalence unlocks
the use of linear panel data techniques. Demeaning allows us to evaluate these
potentially massive preconditioned gradient steps without constructing the full

multi-way cross-product.

7.2 Fixed Effects

We consider a setting where the number of covariates is small and the number of
fixed effects grows with the sample size. In this simulation, I consumers choose
from three alternatives, J = {1,2,3} in 7" = 20 time periods. Consumers choose
the alternative that yields the highest utility. Consumer ¢’s utility from choosing

option j in time period t is:
Uije = Tty + o + Eje (34)

where x;; is a single individual-level characteristic; «;; are individual-alternative
fixed effects; and €;;; is a scalar 4.¢.d idiosyncratic shock distributed according to
a Type I Extreme Value distribution. We draw z;; and «;; from standard normals
and set B = (b1, B2, 83) = (0,0.5,1). We normalize the utility of the base option

to be zero so a;; = 0, Vi.

We allow the number of individuals I to vary from 500 to 500,000. Since the
model contains individual-alternative fixed effects, the number of fixed effects is
twice the number of individuals 2/. Thus, in our most extreme scenario, we are
estimating 1,000,000 fixed effects. For each value of I, we simulate 250 trials. We
drop individuals who failed to choose all options at least once as these can create

problems for convergence, as would be the case for any fixed effects estimation.

We estimate the model parameters using Adam, Newton’s method, our MM algo-
rithm (Algorithm [2), and Bohning’s MM algorithm (Algorithm [7). Because this
simulation features only alternative-specific coefficients, our MM algorithm and
Bohning’s MM algorithm take mathematically identical steps in the relative pa-
rameter space. The only distinction lies in the implementation: our method uses

standard OLS in the full space of J alternatives, whereas Bohning’s method re-
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quires differencing and whitening the data to perform OLS in the space of J — 1
alternatives. Therefore, comparing these two MM algorithms in this specific simu-
lation captures the net computational overhead of Bohning’s MM algorithm, bal-
ancing the added cost of the whitening step against its smaller (J — 1)-dimensional

regression.

We also estimate SQUAREM accelerated versions of the MM-based algorithms.
We consider the performance of the MCM algorithm in Appendix [H] Using condi-
tional maximization offers similar performance as full maximization via demeaning.

There is not a reason to prefer one approach to the other.

We use the same convergence criterion across all of the methods. In particular, we
stop the algorithms when the difference in successive values of the log-likelihood is
less than 1078, The choice of the stopping condition does not have a major effect
on the results. In addition, we start all of the algorithms from the same initial

guess of 0.

Figure [2| shows the runtimes for the unaccelerated methods against the number
of individuals I[""] The figure shows the median runtime for each method. Since
we drop individuals who chose an alternative with zero probability, there is some

variation in the number of observations across trials.

1"We performed all calculations on a 2.8 GHz Intel Gold 6242 using 8 cores with 8 GB of
memory per code.
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Figure 2
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All of the methods yield roughly the same parameter estimates across runs. The
differences between the estimates are less than 107® and lack any practical sig-
nificance. The minuscule differences confirm that the MM algorithms are indeed
converging to the same estimates as Newton’s method and Adam, the maximum
likelihood estimates. Thus, the differences in runtimes reflect the performance of

the different algorithms.

Newton’s method outperforms the unaccelerated algorithms. Newton’s method is
more than 7 times faster than Adam on average. Newton’s method takes only 4
minutes to estimate 1,000,000 fixed effects. In contrast, Adam takes around 30
minutes.ﬁ The unaccelerated versions of MM-based algorithms are only slightly

slower than Newton’s method with all of the algorithms having similar performance

18There may exist a step size (or schedule of step sizes) that allows Adam to perform better.
However, the time spent finding this step size would likely far exceed any reduction in computation
time.
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on average.

Figure 2 reveals only a slight difference in runtime between our MM algorithm
and Bohning’s MM algorithm. This confirms that the computational overhead
introduced by the whitening step is minor. Such a small penalty is expected here,
as the uniform choice set across individuals represents the optimal scenario for

fast, vectorized whitening.

The number of iterations to convergence provides additional clarity on the perfor-
mance of the different methods. Figure |3 shows the median number of iterations
taken by each method plotted against the number of individuals. As expected
from our theoretical discussion, our MM algorithm and Bohning’s MM algorithm
require the exact same number of iterations to converge, perfectly confirming their

mathematical equivalence for this model specification.

Newton’s method takes the fewest iterations. In this simulation, Newton’s method
always converges in 6 iterations. The greater convergence speed of Newton’s
method comes at the expense of making each iteration costly to compute. In
contrast, the MM algorithms features a low cost per iteration but take many it-
erations. Both take just around 100 iterations. Finally, Adam takes 3 times the

number of iterations as the MM algorithms.

40



Figure 3
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Acceleration using SQUAREM offers additional speed improvements and allows
the MM-based algorithms to outperform Newton’s method as shown in figure [4]
The extrapolation step allows these algorithms to jump ahead, saving iterations.
The accelerated versions all show similar performance, beating highly optimized
Newton’s method by more than a factor of 2. The accelerated versions are capable

of estimating 1,000, 000 fixed effects in around 1.5 minutes.
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Figure 4
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Thus far, we have evaluated the methods based solely on their runtimes. However,
programming complexity is another important consideration. The extra time spent

coding a faster algorithm may outweigh any runtime savings.

Out of the algorithms considered, we found Newton’s method to be the most in-
volved to code. For Newton’s method to perform well, the calculation of the Hes-
sian needs to be efficient, which means using analytical expressions for the building
blocks of the Hessian and avoiding any unnecessary calculations. Simply following
the approach to exploiting the sparsity of the Hessian described in Hospido (2012)
is not enough for Newton’s method to outperform the MM algorithm. In fact,
our early implementations performed worse than the base MM algorithm. Adding
SQUAREM acceleration to our MM algorithm is far easier and offers additional
speed than implementing highly optimized Newton’s method.
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For models with alternative-specific coefficients, there is no reason to estimate the
general case for Bohning’s MM algorithm. Our MM algorithm produces identical
steps while avoiding the complications due to the whitening step and the need to

subtract off the base option. It is both as fast and simpler to code.

7.3 Individual-Specific Coefficients

We now consider how the MM algorithm scales with the number of individual-
specific coefficients. This simulation is similar to the previous one, but we replace
the fixed effect with an alternative-specific variable that has individual-specific
coefficients. As before, I consumers choose from three alternatives, J = {1, 2, 3},
but now in 7' = 50 time periods[”’] Consumers choose the alternative that yields
the highest utility. Consumer ¢’s utility from choosing option j in time period ¢ is
Now:

Uije = TS5 + WieYi + Eije (35)

where ;; is a single individual-level characteristic; wj; is a single alternative-level
characteristic; and €;;; is a scalar i.7.d idiosyncratic shock distributed according to
a Type I Extreme Value distribution. We draw z;; and wj; from standard normals.
The individual-specific coefficients +; is drawn from a normal A/(0,0.5%). As in the
previous simulation, we set 8 = (f1, 52, f3) = (0,0.5,1).

We allow the number of individuals I to vary from 1,000 to 100,000. For each value
of I, we simulate 250 trials. As in the previous simulation, we drop individuals

who do not choose all of the options at least once.

We estimate the model parameters using the same algorithms as before. Figure
displays the median runtimes across the 250 simulation trials. As detailed in
Appendix [H], the MCM algorithm slightly outperforms the baseline MM algorithm
in this setting. This advantage is unsurprising as the demeaning is more expen-

sive, and the parameter blocks are highly independent by construction. We expect

19We increase the length of the time-series to reduce the number of times that a consumer
chooses an alternative no more than one time. These cases can cause convergence problems for
all of the algorithms.
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that dependence typically occurs in severely unbalanced panels or when covari-
ates correlate strongly with fixed-effect groupings. Under these conditions, full

maximization via demeaning may be preferred.

Figure 5
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As before, Newton’s method outperforms the unaccelerated algorithms and Adam
is still relatively slow. Bohning’s MM algorithm is only slightly slower than New-
ton’s method. However, in contrast to the previous simulation, our MM algorithm

is the slowest algorithm.

The reason for the poor performance of our MM algorithm stems from our scalar-
identity bound. With individual-specific coefficients, increasing the value of one
coefficient affects all of the alternatives. Taking into account the dependence be-
tween alternatives is important for generating better steps. Bohning’s bound allows

for the dependencies; our scalar-identity bound cannot.
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To avoid overshooting, our MM algorithm takes small steps and, as a result, takes
more iterations, as we see in Figure [l Figure [6] shows the number of iterations

taken by each method plotted against the number of individuals.
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For the MM algorithm, the number of iterations until convergence is increasing
with the number of individuals. With 100,000 individuals, our MM algorithm
takes 400 iterations on average far more than even Adam, which takes around
300. By taking into account dependencies between alternatives, Bohning’s MM
algorithm consistently converges in around 50 iterations. Newton’s method still

consistently converges in around 6 to 7 iterations.

Acceleration helps to offset the slow convergence of our MM algorithm (See Figure
. With SQUAREM acceleration, our MM algorithm outperforms Adam, but is
still short of Newton’s method. Accelerating Bohning’s MM algorithm allows it to
match Newton’s method. Since Bohning’s MM algorithm is taking only around 50
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iterations to begin with, there is less scope for accelerations to improve performance

by saving iterations.

Figure 7
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While Newton’s method is fastest, it also takes significantly longer to program
and optimize. For this simulation, we found that the increased programming time
far outweighed any runtime savings. Newton’s method is faster only when using
well-optimized code, optimized for the specific data structure in a way that limits
extensibility. When factoring programming time, the accelerated version of our

MM algorithm still compares favorably to Newton’s method.

When dependencies between alternatives matter more, Bohning’s MM algorithm is
a good choice. The improved rate of convergence justifies the cost of implementing
the whitening step. Given that there are only three alternatives, the dependency
is high. For larger choice sets where dependency is weaker, the gap between our

algorithm and Bohning’s may narrow. However, our MM algorithm still offers
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reasonable performance while being simple to implement.

8 Empirical Application

In this section, we further demonstrate the utility of our method by providing
an empirical application to hospital choice. Economists frequently rely on dis-
crete choice models to identify the degree of substitution between hospitals and
study competition in healthcare markets (e.g. Gaynor, Kleiner, and Vogt, 2013;
Gowrisankaran, Nevo, and Town, 2015 Garmon, 2017). When evaluating hospital
mergers, antitrust practitioners use multinomial logit models to estimate diver-
sion ratios that measure the level of competition between the merging parties (e.g.
Capps et al., [2018). In a hospital setting, these diversions represent the share of
patients who would switch from one hospital to another if the first hospital went
out of network. Due to the availability of patient-level discharge data, practitioners

often use individual-level logit models.

In the logit model, the functional form of the utilities dictates the allowed sub-
stitution patterns. Greater flexibility is therefore crucial for recovering realistic
substitution patterns. Due to the shortcomings of existing estimation methods,
(Raval, Rosenbaum, and Tenn, 2017) provide a semiparametric bin estimator that
can capture rich substitution patterns.[f] Their method partitions individuals into
groups based on a set of G characteristics and a minimum group size. They es-
timate separate multinomial logit models for each group, with hospital intercepts
as the only explanatory variables. Their estimator is equivalent to a multinomial

logit with hospital-group fixed effects.

The semiparametric approach of Raval, Rosenbaum, and Tenn (2017) has two
main drawbacks. The first is that it can accommodate only discrete variables.
Continuous variables, like travel time or the acuity weight, need to be discretized.
The second drawback comes from the binning process, which prevents groups from

overlapping. This process effectively rules out some forms of multi-way fixed effects.

20The method has seen use in litigated hospital mergers, e.g., Advocate-Northshore (Tenn and
Vandergrift, [2017).
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These drawbacks could be addressed by estimating on the whole population simul-
taneously and treating intercepts as hospital-group fixed effects. However, doing so
leads to a large number of fixed effects. This leads to the use of the MM algorithm.
We allow for multinomial logit models that have continuous variables, many fixed
effects, and multi-way fixed effects. The MM algorithm, therefore, expands the set
of models that practitioners can consider and gives additional flexibility beyond

what the semiparametric method can offer.

8.1 Diversion from Natural Disasters

In order to explore the contribution of our algorithm in discrete choice estimation
and Raval, Rosenbaum, and Tenn (2017) in particular, we revisit Raval, Rosen-
baum, and Wilson (RRW, 2022)), which compares diversion ratios estimated from
logit models to observed diversions from hospital closures due to natural disasters.
We consider one of the four natural disasters considered in that paper, the Amer-
icus Tornado. The Americus Tornado swept through Americus, GA on March
1, 2007, damaging Sumter Regional Hospital. The hospital remained closed for
a year, eventually reopening on April 1, 2008. Prior to closure, Sumter hospital
accounted 50.4% of patient admissions within its service area (RWW), forcing a

large number of patients to divert to surrounding hospitals.

The data consists of all hospital admissions from the state of Georgia in 2006,
2007, and 2008. The data set includes information about each patient such as age,
zip code, and gender, among other variables. It also includes information about
treatment including the area of diagnosis and length of stay. We do not use the full
dataset, but instead use the estimation sample from RRW. This sample consists
of admissions within the 90% service area of Sumter hospital, the smallest set of

zip codes that accounts for 90% of patient admissions.

Following RRW, we calculate the observed diversions using the difference in shares
between the period prior to closure and the period just after closure. The pre-
period runs from January 1, 2006 to February 28, 2007 and the post-period runs
from March 1, 2007 to March 31, 2008. The observed diversions from Sumter
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hospital to hospital k are:

post pre
Sk — Sk

D]gbserved = = pre (36)

Sumter

where s is the observed share of admissions. We compare the observed diversions
to predicted diversions from a logit model estimated on the pre-period data. Given

the logit form, the predicted diversions from Sumter to hospital k are:

bk _ Z : Sik Si,Sumter (37)

p — 54, Sumter Zz Si,Sumter

where ¢ consists of the pre-period patients and § are the predicted shares from
the logit model. We examine how well different models perform in predicting the

observed diversions.

8.2 Models

We consider four logit models. We take the first three models from RRW. The first
model Semipar uses the semiparametric method, grouping individuals according to
their zip code, disease acuity, age group, and area of diagnosis. Under Semipar, we
estimate a logit model with no explanatory variables, just hospital-specific constant
terms, separately for each group. The model is equivalent to a logit model with 816
hospital-group indicators. The second model GNT' follows Gowrisankaran, Nevo,
and Town (2015 and includes travel time, travel time squared, hospital fixed
effects, and interactions of demographic and hospital characteristics with travel
time. The third model Ho follows Ho (2006) and includes time, time squared,

hospital fixed effects, and interactions between hospital and patient characteristics.

The final model Time+ZIP is our own specification. It includes travel time, travel
time squared, and hospital fixed effects. It also includes zip code-hospital indica-
tors for three zip codes with a large number of patients who received treatment
at Sumter hospital in the pre-period. Together with hospital fixed effects, our
model has 32 indicator variables. While not as many as Semipar, Time+ZIP has

continuous variables, which the semiparametric method cannot accommodate.
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We estimate Ho, GNT, and Time+ZIP using the MM algorithm paired with
SQUAREM. The flexibility of the MM algorithm allows us to accommodate all
of these different specifications. While we could have estimated Semipar with the
MM algorithm, we chose to use the estimation approach in Raval, Rosenbaum,
and Tenn (2017) since it was easily available to us.

8.3 Predictive Performance

We evaluate the four models based on their prediction errors, e, = D¥ — Dk,
In particular, we focus on the mean squared prediction errors. We use bootstrap-
ping to compute 95% confidence intervals. As in RRW, we boostrap the pre-
and post-period datasets to account for variation in the observed and predicted
diversions. While the predicted diversions depend only on the variation in the

pre-period data, the observed diversions depend on the variation in both periods.

Figure 8
Time + Zip 1 L 2
Semipar L
©
e}
S)
=
GNTH ®
Ho ®
0.002 0.004 0.006

Mean Squared Error

20



Figure |8 shows the 95% bootstrapped confidence intervals for the different models.
From the figure, we see that Time+ZIP is best performing model, slightly edging

out Semipar. GNT and Ho are the worst performing models on average.

As RRW note, including patient characteristics and interactions does not neces-
sarily help us predict diversions. GNT and Ho perform the worst even though
they include many patient characteristics and various interactions. The results
also highlight that we do not need hundreds of group-hospital indicators to cap-
ture rich substitution patterns. A model that incorporates travel time with many
fixed effects may perform just as well as the semiparametric approach. Another
approach we could take would be to add a continuous term, such as patient dis-
tance interacted with age, to the 816 hospital-group interactions in RRW, which

naturally would allow us to improve fit.

The MM algorithm allows practitioners to estimate a wide range of logit models.
We were able to estimate models with a variety of covariates and fixed effects. In
this specific example, the MM algorithm allowed us to estimate a logit model that
incorporated continuous variables and fixed effects, allowing us to outperform the

semiparametric method.

9 Conclusion

We present a new method for estimating multinomial models with many fixed
effects. Existing implementations rely on non-linear estimation of many dummy
variable coefficients, which is computationally slow and memory-intensive. Our
approach relies on the Minorization-Maximization (MM) Algorithm, which can
be seen as a generalization of the better-known Expectation-Maximization (EM)
algorithm. Our implementation maximizes the likelihood through an iterative
series of linear regressions, allowing fixed effects to be handled through the use of
linear panel methods or through conditional maximization. We also show how the
existing MM algorithm of Bohning (1992) can be adapted to better handle fixed

effects. Our MM algorithm is particularly well suited for fixed effects estimation.
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We show the performance of our algorithms through two Monte Carlo simulations.
Our method perform as well as existing methods when estimating fixed effects
while being easier to program. Moreover, adding acceleration allows our methods
to outperform the alternatives. With individual-specific coefficients, our method
paired with acceleration performs slightly worse, but is still a good option due to

its low implementation cost.

Our method provides a new way to estimate multinomial logit models in a variety
of settings. We demonstrate one potential use to estimating models of hospital
choice and show how our method provides greater flexibility for estimating diver-
sions relative to Raval, Rosenbaum, and Tenn (2017)), a recent popular approach.
Overall, our method expands the set of specifications that practitioners can con-

sider given their limited time and computational resources.
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Appendices

Appendix A Proofs

A.1 Proof of Theorem

We show that S(0;8%*)) is a minorization of £L(8*)) at 8% by verifying:

(1) S(6:0%) < £(8)

We start from a representative individual i. Let ¥; = z;8 + wyy; + o; where

a; = (a1, ..., a;7). The multinomial logit likelihood for observation (i, %) is:
J Yijt
exp(¢ijt)
[ (¢it; yit) = .
jl_[1 Zi:l exp (it )

The scaled score function and Hessian are:

hi(Yie: Yir) = 2 (Yije — Pije(Vize))
—pijt(Wije) (1 — pise(Vije)), 7=k

h; (%;yu) =
" Dijt (Vije)Dikt (Vike) j#k

Note that h;(vu; yir) and hj,(i; yi) are scalar valued even though v, and y;

are vector valued.

The second-order Taylor expansion of log [(t);; yi) at i = 1,bff ) is:

log 1(%i; yir) = log l(&‘t?yit)"#(%t—’%zz't)/VlOg l(',Lit; yit)+%(¢it_¢it)/v2 log l(l/);kt;yit)(q/)z‘t—l[;it)
(38)
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We have that:

-hn(%@; Yir) Pi(Vi;yie) - hag (Y yie)
v? log 1(3%: yir) = h21(1/fzft; Yit) hzz(l/fzft; Yit) - hZJ(’lp:Ekt; Yit) (39)
| hn (W) hae(iiyi) o hus(5; yie)
_—Pm(l — Pitt) PittPizt PittPigt
_ pi2t.pi1t _pi2t<1. — Piat) piQt.pth . (40)
PijtPint PirtPizt oo =Digt(1 = pise)

Letting Av;; = ¥ — @Lit and p;; be the J vector with elements p;;;, we can write
the negative of the Hessian matrix in (46) as Wj;, = Diag (p;1) — pipl;- Note that
for any vector Ay:

J J 2 J
, 1
AP WiAtpiy = Y pisAv3, — (Z mﬂ%) <5 AU (A1)
j=1 j=1

J=1

This implies W;, < %I. Thus, because the Hessian is VZlogl (¥};yit) = — Wi,
we have V2logl (¢5; yir) = —1I, meaning V?logl (¥}; yir) + 31 is positive semi-
definite.

Therefore:

log I (vis; yir) > logl <¢it§ yit) + (1/% - %)/ Vlogl (%; yz’t) - 1 (’lpit - &it)l (1% - Tﬁn)

4
= log! (1,5#; y¢t> + Z (yijt - ]%ﬁ(%ﬁ) (%‘t - %‘t) - i > (%‘t - ¢ijt>2

Substituting h; <1/~Jit; yit> =2 (yz‘jt - pijt(@zit)), we have:
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log <¢it; yz’t) > logl <1/~Jit; yit) + % Z hj (%; yit) (M‘;t ¢23t> - = Z (%gt ¢ijt>2

J

= logl ("Z’it; yit) + % Z h; (lLit; yit>2 - i Z <?Lijt + Iy (le’t; yit) - ¢ijt>2

J

After algebraic manipulation and summing over all observations, we obtain:

1
L£(0) = ﬁ(e(k)) + 1 Z hj(fitﬁ(k) + wt%(k) + aﬁk); Yir)?

it
1
T2 Y @B + wir” + o)) + hi(@aB® + wy " + o ya)
it
— (2B + wiyi + i)’
(42)
where the RHS of the above inequality as S(6;0%).
(2) S(O®); %)) = £(9%))
Direct substitution shows:
S(OW;0®) = £(6™) Z hi () i)~
zgt
= Z P 4 hy(p® ysy) — p*))?
z ,J5t
SCARED SCER D pAtn
1,5t ,J,t
= L(6W)

(3) V25(0;0™)) exists, and V2S(0%*+1; 9 is negative definite

To ease notation, we consider «; as coefficients on indicator variables, combine
these indicator variables with z;; and w;; and denote the combined vector as z;j.
Then by the definition of S(8;8%*)) in Eq., V35(60;0%) = —1Z'Z where Z is
the matrix with z;;;, Vi, j,t stacked by rows, and does not depend on 6. Assuming
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that Z is full rank, then Z’Z is positive definite, so we have our result. For Z to
be full rank, we need sufficient variation of x;; and a normalization on fixed effects

parameters oy, such as that o;; = 0 for one value of j for all 4.

A.2 Proof of the Equivalence for Models with Alternative-

Specific Parameters

Consider the multinomial logit model with only alternative-specific parameters and
fixed effects:
Uije = T + oy + €ijt (43)

We show that our MM algorithm produces relative parameter updates that are

algebraically identical to Bohning’s MM algorithm at every iteration.

Bohning’s MM algorithm operates in the space of J — 1 alternatives normalized
against the base alternative 7 = 1. As shown in Section 4.2, maximizing Bohning’s
surrogate is equivalent to a generalized least-squares regression. The resulting
parameter step is:

A6 = (Z'(Iny @ B)Z) ™' Z'h® (44)

where Z is the stacked design matrix for the J — 1 non-base alternatives, B =
s(I;-1 —+11'), and h®) is the stacked score vector with observation-level compo-

nents hgf) = Yit — pgf).

Because all coefficients are alternative-specific, the identical regressors are used
across all alternatives. Let X be the NT' x K matrix containing all observation-
level regressors x;; and individual dummy variables for «;;. We can write the

non-base design matrix using Kronecker products as Z = X ®I,_,. Consequently:

Z'(Iny®B)Z = (X'X)® B (45)

Using standard properties of Kronecker products, the Bohning update simplifies

to:
AOp = [(X'X)" @ B7|[X @ I, ]h®

= [(X'X)"'X'@ B"'|h"
56

(46)



Recall that B™! = 2(I;_;+11’). Multiplying this inverse bound by the observation-
level score vector hgf ) vields 2h§f )21 hif ))1. Because the logit probabilities sum
to one across all J alternatives, the sum of the non-base scores equals the negative
of the base score: 1 hgf ) = — (Yt — pz(fz ). Therefore, Bohning’s update for a specific
non-base alternative j is:

Abg; = (X'X) X' [2(y; — p7) — 2(y1 — )] (47)

J

where y; and p§-k) are the stacked vectors for alternative j.

In contrast, our scalar MM algorithm operates in the full space of J alternatives.

The update step derived from our OLS surrogate is:
AOyy = (Z2'2)*Z'h™ (48)

where Z = X ® I is the full design matrix, and h® is the stacked vector of our

(k)

scores defined in Theorem 1 as h'%) = 2(yije — Pij ). Using Kronecker products,

gt
this simplifies to:
Al = [(X'X)' X' ® I,)h" (49)

For a specific alternative j, the absolute update step is simply:
Abyary = (X' X)X [2(y; — pI)] (50)

To compare this with Bohning’s normalized update, we difference the step for

alternative j against the base alternative 1:

AOuiary — A0y = (X' X)X [2(y; — ) — 20y —p1")]  (51)

Comparing and , the relative parameter steps are perfectly identical.
Consequently, for models with strictly alternative-specific coefficients, our uncon-
strained OLS MM algorithm and Bohning’s GLS MM algorithm generate the exact
same relative parameter updates, predicted probabilities, and log-likelihood values

at every iteration.
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Appendix B Algorithms to implement Bohning,
1992

B.1 Bohning’s Algorithm

While Bohning (1992) derives his update as an explicit mathematical map from
one iterate to the next, we demonstrated how to recast his solution as a sequence
of regressions. Here, we demonstrate how to to computationally implement this

regression approach. Recall that Bohning’s bound yields the following GLS prob-

) . (k ! . (k
memzt (vi(t) — Ziﬂ) B ('v,ft) — Zitﬁ) (52)

where the pseudo-data is:@

lem:

(k)

Vjjt € xitﬁj(’k) + wjt%'(k) + 0‘3‘6) +2 (yijt — pz’jt<9(k)>) -2 (ym — pm(@(k))) (53)

Rather than computing GLS solution directly, it is generally more efficient to
whiten the data and transform the problem into an OLS problem in the space of

J — 1 alternatives.

Let L be the symmetric square root of the Bohning matrix such that B = LL’. The
whitened pseudo-data is ® = Lo and the whitened regressor matrix is Z = LZ.
The GLS update is then equivalent to the OLS problem:

min (5 - Z@) (8% - 20) (54)

Since Bohning’s bound is constant, we need to compute the symmetric root only

once at the beginning. Moreover, L has a simple closed-form that makes whitening

21Because Bohning’s MM algorithm operates in the normalized space of J — 1 alternatives, any
regressors associated with common coefficients must be differenced against the base alternative.
For notational convenience in the formulas and algorithms for Bohning’s method, we let w;¢
denote the already base-differenced characteristic (wj; — wiy).
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the data straightforward. For a vector «, the whitened version is:

i = % (IJ_1 - %ﬂn’) @ (55)

Thus, we can calculate the whitened data from simple vector operations and avoid
the matrix multiplication entirely. This closed-form formula assumes a uniform
choice set of size J across all observations. In settings where choice sets vary, the
transformation remains identical but uses the specific choice set size J;; for each

observation, increasing the computational cost of the whitening step.

The base algorithm for Bohning’s approach is then:

Algorithm 6 (Béhning’s MM Algorithm)

Require: initial guess (°) = {5 ,% : 5‘?)}1‘:1’_.7[]':27__7{]
repeat
Minorization Step:
1. Compute the pseudo-data:
k
Z(]t) — Ty 5( ) wg” )‘1‘04( "2 (yige — i (0®)) =2 (yire — pine (0P))

) {%t} 1,..N; j=2,....J; t=1,.. T
2. Whlten the pseudo—data:

S(k) 1 k
o = & (1, - qu)v()
Maximization Step (Update 8% by OLS):
00+ (212) 250
k<« k+1

until convergence

Because the whitened regressor matrix does not change from iteration to iteration,

PR e SR
we can compute the pseudo-inverse (Z 'Z ) Z' once at the beginning.
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B.2 Handling one-way fixed effects in Bohning’s MM Al-
gorithm

The algorithm for Bohning’s algorithm is very similar to the MM algorithm we
present above for one-way fixed fixed effects, but the partitioned regression uses
the demeaned whitened data Z. We also use the version of the fixed effect update
that takes the mean over the residuals. This version allows us to write the update
in terms of the original data, rather the whitened data. While we can use the
update that relies on the difference between the residuals and demeaned residuals,
that update will produce a whitened version of the fixed effects, which then requires

unwhitening to update the linear index.

Algorithm 7 (Béhning’s MM Algorithm - Fixed Effects)

Require: initial guess 8 = {5 ,% , g))}zzl _____ =27
repeat
Minorization Step:

1. Compute the pseudo-data:

UZ-(Z) «— xitﬁ(‘k) +wjt%(k) +Oé§f) +2 (yijt - pijt(e(k))) -2 (yz'lt - pm(@(k)))

) {th }1:1,...N; j=2,...,J; t=1,...,T
2. Whlten the pseudo-data:

(k) 1 k
o = & (10 = 2511 ) o

3. Demean the whitened pseudo-data:
v’ ®) « Demean &)
Maximization Step:

1. Update n®) by demeaned OLS:

) o (22) 7 Z 5w
2. Update the ﬁxed effects: «

k+1 (k+1)
zg T Zt ’th Zijtn

k< k+1

until convergence
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B.2.1 Bohning’s MCM Algorithm

We can also apply conditional maximization to Bohning’s algorithm, but it is
not as straightforward as with our algorithm. In the MCM version of Bohning’s

algorithm, we need to whiten the fixed effects in the conditional maximization

step.

Algorithm 8 (Boéhning’s MCM Algorithm)

Require: initial guess 8 —{53 ,'yl : fj)}lzl 77777 [j=2...J
repeat
Minorization Step:
1. Compute the pseudo-data:

fjt) < Tig 5(k) +wjt7i( ) +a(k) +2 (yi]t ngt(g( )) (yzlt

2. Whlten the pseudo:data:

Lk 1 k
’U()—7§<IJ_1 J\f11>v()
3. Whiten the fixed effects:

(k) — (k)
a® = L (IJ T f11)
Conditional Maximization Steps:

1. Update n® by OLS:
nl+D (Z’Z) ! Z/(,b(k:) — &k
2. Update the ﬁxed effects: a

k’-i-l
Qs - T Zt 'th Zijtn(k+1)
kE+—k+1

until convergence

pz‘u(@(k)))

B.3 Handling Individual-Specific Coefficients in Bohning’s

MM Algorithm

In this section, we show how to handle individual-specific coefficients in Bohn-
ing’s MM Algorithm through demeaning. Bohning’s MM Algorithm recovers the
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whitened contribution of the nuisance parameters rather than the raw, unwhitened
contribution. The algorithm is:

Algorithm 9 (Bohning’s MM Algorithm -Fixed Effects and Individual-Specific
Coefficients)

Require: initial guess 8 = {B ,% , E?)}izlv,_y[jzgv__“]
repeat
Minorization Step:

1. Compute the pseudo-data:

Z(]t) — Ty B(k) +wjt %(k) +a; )—1-2 (yz]t - ngt(e( )) —2 (ym - pﬂt(@(k)))

Vi ol Vit ez et
2. Whlten the pseudo-data:

(k) 1 k
o = & (10 = 2511 ) o

3. Demean the whitened pseudo-data:
v’ *®) < Demean v
Maximization Step:

1. Update 8 by demeaned OLS:

.......

g (X'X) X 5
2. Update the whitened contribution & = L (wy + a):
£t k) _ X glkt1) (;l')'(k) _ Xﬁ(kJrl))

3. Unwhiten the contribution:
gD — (/3 (IJ—I n 11,) g0t1)

k+—k+1

1
VJ+1

until convergence

We could instead use conditional maximization to find the parameters. This re-
quires whitening the fixed effects for use in the OLS update.
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Algorithm 10 (Béhning’s MCM Algorithm -Fixed Effects and Individual-Specific
Coefficients)

Require: initial guess 8 = {5] ,% , Z(])} _
repeat
Minorization Step:

1. Compute the pseudo-data:

z(]t) — Tt ﬁ(k) + wjfyg ) + Oé(k) + 2 (yzjt - pljt(e( )) (ym - pzlt(e(k)))

.....

2. Whlten the pseudo:data:

S (k) 1 k
v()_%@H J\rll)'v()
3. Whiten the fixed effects:
(k) — L (k)
&t = 1 (IJ_1 J+f11)
Conditional Maximization Steps:

1. Update B® by OLS:

P N Y .
B+ <X’X> X’('ii(k) — WAk —a)
2. Update ~ as:

) — (W)W (500 — X B0 — 6)
3. Update a as:

k+1) (k+1 k+1
Oé?E] - T Zt zgt - xltﬁ )~ jt’%l( :
kE+—k+1

until convergence
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Appendix C Implementing IRLS

In this appendix, we discuss details of implementing the IRLS, which has implica-

tions for how to compute standard errors.

C.1 The General Algorithm

Recall that v, = x40 + wyy; + ;. Normalize the mean utility of the base option

j =1 to zero, 1;;; = 0. The second-order Taylor expansion in 2 around ®*)
S(0;0%) = +Zh ) (i — )
(56)

-z 5 (v ) o (v = i)

where Q;; = diag(p;) — pap), and hg“t) = Yijt — pgct) . We can rewrite this approxi-

mation as:

S(0;0%) = Z (i) hapy,)
(57)
=537 (00 ) — i) 0 (0 + R — )

Maximizing this surrogate function is equivalent solving to the generalized least

squares problem:
mmZ( — (6 ) zt) < v — (0 )) (58)
where 07 = 7 + QP h(pP; ).

Let Z be the matrix of independent regressors and Q*) be the full weight matrix

64



at the iteration k.

o o 0 0
Qb 0 0
Q=1 0o o Q) 0 (59)
0 0 0 k)
Then the closed-form solution to this problem is:
6" = (z'QWz) Zz’Q" (60)

The algorithm is then:

Algorithm 11 (Iterative Reweighted Least Squares Algorithm)

Require: initial guess 00 = {53(-0), %(0)’ Oég-))}i—l
repeat
Working-Data Step:

B exp(Pijt)
Pije <= 14> exp(Yirt)

QY diag(pi) — pupl

gooe

vl < 2uB® +wa +al + Q)R] yi)

Maximization Step: (Update 6% by GLS)
0(k+1) — (Z/Q(k)Z)flle(k)v(k)
k+—k+1

until convergence
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C.2 Computing the GLS Solution

The weight matrix € is quite large. Itisa (J—1)-IT x (J—1)-IT block diagonal
with individual blocks ng ). Given its size, naively storing and multiplying Q*)
to compute the maximization step is slow and memory consuming. We recom-
mend storing the individual non-zero blocks of Q®*) and then using block matrix

multiplication to compute the GLS update.

The matrices Z and v¥) have elements Z;; and vl(f ) corresponding to ng ). Using

block matrix multiplication, we can update 6 as:

O(k-‘rl) — (Z/Q(k‘)Z)—lle(k‘)v(k:)

—1
= (Z(Z{tfz?zﬁ)) (Z Zztﬂi»f)vﬁ“)) (61)
it

it
C.3 Handling Fixed Effects

Fixed effects cause problems for the dimensionality of Z. We still want to make
use of demeaning to project out the fixed effects. However, the weight matrix
complicates the demeaning and makes it more costly. Consider the case without

alternative specific variables where utility has the form:

Uijt = TS5 + iy + Eije (62)

Let D, be the matrix of indicator variables for the non-base fixed effects for in-
dividual. In this case, Z = [X, D,|. The projection matrix for the fixed effects
is:

Py, = D, (D, Q"WD,)'D Q% (63)
The matrix D, is (J — 1) - IT x (I - (J —1)). Given the structure of D,,, we can

simplify the projection matrix to a weighted mean.

Let D; represent the block of D, corresponding to individual 7. This block is just
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a series of stacked (J — 1) x (J — 1) identity matrices:

D; I,
D, — Dz2 _ IJ:—l (64)
D;r I,
The columns correspond to the fixed effects 41, ayo, ..., a;7-1. Given this struc-

ture, we can calculate the projected value of v®) for individual i as:

—1

3| (Sar) e &
t T

We just end up with essentially a weighted average. The demeaned value is then:

’5it = V;t — 'l_)i (66)

The expression for the group mean depends on 2% so we need to demean the
design matrix X at every iteration. This stands in contrast to our algorithm

where the design matrix can be demeaned once at the beginning.

Once we demean the variables, we can update the coefficients as:

B+ — (X'Q® X)L X'QW )

—1
= (Z(X;tﬂif%t)) (Z XgnE?fziP) (67)
it

it

Finally, we can recover the fixed effects as:

)
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Algorithm 12 (Iterative Reweighted Least Squares Algorithm - Fixed Effects)

(0)},71

Require: initial guess 8 = {/BJ(O), o

repeat
Working-Data Step:

. exp(vijt)
Pije <= 14+ exp(Yike)

k .
Qét) < diag(pi) — gntpét . .
o e 24B% + ol + () R i)

Maximization Step:

1. Demean the variables:
1
5o (5. 00) ol

_ -1
X2 {(ZT QE?) ng)Xz’t}
’13213 — vy — B
X Xy — X
2. Update B by demeaned GLS:
- - o\l ~

B — (S (XL X)) (X, Xu0sl)
3. Update the fixed effects: a

agkﬂ) _ 17@(’6) _ Xi/g(k—l-l)

k+—Fk+1

until convergence
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The algorithm extends naturally to the case of multi-way fixed effects. We can
sweep out the multi-way fixed effects using the method of alternating projections
applying the individual projections repeatedly until convergence. The projections
would be similar to and therefore depend on Q®). So group means need to
be calculated at each iteration.

C.4 Implications for Inference

Conducting inference on the parameters of interest does not require implementing
the full IRLS algorithm only elements of it. The variance of the parameters of
interests is just the inverse of the Schur complement which equals: Var(,é) =
(X QX )~! This expression requires us to demean X according to our expression

in (65) and then use block matrix multiplication as we do in the update for § in
the IRLS algorithm.

Appendix D Normalization

In general, our MM algorithm will produce non-zero updates for the base option
that is supposed to be normalized to zero. Consider the general case where utility
has the form:

Uije = TS5 + Viwje + aj + €5 (69)
We would like to normalize the fixed effect for alternative 1 to zero, a;; = 0. Since

utilities are relative, we can subtract off wy; from all options to remove it from the

equation for the base updated.

On the kth iteration, the MM algorithm will update the fixed effect for the base

option as:

1

k+1 k k+1

ol = L5 g )
t
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1
T (ﬂfk) - Bfk“)) T Z oty + 2 <yi1t - pﬁlft))
i (ﬁfk) - ﬁf“”) e Z (ym pm>

8l

Recursively substituting for aglf), we can express the update at iteration k£ + 1 as

sum of the starting value plus the sum of the average difference between the choices

and the predicted probabilities in all previous iterations.

o0 _ 7, (/3%0)_ £k+1) +Z Z (ym pm> (71)

By default, the unrestricted MM algorithm updates the fixed effect of the base
alternative to the value of the previous iteration plus the average difference between
the observed choices and the predicted probabilities, adjusted for any movement in
the base slope: ozl(lf) +153,2 (ym pglfg) +; (BYQ - Bfkﬂ)). As aresult, the MM
algorithm will generally produce non-zero updates for the base alternative. There
are two ways to impose the normalization of a;; = 0. The first is to subtract off the

newly calculated base intercept, &Ef H), from all agfﬂ)

at each iteration. The other
way is to let the algorithm run unconstrained and subtract off the final estimate of
a;1 from the other fixed effects only after convergence. If the MM algorithm takes
K iterations to converge, this approach is equivalent to subtracting off the final
accumulated value a!) = z; < o _ ﬁ;m) +al) it 5,2 (ym — pﬁ?). The
second method is generally more efficient as it avoids repeated subtractions.

The normalization does not affect the updates to 3 because we calculate 3 using
demeaned OLS, g+1) = <jt' ‘X > - X 9%, Normalizing against the base alterna-
tive simply shifts the intercept for each individual-alternative pair by a constant
«;1. Because the variables are time-demeaned within each individual-alternative
group prior to the regression, this constant shift completely differences out, leaving

the slope updates entirely unchanged.
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Appendix E Alternative Estimation Methods

As described in Section [7.I} the MM algorithm and the rivals we compare it to
belong to the family of preconditioned gradient ascent methods, which update the

parameters iteratively as:

o+ — %) 1 5 P.VL(OW) (72)

Repeating Equation [31], we can write the MM update as:
0(k+1) — e(k’) + Q(Z,Z>71Z/(y o p(k))

Because the term Z’(y — p®) is exactly the gradient of the multinomial logit
log-likelihood, our MM algorithm can be thought of as a deterministic score step
modified by a constant preconditioner P, = (Z’'Z)~'. Bohning’s MM algorithm
shares this same underlying structure in the normalized space, though it uses a
different constant metric that incorporates cross-alternative correlations to better
approximate true second-order curvature. Ultimately, these iterative methods dif-
fer primarily in what type of information they use to construct this preconditioning
matrix P, and how they set the step size o,. We compare the alternative methods

in this framework below.

E.1 First-Order Methods

First-order methods, also called gradient methods, construct the preconditioner
using only information about the gradient. In the case of the multinomial logit,
the gradient is easy to compute, so these methods have a low cost per iteration

and scale well with the number of fixed effects.

Standard gradient ascent simply uses the identity matrix as the preconditioner
(P, = I) and a constant step size o, = o. This approach can be highly sensitive to

the step size. If the step is too large, the method overshoots the maximum, and if
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too small, it is slow to converge. Adam effectively constructs a dynamic, diagonal
preconditioner; however, rather than applying this preconditioner directly to the
current gradient, Adam applies it to an exponentially weighted moving average of
past gradients (momentum). It takes an exponentially weighted average over past

gradients and squared gradients, updating the parameters as:

)
QU+ — ) | ;170 (73)
11]_“;)15 + €
where m® is the weighted average of the gradients m®* = ¢ m®*Y 4+ (1 —

$1)VLOF); v*) is the weighted average of the squared gradients v*) = gy~ +
(1 —¢o)VL(OW )2 5 is the base step size; ¢, and ¢, govern the exponential decay;

and € is a hyperparameter to avoid division by zero.

While the diagonal preconditioner in Adam makes each iteration computation-
ally cheap, it ignores structural dependencies between parameters. Furthermore,
the choices of the hyperparameters o, ¢, ¢2, and € heavily affect its performance.
While the default values often perform well, they are not appropriate for every
problem, and Adam can fail to converge due to a poor choice of hyperparameters
(Reddi, Kale, and Kumar, [2019; Zhang et al., 2022)). Appendix [F| describes the
choices we use in our simulations. From the perspective of researcher time, tuning
the hyperparameters for optimal performance can easily negate any speed advan-
tage. In contrast to first-order methods, the MM algorithm does not depend on
any hyperparameters. Because our constant preconditioner is derived from a strict
minorizing bound, the ascent property of the MM algorithm guarantees monotonic
improvement in the likelihood with a fixed step size, which avoids overshooting and

contributes to our algorithm’s robust numerical stability.

E.2 Second-Order Methods

Second-order methods construct the preconditioning matrix using explicit informa-
tion about the second-order derivatives to capture the curvature of the parameter

space. Newton’s method computes the search direction by using the exact inverse
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Hessian as its dynamic preconditioner and moves in the direction:

PVL (M) = —v2L (%) VL (6%) (74)

When the number of parameters is large, brute-force calculation and inversion
the Hessian is costly. The cost of inverting the Hessian scales cubically with the
number of parameters.ﬂ With fixed effects, the Hessian has a sparse structure
that facilitates direct calculation of the Newton (Hospido, 2012). The form of
the multinomial logit imposes additional structure on the Hessian that facilitates

direct computation.

As we will show later, even exploiting the structure of the Hessian, each iteration
of Newton’s method is considerably more expensive than an iteration of the MM
algorithm. Quasi-Newton methods, like BFGS, replace the inverse Hessian in ([74))
with an approximation. By avoiding the inversion, BFGS is normally less compu-
tationally burdensome than Newton’s method. However, due to the structure of
the Hessian, we found the BFGS update to be more expensive than directly calcu-
lating the Newton step, so we study Newton’s method rather than quasi-Newton

methods for the remainder of the paper.

Although second-order methods have a high cost per iteration, they exhibit faster
convergence. Newton’s method converges at a quadratic rate, whereas MM algo-
rithms typically converge at a linear rate. The MM algorithm therefore takes more
iterations, but each iteration is less costly. We investigate this tradeoff in the next

section.

22Calculating the inversion through Gauss-Jordan elimination has a complexity of O(P?) where
P is the number of parameters.
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Appendix F Implementation Details for Simula-

tion 1

This section describes the implementation details for Newton’s method and Adam

used in the simulation in section [7.2l

F.1 Newton’s Method

To better advantage Newton’s method, our implementation of Newton’s method
follows Hospido (2012)) and exploits structure and sparsity of the Hessian to ef-
ficiently calculate the Newton step by making use of block inversion and block
matrix multiplication. In addition to exploiting the structure of the Hessian, we
tailor the block matrix multiplication to the specific structure of the data in our
simulation. All of this allows us to directly compute the Newton step at a low cost
while using little memory. We first show the structure of the Hessian and then

show how we exploit that structure to calculate the Newton step.

F.1.1 The Gradient and Hessian

For background, recall that the parameters to be estimated are 8 = (s, 83, {2, iz }iz1..1).
We rewrite the likelihood function as {(z48 + ou; yir) = {(VYi; yir). We suppress
wj and ; from our notation because we do not use these terms in this simulation.

For each individual ¢ and each time period t,

dlog l(ir; yir) . Olog l(Vir; yir) _ 0t

_ ) O
90 By 96

00

= (Yt — Pit)’ ¥ (75)

Oy
00

where is a 2 x (14 /) matrix.

Let diag,(a) be a 2x 2 matrix with diagonal elements as a and off-diagonal elements
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as 0,

0y _ 0y — dingy ()
% 51:2 0B 2\ Lit
awit B 81/)“5 B '

[ 09 :|-§2><i+1:2 - Joy diag,(1)

while the other elements are zero because ay, is not in I(¢;; yiy) if h # 1.

Therefore, Eq. can be rewritten as:

((ize — pize) e, (Yise — Pise) e, 0, -+, 0, Vi — Pioe, Yize — Piae, 0, -+, 0)

The gradient of the likelihood VL(#) is:

oL oL a_£> _ (76)

Vﬁ(e) - <%, E’ ey 8()5[

(Z(yi% - pi2t>xita Z(yi?)t - pz’3t)$z‘t; Z Y12t — P12t, Z Y13t — P13ty - -+ Z Yrot — Prat, Z Y13t — P13
t t t t

it it
(77)
For ease of notation, we define:
—piot(1 — pioy) Di2tDist H;1w Hipo
Hd’it = = (78)
DistDiot _pi3t(1 - pi3t) Hi,21 Hi,22

02 log [(vi(0); yir)
0006’

Then the matrix can be written as:
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And then the Hessian matrix V2£(0) is:

Z 0% log l(vis; Yir) _

H¢it‘r12t 0 0 H"/’itxit 0
0 0o - 0 0 O --- 0
0 o - 0 0 o - 0
Hwith’it 0 0 H'l/’iz 0o - 0
0 o - 0 0 O --- 0
0 0 -0 0 0 -0

- 0000’
[ Zi,t H¢itx12t Zt H"!’uxlt Zt H¢2t$2t Zt H'l/’itxit Zt Hll’ltxft ]
Zt letfflt Zt H’l,bu 0 0 0
Zt H¢2tx2t 0 Zt H¢2t 0 0
> Huy it 0 0 > Hy, 0
Zt Hy,xn 0 0 0 Zt Hy,,
(79)

We partition the Hessian into blocks according to the lines in . The blocks are:

A= Z Hwitw?t = ZAZ
it A
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C=5
[ S Hy, 0 0 o |
0 X, Hy, 0 0
D= 0 (; T, Hw 0 (80)
0 0 (:) > ;—Ilbu
D, 0 0 0 |
0 D 0 0
=10 o0 - D 0
0 0 (:) Dy

F.1.2 Block Inversion

To calculate the inverse of the Hessian V2£(0)™!, we use block inversion. With

block inversion, we can write the inverse Hessian as:

(A— BD-'C)~! —(A— BD'C)"'BD™!
—D7'C(A— BD™'C)™! D'+ D-'C(A— BD~'C)"'BD"!
(81)

VL)t =
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Because D is block diagonal, we can find its inverse by inverting each of the 2 x 2
diagonal matrices D;. This simplification greatly reduces the computation burden

of inversion.

F.1.3 Newton Step

The Newton step is AQ = —oV2L(0) 'V L. For the step size, we use 0 = 1. This
is the optimal step size in a neighborhood of the solution (Nocedal and Wright,
2006). Outside of that area, the step size must satisfy the Wolfe conditions to guar-
antee convergence (Nocedal and Wright, [2006). Most implementations of Newton’s
method start with the unit step size and then use backtracking line search in the
event that the Wolfe conditions do not hold. In our simulations, we did not find
a need for backtracking so we hard-code the step size as one. The Newton step is

simply:

A =—-V3L(0)'VL (82)

L
oB
oL

oa;

(A— BD-'C)~? —(A— BD'C)"'BD!
—D'C(A—BD-'C)"! D'+ D-'C(A— BD~'C)"'BD!

oL
das
Brute-force multiplication is inefficient and slow. Instead, Hospido (2012) uses

block matrix multiplication to simplify the Newton step into:

AB=— (Z(Az - BiDilci)> (g—g - ZBiDil%> (83)

7

and

oL
80!1'

The matrices A4;, B;, C; and D, Lare all 2 x 2. We never construct the full inverse

Hessian so this formulation is also memory efficient.

To compute the Newton step, we start by calculating the choice probabilities as
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these are the common building elements of both the gradient and the Hessian. With
the probabilities, the calculation of the gradient is straightforward and follows .

We then compute the building blocks of the inverse Hessian.

Rather than construct H,,, for each individual, we instead construct the individual
elements separately using vector operations. We end up with three vectors: one
for H; 11, one for H; 12, and one for H; 55. We do not compute H; 91 as H; 10 = H; 91.
We then multiply these vectors by the corresponding values of z;; and x?, and sum
over time to obtain the individual elements of the matrices A;, B;, and D;. To

sum over time, we make use of fast grouped sums for vectors.

We loop over individuals and piece together the individual vector elements to form
the final matrices A;, B; and D;. From these components, we can calculate A3
using . With AB, we loop over individuals again to calculate the steps for the
fixed effects using .

F.2 Adam

Our implementation relies on a modified version of [73| suggested by Kingma and
Ba (2014)). We iterate on:

g+ — o) 1 U(k)ﬂ (85)
Vo) + ¢

where o) = 0\{? and ¢ = €,/1 — ¢5. We use the full data set to compute the
gradient. This is slightly unusual. Most implementations compute the gradient
from a random subsample of data or mini-batch, often consisting of 32 to 512 ob-
servations. The small sample reduces the computational burden of each iteration.
Mini-batching also improves generalizability by avoiding sharp solutions (Keskar
et al., 2017). That is great when the goal is prediction, but here the goal is es-
timation. In our context, small subsamples lead to slow convergence since each

iteration updates only a limited number of individual-alternative fixed effects.

The performance of Adam ultimately depends on the choice of its hyperparameters.
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Out of the hyperparameters, the step size o usually has the most influence on the

speed of convergence. We use a step size of o = 0.1.

While an exhaustive grid search might yield a better choice, performing a grid
search for each trial of the simulation is simply not practical. To determine the
step size, we instead started with the recommended step size from Kingma and Ba
(2014) of 0 = 0.001 and the considered alternative step sizes based on powers of 10.
We evaluated the step sizes 0.001, 0.01, 0.1, and 1 on the 250 datasets generated
for I = 1000. We capped the maximum number of iterations at 5000. Table
shows the mean, minimum, and maximum number of iterations that Adam took

before terminating.

Table 1: Adam: Number of Iterations

o Mean Min Max

1 4961.72 204 5000
0.1 239.06 229 276
0.01  2320.02 1944 2452
0.001 5000 5000 5000

With the default step size ¢ = 0.001, Adam fails to converge before reaching the
iteration limit of 5000. This step size is simply too small. Larger step sizes reduce
the number of iterations needed to achieve convergence. For ¢ = 0.01, Adam takes
around 2300 iterations and for o = 0.1, takes around 230 iterations. Increasing
the step size further to 1 results in Adam failing to converge most of the time.
Based on powers of 10, we settled a step size ¢ = 0.1, which seems to work well in

practice.

Appendix G Implementation Details for Simula-

tion 2

This section describes the implementation details for Newton’s method used in the simulation in
section As in the first simulation, we rely on Hospido (2012). While the individual-specific
coefficients change the structure of Hessian, they do not alter the basic approach.
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G.1 The Gradient and Hessian

In second simulation, we estimate the parameters 8 = (52, 83, {7 }i=1,...1). As before, we rewrite
the likelihood function as [(zit8 + wjryi; Yir) = 1(Yir; Yir). We suppress the fixed effects a;; as
they do not appear in this simulation. For each individual ¢ and each time period ¢,

Ologl(Yi;yir)  Ologl(this;yi) Oy , Oy
_ = (yit — ps 86
06 e M Clt 2T (86)
which reduces to:
(Yot — Piot)Tit, (Yist — Dist)Tit, 0,- -+, 0, Z(yijt — Dijt)W;t, 0, ,0
J
The gradient of the likelihood VL£() is therefore:
oL oL oL
Vo) = (25 08 98 87
0= (555 5r) )

Z(ym — Piat)Tit, Z(yiSt — Pist)Tit Z(yljt — P1jt)Wjts - - Z(yIjt — Prjt)wit (88)

it it Jrt Jit
Then the matrix o8 (égatg(/ )i Yit) can be written as:

—piot(1 — pigt) T3, PiotPist T2, o 0 (P2t — piorwar )z 0 -+ 0]
PistPiat T2, —pist(1 — pige)zd, <o 0 (piscWi — pistwse )z 0 -+ 0
0 0 .0 0o 0 --- 0
(Pi2tWit — Piotwar)Tit  (PistWit — DigtWse)Tie -+ O (wir)* — Wiy o --- 0
0 0 ... 0 0 0 --- 0
I 0 0 0 0 0 0,

where

Wit = E PijtWit
J

2 _ 2
Wiy = E :pm’wjt
J
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And then the Hessian matrix V2£(0) is:

A B

Z 0*log l(vir; yir)
C D

0606’ N

it

where the individual bloacks are The individual blocks are:

A= ZH"/’itxlzt = ZAL
it i

Yo (Pr2eWis — prarwar) Ty -+ Y (Pi2tWit — PiotWar)Tit
t

B =
=[B,--- B, By]
C=D
[ S (@)% — w?, 0 0
t JR—
0 > (Wat)? — wi, 0
T
D= 0 0 - (W) _@
T
0 0 0
[di O 0 0
0 ds 0 0
= 0 O d; 0
0 O 0 dr

> (ProcWie — PracWar) Ty

t t
Yo (P13¢Wir — pr3ewse)Tre -+ Y (Pist Wit — PigtWst)Tit -~ > (Dr3eWrs — Dr3eWse)Tre
t T t

(90)

Note that the matrix D is a diagonal matrix so inverting it is trivial, which makes block inversion

an efficient strategy. We can apply the same formula as in .
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G.2 Newton Step

The Newton step is{>|

AO = —VQK(G)_IVE (91)
oL
o2
_ (A—BD_lc)_l —(A—BD_lc)_lBD_l s
o —D_lc(A—BD_lC)_1 D_l—i—D_IC(A—BD_IC')_lBD_1
oL
01

From Hospido (2012)), the Newton step simplifies to:
1 o 1 0LC
AB = E A, — —B,;C; ——E —B,— 2
7 ( i ( di . )> ((%3 T di 6%> o

and

A=+ (g + B{Aﬁ) 93)

As in the previous simulation, we first compute the individual components and then find AfS

which we use to calculate each A~;.

Appendix H Performance of MCM Algorithm

This section compares the performance of the MM algorithm to the MCM algo-
rithm with and without acceleration for the two simulations. Both algorithms give
identical point estimates in both simulations.

H.1 Simulation 1

Figure [ shows the runtimes for each algorithm. In the simulation, the MCM
algorithm is slightly faster than its MM variant, but both algorithms offer similar
performance. There is a fair amount of variation across runs so the MCM algorithm
is not always faster than the MM algorithm.

23As in the previous simulation, we set o = 1.
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Figure 9
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Comparing the number of iterations, we see that both algorithms take a similar
number of iterations to converge. The non-accelerated version of the MCM algo-
rithm takes slightly more iterations, but not many. Cross-terms are not important
here so the MCM algorithm will take similar steps to the MM algorithm.

84



125

1001

w75
S
e
o
S

501

25

Figure 10

Method
MCM
MCM - SQUAREM
- MM
* MM - SQUAREM

.........................................

0 100000 200000 300000 400000 500000

Number of Individuals

Notes: The lines show the median number of iterations until convergence.

H.2 Simulation 2

The MCM algorithm outperforms the MM algorithm although the difference nar-
rows after acceleration. Both algorithms take the same number of iterations on
average. In our well-behaved simulations, cross-terms are not important since vari-
ables are drawn from i.i.d. normals. For this simulation, the differences in speed
mainly comes from the cost of the respective update steps. The generalized de-
meaning used in the update for the MM algorithm is more expensive than the
simple subtraction used in the MCM update. For cases with individual-specific
updates, conditional maximization offers more of a benefit than with fixed effects

estimation.
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Figure 11
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