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Binary Hamming CodesBinary Hamming CodesBinary Hamming CodesBinary Hamming Codes ��, 2� , 3�  � = 2	 − 1, � = � − 
 
 

Ham(
, 2): �2	 − 1, 2�����	, 3� 
 � = ���������� 
                                                                                                    2	 − 1         
 
Columns of H are all non-zero 
-bit vectors. All columns of � are different → sum of any two columns is 
not equal to 0. � = 3.      
 
Example: � = 2, � = 7, � = 4 
 

" = #1 0 0 0 1 0 10 1 0 0 0 1 10 0 1 0 1 1 00 0 0 1 1 1 1%, � = &1 0 1 1 1 0 00 1 1 1 0 1 01 1 0 1 0 0 1' 
 () = ( + +, ‖+‖ = 1 + = -0 0 1 0 0 0 0.  
/ = �() = �( + �+ = �+ = &1 0 1 1 1 0 00 1 1 1 0 1 01 1 0 1 0 0 1'

011
111
20010000344

444
5

= &110' → third column of � 

 
In general for Ham(
, 2), � = -ℎ�, ℎ�, ⋯ , ℎ8., � = 2	 − 1, ℎ9 ∈ ;�	 
 

For single errors: /9 = � ∙ +9 = -ℎ�, ℎ�, ⋯ , ℎ9 , ⋯ , ℎ8.
011
111
20⋮010⋮0344

444
5 ↙ ?= ℎ9 

Since ℎ9 ≠ ℎA → /9 ≠ /A. Different errors have different syndromes → Errors can be computed if we know 
the syndrome. 
 
Example: 
1. � = 7, � = 4, � = 2 

� = &1 0 1 1 1 0 01 1 0 1 0 1 01 1 1 0 0 0 1' = -ℎ�, ℎ�, ℎB, ℎC, ℎD, ℎE, ℎF.  

If / = &110', then + =
011
111
20001000344

444
5
. Bit number four is distorted in the message since / = ℎC. 

2. " = -1 1 1. – repetition code � = 3 � = G1 1 01 0 1H  
 
Repetition code for � = 3 is �3, 2, 3� 
 

T. T. T. T. Hamming Codes ��, 2� , 3� = �2	 − 1, 2�����	, 3� are perfect for � = 2. 
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Proof: 2� = 2�����	, I = 1 
Volume of a ball with radius I = 1 is 1 + � = 1 + 2	 − 1 = 2	 2� = 2�����	 = �J8K� = �L�MN��   

 
Example: � = 7, � = 4, 
 = 3 
 |�PQ�3, 2�| = 16  16 = �S�KF = 2F�B  
 �PQ�
, 2� is �2	 − 1, 2�����	 , 3� perfect single error correcting code. If � = -ℎ�, ℎ�, ⋯ , ℎ8., � = 2	 − 1, then ℎ9 ≠ 0, ℎ9 ≠ ℎA , ℎ9 ∈ ;�	 
 
Example: �PQ�3, 2� → �7,16,3� code 
" = #1 0 0 0 0 1 10 1 0 0 1 0 10 0 1 0 1 1 00 0 0 1 1 1 1%, � = &0 1 1 1 1 0 01 0 1 1 0 1 01 1 0 1 0 0 1' 
 
If � = -ℎ�, ℎ�, ⋯ , ℎ8., / = �() = �+, then + = �0 ⋯ 010 ⋯ 0� = +9 iff / = ℎ9 ?     
 

Extended Binary Hamming CodeExtended Binary Hamming CodeExtended Binary Hamming CodeExtended Binary Hamming Code �2	 , 2���	��, 4� 
Correct single errors and detect triple errors 
 

�TUV = # 0� ⋮01 ⋯ ⋯ 1%W 
 + 1  
 
Any 3 columns in �TUV are linearly independent (sum of any three columns is not equal to the column of 
all zeros, since in the last row in the sum we have one) 
 
Example: 
 = 4 �8,16,4� 
Extended Hamming code with � = #0 0 0 1 1 1 1 00 1 1 0 0 1 1 01 0 1 0 1 0 1 01 1 1 1 1 1 1 1% 
 
DecodingDecodingDecodingDecoding 

Let / = �() = #/�/�/B/C
% (
 = 4) 

 
1. If /C = 0 and �/�, /�, /B� = 0 → no errors 
2. If /C = 0 and �/�, /�, /B� ≠ 0 → double errors 
3. If /C = 1 and �/�, /�, /B� = 0 → error in the last bit 
4. If /C = 1 and �/�, /�, /B� ≠ 0 → single error in the bit Y where �/�, /�, /B� is the binary representation of Y 


