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1 Non-binary BCH Codes over GF(q)

Let ¢ = p5 where p is prime and consider GF(q™) which is generated by p(x) = py + p1x + px% +
ot Py x™ L+ x™ (primitive, p; € GF(q)). Let p(a) =0 and a’ # a’ for i, j=0,-,q™ — 2 and
i#jand @?" 1 =1. Let n=q™—1 and a g-ary cyclic BCH code C (g™ — 1,q7"~@"Um~1 d) has a

[1 1 1 1
1« a? an !
) 1 @ at e @2mD)
check matrix H = l1 o2 b 30 |
[1 ad—z az(d_z) a(d_z)(n_l) (d-Dmxn

C consists of polynomials v(x) = vy + v;x + -+ v,_1x™ 1 where v; € {GF(q)} such that v(1) =

v(a) = v(a?) = - =v(a??%) = 0, thus C is cyclic.

Example 1
q=3(=35=1),GF(3) = {012}

Takem =2 and p(x) =x?>+x+2,p(a) =0

GF(9):
0 0
0 1 |at
0 2 | o a’=—-a-2=2a+1
10 la a®=2a’+a=QRa+1)2+a=2a+2
11 |la’ at=QRa+1)?=4a’+4a+1=2a+1+4a+1=2
1 2 |a? a’ =2a
2 1 | at a®=2a’=4a+2=a+?2
2 1 | a® a’=a’*+2a=2a+1+2a=a+1
2 2 |a? a® =1
1 «a

Construct a check matrix for (8,34, 3) = (32 —1,33%%-22-1, 3) single error correcting code over GF(3).

11111111

H= 1 1 1 1 1 1 1 1] _ 0 00O OO 0 O Of- notneeded.
1 a a? a® a* a° a® a’luyg |1 01 2 2 0 2 1
012 2 0 2 11

€; S
For a single error e = (0,:--,0,¢;,0,::+,0) where e; € {0,1,2}, the syndrome S = He = [aile] = Sl]' To
i 2

decode this, the error is in the digit i and e; = §; iff S, = S;-a' (i =0,-,n—1).

1 1 1

1
1 o a? a"‘l] andn =q™m—

In general for single error correction by g-ary BCH codes, H =

1, k=q"—-2m—-1, d=3, r=2m for a q-ary BCH code constructed in the form (qm —

qq__ll,qqm_m_l,S) perfect single error correcting codes with

the check matrix H=[1 a a2 - a™1].)

1,qqm_2m_1,3). (Earlier we constructed (



Example 2
q=4(p=2,5=2)

= O

GF(4) =

== O O
N

O RO

S}

Take m = 2 and construct GF(16) using p(x) =x2+x+a. Let f € GF(16) and p(8) =0- B is
primitive and B° = 0. Construct a cyclic code of length 15 over GF(4) correcting [ = 2 errors.
(d=5)

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

ﬁ EZ EB E4 ES EG E7 EB ﬁ‘) Elo Ell ﬁlZ ﬁ13 ﬁ14| )

ﬁz ﬁ4 ﬁ6 ﬁs ﬁlO ﬁlZ ﬁ“ ﬁlé ﬁls ‘320 ‘322 ﬁ24 ﬁze ﬂ28| , B'= (V01v1) s
ﬁ3 ﬁé [)79 ﬁlZ ﬁls ﬁlS ,821 ,824 ,827 :830 :833 ,336 :839 ,842J

(vo,v1 € {0,1,a,a?}).

1

1
H=1q
1

This is a (15,47,5) code correcting two errors over GF(4). The code consists of all polynomials
v(x) = v + V1x + vx% + -+ v, x™7L for v; € {0,1, &, a?} such that v(1) = v(B) = v(B?) = v(B3) =
0.

Let us prove that the code has distance 5. Suppose we have errors with magnitudes e; ,e;,, e;,,e;,
51
(eij € {0,1,a,a?}) at the positions iy, i, i3, iy. Then we have for the syndrome S = gz for (S; €
S4
{0,1,a,a?}).
Sy =¢, te, e, e,
Sy = e, B+ e, B2 + e B + e Bl
S3 = e, B2 + e, B2 + ey, B2 + ¢, B
Sy = e, B30 + e, B3 + ¢ B3 + ¢, B30

Denote B =X, , B2=X, , Bs=X; , and P4 =X, and consider the determinant

1 1 1 1]

| X1 X2 X3 X4
A=j,, 2 2 2 2]- A is known as the Vandermonde determinant and A# 0 since X; # X;
El X' X3t X, I

D CAID CAD A
(ﬂiliﬁiz)-slzsz25325420‘_’91'1:91'2Zei

produces a non-zero syndrome, which means the distance of the code is 5.

, = €, = 0 & any error with multiplicity at most 4



