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1 Non-binary BCH Codes over ����� 
Let � = �	  where � is prime and consider 
����� which is generated by ��
� = �� + ��
 + ��
� +⋯+ ����
��� + 
�  (primitive, �� ∈ 
����). Let ���� = 0  and �� ≠ ��  for � , � = 0,⋯ , �� − 2  and � ≠ � and �� �� = 1. Let " = �� − 1 and a a a a �----ary cyclic BCH code ary cyclic BCH code ary cyclic BCH code ary cyclic BCH code #    $�% − &, ��%��'�&�%�&, '( has a  
check matrix ) =

*++
++,
1 1 1 ⋯ 11 � �� ⋯ �-��1 �� �. ⋯ ���-���1 �/ �0 ⋯ �/�-���⋮ ⋮ ⋮ ⋮ ⋮1 �2�� ���2��� ⋯ ��2����-���34

444
5

�2����	×	-
 

8  consists of polynomials 9�
� = 9� + 9�
 +⋯+ 9-��
-��  where 9� ∈ :
����;  such that 9�1� =9��� = 9���� = ⋯ = 9��2��� = 0, thus 8 is cyclic. 
 

Example 1 � = 3 (� = 3, = = 1), 
��3� = :0,1,2; 
 

Take > = 2 and ��
� = 
� + 
 + 2, ���� = 0 
��9�:  
 

 

 

 

 

 

 

 

 

 

 

 

 0 0  

0 1 ��  0 2 �@  1 0 �  1 1 �A  1 2 ��  2 1 �.  2 1 �0  2 2 �/  1 �  

 

 

 �� = −� − 2 = 2� + 1  �/ = 2�� + � = �2� + 1�2 + � = 2� + 2  �. = �2� + 1�� = 4�� + 4� + 1 = 2� + 1 + 4� + 1 = 2  �@ = 2�  �0 = 2�� = 4� + 2 = � + 2  �A = �� + 2� = 2� + 1 + 2� = � + 1  �C = 1  
Construct a check matrix for �8, 3., 3� = $3� − 1, 3/E��∙���, 3( single error correcting code over 
��3�. 
) = G1 1 1 1 1 1 1 11 � �� �/ �. �@ �0 �AH.	×C = I

1 1 1 1 1 1 1 10 0 0 0 0 0 0 01 0 1 2 2 0 2 10 1 2 2 0 2 1 1J
→ 	not	needed.  

 

For a single error R = �0,⋯ ,0, R� , 0,⋯ ,0� where R� ∈ :0,1,2;, the syndrome S = )R = T R���R�U = TS�S�U. To 
decode this, the error is in the digit � and R� = S� iff S� = S� ∙ �� (� = 0,⋯ , " − 1). 
 

In general for single error correction by �-ary BCH codes, ) = G1 1 1 ⋯ 11 � �� ⋯ �-��H and " = �� −1 , V = �� − 2> − 1 , W = 3 , X = 2>  for a � -ary BCH code constructed in the form $�� −1, �� �����, 3(. (Earlier we constructed Y� ����� , �� ����, 3Z perfect single error correcting codes with 
the check matrix ) = [1 � �� ⋯ �-��\.)  
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Example 2 � = 4 (� = 2, = = 2) 

��4� = 0 0 00 1 �1 0 11 1 ��  
 

Take > = 2  and construct 
��16�  using ��
� = 
� + 
 + � . Let ^ ∈ 
��16�  and ��^� = 0 → ^  is 
primitive and ^�@ = 0 . Construct a cyclic code of length 15  over 
��4�  correcting ` = 2  errors. 
(W = 5) 
 

) = *++
,1 1 1 1 1 1 1 1 1 1 1 1 1 1 11 ^ ^� ^/ ^. ^@ ^0 ^A ^C ^a ^�� ^�� ^�� ^�/ ^�.1 ^� ^. ^0 ^C ^�� ^�� ^�. ^�0 ^�C ^�� ^�� ^�. ^�0 ^�C1 ^/ ^0 ^a ^�� ^�@ ^�C ^�� ^�. ^�A ^/� ^// ^/0 ^/a ^.�344

5
, ^� = �9�, 9�� , 

�9�, 9� ∈ :0,1, �, ��;�. 
 

This is a �15, 4A, 5� code correcting two errors over 
��4�. The code consists of all polynomials 9�
� = 9� + 9�
 + 9�
� +⋯+ 9-��
-�� for 9� ∈ :0,1, �, ��; such that 9�1� = 9�^� = 9�^�� = 9�^/� =0. 
 

Let us prove that the code has distance 5. Suppose we have errors with magnitudes R�b , R�E , R�c , R�d 
(R�e ∈ :0,1, �, ��;) at the positions ��, ��, �/, �.. Then we have for the syndrome S = IS�S�S/S.J for (S� ∈:0,1, �, ��;).  
 S� = R�b + R�E + R�c + R�d  
 S� = R�b^�b + R�E^�E + R�c^�c + R�d^�d  
 S/ = R�b^��b + R�E^��E + R�c^��c + R�d^��d  
 S. = R�b^/�b + R�E^/�E + R�c^/�c + R�d^/�d  
 

Denote ^�b = f� , ^�E = f� , ^�c = f/ , and ^�d = f.  and consider the determinant 

∆= *+
+, 1 1 1 1f� f� f/ f.f�� f�� f/� f.�f�/ f�/ f// f./34

45 . ∆  is known as the Vandermonde determinant and ∆≠ 0  since f� ≠ f� 
(^�b ≠ ^�E). S� = S� = S/ = S. = 0 ↔ R�b = R�E = R�c = R�d = 0 ↔ any error with multiplicity at most 4 
produces a non-zero syndrome, which means the distance of the code is 5. 


