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Methods are deseribed for analyzing the correcting bnwer n{f} of abstract autom-
ata and automata with arbitrary structural alphabets,

n(f)} are considered for various ways of s

’

We are given the automaton M = (X, vy, Q,
Clon; »:1xxQ=sy 1is the output funetion; X, Y, Q

respectively; let f be the "input—cutput" mapping realized by this automaton,

always assume that M 1s the minimal automaton

for any (u, ut) weR),

1) = ). ; (1)

By the correcting POWer f on the set R we shall mean the number np(f) of errors cor-

rected, 'Here We conslder evaluation of nH(fJ

represent the power of X, IQE = nq

length does not exceed m.

The automaton corrects the set of erprors R 1f and cnly if

the power of @, and Jm{x} the set of input woprds whose
We shall assume that the empty word also belongs to Jm(X),

AUTOMATA °

» No. 1, pp, 25-29, 1974
|

Methods of evaluating
Peclfying automata and for various
: 5

8§, 1), where 8:XXQ=Q 1s the transition funec
are the input, output, and 5tate alphabets,
We shall

and that Y.= Q. By an errop In M we shall

for a specified automaton. We let {X] = n

while the mapplng f = f“ 1s deflned for M in the following manner:

”3_.'?."...':'1.".--_ . | fu=2(0(xm, 8{tm_s ..., &{xs qu})...]J. ' (2)

Here =i . amsla Xy (ri&eX), and qu is the 1initial state of M,

Let {Jé1J(X}} (1 = l,E,...,Hm) be the factor-set of Jm{I) with respeect to Myh111
€qulvalence [1] and let ]Jéilile be the power of the class Jéi)(x).

Theorem 1, ¥op any m > 0,

N

ﬂfm.’ {.I}[Irnl - -zl IINHjI:-

' y | f

The proof of Theorem 1 consists in the following: a neceséary and sufficient condi-
tion for torrection of the errop (x,.x')u.fem4xnjithlis.that the words x ang X' be Myhill
equivalent {with respect to the mapping fMJ.

Theorem 1 1s not always convenlent for ealculations of M1y Un)s 80 that we shall
glve upper and lowerp bounds for it, | -l

Theorem 2, Let N be the cower of the factnr-semigrhup of the free semigroup J{X)
With respect to the Semlgroup of words over. the alphabet~x*that are Myhill-equivalent to

the empty word, Then for any m,

HII"'”—E-I'IJ;”."'I':"] ﬂ:’“""—gﬂ;“'“-f-l
H{ﬂ;‘—?ﬂ:'l‘” ‘{Hn‘,_nll-tl UH}£ ﬂii—zﬂ:'i'l

"% Proof,

—r,

N '
Since 2 Mat=ia(X)] for any m,* then
f=1 . -
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. N, .
”“(U'RT'[]'%E_ZI XY B T (XD (3)

Moareover, Jm{X}=tna(XJuX=, 50 that |Jw{X)|=]/n-N}+r:™ and, consequently,

- h
Fou (X) = ":I'- () :
From the definltlon of N and N_, for any m, - j
NN | (5) g
»
Theorem 2 follows from {3}-(5) and Theorem 1. )
:
We note that for the power N of the lfactor-semigroup J (K} with respect tc¢ the sub- r E
?e?igruup of Words Myhlll-equivalent to the empty word, we have the fﬂllnwing estimates
1
nessNsgng' . - (6) I'— -
Let us now lock at another method of determining ng{f). Assume the automaton M is Ty
given. We let J (X) be the set of 1nput words of length m and assume that §F = fM iz de- SE
fined as follows: ; |
[ (6) =X (O(xm, B(Xm—ts ..y DX, ga)). .00 (7)
where :-1,::...:,,.5.?; (X): 5;=X, =Q.
For the mappling fM we construet the system of characteristic functions {fi} (1 =
= D,l,...,nq -- 1): | ' ce
[ for fui{t)=gn .
|\"U‘:}-{IZ'! in all other cases (8)
Then from the definltion of the correcting power “H{fﬁ) of (8) it follows that
n_=I
fa{fu) = E ) fe(2)-feix’). (9)
- i=0 (x.2 V=T W 4 X) .-
1111
Let us cnnsider methods of determining nﬁ(f) when the automaton M is specified by a
transition table, To be specific, as before we shall assume that Q = Y. By an error in
the input signal (state) for M we shall mean the ordered palr Y, = (xi, J}’ where
2 X {ye=(qn a0 ¢ =@+ The automaton M corrects the set of errors T.=X' (f,=0¢4) 1f and only 1f
for any (x,, IJ} &F:{{g, g ely}
‘0
S{x..q)=8{rsg): {6(x q)=0(x q5)).
For the given automaton M we construct the system of characteristic functions [fi} 1
the feollowing manner (1 = D,l,...,nq - 1}:
! for &(x. §) =g
e, ﬂ_{ﬁ in 2}l other cases ‘ (10)
In accordance with (9), the correcting power of M with respect to errors in the input
slgnals (states) alone is determined hy the relationship
n_—~i :
- _ (11) |
N (8= flz. ) -fe(x 9). : , sl
Fe I'E-:l' v,ér, ' _-‘."F
n_ =1
(ﬂr t5) = i; ) IdLQIJNLqW)' ‘ (12)
' i-3 ','qr:'l'"
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set R consists of a1l Possible errors in the 1nput signals (states)
(input signals) ape error-free. In this case,

PemXt%Q; (P = QU X},

We let H (1,J) represent the number of states a4

in the J-th row and 1et qui,JJ re;
resent the number or states qJ

in the ifyh column of the transition table,
Theorem 3,

n—l n_—4 |
"r, {6)~ E E Holb ey -1y, - (14}
I~0 gw~p
ny—=l n, -l |
(!Ir' (0) w ‘}; E H.{i:”-{ﬂ.{i,j]._”)' . (15]
- =0 . -

The proof or fhe theorenm follows

"(xﬁ, xk) is correctedg if and ont
table coineide,

from the fact that for a fixed state qi'the errop
Y 1f the elements Gm,i and ﬁn,i of the (dJi) transition

WEJassume that fh
set of 1pnput words Em

R=1{x. ¥} |2, rela; sur)er,), (Te=Gad). - {16)

As we shall show later, most nat

urally defined clagses of errors (for example, errors of
a specified multiplieity) Batlsfy this condition, Thep from (3) we have:

Theorem 4,

JRIEES );‘n Bty). (17)

. §
- Where

B.. i(v) _:EEB-,\';{:”:(I-\"-IJ. | (18)

We shall refer to the funection By 1(?) as the autocorrelation function of the charac-
, .
teristic funetion fi(x) on the group G _,

The digerete functional tra

‘and the autocorrelation

ectral transformation uf.fif This resembles the

attice function angd its or f
aplace transform 4], |

relationship between g discrete 1
in terms of the double discrete i,

m ©© the seguence or coefflclents in 1ts ex
characters of Gm (2]. We let x‘l

- o
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tions that are the lnverse and the complex conjugate of X. MWe note that If the originul
of the transTormation 1s defined on Gm, then we can also assumc the image of these trans-

rormations to be a runction defined on Gm' 94nce the characlers are complex-valued func-

tions, the 1image X{f) of the mapping f is also a complex-valued function.

Theorem 5 [3]. ‘
B.. 1y} = |G X=X i} - KT () , {19)

Theorem 6. Assume we are given two automata M and M_, realizing, respectively, the

' (ED_?!._-_:_“"..': .

fx (}=Fx{xaa), | - s

T —,

mappings fM and j“m over the same group G_; here uelm and for any xslm,
a ¥ _

and then
Mg 1 {fru)=ng 1 ”Hul' (21}

Proof. It follows from (18) and (20) that By i(-{r} = EE:,: [ifeax) fijoxy—t) {(y20™') 3 hence,
) a I m 4 .
when we allow for (17), we see that (21) 1s valld.

Theorem 6 demonstrates the jpvariance of the correcting power of th2 automaton under
a shift over G.

Let us assume that M i1s specifled by the transition functlon 6{x,q); its input slg-
nals {(states) form the group G with respect to the operation ¥ (=, and the class of errors
‘- deflned as

Io={(x, £} ]2 X=X 2 (xN-rEX), | (22)
Fe= {0, ). 7= ¢ =Q- (23)

! Then it follows from (1il), (12) that the correcting power of automaton M wlth respect to
errors iln the input signals (states) alone 1is determined by the expresslon

1']1-1 '[_ﬁ}ﬂ E Z B-.I{\’llt ‘ _ [EH)
) - i-0 v, =0y
where .
B.i{y:) = z Fi{x, ) Jilzeye—14}, (25} i "'_'“‘-; -
X,
- -m_—-1 -
o {6]) == E E HEL!(TJ- (26)
L {-0 T'Er"
Here
By, (ve! = qumx.n-f.{r.q@',v.'-'m. | | | (27)
When there are simultaneoué errors in the input signals and the states,
n,—1 .
""Il‘\";-:‘].':t (&) = {Zﬂ 12;,?' E--E]'_‘:]-rw" ‘Fﬂ-‘ - (28)
where ‘
a T iy« Ye) = z f.(x. q)'l*tr"\'lﬁl-qﬁ‘j"l_ll' (29}
| L PN B '

Turning to evaluation of the correcting power of automata with structural input and
internal alphabets, we assume thatl the input signals and the states of automaton M are
coded by p-ary vectors of cmrrespmnding-length.

et ue scsurme that the mapping nealliced by M is defined by formula {7); we [{irst con-
e et atem tha seneeetine nower with respect to I-tuple errors (both
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ﬁé?ﬂ—.ﬁ' X, X'e=Xm .

(30)
where the symbol © (modp) indicates the'cnmponent-by-cnmpﬂnent difference or the matpq ?
modulo-p, while fap 15 the numberp of nonzero components of the matrix 2. We let w, .y ?
Yépresent the number of corrected I-tuple errors determined by (30), and 1et Ak m Te E
Sent the elass. of all p-ary k x m matrices

+ SBince the set of automaton input words r
lass satisfies condition

n_=-|

W= ¥ X Bg (. Yedy

S & | (31)
where
- : : ]
“o = T i hGoy (modp. (32)
:E-’ll" )

Let us write the class of arithmetie iI-tuple errors. This elass is divided into
Subclasses: 3) bparallel I-tupile arithmetic errors; b} serial l-tuple arithmetic errop

- For the worg r=EX™ wWe cunst‘;ruct the k
matrix x. From % We form the two vectors xI and xII. The length of xI 1s m, while 1t

ary expansions form the columns or X. The length of :
¥ €Xpansions form the rows or 3. The ve

and xII to determine serial errors
A2 the welight of xI and xII{' -l and geny,

ol the vectors xI andg xII.
(. &) (x, X"} Pop which

4
L

Bxt © (xyth = {mod ph}), (33)

Similarly, an I-tuple Serial arithmetic error (x,
lationship

x') (x, X'exm)ig defineqd by the
131 © ()=t (mod pm),

N automaton for arithmetic errors in input w
we employ {29), where the operation S(medp} is replaced by a {mod p*) O Q tmod pm), depending <

» Where the EI'OUp operations Empluyedzeymmdm_
O (mod pv) G (medpm} can difrep in pairs fop di

fferences_in the nature of errors in Structur:;
1nput slgnals ang states, .
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Ciearly, for automata with structural p-ary alphabets and errors of multipliclty I,
all the relationships {16)-(29) held, In particular, for nonarithmetic errors, relation-
ship {19} of Theorem 5 reduces to the feolliowing fﬂrm155Jh1=ﬁquqd{wm“gxﬁﬁﬂnhn(mnd Pl

where K[p) is the Christenson transform [47]. ..

When p = 2, for nonarithmetic errors Bo, (v) =2 W2 {f )} {v) (mod 2}, where W 1s the Walsh
transform [3,4].

when Thecrem 5 is employed,. it is possible to calculate By i{T) {and, consequently,
3

nR(f]) with the aid of the "fast Fourler transform” [4], which simplifles computer reatl- -

zation of the algorlthm for evaluating nH{f).

The results glven are easily generalized to nonminimal automata, and also for thd¢

case in which ng = 1¥] # jal. In the rirst case, If x=(wm 2%, | is the partitioning of
) . K '

the automaton state set into equlvalence classes, we let

T - {l. for 8(x.g)=qn i=0.1...., T
I'I L_i '-'” U i]‘l a" [}thcl’ CASEY - -

When |[Y] # IQE, however, it is necessary to treat M as a Moore automaton, which can al-
ways be done ] :
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