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A method is proposed for finding minimal tests for operability and fatlure diagnosis of arbierary - . -

mulitiplicity in rionoriented graphs, using the method of branches and bounds, Lower and upper - .
) bounds are given on the number of test vectors for testing operability and fajlure diagnosis fn non- R
oriented grapls, ' E
-~ In the present article we consider methods for constructing check and diagnostic tests for nonoriented graphs ;

with two distinguisiied nodes (a terminal s and a terminal ). This kind of problem arises, for example, ir the con-
* structfon of tests {or nonrepeating switching efrcuits,

I. let there be given a connccted nonorlented graph with two distinguished nodes s and t, We shall call tests
set of paths* {cutsetsT)in the graph G (If it exists) a set of paths (cutsets) for which each branch bel_ﬁngs to at least
one path (cutset). "A test set of paths (cutsets) on the graph defines vectors entering into the test for checking opeta-
bility of the corresponding nonrepeating switehing circuit if only apen circuits (only short circuits) of the contacts
Canl Docur, - | '

let there be given a sct P of paths (cutsets). Then for any set of branches R it i¥ pnssible:' to distinguish a2 maxi-
mal subset P(R) of the set P such that each path {cutset} in P(R) contains at least one branch of R, We shall call diag-
nostic set of paths (cutscets) for the localization.of an t -fold open circuit {short circuit) a set P of paths (cutsers) such
t1at for any two sets of branches R, and R,, containing not more than ! elements each, the subsets P(R,) and P(R,)
do not coincide. A diagnostic set of paths {cutsets) for the localization of an I -fold open circuit (shert circuit) on
the graph defines vectors occurring in the test for the localization of I -fold open circuits (short circuits) of the core
responding nonrepeating switching circuit. -

We note the: a test set of paths or cutsets, detecting single open or short circuits in the corresponding norrepeat:
ing switching circuit, detect {n this circuit open or short circuits of atbitrary multiplieity as well,: Further we con-
sider methor -7 construction of chieck and diagmostic tests and bounds are given on the number of vectors entering
Into them,

_ 1. Tet us constder the question of the construction of check sets of paths and cutsets and bounds on the num-

: ver of vectors entering them, Let us nwmher the nodes of the graph by 0, 1,°2, ..., V(G}~1 and the branches by

' 0, 1, 2,..., E{G)—1, respectively, where the tenminals s and t are assigned the nutnbers & and V(G) -1, respectlvely,
Aside from this, we number all paths from terminal s to terminal t and all the cutscts, -

We compose the path marrix Al0) - ,IHE?!}H and rhe culset matrix A“J = HEEI] }“ of the graph in the foltowing

manner, The rows of matrix Al%) are paths, and

& Fomd--C

- oy a T

- -

{0 _{ 1, if the j~th branch belongs to the f-th path, R | | _-. . \
Y U, otherwise, . . - -

.\\ .

"1y pathin the graph G we understand a subgraph of G in which the terminals s and ¢ are connected, where no sub~? -~
nraph of this subgraph has this property, |

Ty eutset in a graph G we understand a ser of branches whose removal from the graph destroys the connectivity of
terminals s and t, and no subset of this set has this property,
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Anilegously, the rows of matix A(Y are cittsets, and

(n { 1, if the j—rth'i:.rancn bel-:ings 1o the {-th cutsetr -
A 0, otherwise, | .

The path matrix may be constructed directly from the logical function realized by the given clrcuit {graph) . .

by solution of systems of linear equations over the residue field modulo two {1] or by expanston in quastminors of
the correspondence matrix [2], |

From the definition of the path (cutset) matrx it follows that the test set of paths (cutsets) forms a cnmpleté

systerm L{AL Y (LAT)) of rows of the marrix nf“){ﬁfl};l, such that the submatrix of A AU formed by these rows
¢oes not contain a zere column, . T -

Thes, the problem of finding a minimal check set of paths (cutsets) reduces to the pfnblem of determining the

shortest coverage, and can be solved by the methed of branches and bounds* [3].

The lower bound on the number of rows of the shortest coverage at each s-th step (s = 0,1

, + 14 ) is constructed
in the foilowing way;:

v 12t as tie result of the construction of bounds for the preceding s—1 steps there be bound: rows AEHJ, Afn)

]-"E' .y
f'ait ¢nter 1nto the shortest coverage, and rows AHE Afga ceey AEEI“I do not enter. {t, We cross off from the initial

' s’ f ] .
Matrix ﬂ{nﬁ the rows z‘iﬂz ‘“‘1’2}- ceey ;';Eg_] ,ﬂ*jjf AEE ‘e, ‘a‘.fs-t- . and all columns with at least one one in the rows

£y ) .
Af:i ﬂfﬁ}, cey AE;’: For the remaining matrix we denote by I‘i:s} the numnber of ones in the 1~th row and shall assume

rhat EE} = 35151 1. Then the lower bound a(s) of the number of rows of the shorrest coverage is defined by the equality

a(s) =t-+r, * (1)

F
wiere 1 is the minimum number defined by the condition Z‘M’? = EJG), E (G)45 the number of columns not

crosred off at the s-th step In the initial malrix A‘:“}{ED{G) = E{G}}. We note that in the tree of cholce of variant
these branches are not to be exanijned for which the rows not entering into the coverage after crossing off contain |
at least one zero column, An analogous procedure is carded out on matrdx AlYl, |

—

L

ine realization of "2 method of branches and bonnds on M=20 requires two hundred {nstructions, The time for
T'inding e shiprtest ceengre for a 45 x 3000 matdx is 25 min,
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Fig. 2

Example 1. Find the shortest coverage for the path matrix (Table 1) (Fig, 1, graph G).

Ty

1. We wrte down 'th.e number of ones IE“}EH each {-th row of matrix Af“} {'T'able 1'}; }S-im':é 11”)+ ttf‘-"J -
Ep{G} = E(G) = 11, we have a(0} = 2, | . .

2. We assume that the first row enters the sought coverage, We cross off from matrix Al%che first row and
the columns containing one {n the first row, and order the rows of the matrix obtatned kv the number of ones, For
the matrix obtained (Table 2) we write fi( 1), Since Ilﬁ} + Iz{ )= E (G} = 4, we have a{l)=1+2=3, °

3. Since a(1) > af0), we consider a variant where the first row does not' enter the shdrtest coverage. We cross
f from matrix AL the ‘first row, and for the matr{x obtained (Table 3) we write down 11(2}.__ Since I, 2), IE“} =
Ea(G) = 11, we have a(l) = 2, Turther we shal? constder the case where the fIrst row does not cnter the covera ce.

. Assume that the first row docs not and the second row does enter the sought coverage, We eross off from
the initial matrix A"} the first and second rows and the eolumns containing ones in the second row. For the matrix
obtained (Table 4) we write down zif”. Since Eqs(G) = 4 and Iz{”= 4, the sought coverage consists of the second
and third rows. For the given matrix A(®) the tree of cholee of variants is glven in Fig, 2, the nodes of the tree are
assigned the corresponding lower bounds on the covera ge rows, and the branches the number of rows,

HI. We now present bounds of the minimal number of vectors forming a test :at'ufpaths Ay (G) and cursets
AL(G). ‘. o

let V(G) be the number of nodes of the graph G; E (G) the number of branches; 8(G) the cyciomatic number;
p; {G) the degree of the I-th node of the graph G [4], -

Theorem 1. For the test set of paths

| 1 G , ) - | . . ..‘ . '.
woxfuwes |25 pi6), o} s @ <p@)+1, 0 @ |
e G
wiere ]_pz[ }[ is the nearest integer not smaller than Pié ) .
The inequality Aj(G) s B(G) + 1 follows from the rank of A(") gver the residue field module two being ¢q.1'1a1 E
to B{G) + 1[1]. |
Theorem 2. For the test set of cutsets
Vi@ (G | | | o 5}
max{]lngg (&) [,] _F( ) [}gAi(G}-g ViG)—A1. | G
Ve(G)— 28(G) f{G)4 1 3
The proof of the theorein 45 given in Appendix 1, We note that the bound ]lﬂgg W(G) [ .ls
S® ‘ Va(G)— 2E(G)

¢lectively wed for fairly dense graphs, i.e., with high demsity of ones {n the Incidence matrix [4], 2nd the bound

I {{r r
] - | <S4, () for graphs of low density, | “
MO
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All of the bounds defined by formulas (2), {3), are exact, in the sens t!mt:fm'éach of the bounds theré exists
a nonemnty class of graphs on which these bounds are attained, Aside -fmg this, the upper bounds on A, {G) and
A(G) are satisfied not only for minfmal, but for redundant test sets of paths or cutsets (a path or curset {s re'dunildant
fn a given test tet {f all the branches of this path or cutset belong to other paths or cutsets of the givenset), 7 ¢ =

! ! i e
: - " . . ! _— ! ' oot i '

Example 2, A complete graph G with n nodes: . | P

.-n{n—-i}l-l'-fl '
ViGy=n, E{G)= - ,:ﬂfﬂ)é?{ni—3n+2}. |

Then, from (2), (3)

n— 1 Ao{G) << (4)

JTogen{ =S A (G s n—1{, _ | . | (5 -
The lower bounds, defined by (4), {5), arc attained for complete graphs, . | ;

Example 3, For the graph G withn—1nodes, successively connected by branches we have V{G) =n, E{Gj =
n—1, 8(G} = 0. Thenl = A(G) =1, n~1 = Ay(G) = n=1; jie,, in this case both the upper and lower bounds ares

attained. o
. S

IV. Let ws now consider the question of the construction and bounds on the number of vectors for diagnostic
sets of paths and cutsets, | |

Ifin a graph, t.e,, in the corresponding nonrepeating contact network, both open and short circuits are possi-
ble, then we shall eall such fajlures symmetrical, If only open or only short cirewits are possible, then we shall call
ench failures asymmetrical, Turther we comsider methods for constructing and estimating the number of vectors In
aiaymostic sets for the localization of asymmetrical failures in graphs,

Vor the existence of a diagnostic set for the localization of I open {short) circuits it {5 necessary that the de-

gree of any node of the graph, except the terminals t and s, be not less than i + 2 (the length of any loop in the graph
be not less than 1 o+ 2}, -

In this connection the question arises of the existence of an t qmayx, Such that there does not exdst any graph for
which it would be possible to construct a diagnostic set for the localization of an I ~fold symmetrical failure for

? o

Theorem 3. In any plane siaph there exists a symmmetrical failure of multiplicity two of more (I max = 2,

[

for which a diagnnstic test for its leralization does not exist,

2reall If for the plane graph G ¢(G) (i = 2, 3,...) is the number of closed regions bounded by exactly |
nranehes Dien

V() - :
[min p(G) I V(G) < Y Jos(G), . ®
. jm=5 : .
ViG)
2E(G}=) Jo;(G). - (D
A _ .

If T¢{G) is the number of closed regions of the graph G, then

V0) |
r(G>=; Z1Cc B .. @
ind, furthennore, by Euler's formula [ 4]
V(6) —E(6) +T{6) =1. @




\ TABLE 5 I L
-lll'||| . - . - - . , 2 ) — . l . R \
‘ ﬁ\ i 1 9 8 Ry i 8
x"‘g Ymin * 8 . | * B B E.E. ’ ."IEU..'! R | B
\ Vo 8 24 [ 83617 | aMo “-3132& 1
From relations (6)~(9) we I?ave
"-"-,.I vigi + i | . - . !
'ﬂ2n;tinp;(G)~'=;Ll(EI—U—'Z)I?MPt(G)J%(G}- erl ey
x\. JEE _ ' ' . ' r '

Since for the existence of diagnostc sets for the localization of 2 double open circult 1t is necessary that

P;{G) = 4, we have . - \ ‘ «
: e . !
i ~
;: ;_J (8—2/)qy(G) =8 { (1D

T

and, consequently, at least one of the numbers ¢ 5(G), ﬁ{G} Is positdve; i.e,, there exists in the graph a cycle of
length 2 or 3 and, therefore, it is impossible to construct a diagnostic set for the Jocalizadod of short cirewits of mul-

uplicity two or more, Thus, for plane graphs ! nax = 2,

However, if we consider the class of connected nonoriented loopfree graphs, {1 ax does not exist. This follows
from Theorern 4,

Theorem 4[5], Ifr = 3, m = 2are two arbitrary natural numbers and Ay, Agyvery Apare m-1 positive nat.
uralr  hers, then there always exists & nonorfented connected loopfree graph G for which piGl=r(1=1,2,..,,
VIG)) and G contains exa crly Aj (1=1,2,..., V(GC) cyles of length j.

For the minimal number of nodes V{l, I,) of the graph {n which P {G} =1,-2@=1,2,,.., F/G) 2nd mini-
mal length of cyctle equal to {22, i.e., @ graph for which it is possible 10 construct dlagnostle sets, localizing !,
short cireuits and {, open circults, there holds the inequality

L]

{ 4 {El'!‘s'-) ﬁ/”l_;_i};,ﬂ__{}gV{Ihzﬂag‘i(('i (I: 1}!&1_1)_1) (12)
Iy | { .
far 1, odd, and |
1 | 1
2-3-1-.(V(z, +0)E(h + D) — D <<V, L) <8 (?(z, +- 1)!-——1)-- 1) (19

for 1, even,

UIpper and lower bounds are given in Table 5 far the m.nimal number of nodes in the graphfor?,=1,=1,

Let us now consider methods for finding and estimating the number of vectors {n diagnostic sets for the local-
fzation of failures,

We call check matrix H = Hh]-j | for open (short) circuit the matrix whose rows are paths feutsets)

1, if the {~-th path (cutse?) passes through the j-th branch,

Myg—=
t 0, otherwisc

- ek e —— ALl Wi
\ - -W:HI - 1B

. . - - N i
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' - o

. - . .. - . o
' ' 3 . = 3
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The =et of rows of the check matrix {s a subset of the 'rnﬁs of mai:rix A(°){A{_’3). The rank over the regidﬁe qud

medulo 2 for the check matelx is equal to B(G) + 1 (V(G)—1}. We shall call errof
EE{G}}- where | '

0, otherwise, S g.: -

L]
1..

Then, at {s the case n the detection and correction of errors {n the asymme

. . e ____{1_' 1f a failure ha!.- nccﬁrfcd.m :tﬁ'ﬁ-lljriﬁ brﬁ-h'chl- .

vector th: vecior € = (Crsnery

tric cnmmunicaﬁnn channel by = .-

_means of error-correcting codey 16), in order that the rows of the check matrix form a test sef, it {s necessary and

sufficient that for any €

H }( e=10,

(14

"and for the rows of H to form a diagnostic set for localization of a set of faflures T(G) it is n&msary and suffictent: |

that for any two efror vectors efd) ed) ¢ T(G) [E.{i} * E{j]]
H X et H X e

(13

(Here the symbol X stgnifies that in multiplication of the mat{ces the summation operation 1s substituted by dis-

junction,}

L

A !

Thus, to localize an y'~fold asymmetric error it 1s necessary and sufficient that the syndromes [6] of all errors

be distinguishable, i.e., forany cy, d; €{0, 1}

CHON GHN oV ey V- Vg (16

(Here H; , Hj, a1€ columns of the matdx H; V denctes componentwise disfunctdon of columns, where not a1l cydj

are simultancously equal to zero).

The lower bound for the number A (G, 1) of vectors in the diagnostic set, localizing i asymmetrical fallures,

{s analogous to the Hamming bound for etror correction codes (6],

Thearem 5. Tolocalize I -fold open clrevits in the graph G, the number of v
paths satisfies the tnequality

logs Cay
Ao(G, 1) = - L.
(&0 Z "5

where

ectors forming a diagnostic set of

an

. { C
IR{p) .= —plogap — (1 —p) logs {i*-p),p=mm( A0 ‘h). (18)

The bound (17 {s also valld for the number .A (G, 1) of vectors in the diagn

!
Crim—
Crzeen -

G wF 7 ofald short girenits, where In (1T p = min(

din 2.}

ostie et of cutsels for the localiza=

.1 h)_!(Thg proof of the theorem {$ g:l-.;en in Appen-

The check matrix H may e constructed from the path matrix A{“) (cutsel matrix A“}} by means of the meth-

ad of branches and bounds,

Let us consider the most frequently encountered practical cases of localization of singie asymmetrical fail-

wres. itere condition (16) takes the form

C{ff&#ﬂjffj {L"—?“"_f, i, }'=—-"i, 2,...,E(G)}.

- (19
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Using the method of branches and bounds® the lower bound () en the number of vectors of the?diag"hust!c set

at the s-th step for t fixed rows of matrix H is found in the following way, . - _ | S )

| - T A LI A
Let t fixed rows: form a matix Hy and for it the maximum number of identical columnns be equal to P{H),
Then by way of lower bound it is possible to take, for example, o R

,=t+llﬂgzp(ﬂr)t._,-_- T ey

1 |
F

{The bound a(0) {s construcied by formulas (17, (18),) S .:: | T :.' _ , )

| T o .
Another way of finding a diagrostic set, localizing & single failure, Is glven by Theorem 6,

f

Theorern 6. et the matrdces A(®) and A(Y) not contain identical i:ulm'nﬁs ah_d a_éeru column, Then

v t

ndeed, it {5 possible to take as.the matrix H to Jocalize a single open (short) circuit, any system of BGY+
1(V(G)-1) lirearly independent rows of the matrix Al Al : = . -

L.

It follows from (21), (22) that'to localize a single symmetrical failure the nmnbﬁr'ﬁ{ﬂ; 1) of vectors forming
& dlagnostic test satisfies the inequality : -

A(G, 1) < E(Gh- 1. ; 29

We note that the methods described above for constructing check and diagnostic sets and the Jower bounds

(2), (3}, (17}, (18) may be used both for nororiented and odented graphs, which correspond to telay-contact-rectifier
circuits, T “ g : . -

APPENDIX 1

Proof of Theorem 2

1. The right side of inequality (3) follows from the rank of matrix AlD over the field of residuss modulo two
being equal to V(G)~1, - L o - : .

2. We shall prove the inequality

V3(G)
-l lﬂg:
] Vi{G) — 2E(G)

[ﬁ.-dl{ﬂ}- ’ } B fh.n_.

We assign to each cutset dividing the graph G into subgraphs G, and G, a vector of length V (G) whose j-th
compenent Is cqual to zero if for the given cutset the j-th node belongs to G,, and one if ft belongs to Gy, Then
for any  y.tem of cutsets ft §s possible to eonstruct a mauix whose rows are the vcciors constructed above, Here the
braneh (sk) belongs to tlifs system of cutsets {f the s-th and k-th colvmns are distinct,

Let o be the number of columnns of the matrix, constituting the binary expansion of { read from top to bot.
fom. )

Vo= 6. (A.2)
ya -

{1} -

3

“Ihe problem of constructing a diagnostic set of paths (eutsets), localizing an I -fold faflure, can be reduced to the
provlem of finding a check set, but the number of columns in the path (cutser) matrix increases with E(G) to

. F s rm

V' Crey  columns, (The additional columns are formed as the componentwise sums modulo two of not more than
i .

Pt

! columns of the initial matrix),

DEH <SPG+, ey
4G 1) < V(6) —1. S ey

LI el B ]

gl = -

-y

'
A o

. .
T = 19w, gy — T Sy bk« e rm

'
= wmr o Fertah n el s e i et om L w L L

T lgwpite -

b -
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Then, {f the mauix consists of m rows, the number of branches corresyding to cutsets {s not more

'1 1_I L ' . . . - | _ _.-. . | . | -- |
[hﬂn — Zﬂ'u"' | . - S " i Lo ) "
(] 1-. . - : . . I .- .

Considering (A.2), this value does not exceed

B U |

\ Vi{G),

2m+1 '
(Thisbound Is attained fof oy = "J'{G)fzm for any 1 and numbet of di'sltim_:t p,ulufnm in the matrix E'f“".)'

Since to detect errors each branch must belong to at Jeast one cutset, we have

L et TR RS S
. oA G4+ VHG) = EG). o o
Hence follows (A1), , IK‘: | PG A A '
- . . S :'. R ? .- Ii.. 4" —_—
3, The inequality -‘ S A _-5‘ i . SR '
E () ' R T S A .
"o [ml(m N A
f B(G)+ 1 T

will be proved in the following way, For any f-th(i = 1, 2, +0ey A,(G)) cutset -

| E(G) = E(Gi} + E(C3) 4 Bur , .., e e T

where Ay is the number of branches bclﬁnging to the i-th cutset. | | | I. |

Since E(Gy) + E(Gy) &2 V(Gy) + V(G2 = E(G}-B{G}—Li then for any .Iﬂl = B(G]I-I!- 1, whence full;nwl
(A.3), 3 ‘ - o

APPENDIX 2

Pracf of Theorem 5

Let there be given a matrix H of dimensions A, (G, i) X E(G) fora diagnostic set, localizing ! -fold open

(short) circuits, Let us consider the matrix H{”, whose columns are all possible disjunctions \fc,ﬂ,_ (where

cs * 0, B = . 8T qf {1, 2,%.., i} i€ 1L, 2,..., E{G)}, Hi, are the columns of the matrix H).

vhe matix HiE) has dimensions Ay (G, 1) X C%{G} (A, (Gy, I X CIE{G))‘ It follows from (16) that the columns
of 111} do not coincide with each other; i.e., the system of vectors forming the diagnostic set must contain not Jess
than lf_':ngfE{G hits of information, Since for any row of marrix H the number of zeros does not exceed B(G) =
Sy - V(G = 1(V(G)—1), for 11{) the number of zeros in a row does not exceed Cﬂ{;G](CJ{G}—I}' Consequently, -~
eacl row contains not more than R(p) bits of informadon, where - |

- Ch sy Cy @)
p = min (G‘ =3 Ih) (p=min( GI{ -1 , lfi) L
E(G) E (&)

Hence follows {17).
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