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3Y MEANS OF AN EXPANSION IN ORTHOGONAL SERIES
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A method is proposed for the realization of systems of logical funcrions consisting {n the formae« '
tion of a certain plecewlse-constant function from the given system of functions, and the |
realization of this new function by means of an cxpansion In an orthogonal series in Haar *s
‘basis, The problem, of optimal cholec of the plecewise~constant funetion for a given l}ratcm of
Boolean functions is solved with respeet 1o minlmal equipment,

1. Let there be given a system of Boolean funciions of m arguments

[SEALIZATION OF A SYSTEM OF LOGICAL FUNCTIONS . - - - .. . = .

Yo== Qo(Zo, X1, + v\, Tmicy), Yot == @p1{Tp, 21y o o s Tt} - 1)
' Comet Rt - X _— R
We put = 2_, 2% oy = Z ¥i2%. Then the syste:rn (1) can be rewritten in the form y= w(x), (The |
i={ {= . L . ? -

- argument x of the function ¢(x} will be denoted by x={Xp, X3, +0r, X _1}.}'

-

- Let us consider the following method of realizing the system {1). - | TR
| z .
We complete the functmn y= ¢(x) in the mterval (0, Dtoa piecemse-cunstant functian tI)( E"T) in the fol- -
iowing way: | |
‘D(I“—f(i) i{h:i%i (i=01." am — 1),
s Im } ¢ J = I RS | . (2}
j’_-."“ C.

. . N '
The function (P ( om ) is bounded, has a fll‘lllﬂ number of dlsc:}ntinumes of the first kind L., belr.:-ngs to the
space L? {1]. WE:- represent the function O ) in the form of the crihogonal se.nes

)
L]
. . T

“where{ ¥} is a complete orthogonal system of basis functions.

By formula (3}, a device which realizes é& . )must contain (Fig. 1): a) a memory block for the storage

&It
of coefiicients, b) a device generating the values of the basis functions, ¢} multiplication and addition cireuits,

2 We take a3 the basfs Haar's system  of functions, defined in the intervaj {0, 1; in the. t'ullnw;ng manner:

)
Ilru[m (ﬁ) — j;

Leningead, Translated from Avtomatika { Telemekbanika, No, 12, pp. 119-129, December, 1967, Criginal
article submiitted February 4, 1967, ; ’
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\‘x (: = 0l 1! . 'Ij = i! 21 sivtey 2 1-':__ “" ) }
The forms of the first Haar functiont are given in Fig, 2. B { ZE
' " ' Z Y et ofort §21,2,.... 2, L hemume | 4
1t follows directly from (2} and (4) that: a) for the functiond —2;/;.01 = Qforimm, ol Ly, &7 L8y, R
. o o . ) C . :
~ber of terms of the series (3) in the expansion nf(b(-é:}in a system of Haar functions does not exceed 2."1_: b). since, L !
- . ) _ T . ' . B
Haar funciions take on only the values 0,1, —1, the calculation nftD(-zq)by formula (3) reduces to the algebraic 4R
summation of certain coefficients r:i(j}. i.e,, no multipiication unit is needed in the realization; ¢} the device gen-
-.. x . . :
erating the values of the basis functions Hi(j(—z-;-)frum the binary code of the argument (xo, X3, ..., Xy-p) 18 real- iy
{zed simply by means of a shift register, The above considerations show the usefulness of the Haar fupctiuns as the i‘
basis system. | £ i
. | . zy | b 1
The complexity of the device [2] realizing (D pry from the block diagramofFig. 11s defined basically by %f
the complexity of the memory unit, L.e., by the number of nonzero coefficients, when the Haar system 1s used as 3
the basis. {This is connected with the fact that the memory block complexity depends expenenttally on m, while ;
the complexity of the shift register and adder depend linearly on m and on k). Then,to reduce the memory volume - ;
the argument X is transformed by a special block o in such manner as to reduce the number of nonzero coefficients ! |
of the series {3). . Lt . 1
Let there be given a systemn of Boolean functions (Table 1), (In Table 1 the coefflcients :im are expanded 1!
in the order cu{"}, r.:.;,': 1, :.:1{”, clm, czm. ...) From Table 1 it follows that the number of nonzero coefficients -
which must be stored in the memory block is equal to 14, | |
Z Iﬁ-r ' a
17 -
x-register S | ' | S R
u ! | ' | N .
| 1 l - . ' . ' . . ' . :'
¥ ¥ ) _ . . !
basis functions | | : --
T ggn-:l_mmr . : ' | ©Lm . rq
.- R e | e
B ~ t 1 - — ’
I Coaffi, . 7 »; g
_ | dvuidplter e Jomory 140z oz 1
R 1 . *
' block ! 'y
| 3’ | | | g /2 I x .
5 : ; . - Hf“ﬁl}‘ / 1
o Adder | - :
! | , . . - _ § ez r . ’
| | Bt - ' o 1
E j’ t \ l Yr-1 r ﬂr; SR |
: SN s? - . - 7 =D i.
Fig. 1.. Block diagram T Fig. 2. Graphs of the
of (m, Ri;pole. , - Haar functions. i
| '; |
" d . F
E . , - 1 | 4
3 1022 . | | | . |
! - |




. .
[y d o

LS

1
!

F ]
. .ﬂm—hﬁ'-“rﬂ i "o b b e L - oy L ‘.w*m P

e e Y Y ULl B 1“_._-.-‘1
. o000 | oot | T | —tsll gieg 11| 3
' 0101 10 2 —q CICH 11 '3 ;
‘ 0110 | 01 I 4 |1 o110 10 2 f
. 0111 | 11 S =8 om0 | 9 *
- o 1000 I | 3 j{~—16] 1000 0 !0
" 1001 01 i 0 1001 11 3
1GIO 0! i ~8 1010 01 I
10§11 10 2 -—16 1011 - 10 2
S 1100 00 0 16 1100 10-{ 2
’ S N 1 L) B 4 0 —~B SLE) B I+ 1 - .
! 1110 12 2 17 G 1110 00 10
| AR D Co | © 16 I | 11 3
We realize the following linear [3] transformation of the argument;’. - e 4 - R AR |
r.'-‘:.‘t}'r == Xy & .M .I'z" — Jo 32 Lay .
’II[I' == T D I 0 In & Xat Iaf = Xy 32, Ly & £, )

in Table 1 {at the right) are represented 1he Boolean functions y, and Yt of the arguments %', x,', ..., X'mers

Ty _
the corresponding functinnqw(—lg)and the sequence of coefficients of the Haar expansion of this function. From , -
16. . . - .

Table 1 it follows that after transformation of the atguments the ‘number of nonzero coefflclents has been reduced : A
o cirht, - ' : . -

From the comparison ofthe Boolean functions yy and y, of the ATguments (xq, Xy, «1vy Xm.g) and (x,', %",
" v X'y L) it follows that this transformation of the dfguments-is also useful for the realization of the Boolean func. 1
tions yy and yy by the ordinary methods of Boolean algebra, - |

3. Further,we solve with certain constraints the problem of finding the transformation Omin for which the
number of nonzero coefficients of the series (3)(L{ 0)) reaches a minimum, i.e., = |

L{omd = min Z{o). - (5) :

We consider for the class = the set of m-dimensional lLinear Boolean f‘unctiunal [3].

Any function ¢ € = can be 1o presented by a matrix of orderm x m, g = I ojil, where ;:'-"ij = {0, 1},

such that o{x} satisfles the condition ;
0{T) = oI. L
I
(Here and everywhere below,operations on matrices are understood In the field nfm_iqsi_dt:t_q:s module 2, Only =} y
ondegenerate transformations of the arguments, for which |} of =1, are considered,) ﬁ | | ’
We define the funetion ' | . !
& - |
Yol o ;o P(o~'7). I (6) |
Then ¢ 4 1s a comb function, deflned at the points 0, lfzm, zm-xfzm of the intervat [ﬂ‘,E 1). We complete
- |
?0 at the Femaining points of the interval {0, 1) to pPlecewlise ~constant (D, (-2_17;> :
SN .
. | |
i ; - 1923 j
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Py kg i , - . . | . . .
b -Ilr : N meq o e e P .r' . o I, -I 11 - I._. !’_. . |. - '. ‘:
ko= 3ne. T e e
. , £t S TN SRS AT
5 { . E e | i R N :
ince 0=Li{o) =2l (1= 0,1 ..m-~ 1); we shall séek the function oy in the following manner; ! -
2) we find 01 E such that * |
\ - - ' . S B S
. Lony ({n) =minL, (o . | ' . - S A
*., e Lm 1 ( ) : | S o o (g} . |
b) we find 02 = & such that " E
) ) - . . . ..' - - -.’{ln)--. - ) . S
where the minimum is taken over al] g = & such that S
_ Lm—i{ﬂﬁi) = Lmvi{ﬂi);
c)wefindote=E (1=1,2. .., m — 1) such that
Ln—i(Gi—y .. . 0;) = min Lin—t{061 ... 0y), - 3
. : . . . (11
wicre the minimum is taken over all ¢ e= § such that = I TR - L
Lm“'{'l" {E'U‘!‘—! E o Ui) —— L _i_i. ~ (Gi_’ﬂiha“t e Ui) : : | . 'I 1’ ]
)- an .
FEn:tll}*. we put for Smin I
Umin — ﬂm—lﬂm—z ¥ oa o ﬂh ' . f ;
| (19) |
TI' -
o) i f't:; :::::1:: bi:::p; {tn rinind thﬂtbthe, function o,,;. thereby found does not give an absolute minlmum for 1 [
c: ut gives an a -
122,91y, g solute minimum for Lo} and certain conditional minima for Ly, (1) | 4
_ | A S
v % We consider first the problem of findin 04, satisfy] [z | : ! .
) £ Oy, satislying condition (8). We note that for O, ] -—;—l)fcr any ~
Cm.a{a)= 0 {f and only if ' . 2
or 5 _ _ )
af -'.-\1 _j' 4 - . .
() ) y . - ~ !
o ( H:«n I.l {Dﬂ' "31‘11 j] (f = 11 21 vaay 2"“*—-1}'; i S {14} _i .
We gha : ' : ' g
¢ sall seck the sotutlen to this probleny oy means of the cxpansion of (I){.< z )In a Fourler serles o ﬂw | .
madema b . s Tin '
crer—walsh system of fungtmns: (11 The Rademacher fum:rmns are dﬂﬁncd in tht:: following wa},
1204 . ,
N
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Thae Walth functions are defined as nll possible pmducts of tha Radcmacher functinns R; (Em) {I= 1 2. Aty m) f
in the fellowing 1.~.:1} i
z TN / | { Z N _+/'.t v - i
== { )—- - - .
W ﬂ'( YL ) RD\ g } 1 WPIFI-HP ' l I | H 2”! RP!K 2”1 ) e 'RF;\ 2.”1 L Elﬁ} 5
Kot 0 < py < Py <L <Py -. |
It can be shown that {n the expnnsiﬂn of $ (zm) in Walsh functinn:, as in I:hE: expamiun in Haar functlon!‘ e
tre number of nonzero coefficients ﬂpipz et Dy (o) does not exceed 2™ and CpPy ... D7 (o}=0 for p; > m. o .'.
We put T . ' : o . /’I
'IT"-I ':]'? Px.ie J) == Cg o | - o T | - | | .
, ' F!( } _ ( )L . . . . , {1!‘”. K
i‘ 2 . ' | tf
WILIC (8 = EEF{-J, and then @, ( ) E c.x(g) I»Vu \\ {
o Fm \ om -
] i ﬂ'._'ﬂ
X | | x
B Let @ (21:1)“‘]*3 on n distinct values y,, }’1. rey }rn_lilﬁnsﬁk}* LF
at _ ¥ ' ' :
we construct a function ¢, ”(2_1““)' where k=0, 1, ..., n =1, in the following marnner;
x 1, if t;pa( == U B | _— .
*T‘h.ﬂ'( )-——‘ Aom / oo B & 1:1 R
- am/ 0 otherwise. * I R [
Wo complete ¢, X to a iecewise -constant function Ky i as i 5 .1 f . | Th . 1
> caomp v a grn p i k, ol grp s in ection 1 for ¢, ot /- e
v ' . " : . N . .o , ]
o of expansion coefficients of the funr:tlﬂn &L G(zm in thE'. hasls W (zm) in order of anrﬁasing ‘-'Elllﬂ o _
of atef (17)) will be denoted by s, le0). | - L £
Further, we put . | | BT | - | | o - S
. . o ‘1; . - .' - _ . s ) ' ii F

25 (Sho(a))? = to(a).

) T | i . '
Trweotem 1, For atbitrary 0 &£ & ¥
.E.: fu,(ll:)“"" E tﬂ,{ﬂ}% Z tﬂr(l‘l)—_' Z fﬂ(ﬂ}_.l CoLn
=10 . uugm"i fx=() E—"m;i I
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Theorem 1 shows that to find o; i1 is necessary to find o, so that -

e
.

Alo)

artaing A maximaim,
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We now investigate more closely the fum:tinnal o o), defined on the set of matrices o fnr whu:h }'n ] =

and the means for finding its maxlmum.

f, We construct the piecewise -constant functions T (2”")

manner:

forov=mx<x+1,

r

T”(;)”f’ﬂ(“) R :

] 1‘
N :

defined 1‘[1 the intewal fU 1} in the. fﬂllowing
! i :

. . .
+ - ' !

I

. ' ]
r ) o o - [ I R . . O

X

We shall denote the value of the {-th coelficient of the cxparisi_ﬁn Tﬂ(——m—) in the Watsh systém by Bo(D).

Corollary, For arbitrary g &= 8

Bﬂi(i)

Ba(i)

2

(22)

nequa’liz}r (22) follows from the identity B,(1)= A a), .

* shall now describe a simpler way to construct the function B (1) and shall examine huw this fum:tinn de-

pcnda on the choice of 0. We denote by xk,, Xk, o xknk the values of x satisfying the cnnditmns

Ths . - - L
{Fh'lﬁ{: 2:1}._,,.1 (S.= 1*21“*#”&}: - - |

We denote by bk, of1) the number of pairs (Xkp, Xxg) such thar Xkp © ':E;{q='i"{whﬂre E=('_iﬁ. i), wes im_i} and

=1 ' : . ] i
L= E E”‘zr (p'IQ‘.: i.z.,._“,nh;hp%g})- -'.- : T

ro=] ; ) - - : ' . i

1u0 - L

(23)
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Theorem 2, For arbitrary o & E there hold the inequalities.

s 2 Droi) for 10,

Theorem 2 give:s the passlbillty uf fintllng the functiun B {1] directly frnm the. I g nctiuns 'F"R a( 3 . |
. ; o P L j J, 44 -' '

P . N -

Example. Let there be giventwu Boolean functinns Yos ;'ﬁ of f»::ur arguments xﬂ. xh :t,, x, {Table 1} R 2

We put

U=E‘= D‘ii . :

i

then ¢k, E4( )Is given in Table 2. mth ¢k, 54(;{5) 1 for ¢E4(-—)-k where k -U 1 2 3 "He filld.’h-if mﬁ'a'ni L

of Theorem 2,Bg (). The values of bk_ 54(1;) and BE4{1} are given in Tahle 2.

F . . -

T, We shall now consider how the function B4{1) dr:pends on the chnit:e of a.

Theorem 3. Fnr any’ Oy, Oy = E there holds

" Boy(i) = By (ov0T)

-_

(here and further Bo(1)= Bgtt) and T= iy, £y, v, Iman):

== 232*'

From Theorem 3 it follows that the choice of ¢ {nfluences only the nrder of the IE!idUE! of r.he funczinn
2.(1), In particular,the value of B.{{} does not depend on the choice of o, This circumstance wﬂl I:e uti!ized tﬂ
¥; . .

md 0; by means of the algorithm described in point 8,

-

Cn:f.:vllz-.r}* i. For grhitezey

.r'-]

JEE T znit > 0 there exism a g; == I such thar
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Ho. (1) = Bali).
(1) 3= Bafi) o8

A, Coralldries 1 and 2 given the possibility of findiﬁg gy by the .f-::nllnwlng algcritﬁm:'

1 we raxe an acbitrary matrix g = 2 such thar | o{=11n particnlar, 1t s possible o pe o=Ep, {where
Fo 1 the unlt mox me matrix); :

bl we censteet by Theorem 2 the functlen Baiih,

1

=] we fnd 1 such that

e M Ry I T P LRy sl T e y——————
SR o aluxias Ty

) .B.:r {5} — maxﬂa {il; . : : . {29}
1 ' {il ¥ _
' dl we find 2, from the condition : : o
F,,ll LT . . '
i
—_— D . i
! ot =0t i, S -~ {30)
| : |
: 1
wacre
m—1
$ ={%, 50 ...,5m=-1} &= E 5:25
Tl
Example. Letus find o, for the system of two Boviean functions of four arguments given in Table 1:
2} we s ﬂ=f;£ e
Bl we construct By (1) (ef, Table 2):
¢ we find s fiom conditlon (29} s=15, T=(1, 1, 1, 1);
¢y we lind oy from condiden {30} for o=E,:
; [tooog yu 0
: |UIUUE!H;H|_ - f
oot of g!1‘|-'“1 o
oo (] 1

According o this we mot

=
14 16
fef, Table 23 by means of relation (8).)

. <Y
The fanction ¢q V¢ piven kn Table 2. { The functon @4 ]— iz construtted tom the function 4p§ —
1 2 a0y Ed 16
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" __,._._._.._-.l._l.--.-'--l-\- I,I;; _,fii _flj_d . ‘]‘Ir_ ":__' m ‘1 e I =ﬁ -
m,( 2m )"' m.,( 2 ) -:1:-.,( 2" ) TN o, J e o
L =42 o b (81)
‘we form the fumetion | |
@ fi—1 - (21 =1,2.., 2" . (22)-
{I]“ﬂt kEm_—i.-) muu: E"“' ) +mwl1\ | 2,“ )U .. - .. . _: - . - i
From (31) and (32) we have dhat n”"' (0= if and only If .
2 S T LN
2, (U=h)-on(Rot)=0r (=122 T

{aa}hnd (14), and considering {107, It it evidant that the problem of ffndtng

From the gemparison of B
* f tn :he
3 “which has heen mlnmd or -:vu
teduces to the problem of fin-r.lmg o, for the function Typ l(ﬁ_m_-i

o A -1 d note this
rder (=1} {m 1 we de
—cending points. Here the matrf_-: o, for the funetlen %5q, ( _) I5 of the 0 { =t
t- '2111 . . . . oL . . )
ml:rix bFﬂlEt]* . - - . . - - e 1 :'. .- -. -'- "
L] . - ) -‘I.I

ow, 10 order 1o satlsfy condition (10, 1t is sufficient to put

- 0] - _
bﬂ. ﬁ?} 1 1 - (34)
Je = 1| :ﬂ .
.

In effent, the following propasition holds, -

Thoprer 4. For atbltrary Oy & 2 such chat

L

o
I

1

"
1

-

—lamETa =,
1 R
fr————= -

]
L]
L

L=, LTmTe—=1
™
=]

T ,hn ul--‘f'[ Ma‘rb i-,f ﬂrdﬁr ?}*P’ a_nd -f,u,i- Er'l-. uaf} |,':|'-I- o |: '::. _-~I|

rprriy of prder fra — oty im—7h Eo it

".;'I":': -:';. lﬁ & me : S . ) . ‘ " Ml i ? T
frmi{m) = Fopnng (01450 j = 1,2, -un, F}* .

Formula (34) follows from Theorem & for p=1. _ | | I
»] We npow consider the quastion of finding ;. Wg farm the functlen :

s (i—IN_o@ (2H—C ) o ! -

iﬂ:ll!{h( "-:IF'H E\ _— I:I'I:I'II:I'| ]l.' 21_“ -1 + ‘I.ﬂ':ju'i IIL Em L .I. . _

(= 12, ..., 2,
1928
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