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Abstract

Linking individual cell behavior to changes on the cell population and ultimately tissue scale is a key step towards connecting
in vitro laboratory experiments to clinically relevant organ-scale behavior. For example, understanding how an individual tumor
cell’s response to drug treatments propagates to the macroscale could help guide clinical decision making when tumors are
located in high stakes regions. Based on how dying cells interact, macroscale tumor response can be dominated by tumor
shrinkage, tumor damage, change in tumor porosity, or some combination of these phenomena. Here we focus on methods of
modeling collective cell behavior with the overall goal of understanding how stochastic cell behavior will ultimately manifest
on the cell population scale. To do this, we define and implement an agent-based model problem, introduce novel methods for
interpreting simulation results, implement a recently developed technique for conducting a variance-based sensitivity analysis,
and investigate key model parameters. Operating within an in silico framework allows us to compare our proposed methods
with and without reproducible stochastic variations. This is critical because methods that will be functional for interpreting
experimental data must also be able to function when aspects of stochastic variation are not reproducible. To demonstrate
the utility of our proposed methods, we identify important simulation parameters for our agent-based model, show that
two-dimensional and three-dimensional results are not directly equivalent, and highlight the macroscale implications of cell
shrinkage. Looking forward, we anticipate that the methods and results presented here will contribute to significant future
research in modeling stochastic cell behavior in the multiscale setting.
c⃝ 2019 Elsevier B.V. All rights reserved.
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1. Introduction

The ability to robustly model cell death has medical applications ranging from understanding anomalous organ
development [1] to neurodegeneration [2]. A particularly compelling example where an enhanced understanding of
cell death on the organ scale would help guide clinical decision making is that of a tumor located in a high stakes
region [3–5], illustrated in Fig. 1. In this example, medical interventions such as radiation therapy and chemotherapy
largely function by inducing cell death [6,7]. Even when the response of individual cells to treatment is well
understood, it is not necessarily straightforward how the cellular-scale process of cell death should be represented
in a continuum mechanics based whole-organ simulation. On the macroscale, many different fundamental modeling
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Fig. 1. (a) Understanding tumor response to intervention is critical when tumors are located in high stakes regions; (b) Through agent-based
modeling, we are able to directly model the process of cell death; (c-i) Under some circumstance, cell death leads to gaps in the tissue;
(c-ii) Under other circumstances, cell death leads to tissue shrinkage.

choices are potentially justifiable. For example, macroscale tissue models may implement cell death as a change in
a growth, a damage term, species concentration, or some combination of these mechanisms [8–10]. Fundamentally,
macroscale behavior will arise from the way an individual cell behaves and interacts with its neighbors [11]. The
most applicable macroscale modeling choice will vary based on the specific type of cell death [12] and the system
in question [13–15].

In this work, we take a bottom-up approach to show how small differences in cell death on the cellular scale
(i.e. changes in individual behavior) are linked to different interpretations of cell death on larger length scales.
Specifically, we show that in some cases cell death leads to gaps between cells, illustrated in Fig. 1c-i, while in other
cases it lead to tissue shrinkage, illustrated in Fig. 1c-ii. To accomplish this, we introduce multiple highly extensible
computational tools for interpreting agent-based models where each cell acts as an autonomous agent following a
set of prescribed rules [16]. While there are numerous examples of agent-based models in the literature [17,18],
there are limited examples of agent-based models designed specifically to inform macroscale simulation [19,20]. In
particular, there are few tools for interpreting the results of agent-based models in a way that is meaningful for typical
examples of tissue scale modeling informed by cellular processes [21,22]. This work is intended to address this
gap by introducing transferable and highly extensible procedures for model interpretation. Given recent advances in
high-throughput experiments [23], three-dimensional cell culture [24], live cell imaging [25], and cell tracking [26],
it is plausible that the computational model used here could ultimately be replaced by in vitro experimentation. In
the computational setting, we can run simulations where we control and intentionally reproduce the stochastic
components (reproducible stochastic behavior) or where we intentionally do not reproduce the stochastic behavior
(irreproducible stochastic behavior). To address this possibility of implementing these methods on experimental
data, which would contain irreproducible stochastic behavior, we investigate the performance of our methods on
agent-based model data that contains both reproducible and irreproducible stochastic behavior.

The remainder of the paper is organized as follows. In Section 2, we introduce our methods for implementing
and analyzing cell death in the agent-based model setting. Specifically, in Section 2.1 we formulate our model, in
Section 2.2 we describe novel methods for quantifying model results, in Section 2.3 we describe different approaches
for implementing a meta-model to capture the results of a stochastic simulation, and in Section 2.4 we describe the
procedure for conducting a sensitivity analysis on a stochastic model. Then, in Section 3, we present the results
of applying these methods to interpreting the results from our agent-based model system. Finally, we conclude in
Section 4.

2. Methods

In this section, we outline our proposed methods towards the ultimate goal of incorporating agent-based models
into a multi-scale computational framework. First, in Section 2.1, we define our problem of interest and define
the mechanical model that we use to approach it [27]. Then, in Section 2.2, we introduce strategies for extracting
meaningful quantities of interest from the agent-based model. In Section 2.3, we introduce two methods for creating
a meta-model of a stochastic simulation and in Section 2.4 we describe the procedure for conducting a sensitivity
analysis on a stochastic model. We note that the methods presented in Sections 2.2, 2.3, and 2.4 are all data source
agnostic.
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Fig. 2. We investigate the sensitivity of this model to five parameters illustrated here: (a) fraction of dying cells n; (b) initial cell size
distribution σv/µv ; (c) cell shrinkage α; (d) cell horizon δ0 where δ = (1+g)δ0; (e) maximum allowable stretch smax. We also run simulations
with stochastic initial conditions: (f) different cells in the population are initialized to undergo the cell death procedure.

2.1. Formulating an in silico cell population model

In this paper, we aim to understand how the cell death mechanism implemented in an agent-based model will
manifest on the population and tissue scales. To do this, we start by defining an initial problem with an off-lattice
agent-based model [28,29] where each cell is represented by a single node [30]. Our initial problem is illustrated in
Fig. 2. In the two-dimensional case, we model a m ×m grid of nodes where the cell centers all begin equally spaced
on a two-dimensional hexagonal lattice. We run “small” (model 1), “medium” (model 2), and “large” (model 3)
simulations to ensure that the methods and conclusions drawn from this work are not restricted to a single model
size. In the three-dimensional case, we model a m × m × m grid of nodes where the cell centers all begin equally
spaced on a three-dimensional face-centered cubic lattice. In both the two-dimensional and three-dimensional cases,
the initial distance between nodes is equal to twice their baseline radius r0. We note that although the cells are
initially positioned on a grid, they have full freedom to move in space once the simulation begins.

Given this initial grid of cells, we define a problem where some fraction n of these cells will undergo cell death.
We define n as n = # dying cells / # total cells. The meaning of parameter n is illustrated in Fig. 2a. For a given
instance of random behavior ω, we randomly select a combination of [nm2] (2D) or [nm3] (3D) nodes to undergo
cell death. Variations in this “initial condition”, where a specific set of cells are selected, are illustrated in Fig. 2f.
In the numerical setting, we make the selection of cells to remove reproducible by setting an initial seed unique to
ω and then generating a randomly ordered list of all of the nodes present at the start of the simulation. Then, the
first [nm2] (2D) or [nm3] (3D) nodes on the list are chosen to undergo cell death. With this strategy, the random
component of node selection is preserved even as parameter n is varied. In this section, we take care to clearly
identify the random behavior that we introduce in the model because reproducible stochastic behavior is required
for the methods introduced in Section 2.3.

We then model the process of cell death as follows. Cell death is treated simply as a period of radial cell
shrinkage followed by node removal when the node has decreased in size below a defined threshold. To model
radial shrinkage, we define incremental shrinkage parameter υ where the mean µυ and standard deviation συ are
model parameters. Then, υ is a random variable computed as

υ j ∼ N(µυ, συ) if υ j < υmin → υ j := υmin (1)

where υmin prevents the case of υ ≈ 0. In the numerical setting, we set a pre-defined random seed and then random
values of υ j are generated and assigned to each node j . This procedure means that for a given instance of random
behavior ω, values of υ are reproduced independently of the simulation input parameters. If συ ≈ 0, the nodes will
shrink and subsequently be removed simultaneously. With υ j defined, we then incrementally apply radial shrinkage
at each load step by defining radial growth as

gt+1
j = gt

j − υ j (2)
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where g0
j = 0. Preferred node radius is then defined as a function of baseline radius r0 and growth gt

j written as

r j = (1 + gt
j ) r0 . (3)

To model node removal, we define constant parameter α. The condition for node removal is
r j

r0
=

(1 + g j ) r0

r0
< α . (4)

Parameter α is bounded as 0 < α < 1. However, we typically set a more realistic lower bound with αmin > 0. The
influence of parameters συ and α is illustrated in Fig. 2b and c respectively.

So far, we have defined initial conditions and the algorithm for cell shrinkage and removal. Now, we briefly
discuss aspects of the agent-based model itself. To maintain mechanical equilibrium in our model, we use the
peridynamic equation of motion, defined in the discrete setting at static equilibrium as

0 =

∑
k∈H′

j

f jk( yj, yk)∆Vk −

∑
k∈Hj

f kj( yj, yk)∆Vk (5)

where f jk is the force density acting at node j due to node k, f kj is the force density acting at node k due to node
j, ∆Vk is node associated volume computed from r0 and gk , and y is nodal position [27,31,32]. Horizon Hj and
dual-horizon H′

j are defined as

Hj = {k | ∥ yj − yk∥ < 2 δ jr0} H′

j = {k | j ∈ Hk} (6)

where δ j controls the size of the horizon. In defining a peridynamic state-based linear-elastic constitutive law,
multiple constants enter this equation: elastic modulus E , Poisson’s ratio ν, initial radius size r0, initial horizon size
δ0, and maximum allowable stretch between nodes smax [33]. We choose two model input parameters δ0 and smax
to include in the sensitivity analysis step because their appropriate value and contributions to population behavior
are not necessarily intuitive. The meaning of parameter δ0 is illustrated in Fig. 2d. Specifically, cells interact with
other cells that are within distance δ of their center where δ0 enters the equation as

δ = (1 + g j ) δ0 . (7)

The meaning of parameter smax is illustrated in Fig. 2e. Essentially, the stretch s between cells is defined as

sjk =
∥ yk − yj∥ − ∥ξ jk∥

∥ξ jk∥
(8)

where ξ jk is the stretch free separation distance between cell j and cell k defined in Appendix A. When stretch sjk
exceeds smax the bond between cells is considered broken and that specific cell–cell interaction will no longer enter
the constitutive law. To run a direct simulation, we specify initial geometry and parameters in an input file and
call the peridynamics simulation software described in detail in previous publications [27]. For convenience, more
information on defining and implementing this model is available in Appendix A. We also note that a sensitivity
analysis including additional model parameters would follow directly from the methods presented here.

2.2. Defining population shrinkage and connectivity Quantities of Interest

In the previous section, we defined a computational model where select nodes within a grid of nodes undergo
cell death. In this section, we define two Quantities of Interest (QoI) to capture how the cell death mechanism
influences population scale behavior. These QoI are both computed through post-processing routines where the only
information needed is the change in nodal position at each step of the simulation. These post-processing methods
could be applied to any agent-based model or experimental system where cell tracking data is accessible.

The first QoI is position-based change in population volume J . The procedure for computing J follows from our
previously published work [34]. First, as illustrated in Fig. 3a, we consider the p nodes that are present at both the
start and the end of the simulation. By connecting every node j to every other node k we have p(p − 1)/2 vectors
λ0 at the start of the simulation and λt at each simulation step. Then, we define matrices

Λ0 = [λ1
0 λ2

0 λ3
0 . . . λ

p(p−1)/2
0 ]

Λt = [λ1
t λ2

t λ3
t . . . λ

p(p−1)/2
t ] .

(9)
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Fig. 3. (a) Schematic of the method used to compute shrinkage J through tracking stretch vectors λ; (b) Schematic of the method used to
compute connectivity C by treating cells as nodes on a graph. The values of shrinkage J and connectivity C will depend on the degree
to which the cells reorganize during the simulation. In this schematic, we illustrate cells that do not move (upper) and cells that reorganize
substantially (lower).

With matrices Λ0 and Λt , we then compute approximate deformation gradient F as

FtΛ0 = Λt → Ft = ΛtΛ
T
0 (Λ0Λ

T
0 )−1 (10)

and compute the position-based change in population volume J as

Jt = det Ft . (11)

This QoI captures the population shrinkage.
Population shrinkage summarizes one major aspect of simulation results. However, it does not directly capture

information about the structural change of the material. On the macroscale, the behavior that J does not capture
is the change in material microstructure that depends on nodal connectivity. Therefore, we define a new QoI
that is designed to capture additional information about structural change. This second QoI is average population
connectivity C . We formulate C as a dimensionless quantity that will monotonically decrease as the cell population
becomes on average less connected with more interstitial space. To compute C , we treat our population of cells as
a mathematical graph structure G [35]. Each cell becomes a node in graph G. For every cell pair (j, k) where the
physical distance between node j and node k is less than or equal to rj + rk, we add an edge to G between nodes j
and k. This is illustrated in Fig. 3b. We are then able to define C as

C =
N 1/d

G

mSG
×

NSG

NG
(12)

where NG is the number of nodes in G, NSG is the number of nodes in the largest connected sub-group, d = 2 or
d = 3 is the dimension of the problem, and mSG is the dimensionless mean shortest path in the largest connected
sub-group. Once G is constructed, these quantities can be computed easily with existing packages such as the
NetworkX Python package [36]. In our results, we report the ratio of connectivity at the end of the simulation to
connectivity at the start of the simulation C f /C0. In Fig. 4, we show plots of C f /C0 with respect to the fraction
of dying cells n for simulations with no nodal displacement where J = 1. When the nodes are simply removed,
C f /C0 decreases with respect to n in both the two-dimensional and three-dimensional cases. Clearly, the ratio
C f /C0 reflects changes that are not captured with QoI J alone.

2.3. Meta-model formulation

One limitation of agent-based models is that they are computationally expensive. This becomes even more
prohibitive in multi-scale modeling, where the results of the agent-based simulation could be required at every
Gauss point at every time step in a macroscale finite element simulation [37]. One way to avoid this limitation is
to construct a meta-model, where input parameters are mapped directly to a specific defined QoI [38,39]. Here
we consider the QoIs defined in Section 2.2. To construct a meta-model, we obtain direct simulation data and
compute the resulting QoIs for each input parameter set. For a deterministic computational model we would
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Fig. 4. Plot of connectivity ratio C f /C0 for the case where cell centers do not move. This plot shows what happens when nodes are
removed and the simulation does not allow for any position updating. Dashed lines represent the two-dimensional case, Solid lines represent
the three-dimensional case. The thinner gray lines are individual simulations. Note that C f /C0 consistently decreases as the fraction of
dying cells n increases.

then train the meta-model on this data following standard procedures [40]. Procedures are also in place for
stochastic computational models and sets of experimental data where making stochastic behavior reproducible is not
required [41]. However, in this work we are dealing with a stochastic computational model where stochastic behavior
is reproducible. Therefore, we are able to investigate two potential frameworks for meta-model construction. First,
we define meta-modeling strategy 1 (mm-1) as:

1. run R sets of N simulations
2. create 1 meta-model from R × N simulations

where R is a random instance (simulations with identical random seeds or multiple random seeds) and N refers to
a set of input parameters used to sample the direct simulation. The alternative strategy, (mm-2) is:

1. run R sets of N simulations
2. build R meta-models
3. create 1 model that outputs the average results of R meta-models

where mm-2 takes advantage of the ability to run simulations with reproducible stochastic behavior while mm-1
does not. We briefly note that in the experimental setting, the scenario of reproducible stochastic behavior might
also arise in the case where initial conditions are stochastic (i.e. the realization of the microstructure of a tissue
sample) but the remainder of the parameters of interest do not cause stochastic behavior and can be measured on
the same sample.

Based on preliminary investigation, neural networks [42] provide the best fit to the model data when compared to
multivariate adaptive regression splines [43] and Gaussian process regression [44], two popular alternative choices.
Though the preliminary investigation is not exhaustive (i.e. neural networks are not unequivocally the best model
type for this data), the flexibility of neural networks makes them a broadly attractive choice for capturing potentially
complex, highly nonlinear, and not necessarily continuous model behavior [45]. Therefore, the results presented in
Sections 3.3 and 3.4 utilize neural networks. We build our neural network using the Keras library [46] running on
top of TensorFlow [47]. In Appendix B, we also confirm that neural networks are a valid approach for conducting
sensitivity analysis.

2.4. Sensitivity analysis with a stochastic model

With our agent-based model, simulation results will depend on the actions and interactions between different
parameters in a manner that is not necessarily straightforward. Therefore, we rely on global sensitivity analysis to
understand the relative importance of different model parameters [48–50]. To do this, we define the model as a
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Table 1
This table summarizes the parameters selected for simulation. Parameters marked with ⋆ are
included in the sensitivity analysis.

Parameter SA Value Source

n ⋆ 0.0 − 0.9 Range of interest
συ/µυ ⋆ 0.00001 − 0.5 Plausible values
α ⋆ 0.3 − 1.0 Plausible values [54]
δ0 ⋆ 1.01 − 1.15 Plausible values [27]
smax ⋆ 1.0 − 2.0 Plausible values [27]
E 1 kPa Plausible value [55]
ν 0.45 Nearly incompressible material
r0 5 µm Approximate cell size [56]

black box f written as

Y = f (X, ω) (13)

where Y is a QoI defined in Section 2.2, X contains model input parameters, and ω is an instance of reproducible
random behavior [51]. In Section 2.1, we described our strategy for making the random behavior ω in our model
reproducible. For a fixed instance of reproducible random behavior ω, first-order Sobol indices S and total Sobol
indices T are defined as

S j =
Var{E{ f (X, ω)|X j }}

Var{ f (X, ω)}
T j =

EX∼ j {Var{ f (X, ω)|X∼ j }}

Var{ f (X, ω)}
. (14)

These quantities, S j and T j , are computed numerically through Saltelli sampling [52,53] where we sample P
parameter combinations for R random instances [51]. Because this step is computationally limiting due to the high
number of simulations required for convergence of the sensitivity analysis, we first construct a meta-model f̂ so that
N (with N < P) rather than P direct model samples are executed. Details of the meta-model implementation were
given in Section 2.3. For sensitivity analysis, even run times on the order of minutes can be prohibitive because
of the high number of simulations required. For this step, a unique meta-model is constructed for each instance of
random behavior. In full, the sensitivity analysis workflow is:

1. run R sets of N direct model simulations
2. build R meta-models
3. run R sets of P meta-model simulations
4. compute the first-order and total Sobol indices from P simulations R times
5. compute the average of the R first-order and total Sobol indices for each input parameter .

Further details of this procedure can be found in recent literature on sensitivity analysis for stochastic models [51].
Table 1 summarizes the parameters included in the sensitivity analysis presented in Section 3.3.

2.4.1. Note on an alternative sensitivity analysis procedure
The ability to run simulations where stochastic behavior is reproducible is crucial to the sensitivity analysis

procedure detailed above. In our in silico model, parameters X and stochastic behavior ω can be controlled
independently. However, this will not be the case for most experimental systems. With this limitation, the procedure
for running a sensitivity analysis is limited to:

1. run R × N direct model simulations
2. build 1 meta-model with R × N data points
3. run 1 set of P meta-model simulations
4. compute first-order and total Sobol indices from the P simulations

In an effort to better understand how this strategy [51] may limit model results for systems similar to the one we
are investigating, we also run sensitivity analysis with this method for comparison purposes.

3. Results and discussion

The methods presented in Section 2 detail how to implement and interpret our agent-based model. We begin in
Section 3.1 with a summary of the simulations that were performed for this study. Then, in Section 3.2 by showing
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Table 2
This table summarizes the results presented in Section 3.

individual model results, where Quantities of Interest are plotted for multiple parameter combinations. Then, in
Section 3.3, we show the results of the sensitivity analysis, and in Section 3.4 we show the results of implementing
the two meta-modeling procedures described in Section 2.3. Finally, in Section 3.5, we present the key mechanistic
insights gained by our model.

3.1. Summary of simulations performed

For clarity, a summary of the workflow that points towards the relevant figures for each step of the analysis is
presented in Table 2. We run both two-dimensional (2D) and three-dimensional (3D) simulations. In the 2D case,
the cells begin the simulation in a grid with a size of either 4 × 4 (referred to as model 1, small), 8 × 8 (model 2,
medium), or 20 × 20 (model 3, large). In the 3D case, the cells begin the simulation in a grid with a size of either
4 × 4 × 4 (model 1, small), 6 × 6 × 6 (model 2, medium), or 8 × 8 × 8 (model 3, large). For each investigation,
we directly run each model considered N times and use the data generated by N model runs to construct our
meta-models. In Section 2.2, we first determine what N must be such that meta-model error is sufficiently low.
We determine that N = 200 is sufficient. Because our simulations are stochastic, we run each simulation R times
with different initial seeds. We determine that R = 10 is sufficient to capture mean behavior, though we also show
mean and standard deviation of later results with R = 50 because we ran additional simulations to ensure that our
conclusions were robust. When comparing different meta-model procedures, we use the same directly sampled data,
which corresponds to N × R direct model runs. When it comes to sampling the meta-model for sensitivity analysis,
we run P computationally cheap meta-model simulations up to P = 10,000 to show convergence. Likewise, we
call the meta-model 10,000 times at regularly spaced intervals to construct contour plots for easy visualization of
the parameter space. Notably, the ability to construct a meta-model is the key ingredient that makes our analysis
computationally feasible.

3.2. Individual model results

In Fig. 5, we plot the change in population shrinkage J and average connectivity C , the two QoIs defined in
Section 2.2, over the course of the simulation for multiple model runs. In the upper row, we plot the results of 5
simulations on different grid sizes, 4 × 4, 8 × 8, and 20 × 20, with identical parameter combinations but different
instances of random behavior. This row of plots illustrates that for this agent-based model, increasing the grid size
leads to a decrease in the influence of the stochastic behavior. This is an important check because we cannot assume
that this will occur in all agent-based models. In the lower row, we show a plot of J and a plot of C over the course
of the simulation for 15 different parameter combinations with fixed random behavior on a 20 × 20 grid. Fixed
random behavior means that in all simulations initial cell size is perturbed identically and the cells that are selected
to undergo cell death are in an identical ranked order in every simulation. In the remainder of this section, we focus
on the state of the cell population at the final point in each simulation.

3.3. Critical model parameters identified with sensitivity analysis

In Section 2.4, we described the procedure for conducting a sensitivity analysis on a stochastic agent-based
model. We begin by training neural networks on data sets with different parameter combinations but identical
random behavior. In Fig. 6, we show what this learning curve looks like for “small” simulations with a 4 × 4 grid
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Fig. 5. Upper row: Change in shrinkage J with respect to loss in volume over the course of the simulation for 1 parameter combination
with 5 different instances of random behavior. Left: 4 × 4 starting grid of nodes; Center: 8 × 8 starting grid; Right: 20 × 20 starting grid.
Lower row: different parameter combinations with fixed random behavior; Left: Change in shrinkage J with respect to loss in volume over
the course of the simulation for 15 different parameter combinations with fixed random behavior. The red dashed line shows J directly
proportional to volume loss; Right: Change in connectivity C/C0 with respect to loss in volume over the course of the simulation for 15
different parameter combinations with fixed random behavior. The red dashed line shows C/C0 when there is no nodal displacement.

Fig. 6. Left: 5-fold cross-validation error with respect to the number of training samples for predicting J from input parameters with fixed
random behavior in two-dimensions; Right: 5-fold cross-validation error with respect to the number of training samples for predicting C from
input parameters with fixed random behavior in two-dimensions. The “small” simulations are on a 4 × 4 grid, the “medium” simulations are
on an 8 × 8 grid, the “large” simulations are on a 20 × 20 grid. Learning curves for the three-dimensional case are presented in Fig. C.1.

(model 1), “medium” simulations with an 8 × 8 grid (model 2), and “large” simulations with a 20 × 20 grid (model
3). Three-dimensional meta-model performance is similar. Based on the learning curves, 200 training samples are
pragmatic choice for constructing the meta-models required for sensitivity analysis. In Fig. 7, we show the results of
the sensitivity analysis on the “large” model size for the two-dimensional model and the three-dimensional model.
In our analysis, we determine that R = 10 random behavior instances is sufficient, and demonstrate convergence
of the total Sobol indices with respect to P meta-model samples. From the sensitivity analysis, where we show the
95% bootstrapped confidence interval around the mean total Sobol indices, it is clear that parameter n, fraction of
cells dying, and parameter α, cell shrinkage, are important while the other parameters investigated have a much
smaller influence. This qualitative trend is held true for QoI J and QoI C , all of the model sizes considered, and
for both the two-dimensional and three-dimensional cases.
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Fig. 7. Upper left: sensitivity analysis results from model 3, 2D (20 × 20 grid) for QoI J ; Upper right: sensitivity analysis results from
model 3, 2D (20 × 20 grid) for QoI C . Lower left: sensitivity analysis results from model 3, 3D (8 × 8 × 8 grid) for QoI J ; Lower
right: sensitivity analysis results from model 3, 3D (8 × 8 × 8 grid) for QoI C . The error bars show the 95% bootstrap confidence interval
around the mean of each value of T . Horizontal lines show the confidence interval bounds for P = 10,000. These plots show that the total
Sobol index values T converge with respect to the number of meta-model runs P , and that α and n are consistently the most important
parameters. Additional sensitivity analysis results are presented in Fig. C.2.

Fig. 8. Comparison of the “correct” sensitivity analysis procedure (Section 2.4) to the “incorrect” sensitivity analysis procedure (Section 2.4.1)
for the three model sizes in the two-dimensional setting. To build these histograms, we sampled the direct model N = 200 times and the
meta-model P = 10,000 times.

In Fig. 8, we compare the correct method for conducting a sensitivity analysis on a stochastic simulation to the
incorrect method described in Section 2.4.1. For the smallest model size (4 × 4 grid, model 1), there is noticeable
difference in the sensitivity analysis results. Specifically, the influence of parameters δ, smax and συ is underreported
when the incorrect method is used on the smallest grid size. However, for the larger model sizes, this difference
is not substantial. As follows from intuition, employing the correct method is more important when there is less
“self-averaging” within the model. The similarity between the two methods indicates that meaningful results can
potentially still be obtained in analogous experimental systems even when stochastic behavior is not reproducible.

3.4. Comparison of meta-modeling procedures

Beyond sensitivity analysis, meta-modeling has substantial promise as a tool for scale-bridging in a multi-scale
computational framework. For this application, we are interested in the performance of a given meta-modeling
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Fig. 9. Upper left: contour plot of mm-1 trained to model 1 data (mean absolute test error: 0.10); Upper center: contour plot of mm-2
trained to model 1 data (mean absolute test error: 0.073); Upper right: contour plot comparing mm-1 and mm-2 for model 1; Middle left:
contour plot of mm-1 trained to model 3 data (mean absolute test error: 0.024); Middle center: contour plot of mm-2 trained to model 3
data (mean absolute test error: 0.020); Middle right: contour plot comparing mm-1 and mm-2 for model 3; Lower left: difference between
mm-1 and mm-2 for the different models; Lower right: Comparison between all models and mm-2 trained on model 3. The results depicted
in this figure are for the two-dimensional case. Additional contour plots are presented in Fig. C.3.

procedure on unseen model data that does not have identical random behavior to the data in the test set. In Fig. 9,
we show a comparison between the two meta-modeling procedures described in Section 2.3. The contour plots show
predicted QoI J with respect to the two most important parameters α and n. For our data, we found that mm-2,
where multiple meta-models are constructed and then averaged, outperformed mm-1, where a single meta-model
is fit to the entire data set. The difference in behavior between mm-1 and mm-2 is highly apparent for model 1
(the 4 × 4 grid), as seen in the upper row of Fig. 9, and is substantially less apparent for model 3 (the 20 × 20
grid), as seen in the middle row of Fig. 9. We show that for this model increasing the number of cells in the
initial grid decreases the difference between mm-1 and mm-2. We observe qualitatively similar behavior for both
the three-dimensional results and the results for QoI C . In both cases mm-2 performs better, but mm-1 can perform
comparably for the larger models. In this work, we use Latin Hypercube sampling to cover the input parameter
space [57]. In future work, more in depth analysis of the tradeoff between quantifying stochastic variation and
exploring the parameter space may be warranted [58]. A brief discussion on sampling across different random
instances is presented in Appendix D.
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Fig. 10. Parameter sweep of the two most important parameters identified in the sensitivity analysis n and α. Upper left: volume change
J f /J0 in two-dimensions; Upper right: volume change J f /J0 in three-dimensions; Lower left: connectivity change C f /C0 in two-dimensions;
Lower right: connectivity change C f /C0 in three-dimensions. The illustrations on the lower row are representative simulation results where
each cell is illustrated as a single node. Each point shows the mean and standard deviation of 50 simulations. For QoI J , the red dashed
line represents J = V/V0. For QoI C , the red dashed line represents C f /C0 for the case of no position updating as illustrated in Fig. 4.

3.5. Key model results relevant to understanding cell death

Thus far, we have demonstrated the efficacy of our methods for interpreting agent-based models. Here we show
the key insights gained from the specific model described in Section 2.1. To begin, full parameter sweeps of the
most important parameters α and n for both J and C in two-dimensional and three-dimensional space are shown
in Fig. 10. The two key insights from these simulations are as follows.

3.5.1. The two-dimensional and three-dimensional cases are quantitatively different
One notable result from our analysis is that the two-dimensional and three-dimensional cases are quantitatively

different. This result is seen broadly in Fig. 10, and more explicitly in Fig. 11. In Fig. 11, shrinkage J f /J0 is plotted
with respect to cell shrinkage α for different values of fraction dying n in two-dimensions and three-dimensions.
Qualitatively, simulation results are similar. In both cases, smaller α and larger n both result in more population
shrinkage. However, the simulation results differ quantitatively. This difference is likely because of the inherent
difference in connectivity between discrete cells in two-dimensional and three-dimensional space. Unlike with a
continuum model, our discrete model allows this difference to naturally emerge. This is an important result because
it shows that for a problem like trying to understand tumor shrinkage, where the cellular micro-environment is
very much three-dimensional, two-dimensional simulations – and likely two-dimensional experiments – are not
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Fig. 11. Plot of measured volume change J f /J0 with respect to cell shrinkage α for different values of n with fixed smax, συ/µυ , and δ0 at
the mean of the parameter space. The solid line represents the two-dimensional case, the dashed line represents the three-dimensional case.
Each point shows the mean and standard deviation of 50 simulations. Notably, when n = 0.25, two-dimensional and three-dimensional results
are not substantially different. When n = 0.5, two-dimensional and three-dimensional results are substantially different for α = 0.7, 0.8.
When n = 0.75, two-dimensional and three-dimensional results are substantially different for α = 0.6, 0.7, 0.8, 0.9.

sufficient. Looking forward, this result motivates constructing three-dimensional agent-based models of microscale
cell population shrinkage, even if three-dimensional models are more computationally expensive.

3.5.2. There is a trade-off between QoI J and QoI C with respect to shrinkage parameter α

As the cell shrinkage α increases for a fixed fraction of dying cells n, QoI J increases while QoI C decreases. This
is shown broadly in Fig. 10 and more explicitly in Fig. 12. In Fig. 12, the left axis shows population volume change
J f /J0 and the right axis shows connectivity change C f /C0 with respect to α for a fixed value of n for both the
two-dimensional and three-dimensional cases. The trade-off between J and C is interesting for two reasons. First,
it emphasizes that modeling cell death in a cell population is not trivial, and care should be taken to investigate and
select the mechanisms and parameters designed to capture the cell death process in the agent-based model setting.
Second, it implies that different implementations of cell death on the cellular scale will lead to quite different
manifestations of cell death on the macroscale. In some cases, cell death may be best captured by applying volume
change, related to changes in J , while in the other cases cell death may be better captured by a damage parameter
or change in density or porosity, related to changes in C . On the macroscale, this may have substantial implications
for the way in which fluid and subsequently dissolved species can percolate through the tissue. And, of course, in
the intermediate scenario, some combination of macroscale representations may be necessary.

4. Conclusion

In this paper, we explore the process of cell death with the ultimate goal of being able to incorporate micro-
scale data describing cell population response to cell death into a multi-scale computational framework. Here we
focused on agent-based modeling of cell death and the methods and procedures required to construct, interpret,
and ultimately successfully utilize agent-based models. We began in Section 2 by introducing our methods. In
Section 2.1, we defined our model wherein a given fraction of cells in a grid undergoes cell death. Then, in
Section 2.2, we introduced the procedure for post-processing model results by computing shrinkage J and average
connectivity C QoIs. In Section 2.4 we described the process of conducting a sensitivity analysis for a stochastic
agent-based model, and in Section 2.3 we introduced two potential meta-modeling frameworks for simulations with
reproducible stochastic behavior.

In Section 3, we present exploratory model results. Specifically, in Section 3.3, we showed through sensitivity
analysis that population fraction undergoing cell death n and cell shrinkage α are the most important model
parameters. In Section 3.4, we compare multiple meta-modeling strategies for simulations with reproducible
stochastic behavior and illustrated that the performance of multiple frameworks should be investigated when
possible. In Section 3.5.1 we showed that the two-dimensional and three-dimensional versions of the model lead to
different quantitative behavior. Finally, in Section 3.5.2, we showed that there is a trade-off between shrinkage J
and connectivity C for variations in cell shrinkage α.
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Fig. 12. Plot of measured volume change J f /J0 (left axis) and connectivity change C f /C0 (right axis) with respect to cell shrinkage α

for both two-dimensional and three-dimensional cases. All other parameters are fixed with n = 0.5, and smax, συ/µυ , and δ0 at the mean
of the parameter space. Each point shows the mean and standard deviation of 50 simulations. Here, A1 shows population volume change
in the case of no shrinkage while A2 shows population volume change in proportion to the fraction of dying cells. The difference between
the two-dimensional and three-dimensional simulations is substantial for α = 0.7, 0.8, 0.9.

The methods and results presented here are a starting point towards future work in approaching cell-population
scale data with multi-scale modeling as the ultimate goal. Notably, the QoI defined in Section 2.2, and both the
sensitivity analysis and meta modeling frameworks described in Sections 2.4 and 2.3 are all data source agnostic. In
future work, data can be derived from more robust and tailored computational models or in vitro experiments. The
exploratory results with our simple agent-based model indicate that from a mechanics perspective, the macro-scale
strategy for modeling cell death will vary substantially based on the underlying cellular scale behavior of the tissue
in question.

We anticipate that future work in this direction will include three major components. First, future work will
involve developing a robust platform for comparing experimental observations at multiple scales. Second, future
cellular-scale models of cell death will necessarily be much more complex and should take into account the
multiphysics nature of the cell death process and additional aspects of cellular scale structure. For example, future
models should contain explicit representations of the cell membrane, cell–cell adhesions, and interstitial fluid. Third,
for given types of cell death observed on the cellular and population scales, physically meaningful macro-scale
models must be formulated and coupled to cellular-scale behavior. In particular, the direct mechanistic influence
of microscale cell death on macroscale tissue porosity is a promising future area of investigation. With these
components, rigorous multi-scale modeling of phenomena such as tumor response to intervention will be possible.
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Appendix A. Implementing the agent-based cell model

In Section 2.1, we briefly introduced our cell population model. Here, we provide additional detail. The
mechanical aspects of our cell population model are based on peridynamics, a theoretical and computational
framework that is typically implemented numerically as a mesh-free method [32,59]. With this framework, we treat
each cell as an individual node and use the peridynamic equation of motion to maintain mechanical equilibrium [27].
For further information, we direct the reader to the peridynamics literature [60–63].

In Eq. (5) we define the discrete form of the peridynamic equation of motion at static equilibrium, and in Eq. (6),
we defined the horizon and dual-horizon. After each simulation step of algorithmically defined cell behavior, the
entire system is relaxed back to mechanical equilibrium via an adaptive dynamic relaxation procedure [64]. Now,
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Fig. B.1. The total Sobol indices computed with the meta-model (symbol markers) converge to the total Sobol indices computed by direct
model sampling (horizontal lines, 95% confidence interval shown) as both the number of parameter combinations used to train the meta-model
N increases (left plot) and as the number of random model samples R increases. Further details of this simulation are available in [54].

Fig. C.1. Left: 5-fold cross-validation error with respect to the number of training samples for predicting J from input parameters with
fixed random behavior in three-dimensions; Right: 5-fold cross-validation error with respect to the number of training samples for predicting
C from input parameters with fixed random behavior in three-dimensions. The “small” simulations are on a 4 × 4 × 4 grid, the “medium”
simulations are on an 6 × 6 × 6 grid, the “large” simulations are on a 8 × 8 × 8 grid.

we provide the equations necessary to define force density f . First, we define the stretch free separation distance
between nodes as

∥ξ jk∥ = (1 + gj)rj + (1 + gk)rk (A.1)

where r is the initial radius associated with each node. Given ∥ξ jk∥, we define the stretch between node j and node
k as

sjk =
∥ yk − yj∥ − ∥ξ jk∥

∥ξ jk∥
(A.2)

which is used to determine bond damage γjk as

γjk =

{
1 if s < smax

0 otherwise
(A.3)

with smax defined as the maximum allowable stretch between bonds. Parameter smax is investigated in the sensitivity
analysis. In this work, influence function ω is defined simply as

ωjk = γjk . (A.4)

Next, we define horizon weighted volume m as

m j =

∑
k∈Hj

ωjk ∥ξ jk∥
2 ∆Vk (A.5)
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Fig. C.2. Sensitivity analysis results for QoI J and QoI C for all sizes of two-dimensional and three-dimensional simulation. The error
bars show the 95% bootstrap confidence interval around the mean of each value of T . These plots show that the total Sobol index values
T converge with respect to the number of meta-model runs P , and that α and n are consistently the most important parameters.

bond elongation e as

ejk = ∥ yk − yj∥ − ∥ξ jk∥ (A.6)

dilation θ as

θj =
n
m j

∑
k∈Hj

ωjk ∥ξ jk∥ ejk ∆Vk (A.7)
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Fig. C.3. Upper left: contour plot of mm-1 trained to model 3 3D data for QoI J ; Upper center: contour plot of mm-2 trained to model 3 3D
data for QoI J ; Upper right: contour plot comparing mm-1 and mm-2 for model 3 3D for QoI J ; Lower left: contour plot of mm-1 trained
to model 3 2D for QoI C ; Lower center: contour plot of mm-2 trained to model 3 2D for QoI C ; Lower right: contour plot comparing
mm-1 and mm-2 for model 3 2D for QoI C .

and deviatoric bond elongation ed as

ed
jk = ejk −

θj ∥ξ jk∥

n
(A.8)

where n = 3 for a three-dimensional problem. With these terms defined, the equation for the magnitude of force
density that arises at node k due to node j is

tkj =
n κ θj

m j
ωjk ∥ξ jk∥ +

n (n + 2) µ

m j
ωjk ed

jk (A.9)

where κ and µ are Lamé parameters. Building on these definitions, force density is defined as

f jk( yj, yk) = tjk ·
yk − yj

∥ yk − yj∥

f kj( yj, yk) = tkj ·
−( yk − yj)

∥ yk − yj∥
.

(A.10)

In Table 1 we list the parameters required to implement our simulations.

Appendix B. Efficacy of the neural network meta-model during sensitivity analysis

In our previous work [54], we conducted a sensitivity analysis on a similar system without the intermediate step
of constructing a meta-model. This was computationally feasible because the prior system was two-dimensional,
contained fewer cells than the simulations presented here, and only three parameters were investigated. With the
simulation data from our previous publication, we are able to further verify the efficacy of our neural network
based meta-model by comparing the results of the sensitivity analysis with and without the meta-modeling step.
In Fig. B.1, we show that as the number of parameter samples used to construct the meta-model N and random
samples R increase, the meta-model based predictions of Sobol indices converge to the Sobol indices computed
with direct model sampling. This result confirms that the meta-modeling strategy is effective.
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Fig. D.1. The upper row shows a comparison between g-1 and g-2 sampled data for mm-1 and mm-2. Upper left: comparing different
meta-models of model 1 data to mm-2 with all 10 stochastic runs included; Upper right: comparing different meta-models of model 3 data
to mm-2 with all 10 stochastic runs included; The middle and lower rows illustrate the effects of different meta-modeling strategies for g-2
sampled data. Middle left: contour plot of mm-1 nn-1 trained to model 1 data (mean absolute test error: 0.14); Middle center: contour plot
of mm-1 nn-2 trained to model 1 data (mean absolute test error: 0.10); Middle right: contour plot of mm-2 nn-1 trained to model 1 data
(mean absolute test error: 0.097); Lower left: contour plot of mm-1 nn-1 trained to model 1 data (mean absolute test error: 0.024); Lower
center: contour plot of mm-1 nn-1 trained to model 1 data (mean absolute test error: 0.048); Lower right: contour plot of mm-2 nn-2 trained
to model 1 data (mean absolute test error: 0.023). Here, neural network 1 (nn-1) is trained with the same parameters as in Fig. 6 while
neural network 2 (nn-2) is trained with different parameters tuned to avoid overfitting for mm-1 model 1.

Appendix C. Additional simulation results

In this Appendix we include supplementary simulation results. First, in Fig. C.1, we show the performance of
our neural network based meta-model on three-dimensional simulation data. Notably, this figure is similar to Fig. 6
in the main body of the text. Then, in Fig. C.2, we show the results of the sensitivity analysis for two-dimensional
data and three-dimensional data for all model sizes with respect to QoI J and QoI C . As with the results reported in
the main body of the text, n and α are the most important parameters for all simulation types. Finally, in Fig. C.3,
we show additional contour plots of QoI J and QoI C with respect to the most important parameters n and α.
Fig. C.3 is consistent with the data presented in Fig. 9.
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Table D.3
This table summarizes the meta-models investigated for data sampled from model 1 and model 3. Results are shown in Fig. D.1.

Model 1 mm-1, nn-1 mm-1, nn-2 mm-2, nn-1

g-1 sampling Best performance n/a Best performance
g-2 sampling Overfit Good performance Best performance

Model 3 mm-1, nn-1 mm-1, nn-2 mm-2, nn-1

g-1 sampling Best performance n/a Best performance
g-2 sampling Good performance Biased Best performance

Appendix D. Additional details of meta-model selection

As stated in the main body of the text, we use Latin Hypercube Sampling to sample the input parameters space.
For our model with repeatable stochastic behavior, we can generate new data by running the model multiple times
with the same input parameters (herein referred to as group 1 or g-1) or instead generate a new set of input
parameters with the Latin Hypercube Sampling algorithm for each run of repeatable stochastic behavior (herein
referred to group 2 or g-2). We found that for our model, generating a new set of input parameters for each stochastic
run (g-2) makes the meta-model prone to overfitting when meta-modeling strategy 1 (mm-1) is implemented. In
this section, we briefly illustrate the difference between mm-1 and mm-2 for sampling algorithms g-1 and g-2.

We have summarized our analysis and the performance of each model in Table D.3. The results of our comparison
are also shown in Fig. D.1. Critically, we show that the results obtained when mm-1 is implemented for g-2 sampled
data differ from the mm-1 g-1, mm-2 g-1, and mm-2 g-2 groups. In Fig. D.1 we also show examples of a meta-
model that is overfitting on model 1 data but performing acceptably on model 3 data, and a meta-model that is
biased in the context of model 3 data but helps avoid overfitting with model 1 data. The meta-models implemented
here are multi-layer perceptron regressors. The first neural network (nn-1) contains 2 hidden layers with 500 neurons
each. The second neural network (nn-2) contains 2 hidden layers with 5 neurons each. As illustrated in Fig. D.1,
nn-2 is less flexible though less prone to overfitting. This is a typical example of the bias/variance tradeoff [40].
Though future work is needed in this area, these initial results indicate that when we are restricted to mm-1, g-1
sampling might be preferable to g-2 sampling because it is more likely to avoid model overfitting.
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