
Extreme Mechanics Letters 7 (2016) 10–17
Contents lists available at ScienceDirect

Extreme Mechanics Letters

journal homepage: www.elsevier.com/locate/eml

An algorithmic approach to multi-layer wrinkling
Emma Lejeune, Ali Javili, Christian Linder ∗

Department of Civil and Environmental Engineering, Stanford University, Stanford, CA 94305, USA

a r t i c l e i n f o

Article history:
Received 10 December 2015
Received in revised form 6 February 2016
Accepted 7 February 2016
Available online 10 February 2016

Keywords:
Wrinkling
Epidermal electronics
Geometric instability

a b s t r a c t

Wrinkling, when a thin stiff film adhered to a compliant substrate deforms sinusoidally
out of plane due to compression, is a well understood phenomenon in bi-layer systems.
However, when there are more than two layers, the wrinkling behavior of the multi-
layer system is, at present, not fully understood. In this paper, we provide an analytical
solution for wrinkling in tri-layer systems where the additional layers can contribute to
either the film stiffness or substrate stiffness. Then, we provide an algorithmic approach
for extending our tri-layer analytical solution to systems with multiple additional layers.
Our analytical solution and algorithmic approach are verified numerically using the finite
element method. Using our methodology, wrinking can be predicted and controlled in
multi-layer systems, with applications ranging from stretchable electronics to biomimetic
design. In this paper, we demonstrate that our model can be used to understand wrinkling
behavior in epidermal electronics.

© 2016 Elsevier Ltd. All rights reserved.
1. Introduction

Though wrinkling in bi-layer systems is a well un-
derstood phenomenon [1–7], the study of wrinkling in
multi-layer systems is incomplete. Multi-layer systems,
as illustrated in Fig. 1, do not necessarily have a sin-
gle layer clearly defined as the film or a single layer
clearly defined as the substrate. Instead, there are mul-
tiple layers some of which may contribute to the ax-
ial and bending stiffness of the film and some of which
may contribute to the stiffness of the substrate [8–10].
Understanding wrinkling in multi-layer systems is im-
portant for interpreting the wrinkling behavior of some
biological systems, such as the gut [11–13], the skin
[14–16], or the lungs [17,18]. The patterns which emerge
from these biological multi-layer systems can inspire en-
gineering design, such as engineering surfaces which uti-
lize wrinkling to access multiple length scales and in-
crease surface area [19–21]. In buckling based metrol-
ogy, a better understanding of wrinkling in multi-layer
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films will enhance the study of novel multi-layer systems
[22–25]. In addition, in engineering stretchable electron-
ics, a deeper understanding of multi-layer wrinkling can
be used to design systems in which wrinkling is used
to prevent high levels of strain in stiff or brittle layers
[26,27]. In this paper, we use epidermal electronics
[28–32] as an example tomotivate the study ofmulti-layer
wrinkling. Epidermal electronics are a strong motivation
because, as seen in Fig. 2, they connect tomulti-layer wrin-
kling in two ways. First the electronic devices themselves
are often multi-layer systems [28,33]. Second, the skin is a
multi-layer structure thought to have as many as six me-
chanically distinct layers which influence its wrinkling be-
havior [34,35].We present amulti-layermodel suitable for
capturing the wrinkling behavior of the device–skin sys-
tem.

With regard to previous research specific to multi-
layer wrinkling [8], we primarily build on four previous
works to construct our approach to multi-layer wrinkling.
First, Stafford et al. [37] proposed a method for combining
thin, experimentally observed, surface layers of finite
thickness with the film layer by treating the film as
a composite beam. Second, Jia et al. [9] provided an
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Fig. 1. When thin stiff films adhered to compliant substrates experience
in plane compression, the wrinkling instability can occur. Though
wrinkling in systems that consist of a single film on a substrate is well
understood, wrinkling in systems with multiple layers has still not been
sufficiently studied. In this paper we provide a general methodology for
studying wrinkling in multi-layer systems.

analytical solution verified by numerical results to account
for an intermediate layer that will combine with either
the film or the substrate depending on the geometric and
material properties of the system. Third, Huang et al. [38]
demonstrated that after a finite substrate depth is reached,
substrate depth no longer influences wrinkling behavior.
Finally, in our recent work [10] we proposed an analytical
solution verified by numerical results to account for
wrinkling in multi-layer systems where the additional
interfacial layers are assumed to be thinner than the film.

Here, we extend the solution presented in Lejeune
et al. [10], which is restricted to bi-layer systems with
additional thin interfacial layers, to systems with multiple
layers that are not restricted in thickness or material
properties. Then, we apply our extended multi-layer
wrinkling model to a device–skin system. The rest of the
paper is organized as follows. In Section 2, we clearly
explain the methodology for performing this extension
with an analytical solution verified by numerical results.
In Section 3, we show an example of our multi-layer
wrinkling model applied to epidermal electronics. Finally,
we conclude our paper in Section 4.

2. Multi-layer model

The equations for critical strain εcr, critical wavelength
λcr, and critical wave number ncr that are sufficient to
describe wrinkling initiation in a bi-layer system are quite
simple. Our intention is to preserve this simplicity by
extending the bi-layer solution tomultiple layers following
an intuitive procedure. We begin with the equation
relating axial strain ε to wave number n used to derive ncr
for bi-layer wrinkling [1,39],

Ef
t3f
12

n4
− Ef tf εn2

= −
2Es
ζ

n (1)

where Ef and Es refer to the plane strain moduli of the film
and substrate respectively, νs is the Poisson ratio of the
substrate, tf is film thickness, and ζ = (3− 4νs)/(1− νs)

2.
In the typical applications related to the wrinkling insta-
bility, corresponding to nearly incompressiblematerial be-
havior, νs ≃ 0.5, thereforewewill proceedwith ζ = 4. The
term on the right of the equation can be understood as the
influence of the infinite substrate on the film. We define
tt as the ‘‘test’’ depth used to determine how many layers
below the film will contribute to film stiffness given the
behavior of the system at instability initiation. If we think
of the substrate contribution as a set of springs in paral-
lel, with spring stiffness K = Es/tt , tt is understood as the
depth of substrate felt by the film. Given (1), the value of ncr
can be computed explicitly by solving dε/dn = 0 with re-
spect to n. By equating the right hand side of (1) with K , the
explicit solution for tt in a bi-layer system is computed as

ncr =
1
tf

3


3Es
Ef

and tt =
2
ncr

. (2)

This is consistent with the notion that after a certain sub-
strate depth is reached, the system will behave identically
to a systemwith an infinite substrate [38,40]. Based on (2),
it is clear that a higher Ef /Es ratio corresponds to larger val-
ues of tt .

In the context of wrinkling initiation in multi-layer
systems, computing tt is necessary because it will be used
to determine which combination of layers contribute to
either film or substrate stiffness. We define the terms
‘‘FCL’’ to denote film contributing layers and ‘‘SCL’’ to
denote substrate contributing layers. For example, in a
tri-layer system where the film on top is stiffer than
both lower layers, computing tt with respect to the
film and intermediate layer tests if a possible buckling
mode is bi-layer wrinkling entirely independent of the
lowest layer. When tt is greater than the thickness of the
intermediate layer, the bi-layer equations are no longer
sufficient to predict wrinkling. Therefore, a solution for
wrinkling in a tri-layer system is required. To address this,
we demonstrate that the equations presented in Lejeune
Fig. 2. This figure illustrates the connection between multi-layer wrinkling and epidermal electronics (left center experimental image published in [36]).
By modeling the skin with five mechanically distinct layers [35], it is possible to obtain a better understanding of its wrinkling behavior. We find that in
the device–skin system the device and stratum corneum will act as a film while the four lower layers of the skin will act as the substrate. A more detailed
analysis is provided in Section 3.
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Fig. 3. Left: schematic illustration of the system evaluated. Center left: plot of tt computed using (2) Ef , tf and Ei , the properties of the top two layers, to
highlight the point when tt < ti and the bi-layer model is applicable rather than the substrate contributing tri-layer model. Center right: plot of εcr vs. Ei .
Right: plot of λcr vs. Ei . The analytical solutions show (1) the substrate contributing tri-layer model, (2) the bi-layer model using the two upper layers, (3)
the film contributing tri-layer model, and finally the applicable final solution that is a piecewise combination of these three models. The Jia et al. numerical
results are conducted using the finite element method implemented in ABAQUS via a linear perturbation analysis. Our numerical results are computed
using an in-house finite element code and the procedure detailed in [41]. In all plots, modulus Ei is reported in units of MPa while tt and λcr are reported in
µm. Overall, the plots shown in this figure confirm that our proposed methodology is capable of handling tri-layer systems with thick intermediate layers.
We report both our numerical results and the ones present in Jia et al. [9] to emphasize that the numerical results presented in this paper are sound and
reproducible and to confirm the abrupt change in wavelength reported in Jia et al.
et al. [10] for a tri-layer model with thin interfacial layers
are extensible to systemswith thick interfacial layers.With
an intermediate layer that acts as a SCL, (1) becomes

Ef
t3f
12

n4
− Ef tf εn2

= −
Esn

nti(Es/Ei − 1) + 2
(3)

where Ei is the plane strain intermediate layer modulus, ti
is the intermediate layer thickness [10]. The implicit equa-
tion, dε/dn = 0 can be solved for ncr and subsequently
εcr = ε(ncr). For an intermediate layer which contributes
to the film stiffness (FCL), the overarching equation is iden-
tical to (1), except the bending and axial stiffness of the film
must be updated to treat the multi-layer film as a compos-
ite plate. Eq. (1) becomes

(EiIi + Ef If )n4
− (tiEi + tf Ef )εn2

= −
Esn
2

(4)

where Ii and If correspond to themoment of inertia divided
by width of the intermediate layer and film respectively,
computed via the parallel axis theorem. The idea of com-
bining the intermediate layer and film as composite plates
was originally proposed in Stafford et al. [37] in the con-
text of buckling based metrology, and the result is a set of
explicit equations for ncr, λcr and εcr.

Given these two options, FCL and SCL, the option
which occurs at a lower level of strain will correspond
to instability initiation [9]. In Fig. 3, εcr and λcr for a
systemwith fixed film and substrate properties and varied
intermediate layer properties are plotted. It is clearly
illustrated that using the bi-layer solution where the top
two layers compose the bi-layer, the SCL tri-layer solution,
and the FCL tri-layer solution, instability initiation can be
captured throughout the domain. The piecewise applicable
solution illustrated in Fig. 3 is computed as follows. When
Ei < Es, tt is used to choose between the bi-layer model
and the SCL model. When Ei > Es the applicable model
will be the SCL model or the FCL model, determined by
computing εcr for bothmodels and choosing the onewhich
corresponds to a lower value of εcr. Based on Fig. 3, it is clear
that our extension from a thin intermediate layer to a thick
intermediate layer is validated by the good agreementwith
numerical results.

Like the equations proposed in Jia et al. [9], we are
able to capture the entire domain of numerical results.
However, for the SCL solution, the equations we use to
compute εcr and λcr are different and somewhat simpler
to intuitively understand and implement. Though simpler
certainly does not translate to ‘‘better’’, our approach has
the benefit of being naturally extensible to systems with
more than three layers.With regard to combiningmultiple
intermediate layers to contribute to the substrate, this
extension can be conducted by treating the layers as a set
of springs in series

t toti = tk + tk+1 and Etot
i =

EkEk+1(ti + ti+1)

Eiti+1 + Ek+1tk
(5)

where layers k and k + 1 are combined to a total layer
stiffness, and t tot and Etot describe a single layer equivalent
to the two layers combined. In order to compute tt when
there are intermediate layers contributing to the substrate,
we use the value K , which represents the substrate
contribution given in the right hand side of (3). The value of
K is known after implicitly solving dε/dn = 0. Treating the
intermediate layer and substrate as springs in seriesmeans
that tt can be computed as

K =
Esncr

ncrti(Es/Ei − 1) + 2

tt =
EiEs − KEsti

KEi
. (6)

To combine multiple layers contributing to film stiffness,
the layers are treated as a composite plate [37]. The
resulting axial and bending stiffness from combining two
layers can be computed as

ȳ =
Ektk(tk+1 + tk/2) + Ek+1tk+1(tk+1/2)

Ektk + Ek+1tk+1
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Ik =
1
12

t3k + tk(ȳ − (tk+1 + tk/2))2

Ik+1 =
1
12

t3k+1 + tk+1(ȳ − tk+1/2)2

[EA]tot = Ektk + Ek+1tk+1

[EI]tot = EkIk + Ek+1Ik+1. (7)

As with adding subsequent intermediate layers to the sub-
strate, adding additional layers to the film can be con-
ducted iteratively. If [EA]

tot
k , [EI]totk and ȳtotk corresponding

to layer k are known, [EA]k+1, [EI]k+1 and ȳk+1 can be com-
puted readily, then the total values of [EA]

tot
k+1, [EI]

tot
k+1 and

ȳtotk+1 corresponding to total system k + 1 are computed as

ȳ =
[EA]

tot
k (ȳtotk + tk+1) + [EA]k+1tk+1/2

[EA]
tot
k + [EA]k+1

[EA]
tot
k+1 = [EA]

tot
k + [EA]k+1

[EI]totk+1 = [EI]totk + [EA]
tot
k+1(ȳ − ȳtotk − tk+1)

2

+ [EI]k+1 + [EA]k+1(ȳ − tk+1/2)2. (8)

By combining (3) and (4), we obtain an expression for a
system with a multi-layer film, multi-layer intermediate
region and a substrate as

[EI]totn4
− [EA]

totεn2
= −

Esn
nt toti (Es/Etot

i − 1) + 2
. (9)

The algorithms provided in Fig. 4 clearly illustrate the
procedure for determining which layers contribute to
the film and which layers contribute to the substrate
such that (9) can be applied. Just as with the bi-layer
solution, some systems will not be good candidates for
applying the analytical solution andwill require numerical
analysis. This is particularly the case when the total sum
of SCLs is not sufficiently thick, when the total sum of
FCLs is too close to the wrinkle wavelength, when the
conditions of small strain are violated or when different
modes of instability may occur at nearly the same level
of strain. Notable alternative methods for quantifying
surface instabilities in systemswith depth varyingmaterial
properties include the state space method [44], and the
finite element method [40], which, unlike our method, do
not approximate layers as either thin plates (FCLs) or linear
springs (intermediate SCLs).

Using our method, it is clear that tri-layer problems
can be understood very intuitively and interpreted directly
from the equations in Section 2. For systems with more
than three layers, the algorithm presented in Fig. 4 proves
useful for describing our implementation. To further
demonstrate the validity of our approach for systems
with more than three layers, we compare the algorithmic
solution for a four layer system to numerical results [41].
The geometry and material properties of the system
tested are shown in Fig. 5. In this system, the layers of
the substrate becomes stiffer with increasing depth, so
the algorithm illustrated in Fig. 4 is used to determine
the analytical solution. In the results plotted in Fig. 5,
the properties of the intermediate layers and substrate
are held fixed while the film stiffness is increased. As
Ef increases, the depth of substrate influencing film
behavior increases. Therefore, when Ef is very low, the
first intermediate layer acts as the substrate. When Ef , and
subsequently ts, increases, the second intermediate layer
and substrate layer both contribute to instability initiation.
Based on the good agreement between our numerical and
analytical solutions, it is clear that our approach is valid
for the system tested. In Fig. 5, the analytical solutions for
the bi-layer system of the film and each subsequent layer
are also shown to illustrate that while the curves are the
same shape, the predicted values are sufficiently different
such that it is evident that the close agreement between
our analytical and numerical solution is not coincidental.

3. Application to epidermal electronics

As illustrated in Fig. 2, images and studies of the human
skin indicate that it has a multi-layer structure [45]. Here,
we present amodel of the skinwhich has fivemechanically
distinct layers [35]. Due to the variability in parameters
reported in the literature [46–50], both due to differences
in experimental set up and variation across subjects and
locations on the body [51], the parameters chosen for
our model are approximations. Similar to the abrupt
mode switch illustrated in Fig. 3, stiffening of skin during
the aging process is shown to cause an abrupt switch
between mode I wrinkling, where the stratum corneum
acts as the film, and mode II wrinkling where the stratum
corneum and viable epidermis act as a composite film.
With our approach tomulti-layer wrinkling, we are able to
confirm that this switch is plausible. Previous predictions
of this switch, while insightful, relied on very approximate
analytical and numerical results [35]. Of course, more
accurate quantification of geometry and parameters is
required to make quantitative or prescriptive conclusions
about wrinkling in the skin. However, this prediction of
a mode switch with an abrupt jump in λcr has been
observed experimentally in a study of wrinkling response
to applied compression in facial skin for subjects of
varied age [52]. Our analysis also indicates that there
are multiple systems (combinations of different FCL or
SCL) which can potentially wrinkle in the skin, and
that an increase in εcr may induce longer wavelength
wrinkling. For example, wrinkling in the stratum corneum
layer may occur first, and then wrinkling of the stratum
corneum and viable epidermis acting as a composite film
may become superimposed at a higher level of strain.
It is also possible that the deformation induced by the
lower wrinkling modes will not heavily influence the
timing and appearance of the higher modes because
the differences in length scale may render wrinkling
induced deformation negligible. This is consistent with
experimental observations which indicate that multiple
superimposedwavelengthsmay be observed in skin under
high levels of compression [14,16].

The design of epidermal electronics is highly varied and
rapidly evolving [28,30]. Here, we consider a simplified
system in which an electronic device is treated as an
additional layer on the surface of the skin. With our
model, we can qualitatively understand what occurs when
the device–skin system is subject to compression. Fig. 6
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Fig. 5. Left: schematic diagram of the system tested analytically and numerically. Left Center: depth below film engaged with respect to different values
of Ef with a marked transition and additional layers become engaged. Right Center: ncr plotted with respect to Ef for both numerical and analytical results,
the incorrect bi-layer solutions are plotted for comparison. Right: εcr plotted with respect to Ef for both numerical and analytical results, the incorrect
bi-layer solutions are plotted for comparison. The units of E are reported are MPa and tt and λcr are reported in µm.
Fig. 6. Upper row: wrinkling in a five layer model of human skin. Lower row: wrinkling in a model of human skin with a device adhered to the top. In
the upper row, α represents the degree to which the skin has aged where the modulus of each layer varies linearly between ‘‘young’’ and ‘‘old’’ values
according to α [35]. Because there is much variability in the literature for mechanical properties of skin [45], the values taken here are order of magnitude
approximations. The un-aged moduli (α = 0), from top to bottom are 1 MPa, 0.1 MPa, 0.05 MPa, 0.1 MPa and 0.075 MPa. The aged moduli are 10 MPa,
1 MPa, 0.1 MPa, 0.2 MPa, 0.15 MPa. Changes in skin thickness due to aging were neglected, from top to bottom the thickness of each layer is 0.02 mm,
0.08 mm, 0.2 mm, 1 mm and 2 mm similar to parameters chosen in [35]. In the lower row, skin properties corresponding to α = 0.5 were chosen while
the stiffness of the device Ef was varied in units of MPa. The device layer is 0.005 mm thick. Besides the highly intuitive result, that increasing Ef results in
lower εcr and higher λcr , it is noteworthy that the predicted mode of wrinkling, corresponding to minimum εcr is the device and stratum corneum acting
as a composite film while the remainder of the skin acts as a substrate.
compares εcr and λcr of the device–skin system with
different device stiffness to the behavior of the skin alone.
The predicted decrease in εcr and increase in λcr is a highly
intuitive result given that the additional layer increases
the stiffness of any film or composite film layer that may
arise. However, our model also predicts that the first
mode of wrinkling to occur will be the system in which
the device and stratum corneum act as a composite film.
Before applying our model, it was unclear if the lowest
value of εcr would correspond to the device acting as
a film with the entire skin as a substrate or if layers
of the skin would also act as a film. The results of
our study are illustrated in Fig. 6. Moving forward, the
notion that the device and the stratum corneum wrinkle
together may contribute to the understanding of buckling
delamination in these systems [30,33,53,54]. Though the
results presented here are only valid for a given set of
parameters, our model has the benefit of being easily
implemented and tested for alternative layered device
configurations or skin properties.
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4. Conclusion

In this paper, we outline a procedure for computing
the analytical solution for wrinkling instability initiation
in multi-layer systems. We begin by presenting our previ-
ously developed solution for multi-layer wrinkling in sys-
tems with a limited number of very thin interfacial layers.
Then, we extend this solution to multi-layer systems with
an unlimited number of layers and unconstrained layer
thickness. Performing this extension has utility in many
areas, ranging from stretchable electronics [26,55], to un-
derstanding biological pattern formation [56], to manufac-
turing biomimetic surface topology [20]. In this paper, we
demonstrate the utility of our model for predicting multi-
layer wrinkling in epidermal electronics. The configura-
tion of these systems in highly varied and rapidly evolving
which further motives our presentation of a general model
for multi-layer wrinkling.
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