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Abstract

This supplementary appendix for Noor and Takeoka [4] presents an addtional
difference between our model and the beta-delta model, compares our model with
Wakai model [5], and provides the proofs omitted in the paper.

1 Consumption-Saving Application

1.1 CCE-DU Observational Non-Equivalence

Previous literature on the beta-delta model (Laibson [2], Barro [1]) has shown that the beta-
delta model (with beta strictly less than 1 and log utility) is observationally equivalent to
the standard exponential discounting model when the data consists only of consumption-
saving behavior. In this section, we ask if the consumption-savings profile of a Sophisticated
CCE agent can be replicated by a Sophisticated beta-delta model (with beta allowed to
equal 1, so as to nest the standard exponential discounting model). It is readily shown
that:

Proposition. Suppose 0 < o5 < 1 and consider the consumption profiles of a Sophis-
ticated CCE agent with Ky = K, that is constrained along the optimal consumption paths
at any two distinct R, R' > 1. There does not exist a Sophisticated beta-delta model (with
utility index w) that can simultaneously match these consumption profiles.
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Since the standard exponential discounting model is a special case of the Sophisticated
beta-delta model, the result establishes observational non-equivalence with the standard
model as well. The reason is that the nonseparability of the CCE model comes into play as
R varies. In the proof, we show that any calibrating beta-delta model must strictly change
with R. While the algebra in the proof is greatly simplified by assuming that the beta-delta
model has the same u as the CCE model, we expect the non-equivalence to hold even if we
have freedom to choose the utility index for the calibrating model.

1.2 Proof
Lemma 1. (Beta-Delta Saving Rule) The optimal saving rules for the -0 model are given
by
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Lemma 2. The Sophisticated CCE and Sophisticated -6 models are not observationally
equivalent.

Proof. Comparing saving rules it must be that A; = B; for t = 0, 1. The condition A; = B;

is equivalent to
1
K\ m
/86 N <_> .
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Given this, Ay = By is equivalent to

5+ (BSR)7T = (Z—;)ZL + (@51—2)5"1> ;.

Therefore, we have a closed-form solution which must be nonconstant in R:
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1
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Since 2 is strictly increasing, §(R) > 0 and so the solution is well-defined. O

2 Proofs in Section 4 (Consumption-Savings)

2.1 Proof of Proposition 4

Lemma 3. (Sophisticated CCE Saving Rule) Assume 0 < o= < 1 and suppose that both
self 0 and self 1 are cognitively constrained at their respective optimal consumption path.
The optimal saving rules for the sophisticated CCE model are given by

1
s7=Ai1(I1 + Rsg)  where Ay := ; :
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Proof. Write 0 < 06 < 1, where 0 = . Let v, = (a;m)” =-1. By Proposition 3, the

m
homogeneous CCE representation takes the form:
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where 0; = (a; 1)ﬁ. Nots that d; < §; < 1. The utility function for self 1 is analogous.
We proceed by backward induction.

Solve for the optimal consumption of self 1 assuming that she will be constrained at the
solution, that is, dc§? > m? K. Her problem is

1
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The FOC (I; + Rsp — $1)7 ' = (f—f) R7s77! yields the saving rule

1
s; = Ai(I1 + Rsg), where A; = : : (1)

L [(52) [ R
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Now turn to self 0 and assume that she is sophisticated. We solve for her optimal
consumption assuming that she is constrained at the solution, that is, 6,¢5? +d,c3? > m? K.
Her maximization problem is

1
max (Iy — s0)7 + K" [61(I) + Rsg — 51)7% + 52(R31)09]%-
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Being sophisticated, she take sf = A;(I; + Rsp), and so the problem becomes
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which yields the time 0 saving rule
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Lemma 4. Assume 0 < o5 < 1 and suppose that both self 0 and self 1 are cognitively
constrained at their respective optimal consumption path. Then the following hold for the
sophisticated CCE model:

(i) Given any wealth Iy + Rsg, s} is increasing in Kj.

(i) s§ is increasing in K.

(iii) st is increasing in Ky if and only if ai/as > (R™(K;/ay)' =7 w )T .

() Let Ko = K1 = K. s is increasing in K if ay/as > (R _"(K/al)l*"*i)ﬁ.

Proof. Parts (i) and (ii) follow from the expression of the saving rules.
Proof of (iii): Write self 0’s saving rule as
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For notational simplicity, denote ¢ = (é) " and k = (f—f) . Then, the sign of f'(K7)
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The sign of A'(k) is the same as the sign of its numerator, that is,
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Therefore, the sign of the above expression is equivalent to the sign of
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Note that 1 — o — % > (0 because this condition is equivalent to o6 < 1. Since a; < as, we

have a; /ay < 1. Moreover, since R > 1 and K;/a; < 1, we have (R‘”(KM@Q%) e <
1.

Proof of (iv): The sign of the derivative of (K/a)= f(K) is the same as the sign of the
derivative of kh(k), defined as in (2). Since the numerator of the derivative h'(k) is derived



as in (3),

h(k)) = (k) + kR (k) = h(k) (1 N kh’(/@)
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Therefore, sj; is increasing in K if and only if the sign of the parenthesis is positive. Note
also that
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This expression is the same as (4). If this inequality holds, (5) is positive. O

2.2 Proof of Proposition 5

Lemma 5. (Naive CCE Saving Rule) Assume 0 < o5 < 1 and suppose that both self
0 and self 1 are cognitively constrained at their respective optimal consumption path. The
optimal saving rules for the sophisticated CCE model are given by

1
s; = Ai(I1 + Rsg)  where Ay := + :
1+ [(£)" R

a
and
N o)
@ (O = +6)7)
sy = where Ay := R° O\
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Proof. The calculations follow those in Lemma 3. The solution for s} is as in Lemma 3

Solve for self 0’s optimal consumption assuming that the solution satisfies d;¢7% + §yc3?
miK.

max (Ip — s9)7 + (K)%[(ﬁ(]l + Rsg — 51)77 + 52(R31)09]é-
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We need to show that

*
dsy

Lemma 6. A ko)

dsg
> I for any Iy, I; > 0.
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2.3 Proof of Proposition 6

Consider an arbitrary stream z € X. The first order conditions of the optimization problem
yields that for any stream z the optimal D, must satisfy

u(z) _ @i(D-(1)
u(zr) sot/( ()

and the capacity constraint Zf: wi(D,(t)) < K. Since, D,(t) = 0 for any t > 0 s.t.

Vi, t' >0 st u(z),u(ze) >0,

u(z;) = 0, to establish our resulf| we can wlog focus on z for which u(z;) > 0 for all ¢ > 0.
Consider the following truncated optimization problem where we treat D,(7) as fixed:

max {[Z D(t)u(z) = Y fp(D())| + [Da(r)ulzr) = o (D:(7))]}

(DO)o<irr |57, o
t. Y (eD(t) < K := K — ¢ (D.(7)).
0<t#

Define K¢ := K — @, (D,(7)). Since the terms with D,(7) are constants, the problem is
equivalent to

max {Z D(t)u(z) — Z 0i(D(t))} s.t. Z :(D(t)) < Kne,

(D®)o<tzr 0<t#T 0<ts 0<ts
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It is clear that the solution (DY™""(t))o<tzr to this problem coincides with the solution D,
(restricted to 0 < t # 7) to the original problem with z. We use these observations to prove
the proposition.

Take any = and €™ and wlog suppose u(z;) > 0 for all ¢ and € > 0. Denote y = = + €.
By the preceding, when restricted to 0 < t # 7, D, and D, solve a truncated optimization
problem with different the same objective function but different constraints. We show that
x has a more relaxed problem, that is, K" < K¢ .

Suppose by way of contradiction that K" > K. This implies that o, (D,(7)) <
©-(D,(7)) which implies D,(7) < D,(7). By the FOC ratios, we also have that for any

O<t#r

pi(Dy(t) _ ulz) _ulw) _ pi(Dalt))

ei(Dy(1))  ulzr+e€) ula) @ (Da(T))
But then D,(7) < D,(7) implies D, (t) < D,(t) for all 0 < ¢t # 7. This contradicts the
optimality of D, in the original problem for y, since D, is feasible, Zfo 0 (Dy(t) < K,

and improves the value of the objective function,

+ [Da(T)u(zr + €) — 7 (Da(7))]

[Z D, (t)u(x;) — Z i(De(t))

0<t#T 0<t#

+ [Dy(T)u(z: + €) = - (Dy(7))]

> [Z Dy (tu(ee) — Y (au(D,(1)
O<t#T 0<t#
Having established that K;T“"C < K¢ we can now prove the result. The inequality
directly implies D, -(7) > D,(7). Because x has a more relaxed truncated problem, it
must be that D, (t) < D,(t) for all 0 <t # 7.

3 Proofs in Section 5 (Task Completion)

3.1 Proof of Proposition 7

Consider the CE agent. If there is one task, then by assumption the agent completes the
task. Assume the induction hypothesis that the agent would complete n — 1 tasks with
deadline T,,_1 = 2(n — 1) — 2 = 2n — 4. Suppose that there are n tasks to be completed
with deadline 7,, = 2n — 2. If the agent does not do a task at time 0 then her problem from
the next period on is that of n — 1 tasks to be completed in T,,_; periods, all of which she
will complete given the induction hypothesis. Her time 0 problem compares the discounted
utility of doing vs not doing a task:

U(n tasks) = |u(0)+ > Duo)()u(0)| + Dumy(Du(R) + Y Dum(t)u(R),
U(n—1tasks) = |u(r)+ > Dyo)(t)u(0)| + Z( Dury(t)u(R).
L t=2,4,-,2n 1 =13, 2b+1
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However,

U(n tasks) — U(n — 1 tasks) = —u(r) + Dy (1)u(R).

But —u(r) 4+ Dy (1)u(R) is the net utility of doing one task where there is one to be done
at T = 0, which is positive by hypothesis. Therefore U(n tasks) > U(n — 1 tasks), and the
CE agent would complete n tasks with deadline 7" = 2n — 2.

We show how the above proof breaks down for the CCE agent. Since she may be
cognitively constrained we write the discount functions in their more general form:

U(n tasks) = |w(0)+ > Dy(t)u(0)

t=2.4, 2n

+Dy(Du(R)+ > [ Du(t)u(R),

t=3, 2nk+1

U(n —1 tasks) = |u(r) + Z D, 1(t)u(0)

t=2.4, 2n

t=1,3, 2

+ Z( D1 (t)u(R).

Note that the n stream has a positive reward at ¢ = 1 while the n — 1 stream does not.
If the agent is not cognitively constrained at n then she is not cognitively constrained at
n — 1 and by the argument in the CE case we see that she will complete n tasks. On the
other hand, if the agent is cognitively constrained at n, then regardless of whether she is
constrained at n — 1, the model implies D, (t) < D,_(t) for all ¢ by Proposition 8 since
the cognitive resources have to be spread over more periods in case n. Consequently,

U(n tasks) — U(n — 1 tasks)

= —u(r) + Dy (1)u(R) +

t=2,4, 2n t=1,3, 2

Y [Dult) = Dua(D]u(0) + Z( [Dn(t) = Dna(t)]u(R)] |,
+1

where the term in the square brackets is negative (since D, (t) < D,_(t) and u(r) >
0 = u(0)). With an appropriate choice of parameters we can obtain U(n tasks) — U(n —
1 tasks) < 0.

To demonstrate this, and to also show the possibility of cycles, we construct an example
with a Homogeneous CCE agent. Suppose there are n = 3 tasks to be done by period T' = 4.
It will be convenient to define

A(5) = (mi%)z%uww,

1 m—1
fla) = (mK)m {a} = .
At T = 4, suppose the agent is constrained when considering the task. By the reduced
form of the model, we therefore require that

and

1

A1(R) = (may)” mTu(R)m1 > mK.
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Then the utility from doing the task is f(A;(R)) = (mK)% {(é)?u(}?)mml} o
Thus at T' = 4 constrained and agent does the task iff
f(AL(R)) = u(r).

At T = 2 suppose that the agent is constrained when considering not doing the task,
that is,

Ay (r) + As(R) = (may) "7 1u(r) ™7 + (mag)” 7w Tu(R)7T > mK.
This implies that she is also constrained when considering the task, that is,

Ai(R) + As(R) = (may) mTu(R)»T + (mag) mTu(R)=T > mK.
Then at T' = 2 she does not do the task iff
ot () e o)
< u(r) + (mK)% { <&) T u(R)ﬂﬁl}
3(R)) < u(r).

— [(A(R) + A3(R)) — [ (A

At T = 0 suppose she is constrained when considering not doing the task:

1 m 1

As(r) + A5(R) = (may)” m=Tu(r)=— + (mas)” m1u(R)=1 > mK.

This implies that she is constrained when considering the task:

1 1 m 1 m

A1 (R)+Ay(r)+A5(R) = (may)” m1u(R) ™1 4(may) " mTu(r)m—1+(maz) " mTu(R)m1 > mK.

Then at 7' = 0 she does the task iff

< f(A1(R) + Ay(r) + A5(R)) — f (As(r) + As(R)) > u(r).
Therefore we need the following inequalities to hold: those that involve being con-
strained,

Al(R) > mk,

13



A1<T) + Ag(R) > mK,
As(r) + As(R) > mK,
and those that involve choice:
f(AL(R)) — f(0) = u(r),

f(AL(R) + A3(R)) — f (A3(R)) < u(r),
f(A1(R) + As(r) + As(R)) — f (Az(r) + A5 (R)) = u(r).

Assume that A; ~ 0 (by taking as arbitrarily large). Then a sufficient condition for the
“constraint inequalities” to be satisfied is that Ay(r) > mK, that is,

(%@)(U( )R S mK.

Among the “choice inequalities”, since f is concave, the third implies the first, so the latter
can be dropped. We therefore need to show that the following inequalities can be satisfied

numerically:
1

(L> ") > MK,

(mI)m {AL(R) + As(R)} " — (mK)w {As(R)} ™ < u(r),
(mK)w {A1(R) + As(r)} = — (mK)m {As(r)} 7 > u(r).

Assume m = 2 and insert the definition of A in these inequalities, in which case they

o
(CIEENT {(fé)}m{}ﬁfﬁw
() G (. ) R e

We have taken a; — co. Arbitrarily fix a; < Take any v that lies strictly between

OO -
(IO

14

D=

-

¥

¥



2
Let K = (%) . Pick u(r) > 0 satisfying the first inequality, (

u(R) so that 6 = % < 1. Then we have

(OEONHAON OO

and in particular, all the desired inequalities are satisfied.

This establishes the claim that the agent may complete all tasks but not consecutively.
To show that cycling is possible, assume that a; — oo for all ¢ > 5. Therefore the agent’s
“horizon” is effectively 4 periods. Repeating the above example with arbitrary n and
T = 2n — 2 therefore establishes that cycling is possible and completes the proof.

1
2a2

)((r)z > 2K. Choose

3.2 Proof of Proposition 8

It is important to first note that under the given assumption (that is, the agent would
complete 1 task today when the deadline is 7' = 2), it must be that the agent would
complete the task at T' = 2. If not, then the utilities for the ¢ = 0 self are

U(complete 1 task at time 0) = 04 Diyg)(1)u(R) + Dygy(2)u(r) 40

U(complete 1 task at time 2) = u(r) + 0 + Dy (2)u(r) + 0,

and the agent compares Dy g (1)u(R) with u(r), just as the ¢t = 0 self does, and therefore
will not do the task, contradicting the given assumption. Therefore self T' = 2 will complete
the task if there is 1 to be done.

Consider the CE agent, and suppose there is 1 task to be completed by time T" = 2.
Then the agent compares

U(complete 1 task at time 0) = u(0) + Dyg)(1)u(R) + Dyey(2)u(r) +0

U(do not complete 1 task at time 0) = u(r) + 04 0+ Dy(r)(3)u(R),

where our opening observation is used to note that if the agent does not do the task at
time 0 then the time 2 self will wish to complete the task in the deadline period 2. By
assumption, the agent would prefer to do the task at time 0.

Then the Separability property of the CE model and an induction argument yields that
the agent will do 1 task immediately regardless of the deadline. To see this, consider the
case where the deadline is T' = 4. The problem of the ¢t = 2 self is identical to the above
problem and so she will prefer to do the task, and the utility calculations for the ¢ = 0 self
are the same as above except that there is a common term Dy (4)u(r) 4+ 0 (since self 4
does not have any task to do) appended to both utilities. Following this line of reasoning,

15



an induction argument yields that 1 task will be completed immediately regardless of the
deadline.

Turn to the CCE agent. Suppose by way of contradiction that the agent would do
the task immediately for any 7" > 2. Then for all such 7', the ¢ = 0 self finds that
U(1 task at time 0) > U(1 task at time 2) where

U(complete 1 task at time 0) = 0+ Do r(1)u(R) + Do r(2)u(r) +0 + Z Dor(t)u(r),

t:47"'>

U(complete 1 task at time 2) = u(r) + 0+ 0+ Dy (3)u(R) + Z(Dw(t)u(r),

t=4,--

where D, r denotes the optimal discount function for the stream where the task is done at 7
and the deadline is T'. The hypothesis that the agent would always do the task immediately
implies
Dor(D)u(R) + Dor(2)u(r) > u(r) + Dar(3)u(R)

for all T'. However, if we consider a model with time-independent cost function ¢, (d) = d™,
then for 7 = 0, 2, the discount function satisfies D, r(t) = D, (') for all t,t' > 0 that have
the same reward. Denote D, r(t) = d, . for periods 4,6, ... where the reward is r. Then
the capacity constraint implies:

T _ 4 T+1
T@(dr,T,T) = Z (Drr(t)) < Z‘Pt(DT,T(t)) < K.
1=4,6,- T =1

As T' — oo it must therefore be that Dyp, Do — 0 and therefore the above inequality
cannot hold for all 7', a contradiction.

4 Comparison with Wakai (2008)

4.1 Implications of Wakai (2008) in the Task Completion

Assume that R > r > 0. For n > 0, we compare two streams
z" = (0,R,7,0,2"), and y" = (r,0,0, R, 2"),

where 2" is given as an n-repetition of (r,0), that is, 2" = (r,0,7,0,--- ,7,0). Let 2° =
(0,R,7,0,0) and 3° = (r,0,0, R,0) with convention.
Let X = CT*2 be the space of consumption streams. A generic element is denoted by

T = (xo, T1, -, 2T, .I'T+1>.
Consider a Wakai model [5]: for any t € {0,1,---,T}.

U@y, o) = 5131%]{(1 —0)u(xy) + U1 (Tegr, - -+ T741)
€104,0¢

with convention Ury = u.
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Proposition. Let T > 4. Assume that - over X is represented by Wakai model Uy. If
== >== (6)

then 29 = 4/° implies 2™ = y™ for all n > 0.
Condition (6) holds if:
e Stationarity: §, and &; are independent of ¢,
e Discounted utility: 0, = o, for all ¢,

e Discount factors in periods 1 and 2 are less stable than those in periods 0 and 3, that
is, the spreads of [d;,d1] and [d,, ds] are relatively larger than those of [0, do] and
[é:}a 53] .

Proof. Step 1: W,, = Uy(2") < u(r). In period T, the agent faces a stream (r,0). The
corresponding utility is Ur(r,0) = (1 — d7)u(r) < u(r).

Next consider period T'— 1. The agent faces a stream (0,7,0). The corresponding utility
is Up_1(0,7,0) = &1 (1 — d7)u(r) < u(r).

By induction, consider period ¢ > 4 and suppose Up1(21, -+, 271) < u(r). When
the agent faces 2", the payoff in period t is either u(r) or zero. If the payoff in period ¢
is u(r), then Uy(zf', -+, 274) = ming 5,(1 = 0)u(r) + 6Up1 (241, -+ 5 274) < u(r). If the
payoff in period ¢ is zero, then Uy(2, -+, 27, ) = dUpp1 (201, -+ 5 2p4q) < u(r). Hence,
we have U(zf, -+, 2, 1) < u(r), as desired.

Step 2: Evaluation of ™. Since W,, > 0, 0, is used in period 3, and Us(0, 2™) = §;W,,.
Since u(r) > W, by Step 1, 65 is used in period 2, and Uy (r, 0, 2") = (1 — da)u(r) + 6265 W,,.
Since u(R) > u(r) > (1 — 82)u(r) + 020,W,,, 61 is used in period 1, and Uy (R, 7,0, 2") =
(1 —6)u(R) + 61 ((1 — 09)u(r) 4+ 620;W,,). Finally, since Uy (R, 7,0,2") > 0,

Uo(2") = do((1 = 01)u(R) + 01((1 — 82)u(r) + 0205 W)

Step 3: Evaluation of y". Since u(r) > W,, 03 is used in period 3, and Us(R,z") =
(1 = d3)u(R) + 03W,,. Moreover, since this is a positive value, Uy(0,0, R, 2") = §,0,((1 —
d3)u(R) 4+ 63W,,). Therefore, we have

Uy — 4 (1= 0)u(r) + 508, 0,((1 = T)u(R) + 5WW,) if u(r) > 6,0
o) = { C(l — 0p)u(r) + 800,05((1 = d3)u(R) + 6sW,,) if u(r) < 8,0,((1 = d3)u(R) + 53W,,).

Let W be the number satisfying u(r) = §,8,((1—0ds)u(R)+0sW), or W = (u(r)/(8,0,) —
(1 —03)u(R))/ds. If W,, < W, we have the upper case of (7), while if W,, > W, we have
the lower case of (7).

Step 4: The result.

S
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Note that Uy(z™) — Up(y") is a linear function of W,,. Let Dy (W) denote the difference
Up(x™) — Up(y™) when W,, = W and Uy(y™) corresponds to the upper case of (7). Similarly,
let D, (W) denote the difference Uy(x™) — Up(y") when W,, = W and Uy(y") corresponds
to the lower case of (7).

In particular, note that Uy(z°) —Uy(y°) corresponds to either Dy (0) or Dr,(0), depending
on whether Uy(y°) corresponds to either the upper or the lower case of (7).

Case (a): W > W,, > 0. Since W,, < W and 0 < W, both Uy(y™) and Up(3°) correspond
to the upper case of (7). From Steps 2 and 3,
Up(z™) — Uo(y") = Dy(W,,) = Dy (0) + (05010285 — 608,0505) Wy (8)
Since 2° = 3%, we have Dy (0) = Up(2°) — Uy (y®) > 0. Moreover, §,010205 — 608,0503 > 0
by assumption. Thus, from (8), Uy(z™) — Up(y™) > 0.

Case (b): W, > 0> W. Since W,, > W and 0 > W, both Uy(y") and Upy(°) correspond
to the lower case of (7). From Steps 2 and 3,

Un(2") = Up(y") = Dr(Wa) = D1(0) + 85(010285 — 8,0503) W (9)
Since 2° > y°; we have Dy (0) = Uy(2°) — Up(y°) > 0. Moreover, the assumption implies
by, s
03~ 0109

or equivalently,

Thus, from (9), Up(z") — Up(y™) > 0.

Case (c): W, > W > 0. Since W,, > W and 0 < W, Uy(y") corresponds to the lower
case, while Uy(y") corresponds to the upper case of (7). From Steps 2 and 3,

Uo(2z") — Up(y"™) = Dr(W,) = Dr(0) 4 6(810205 — 8,0,03) W,
= DL( ) + 9, (3 5 5 - é1§253)W + é0(3152é3 - élézg?))(wn - W)
= Dy(0) + (80010205 — 600,0503)W 4 8¢(810205 — 6,0,03) (W, — W),

(10)

where the last equality follows from the fact that Dy (W) = Dy(W). Since 2° = ¢°, we
have Dy (0) = Up(z°) — Up(y°) > 0. Moreover, by assumptions, the second and third terms
of (10) are non-negative. Thus, Uy(z™) — Up(y™) > 0, as desired. O

4.2 An Example of Procrastination

Consider an example where condition (6) fails to hold. Let u(c) = cand R =3 and r = 1.
Assume that [d, do] = [0.1,0.8], [9;,6:] = [0.1,0.1], [d5, 2] = [0.4,0.5], [d3,5] = [0.1,0.3],
and [J,,04] = [0.1,0.1].
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Then, W) = (1 —é,)r = 0.9.

Uo(2°) = (0,3,1,0,0) = 8,((1 — 61)u(R) + 61((1 — d2)u(r)))
= (0.1)(0.9)3 4 (0.1)(0.1)(0.5)1 = 0.275.

Since 6,6,(1 — 03)u(R) = (0.1)(0.4)(0.7)3 = 0.084 < 1 = u(r),

Uo(y°) = (1,0,0,3,0) = (1 — do)u(r) + 500,05(1 — 3)u(R)
= (0.2) + (0.8)(0.1)(0.4)(0.7)3 = 0.2672.

Hence, 2% = 3/°.
On the other hand,

Us(z) = (0,3,1,0,1,0) = §,((1 — 01)u(R) + 61((1 — 2)u(r) + 020, W,,))
= 0.275 4 (0.1)(0.1)(0.5)(0.1)(0.9) = 0.275 + 0.00045 = 0.27545.

Since 6,6,((1 — d3)u(R) + d3W;) = (0.1)(0.4)((0.7)3 + (0.3)(0.9)) = 0.0948 < 1 = u(r),

Uo(yl) = (17 07 07 37 17 0) = (1 - SO)U(T) + 30é1§2((1 - 53)U(R) + 5Zt"VVn)
= 0.2672 + (0.8)(0.1)(0.4)(0.3)(0.9) = 0.00864 = 027584.

Thus, we have a preference reversal, y* = z'.

5 Proof of Necessity in Theorem 1

We prove the necessity of the axioms. Noor and Takeoka [4] show in Section 2.4 that
the optimal discount function takes the form of equation (4) in Noor and Takeoka [4] if
U(z) — u(xg) < mK and of equation (5) if U(x) — u(zg) > mK. By Proposition 3 of Noor
and Takeoka [4], the set of magnitude-sensitive streams is given by

Xp={zeX| Z((t)u(xt)mml < mK}. (11)

t>1

These results were established for the version of the model in the deterministic setting but
the arguments are identical for the lottery setting where u(x;) is the expected utility of a
lottery x;.

Note that D, (t) is continuous in z. By equations (4) and (5) in Noor and Takeoka [4],
D,(t) is strictly increasing in u(z;) in X,,, and it is constant on a ray in X \ X,,. It is
obvious that =~ that U represents satisfies Order, Continuity, C-Monotonicity, Impatience,
Present Equivalents, and Risk Preference. Weak Homotheticity requires aU(x) > U(aozx),
which follows from equations (4) and (5) in Noor and Takeoka [4]. Since D,(t) depends
only on u(z;) on X,,s, U is additively separable on this subdomain, which implies that
every r € X, is in fact separable. MS-Separability is therefore implied, and we also see
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that X,, = X,,s. The second part of MS-Homogeneity is implied by the same argument as
in Theorem 7 of Noor and Takeoka [2].

To show PBS, notice that the CCE representation is additively separable between period
0 and period ¢ for all £ > 0. Thus, for all z, U(0,2_o) = U(x) — u(zg). Take any
x € Xy = Xps and y with U(0,y_¢) < U(0,2_g). Since U(y) — u(yo) = U(0,y—g) <
U(0,2_9) = U(x)—u(xg) < mK, wehave U(y)—u(yo) < mK, thatis, y € Xps. lf & & X5,
U(0,2_9) = U(x) — u(xg) > mK. Since U(0,a0z_g) — 0 as a — 0, there exists some
a € (0,1) such that U(0, vox_o) < U(0,2_¢) and U(0, vox_g) = U(aox)—u(aoxy) < mK,
that is, a o x € X,5.

Finally, we show the following property:

Lemma 7. 7 satisfies Monotonicity.

Proof. Take any x,y such that u(x;) > u(y,) for all t > 0. Since U(z) is additively separable
between xy and every future consumption, it is enough to show Monotonicity for streams
x,y with u(zg) = u(yp) = 0. Henceforth, we consider such streams only.

Since u(zy)m1 > u(y,)m1 for all ¢, we have S ~(t)u(z)m1 > Sy (u(y)=1. If x
and y are magnitude sensitive, we have the desired result. Suppose however that either x
or y is not magnitude sensitive. Since S y(t)u(zy)m1 > S y(t)u(y,) 1, we have either
(a) neither x nor y is magnitude sensitive, or (b) y is magnitude sensitive but x is not. If
case (a) holds, the representation implies that

> (zc(t)u(xt) —(mK)* {gﬁawt)%} m
>(mK) {Z(@)u(ym’"l} - Z<>y<t>u<yt>,

as desired.

Suppose that case (b) holds. Define z(a) = az + (1 — o)y for all a € (0,1). Note that
u(zy) > u(xy(a)) > u(y) > 0. By continuity of the representation, there exists o € (0,1)
such that z(«) is not magnitude sensitive if & > o* and z(a) is magnitude sensitive if
a < o, Since Yo, Y(H)u(z,(a*)) ™1 = mK, the representation implies

m—1

Z,ﬁ;Dx(t)u(xt) = (mK)w {Zt (b)) }T

K% { S vulee )R} 7 = 8y y(Oulan(ar)
> Efl () u(h) 1 = Zfl D, (t)u(y;). This completes the proof. O

>
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