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Abstract

This supplementary appendix to Noor and Takeoka [1] provides a necessity of
axioms for the CCE* representation, derivation of the reduced forms of the CCE*
and the homogeneous CCE models, and proofs for the applications.

1 Necessity and Reduced Form of the CCE* Model

Theorem 1 in Noor and Takeoka [1] identifies a set of necessary and sufficient axioms for
the CCE* representation. This section provides the necessity. First, we derive the reduced
form of the CCE* representation, whereby the necessity is proved.

1.1 Reduced Form Representation

In this subsection, a proof of Proposition 5 (derivation of the reduced-form representation)
is provided. As a preliminary, we first verify that for any x € X \ Ay, there exists a unique

Az > 0 such that
> () () (Au(zy) =7,

t>0

which is associated with the definition of CCE* model. Recall the regularity® condition,

©i(D())D(t) = v. Since ¢} is defined on [0,1], it is evident that D(t) < 1. Denote

*Noor (the corresponding author) is at the Dept of Economics, Boston University, 270 Bay State Road,
Boston MA 02215. Email: jnoor@bu.edu. Takeoka is at the Dept of Economics, Hitotsubashi University,
2-1 Naka, Kunitachi, Tokyo 186-8601, Japan. Email: norio.takeoka@r.hit-u.ac.jp. Takeoka gratefully
acknowledges financial support from JSPS KAKENHI Grant Number JP19KKO0308. Part of this research
was conducted while Norio Takeoka was visiting the Department of Economics, Boston University, whose
hospitality is gratefully acknowledged. We thank Jiaqi Yang for expert research assistance. The usual
disclaimer applies.



7 = ¢}(D(t)). Since ¢} is increasing, its inverse function (¢})™*!

The function
V() =Y rile) ()

>0
is well-defined on [],.,[0,7;]. In particular, at 7 = (7,--- ,7r), we have
ZFt(SOQ)fl(Ft) > Ty()) " (T) = .

t>0

For any steam x, there exists some A > 0 such that Au(z;) <7, for all t > 0. Since (¢})~!
is well-defined and increasing on this region, there exists a unique A\, > 0 satisfying the

above equation.
Lemma 1 For all x and it > 0, Ay = i)\ 0z

Proof. By definition, A, is a unique solution to

D ulpoz) (@) Au(pom)) =

t>0

By rearrangment, we have

D Ausrtlpo ) (@) Aoati(pp 0 ) = Y phiertl(@) (1)~ (A poru(z2)) = 0.

t>0 t>0

Since the solution is unique also for x, we must have A\, = A o,. =
Lemma 2 For all v and i > 0, K, = Ko,.

Proof. By definition of K, and Lemma 1,

Ko =Y (@) Owul@)) =Y on(@) ™ (mhpeati(20))) = D 0e((01) ™ (Apoti(poy))) =

t>0 t>0 t>0

Now we solve the cognitive optimization problem and derive the reduced form of the
representation. We first solve the cognitive optimization only under the capacity constaint
with ignoring the boundary consraint D,(¢) < 1. Then, we verify that the discount function
derived in the first step, called a quasi-optimal discount function, also satisfies the boundary

constraint, and hence, it is acutally an optimal discount function.
Take any x and consider the following two cases.
Case 1: >, o u(x)(¢)) H(u(z)) <. In this case, we have A, > 1. Hence,

Z@t((%ﬁ)il u(zy))) < Z‘Pt v (eu(z)) = Ko

t>0 t>0

2

is well-defined on [0,7].

K on-



This means the unconstrained optimal discount function D**(t) = (©}) " (u(z;)) is feasible
in the capacity constraint. Therefore, a quasi-optimal disount function is given by D, =
D¥" whereby, the corresponding representation is written as

U(x) = u(zg +Z ) () )ulmy).

t>0

Note that U(x) is additive separable across time and a quasi-optimal discount function
Do) (%) is strictly increasing in u(z;).
Case 2: Y, u(z) () (u(z,)) > T. In this case, we have A, < 1, and

S o) vulan) = ..

t>0

This means that D*(t) = (¢}) " (Asu(z;)) is feasible in the capacity constraint. Moreover,
since Aqu(x) = @i (D*(t)) for all £ > 0, it follows that D* solves the Lagrangian with the
multiplier 1/A,. Hence, D* is a quasi-optimal discount function for x, that is, D, = D*.
The corresponding representation is written as

U(x) = u(xg +Z () () )u(zy).

t>0

Now compare two streams x and pox that satisfy case (2). Since A, = pA 0, by Lemma
L,

Dy (t) = (¢1) ™" (Aatu(ze)) = (¢1) ™ (BAueatt(x0)) = (1)~ (Nuoatt (1 0 24)) = Do (t),

that is, a quasi-optimal discount function is constant on the ray.

Finally, we verify that the boundary constraint D,(t) < 1 is satisfied at the quasi-
optimal discont function, and hence, it is indeed optimal. As derived above, a quasi-optimal
discount function D, is given by

() Hulzy)) i A > 1,
D.(t) = { (D D)) A < 1

Recall that we define 7

(@) ) < () ()

@i(D(t)). Since we must have A\yu(z;) < 7y, it follows that
= D(t). This is, D,(t) < D(t) < 1, as desired.

1.2 Necessity

We first establish necessity of some conditions defining Regularity. Order, C-Monotonicity
and Risk Preference are obvious. Given that the cognitive objective function is strictly
concave and thus yields a unique solution D,, the Maximum Theorem ensures that D, is
a continuous function of x. Therefore the representation U(x) = u(xo) + 5, Da(t)u(zs)
is continuous, thereby establishing Continuity. Present Equivalent is satisfied due to the
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assumption that u(C') = R,. The necessity of Monotonicity and Impatience is established
below, along with the necessity of the remaining conditions.

Let D" denote an optimal discount function for the unconstrained optimization prob-
lem, which is characterized by the FOC, u(x;) = (D" (t)) for all t > 1 with u(z;) > 0,

or equivalently,
D" (t) = ()~ (u(w))

if u(z;) > 0, and D¥(t) = 0 if u(z;) = 0. Since ¢ is strictly increasing, DY"(t) is strictly
increasing in wu(z;).
Define
Ae={D eRY:> ¢(D(t)) < K,}.

>0
Lemma 3 For all x € X \ Ay,
p(DI") < Ky = Y ulzy)(¢) M (ule) <.

t>0

Proof. To prove ’ <= ’, suppose z satisfies Y, u(z;)(¢}) " (u(z;)) <. Then, the unique
solution A\, to the equation

> dulz) (@) (hulz,) = o

t>0

must satisfy A, > 1. Consider the discount function D" = (Dyf.,(t))i>0 defined by the
FOC, Dy, (t) = (@)~ (u(x,)) for all t. From the representation,

K, Z%(wt Auxt) Zsot(sot 1uxt) > e D (1) = (D).

t>0 t>0 t>0

To prove ' = ’, suppose ¢(D"") < K,, where D*"(t) = (¢})""(u(z;)). By the repre-
sentation,

Zwt( P (A U(:Ut))) = K, > (D),

t>0

where A, solves Y, Au(z,) ()~ (Au(ay)) = v. Since (DY) > ¢(D"), we must have
Az > 1. Thus,

> ulz) (@) ulz)) < Y Aeula) (@) Neular) =7,

t>0 t>0

as desired. m

Lemma 4 For allz € X \ Ay,

T € Xy == Y uld)(p)) " (u(z,) < T.

t>0



Proof. To show that X,,s is a subset of the right-hand side, take any x € X,,;. By the
representation,
u(ey) = U(x) = u(wo) + Y Da(thu(zy),
>0
where D, = argmaxpep,{>_,~; D(t)u(zy) — ¢(D())}. Since x is magnitude sensitive,

u(aoc,) >U(aox) for all a« € (0,1). Together with linearity of u, this implies

> Da(tyu(ze) > Doos(t)u(z,).

t>0 t>0

Since u(zy) > 0 and D, > Do, as shown in Section 1.1, we have D, (t) > Dgoy(t) for some
t. By definition of D,, together with Lemma 2,

SO(Dan) < SO(DLE) S Ka: - Kaoz-

Hence, Dyor = D2, As a — 1, we have p(D*") < K,. By Lemma 3, x belongs to the
right-hand side.

Conversely, take any x in the right hand side. By Lemma 3, ¢(D%") < K. Since D" is
an optimal discount function, U(z) = u(zg) + > _,- (@) " (u(ay))u(zy). Since (o))~ (u(zy))
is increasing in u(x;), it is obvious that both (z,0_;) and (0;, _;) belong to the right-hand
side. Thus, by the same reason as above, U(0;, 2—) = u(wo) + 3, (5) " (u(w;))u(zs) and
Uz, 0-4) = () (u(xy))u(x;). This implies that

U(ﬂ?) = U(l’t, 07t> + U(Ot, LE,t)
<~ U(CI) = u(c(wt,o—t)) + U(C(Ut,l“—t))

1 1 1 1
— Qu(cz) + 5“(0) = QU(C(azt,oft)) + §U(C(Oum7t))
1 1 1
— u(§ ocy + 5 00) = u(é O C(ay,0_,) + 5 O C(0s,2—1))

which means x is separable.
Next, we show that x is magnitude sensitive. For « € (0,1), by the FOC,

¢(Dae ) < @(Dgcm) < Ky = Koos-

aoxr

Therefore,
Dyt = Dacy = argmax{y _ D(t)u(a o x) — ¢ (D(1)}.

aox

t>0
Since D, = D" > D" = D,, and u is linear,

u(awoc,) = au(e,) = al(x) = u(ao xy) + Z D, (t)u(a o xy)

t>0

> u(aomxg) + Z Dy (H)u(aozy) =U(aox),

t>0

or, «oc, = aox. That is, x is magnitude sensitive. Therefore, z € X,,s. =
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Lemma 5 X, ={z € X\ A¢:U(0,2_¢) <7v}.

Proof. Take any = € X,,,. By Lemma 4, z satisfies >, u(z¢)(¢}) ' (u(z,)) < 7, and
then, the unique A, satisfying ZtT:1 Mu(ze) (@) M (Au(zy)) = v must satisfy A\, > 1. Thus,
A; = min[\,, 1] = 1, and hence,

U0,2-0) = > (¢} Oulz))ulz) = Y (9} (ulze) Julz,) <.

t>0 t>0

Conversely, assume z satisfies U (0, x_¢) < . Seeking a contradiction, suppose x & X,,.
By Lemma 4, 3, u(z;)(¢;) " (u(z,)) > ©. Thus, the unique solution A, to the equation
must satifiy A, < 1. Notice that Y, Asu(z;)(¢}) " (Ayu(a,)) = T implies that the stream
Az o x satisfies the same equation when Ay ., = 1. By Lemma 3, this measn that D""(t) =
(0}) " (u(Az 0 xy)) is feasible for all ¢ > 0. Therefore, by the representation,

U0, A\ 0-0) = ) _(¢}) " (u(As 0 2)Ju(As 0 2) = .

On the other hand, since A\, < 1, Monotonicity implies U(0,\, o x_o) < U(0,2_g) < 7,
which contradicts the above equation. m

Lemma 6 = satisfies Weak Homotheticity.

Proof. Take any stream x € X. As shown in Section 1.1, Dj..(t) is increasing in A > 0 if
U(0, X o xp) <7 and constant otherwise. Thus, for any = and « € (0,1), D,(t) > Dq.(t),
which implies, with linearity of u, aU(z) > U(ax), or a0 ¢, 77, oz, as desired. =

Lemma 7 = satisfies Magnitude-Sensitive Separability.

Proof. Take any magnitude sensitive stream z. If x € X, from Lemmas 3 and 4,
D, = D* on X,,s. Thus, D,(t) depends only on u(x;), and hence, x is separable. Next,
consider = ¢ X,,,. We will claim that then x is not magnitude sensitive. By Lemma 4,
> oo wl(@e) (@) (u(z,)) > ©. Thus, the unique solution A, to the equation must satifiy
Az < 1. Notice that >, Au(z:) () " (Azu(x:)) = T implies that the stream A, ox satisfies
the same equation when Ay ., = 1. This means that x and A, o z have the same optimal
discount function D, (t) = Dy, oz(t) = (¢}) " (u(\; 0 x;)) for all ¢ > 0. Therefore, we have

u(Ae 0 ¢0) = Agti(cy) = MU () = Mp(u(zo) + Y Da(t)u())

t>0

= Ao(w(z0) + Y Dyea(t)u()) = u(Ag 0 m0) + Y Daou(t)u(Ag 0 x) = U(A, 0 1),

t>0 t>0

which means A, o ¢, ~ A\, oz for some A\, € (0,1). That is, z is magnitude insensitive. m

Lemma 8 = satisfies PBT.



Proof. If ¢ X,,s, by Lemma 5, U(0,2_¢) > . Then since limy_,o U (0, \z_¢) = 0, it
follows there exists A, < 1 s.t. U(0, A\, 0o x_) < T or \,z € X,,s by Lemma 5, as required
by PBT (i). To confirm PBT (ii), note that if z € X,,s then U(0,2_o) < v and it follows
that for any y satisfying U(0,y_o¢) < U(0,z_o) it must be that y € X,,,;. m

Lemma 9 - satisfies Monotonicity.

Proof. Since the representation is additively separable in x; it suffices to establish Mono-
tonicity on the set of all streams of the form (0,2_y). We saw in Lemma 5 that X,,s =
{r e X\ Ay:U(0,z_¢) <v}. Take two streams (0,z_o) > (0,y_¢). If we are in the case
U(0,y—9) <v < U(0,2_¢), then we are done. Consider the two remaining cases:

(1) U(0,y—0),U(0,2_¢) <.

Since U(0,y_o),U(0,2_g) < v implies (0,y_¢), (0,2_9) € X5 , it follows that U(0,y_¢) <
U(0,x_p), because U is additively separable on X, u is strictly increasing and D,.(t) is
strictly increasing in r.

(2) 7 < U(0,0)

Suppose by way of contradiction that U(0,z_¢) < U(0,y_g). Consider scaling down
(0,y_0) by A* < 1s.t. U(0,\" oy_g) =7v. We claim that in fact U(0,\* o z_o) < U(0, A* o
y_o) = v. This is obvious in the case where (0,2_¢) € X,,s since U satisfies Monotonicity
on X,,s (as noted in the proof of (1) above). In the case where (0, z_g) ¢ X5, this is true
because, as shown in Section 1.1, U(0, A o x_g) initially decreases linearly if we decrease A
(because Do xoz_) is constant as long as (0, Aox_g) ¢ X,,) and eventually faster than linear
(because D roz_,) decreases as A decreases when (0, A o x_g) € X,,,,), while U(0, A o y_o)
reduces only linearly over A € [A*,1]. Thus, we have U(0,\* o x_g) < U(0,\* oy_o) = 0.
But this contradicts (1) since (0, \* o z_g) > (0, \* 0 y_o) and both streams are in X,,,;. ®

Lemma 10 = satisfies Impatence.

Proof. Since the cognitive optimization problem requires the boundary constraint D, (t) <
1, in particular for dated rewards p’, we have Dy (t) < 1. Hence, u(p) > Dy (t)u(p),
which implies p = p* for all .

Next, take any p € A and 0 < t < s. Suppose first that p’, p* € X,,.,. Note that by the
FOC

@ (Du)(t)) = u(p) = @ (Dugy(5))-

By the property ¢} < ¢, of the representation, we must have Dy (t) > Dy (s) and thus
pt = p* as desired.

Next suppose p° ¢ X,,s and suppose by way of contradiction that p' < p®. Arguing as
in case (2) in Lemma 9, there exists A* < 1 s.t. U(A* op') < U(N* o p®) = T. But then
(A*oph),(A\* o p®) € X,ns and (A* 0 p') < (A* 0 p®) contradicts what we just established in
the preceding paragraph. m



2 Appendix: Proof of Proposition 6

We solve the cognitive optimization problem for each . Let ¢;(d) = a;d™ on d € [0,1]. As
explained in Section 1.1, the boundary constraint D(t) < 1 is effectively ignored. For each
x, an optimal discount function {D,(t)};~¢ is determined by

max y» D(t Z wi(D(t)), subject toz wi(D(t)) < K.

D>0
t>0 t>0 t>0

The FOC of the above maximization problem is obtained as the FOC of the following

Lagrangian:
L= D(tyu(z,) = > a,DE)" + (K =Y a,D()™),
>0 >0 £>0
where £ > 0 is a Lagrange multiplier for the capacity constraint. By differentiating £ with

respect to D(t), we have
1

D)= (i) 1)

forallt=1,---,T.
Suppose x is small. Since the capacity constraint is not binding, we have & = 0. Thus,

Da(t) = (“@t)) .

may

and

U l’() +ZD .Z‘t —UJZQ +Z’}/ T (2)
>0 >0
where 7y (t) = (mat)_ﬁ.
Next, suppose z is large. Then, the capacity constraint is binding. By substituting (1)
into the capacity constraint,

By rearrangement,




Therefore,

— (o) + (mE) {ZV m’"} - (3)

Finally, we derive a threshold where small and large streams are distinguished. At this
boundary of consumption streams,

S auDut) = Yo ()" k¢

t>0 t>0

Equivalently,

Therefore, at the boundary,
U(x) = ulxo) + Y y(t)ulze) ™1 = u(zo) + mK.

t>0

3 Proof of Proposition 7

Lemma 11 (Sophisticated CCE Saving Rule) Assume 0 < o< < 1 and suppose that
both self 0 and self 1 are cognitively constrained at their respective optimal consumption

path. The optimal saving rules for the sophisticated CCE model are given by

s7=Ai1(l1 + Rsgp)  where Ay := - :

and

()

S =

+ : where Ay := R° <( T =
1+((§—5>”A0R)ﬁ3 (1+ ()" Rcrfl)

Proof. Write 0 < 06 < 1, where § = . Let v = (aym) ™ m- @1, By Proposition 6 of Noor
and Takeoka|[1], the homogeneous CCE representatlon takes the form:

g + 7150 + ac5? if 11¢7% + voc3? < mK,,
U(C()? C1, 02) -
(ng) [y1¢5% + y2cS ] if v1c7% + 79c5? > mK,,



or equivalently,

c§ +meg? + 728’ if 61¢7% + 65¢3” < mP K,
U(C();Cl?CQ) == . )
g+ (Ko)m[(01¢9% + 02¢3%]7  if 8197 + 02¢5° > mP K,

where 0, = (a; 1)ﬁ. Note that 6y < 6; < 1. The utility function for self 1 is analogous.
We proceed by backward induction.

Solve for the optimal consumption of self 1 assuming that she will be constrained at the
solution, that is, dc§? > m? K. Her problem is

K.\ =
max ([; + Rsg — s1)7 + (—1) (Rs1)°.

S1 ap

3=

The FOC (I; + Rsy — 51)7 ' = (ﬁ> R?s97! yields the saving rule

ai

1 .
1+[(f—11>71”R0]a11

s7 = A1(I1 + Rso), where A; = (4)

Now turn to self 0 and assume that she is sophisticated. We solve for her optimal
consumption assuming that she is constrained at the solution, that is, §;¢? +d2c3? > m? K.
Her maximization problem is

max (Iy — s0)7 + K" [61(11 + Rsg — 51)7% + 52(R51)06]%-

50,51

Being sophisticated, she take sj = A;(I; + Rsp), and so the problem becomes

1 1
max (_[0 — 80)0 + Kom [51([1 + RSO — ST)UG + 52(RST)00]§

S0

max (I(] — So)a + I(OE [(51(]1 + RSO — Al(Il + RSo))Ue -+ (52(RA1<11 + RSO))UG]%

S0

1 1
max (Iy — s50)7 + KJ" [61(1 — A1) (I + Rso)?% + 02(RAL)° (I, + Rsy)°%]0

S0

max (Io — $0)” + K§" [01(1 — A1)7 + 85(RA,)?®] 5(I, + Rso)”

S0

[

Ko\ m
max ([g — So)g + (—O> Ag([l + RSQ)U,

50,81 aq

Y

1 1
where Ag 1= {(1 . A1)09 + (a_1> m—1 (RA1)09:| 3 and we use the fact that 92 /61 = (a_1> mL

az
The FOC is 1
K, m
U(IO — 80)0_1 =0 (—0) AoR(Il + RSO)U_l

a1

10



which yields the time 0 saving rule

 h- (({j—f) " AgR)TT
50 = - .
m _1
1 ((5) 7 AR)7TR
Finally we verify that
] L
Ao = [(1— A7 + (%) (RA,)7| #
2
- [<£ "Ry = 1
_ ( ay . )00+ (%) (R . )09 %
™ 1 ™ 1
1+ [({j—l) Re]e= ? 1+[<a—11) Re)7=
ob

Lemma 12 Assume 0 < 0"+ < 1 and suppose that both self 0 and self 1 are cognitively
constrained at their respective optimal consumption path. Then the following hold for the

sophisticated CCE model:
(i) Given any wealth Iy + Rsg, s; is increasing in K.

(i1) s§ is increasing in K.
(iii) s is increasing in Ky if and only if ay/ay > (R77(K;/ay) =7 m) .
(iv) Let Ky = K1 = K. s is increasing in K if ay/as > (R*"(K/al)l_"_%)ﬁ.

1

Proof. Parts (i) and (ii) follow from the expression of the saving rules.
Proof of (iii): Write self 0’s saving rule as

o ((®) AR () ) -

e ()

al

So = I
1 ((B2)" A R) TR

where ) ,
(1+<a_1>mR% (&)m(lfo))%
f(Kl) = i ‘111
(14 R (5)7077)
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1 1
m

For notational simplicity, denote ¢ = (g—;) " and k= ( o ) Then, the sign of f'(K;)

is the same as the sign of the derivative of

o o 1

1 ioki-o)o

h(k‘)::( +CRU /{l )9.
(1+Rﬁkﬁ)a

The sign of h'(k) is the same as the sign of its numerator, that is,

o o 9 a (el
5(1+CR%/€1‘0“)"110 ¢ R%e k= (14 Ri%e k17 )°
— 0

o 1
— o(1 + Rt k7 )" !
1—0

Equivalently

1_ — 7 (1+(R% k%%)i (1 + Rk )°

X <(1 + CR%k%)*lcR%kﬁfl _ (1 + Rﬁkﬁ)*lRﬁkﬁfl>

— %(1+CR%k%)$(l+Rﬁkﬁ)“
. R% k% 1¢(1 + R k7)) — Ri% ks (1 + (R\v k177)
(14 CRZ%k1%7)(1 + Ri%e k1e7)
g of . o6 |1 _o . _1
— 1—(1 +(R1—<k12)o(14+ RT-—7k1-7)°

o0 _q

(RZe k%! — Risojre!
(1+ (R™7kT7)(1 + RT7 k)
g o0 g6 (1 4 - T—T _o_ (9 1) _
<> 1—(1—’—<R170k170>9 (1+R170k170) (Rl*U(CR —0 kl o
— 0

Therefore, the sign of the above expression is equivalent to the sign of
gRU(lg o'l)kl o kﬁ_l‘
This expression is positive if and only if

o(6—1)

(R fiZe > gt

0'(9 1) 1—ocf

— (>R k1=

(1 + CRZ7k1%% ).

Yk

1

1—0o

()

). (©

1
1 o)m—1 (1—o)m—1 Tm—1)(1—0)
a m—1 . 1 Kl m(m 1)(1—0) Kl m ( I )
< — > T 1o m—-1 — Rio’ [—
az ai ax

a K o= ™
— 1> <R" (—1> ) .
a9 aq
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Note that 1 — o — % > ( because this condition is equivalent to o6 < 1. Since a; < as, we

_1
have a; /as < 1. Moreover, since R > 1 and K /a; < 1, we have <R“’(K1/a1)7(1_2m_1> <
1.

Proof of (iv): The sign of the derivative of (K/ay)m f(K) is the same as the sign of the
derivative of kh(k), defined as in (5). Since the numerator of the derivative h'(k) is derived
as in (6),

[kh(K)]" = h(k) + kh'(k) = h(k) (1 " k];z((:>>>

b (1 FhpT R (L GRS (L Refekte) ™ (GRS R klldl)>

—h(k) (1+ %Rﬁ(pr(}g%k%)—l(pr}gﬁklig) (CR P s s a>) '
— 0
(8)

Therefore, s;; is increasing in K if and only if the sign of the parenthesis is positive. Note
also that

a(

6—1) _a(
S k1Te > kT = (>R

0—1)
10Kmlo)

(R

This expression is the same as (7). If this inequality holds, (8) is positive. m

4 Proof of Proposition 8

Lemma 13 (Beta-Delta Saving Rule) The optimal saving rules for the 5-6 model are given

by
1
s = By(I, + Rsy)  where By : ;
1+ (BOR7)71

and . o

) . (85)71R7T) +5

sl = lo = (BORBy) T ]1, where By := R”< - ) — -
4 (BORB)) TR (1 + (55)ﬁ}2ﬁ)

Proof. Self 1 solves
max (I + Rsg — $1)7 + B6(Rs1)7.

S1

The FOC is
o(I, + Rsg — 51)7 ' = B0 R 5,7

yielding the saving rule
bd I 1+ RSD

1+ (80)=T R+

13



Self 0 solves
max (Ip — s9)7 + B[0(I1 + Rsp — sl{d)a + 52(Rs?d)“]
S0
11+R80 11+RSO )a]
1 + (88)71 R+ 1+ (B8)=1 R

= max (I = 0)° + ((11+RSO> oy i ) + o (Rl Lt Ry >]
S0 n

<= max (ly — s9)° + B[0(I1 + Rso — 7+ 6 (R

L+ (88)71 Re1 (56)71 Re*t

= max (Io — 50)” + 0 (1 " &;)Rszy [((55)ﬁ3ﬁ)0 + 530}

< max ([0 — 80)0 + 6(5([1 + RSO)GBO,
S0

where ) " ) o
(o7 R7=) +or°  ((B)7TR7T) +9
By = - R S/
(1+ (8077 R7T) (1+ (89)77 R7T)
The FOC is
U([O — 50)071 = 5(5R0'<[1 + RSO)UilBl
yielding
i Jo— (B5RB)7 L,
1+ (B5RB;) R
| |

Lemma 14 The Sophisticated CCE and Sophisticated -6 models are not observationally
equivalent.

Proof. Comparing saving rules it must be that A, = B; for t = 0,1. The condition
Ay = Bj is equivalent to

Therefore, we have a closed-form solution which must be nonconstant in R:

1
1 af 9 o
m—1 K m(oc—1) o K m(oc—1) .
5(R) N ((%) + (_) RU_GI) - (_> Ra_l’
2 ay ax

14



3=

- () s

Since x7 is strictly increasing, 6(R) > 0 and so the solution is well-defined. m

5 Proof of Proposition 9

Lemma 15 (Naive CCE Saving Rule) Assume 0 < 0" < 1 and suppose that both self
0 and self 1 are cognitively constrained at their respective optimal consumption path. The
optimal saving rules for the sophisticated CCE model are given by

s7 = Ai1(I1 + Rso) where A; := - ’

and

RN 1 ;
e () (@7 a)" (@)™

* A . po
50 = : where Ay := R

L (5)" A (1 ()™

Proof. The calculations follow those in Lemma 11. The solution for sj is as in Lemma 11.

Solve for self 0’s optimal consumption assuming that the solution satisfies d;¢% + dac3% >
0

m' K.

max (o — 0)° + (K) %[0 (L + Rso — 51)7° + 85(Rs1)™"] 3.
$0,51
The FOC for s is
0051(1; + Rsg — $1)°" ! = 6,00 R 5,77

1

1 -1
- ~ L F0-1
yielding s; = A;(I;+ Rsg) where A; = (1 + <<Z—;) " R"9> ) . Self 0’s optimization

problem is reduced to

max (Io — SO)U + K%[él(l — 141)09([1 + RSo)oe + (52(R1‘il)00<[1 + f&s‘o)ae]é
50

) o (RAY)™)7(I1 + Rso)”

< max ([ —s9)° + (Kafl)i[(l — 141)”9 + (%
S0 2

—  max (Ip—s0)” + (Ka;)m Ay(Iy + Rso)°,
s0

15



af o0

|
The marginal propensity to save in period 1 is given by

ds; B 1

ai

Marginal propensity to saving in period 0 is given by
dsy 1

dly ) ((a—fj)’; RiDR

We need to show that

*
ds}

dsg
—_—t =20
At i) = dl for any Iy, I; > 0.

Lemma 16

«
dsg

=

Proof. Since —%L__ > I = /IO > 1, it suffices to show that AO > 1. Compute that

d(I1+Rso)

fed’)

((Z_;)ll + ((Z_;)mll R) )
— R°

1

(= (7))

a2

by

16
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6 Proof of Proposition 10

Consider an arbitrary stream z € X. The first order conditions of the optimization problem
yields that for any stream z the optimal D, must satisfy

u(z) _ ei(D:(t))
u(zr) %(D ()

and the capacity constraint ), ,@¢(D.(t)) < K. Since, D.(t) = 0 for any ¢t > 0 s.t.
u(z:) = 0, to establish our result we can wlog focus on z for which u(z) > 0 for all ¢ > 0.
Consider the following truncated optimization problem where we treat D,(7) as fixed:

Vi, ' >0 st u(z), u(zp) > 0,

max Z D — Z th(D(t» + [DZ(T)U(ZT> _()OT(DZ(T»]}

0<t7$7'

0<t#T O<t#1
st Y @(D(t) < K i= K — o-(D.(7)).
0<t#T1

Define K'""¢ .= K — @, (D,(7)). Since the terms with D,(7) are constants, the problem is
equivalent to

max {Z D(t)u(z) — Z ei(D(t))} s.t. Z @D < K7

(D())o<tzr O<tir 0<t#T 0<t#T

It is clear that the solution (DY“"“(t))g<szr to this problem coincides with the solution D,
(restricted to 0 < t # 7) to the original problem with z. We use these observations to prove
the proposition.

Take any z and €” and wlog suppose u(z;) > 0 for all ¢ and € > 0. Denote y = = + €”.
By the preceding, when restricted to 0 <t # 7, D, and D, solve a truncated optimization
problem with different the same objective function but different constraints. We show that
z has a more relaxed problem, that is, K" < KIve .

Suppose by way of contradiction that K[™"¢ > K[™"¢. This implies that o, (D,(7)) <
(D, (7)) which implies D, (1) < D,(7). By the FOC ratios, we also have that for any

O<t#rT
pr(Dy(t) _ ulz) _ulw) _ ei(Dalt))

Pi(Dy(7))  ulzr+€) ulzr)  @H(Da(T))

17



But then D,(7) < D,(7) implies D, (t) < D,(t) for all 0 < ¢t # 7. This contradicts the
optimality of D, in the original problem for y, since D, is feasible, Y, , ¢(D.(t)) < K,
and improves the value of the objective function,

[Z D, (t)u(xy) — Z @i(Ds(1))

O<t#1 O<t#1

+ [Da(7)u(r + €) = - (De(7))]

> [Z Dy(tyulws) = Y @u(Dy(1)| + [Dy(r)uler + ) = or(Dy(7))].

0<t#T 0<t#T

Having established that K;”“"C < K!"™"¢ we can now prove the result. The inequality
directly implies D, - (7) > D,(7). Because x has a more relaxed truncated problem, it
must be that D, (t) < D,(t) for all 0 <t # 7.

7 Proof of Proposition 11

Consider the CE agent. If there is one task, then by assumption the agent completes the
task. Assume the induction hypothesis that the agent would complete n — 1 tasks with
deadline T,,_1 = 2(n — 1) — 2 = 2n — 4. Suppose that there are n tasks to be completed
with deadline 7,, = 2n — 2. If the agent does not do a task at time 0 then her problem from
the next period on is that of n — 1 tasks to be completed in 7T;,_; periods, all of which she
will complete given the induction hypothesis. Her time 0 problem compares the discounted
utility of doing vs not doing a task:

U(n tasks) = |u(0) + > Dyo)(t)u(0)| + Dury(Du(R) + Y Dymy()u(R),
L t=24,--,2n i t=3,- ,2n+1
U(n—1tasks) = |u(r)+ > Dyo®u(0)| + > Dyr(t)u(R).
L t=2,4,-,2n i t=1,3,-- ,2n+1

However,

U(n tasks) — U(n — 1 tasks) = —u(r) + Dy (1)u(R).

But —u(r) 4+ Dy (1)u(R) is the net utility of doing one task where there is one to be done
at T' = 0, which is positive by hypothesis. Therefore U(n tasks) > U(n — 1 tasks), and the
CE agent would complete n tasks with deadline T' = 2n — 2.

We show how the above proof breaks down for the CCE agent. Since she may be
cognitively constrained we write the discount functions in their more general form:

U(n tasks) = {w(0)+ > Dy(t)u(0)| + Dy(Du(R)+ > Du(t)u(R),

t=2,4, 2n =3, 2n+1

18



U(n—1tasks) = |u(r)+ > Dy(u(0)| + > Dya(tju(R).

t=24, 2n t=1,3, 2n+1

Note that the n stream has a positive reward at ¢ = 1 while the n — 1 stream does not.
If the agent is not cognitively constrained at n then she is not cognitively constrained at
n — 1 and by the argument in the CE case we see that she will complete n tasks. On the
other hand, if the agent is cognitively constrained at n, then regardless of whether she is
constrained at n — 1, the model implies D,,(t) < D,,_(¢) for all ¢ (BY PROP) since the
cognitive resources have to be spread over more periods in case n. Consequently,

U(n tasks) — U(n — 1 tasks)

= —u(r) + Duy(Du(R) + | Y [Dalt) = Dpea(D]u(0) + > [Dalt) = Duca(B)]u(R)] |

t=2,4, 2n t=1,3,+ 2n+1

where the term in the square brackets is negative (since D, (t) < D,_(t) and u(r) >
0 = »(0)). With an appropriate choice of parameters we can obtain U(n tasks) — U(n —
1 tasks) < 0.

To demonstrate this, and to also show the possibility of cycles, we construct an example
with a Homogeneous CCE agent. Suppose there are n = 3 tasks to be done by period T' = 4.
It will be convenient to define

Ay(B) = (i) u(B)m,

may

and . .

fla) = (mK)m {a} = .
At T = 4, suppose the agent is constrained when considering the task. By the reduced
form of the model, we therefore require that

1

A1(R) = (may)” " Tu(R)m1 > mK.

maj

Then the utility from doing the task is f(A;(R)) = (mK)% {( 1 >M71 u(R) ﬂﬁl} " :
Thus at T' = 4 constrained and agent does the task iff

f(AL(R)) = u(r).

At T = 2 suppose that the agent is constrained when considering not doing the task,
that is,

1 1 m

Ai(r) + A3(R) = (may) " mTu(r)=—7 4 (maz) 7 Tu(R)»1 > mK.

19



This implies that she is also constrained when considering the task, that is,
1

A(R) + As(R) = (may)~mTu(R)#=T + (maz) mTu(R)m1 > mK.

Then at T = 2 she does not do the task iff

) w2 )

<u(r) + (mK)m { <mia3) " u(R)mml} .
= [ (AL(R) + A3(R)) — [ (A3(R)) < u(r).

3=

(mK)

At T' = 0 suppose she is constrained when considering not doing the task:

1 1

Ay(r) + As(R) = (mag) 7 Tu(r)»=1 + (mas)” mTu(R)m1 > mi.
This implies that she is constrained when considering the task:
L —m 1 1 _m_

A1 (R)+ Ay (r)+A5(R) = (may)” 7 1u(R) ™1 +(may)” m1u(r)m14+(mas) m1u(R)m1 > mK.

Then at 7" = 0 she does the task iff

i { ()t ()« () )

> u(r) + (mK)= {(m%?) u(r) T + (%@5) MR)”ﬂ} h
<= f (Al(R) + Az(?”) + A5(R)) — f (AQ(T) + A5(R)) > u(m

Therefore we need the following inequalities to hold: those that involve being con-
strained,
A1 (R) > mK,

Al(T) + A3<R> > TTLK,
Ay(r) + As(R) > mK,
and those that involve choice:
f(AL(R)) — [(0) > u(r),
f(AL(R) + A3(R)) — [ (A3(R)) < u(r),
f(AL(R) 4+ As(r) + A5(R)) — f (A2(r) + As(R)) = u(r).
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Assume that As ~ 0 (by taking as arbitrarily large). Then a sufficient condition for the
“constraint inequalities” to be satisfied is that Ay(r) > mK, that is,

L\
(—) u(r)m—1 > mkK.
mas

Among the “choice inequalities”, since f is concave, the third implies the first, so the latter
can be dropped. We therefore need to show that the following inequalities can be satisfied

numerically:
1

1 \™ T o m
(—) u(r)=1 > mkK,

(mK)w {A(R) + As(R)} " — (mK)m {A3(R)} ™ < u(r),
(mI)m {AL(R) + As(r)} 7 — (mE)m {As(r)} 5 > u(r).

Assume m = 2 and insert the definition of A in these inequalities, in which case they

take the form: .
(—) u(r)? > 2K,

2(12

Ki%(é)ﬁ%é)ﬁ%ﬁ
) (@) amey @) et = e

We have taken a; — co. Arbitrarily fix a; < .. < ay. Take any ~ that lies strictly between

(GG G {() o} -
and take a sufficiently small 6§ > 0 s.t.
G e B () [ st

2
Let K = (%) . Pick u(r) > 0 satisfying the first inequality, (i) u(r)? > 2K. Choose
u(R) so that 6 =

N

:((;)) < 1. Then we have

()Y -G <) G - ()}

and in particular, all the desired inequalities are satisfied.

This establishes the claim that the agent may complete all tasks but not consecutively.
To show that cycling is possible, assume that a; — oo for all ¢ > 5. Therefore the agent’s
“horizon” is effectively 4 periods. Repeating the above example with arbitrary n and
T = 2n — 2 therefore establishes that cycling is possible and completes the proof.
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8 Proof of Proposition 12

It is important to first note that under the given assumption (that is, the agent would
complete 1 task today when the deadline is 7' = 2), it must be that the agent would
complete the task at T' = 2. If not, then the utilities for the ¢ = 0 self are

U(complete 1 task at time 0) = 0+ Diyg)(1)u(R) + Dyry(2)u(r) 4+ 0

U(complete 1 task at time 2) = u(r) + 0 + Dy (2)u(r) + 0,

and the agent compares D, g (1)u(R) with u(r), just as the t = 0 self does, and therefore
will not do the task, contradicting the given assumption. Therefore self T = 2 will complete
the task if there is 1 to be done.

Consider the CE agent, and suppose there is 1 task to be completed by time T = 2.
Then the agent compares

U(complete 1 task at time 0) = u(0) + Dyg)(1)u(R) + Dyey(2)u(r) +0

U(do not complete 1 task at time 0) = u(r) + 0+ 0 + Dy (3)u(R),

where our opening observation is used to note that if the agent does not do the task at
time 0 then the time 2 self will wish to complete the task in the deadline period 2. By
assumption, the agent would prefer to do the task at time 0.

Then the Separability property of the CE model and an induction argument yields that
the agent will do 1 task immediately regardless of the deadline. To see this, consider the
case where the deadline is T" = 4. The problem of the t = 2 self is identical to the above
problem and so she will prefer to do the task, and the utility calculations for the ¢ = 0 self
are the same as above except that there is a common term D, (4)u(r) + 0 (since self 4
does not have any task to do) appended to both utilities. Following this line of reasoning,
an induction argument yields that 1 task will be completed immediately regardless of the
deadline.

Turn to the CCE agent. Suppose by way of contradiction that the agent would do
the task immediately for any 7" > 2. Then for all such 7', the ¢ = 0 self finds that
U(1 task at time 0) > U(1 task at time 2) where

U(complete 1 task at time 0) = 0 + Do r(1)u(R) + Do r(2)u(r) + 0+ Z Dor(t)u(r),
t=4, T

U(complete 1 task at time 2) = u(r) + 0+ 0+ Dy (3)u(R) + Z Dy r(t)u(r),
t=4, T

where D, r denotes the optimal discount function for the stream where the task is done at 7
and the deadline is T'. The hypothesis that the agent would always do the task immediately
implies

D07T<1)U(R> + D07T(2)U(T) 2 U(?”) + DQ’T(?))u(R)
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for all T. However, if we consider a model with time-independent cost function ¢, (d) = d™,
then for 7 = 0, 2, the discount function satisfies D, r(t) = D, r(t') for all t,t' > 0 that have
the same reward. Denote D, r(t) = d,,r for periods 4,6, ... where the reward is r. Then
the capacity constraint implies:

T _ 4 T+1
) = Y (D) £ @l Derlt) < K
t=4,6,,T t=1

As T — oo it must therefore be that Dy, Do — 0 and therefore the above inequality
cannot hold for all T, a contradiction.
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