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ABSTRACT. This is a preliminary set of lecture notes written for the topic course CASMA884
at Boston University. The course aims at familiarizing students with standard Gaussian objects
(Gaussian processes, noises, etc), while equipping students with several powerful tools including
Wiener chaos expansion, Malliavin calculus, Stein’s method, etc. The applications in this course
may include some of the following topics:

(i) computations of Greeks for financial derivatives v/

(ii) a gentle touch on Kahane’s theory of Gaussian multiplicative chaos v'; ground-state energy

of polymer in a Gaussian environment v'.

) sliding window statistics, triangle counts in Erdds-Rényi v'.

) random field solution for PAM/HAM with (time-independent) Gaussian noises v'.
v) random matrix theory, parameter estimation

) zeros and/or level sets of random polynomials/Gaussian processes

) machine learning, and more? [to be modified]

*x Frequently used notations

N = {0,1,2,...}, No = {1,2,...}, Ry = [0,00), [n] = {1,....,n} for n € Ny, Z =
{0,-1,1,-2,2,...}.

Throughout this notes, (2, F,P) denotes a probability triplet, on which most probabilistic
objects are defined unless specified otherwise.

|| flloo denotes the essential sup-norm of a function f.

| X||, denotes the LP(€2)-norm of a real random variable X. We use LP(P) and LP(£2) inter-
changeably.

For a,b € R, a A b=min{a,b} and a V b = max{a, b}.

iff is short for “if and only if”

i.i.d. is short for “identically and independently distributed”

a.e. is short for “almost everywhere”

a.s. is short for “almost surely”

LHS (RHS) is short for “left-hand side” (“right-hand side”, respectively).

|z] denotes the largest integer that is not bigger than z.

log x is the logarithm function: y = logx < © = €Y.

a-b=>"" a;b; denotes the usual Euclidean inner product of a,b € R". The Euclidean norm
of x € R? is denoted by |z|.

0;f(x) is short for Oy, f (1, ... xa); 07 = Oy, 0y; Af = S0_, O .

Hessf(z) = (0;0; f (21, "'7xd));'i7j:1 € R4, For A, B € R™*?,

d
(A,B)us = > AyBij.

4,j=1
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1. Gaussian integration by parts on R

In this section, we begin by introducing the one-dimensional version of the Malliavin calculus,
or the stochastic analysis for random variables of the form ¢(Z), with Z ~ N(0,1) a standard
normal random variable. Let us give a brief review on the real Gaussian random variables. We
say Z ~ N(0,1) is a standard normal if Z is a continuous random variable with the probability
density function (PDF)

6(z) = \/12?6—522, Z€R. (1.1)

Throughout this course, we will use v to denote the standard Gaussian measure on R unless

specified otherwise:

v(dz) = ¢(2)dz with ¢ as in ([L.1).
For example, L?(7) is the space of measurable functions from R to R that are square-integrable
with respect to the standard Gaussian measure «. Similarly, we write for p € [1, oo)E|

ferrm) e /R FEPA(dz) < oo,

Let us first do some easy Gaussian computations. Using the above PDF (|1.1]), we can compute
the fourth moment of Z ~ N (0,1) as follows:

1 1,2 1 1.2
EZ4:/62Z z4dz:/ e 27 23d(2%/2
[ ] R V2T R\/ﬂ ( /)

1 1
= —/ PAde3% = / e"37 423 (by integration by parts) (1.2)
R V2T R V2T

1 1.2
=3 e~ 2% 22dz = 3E[Z?%] = 3.
| 27

Exercise 1.1. Verify the following moment formulae for Z ~ N(0,1):

m 0 ifme2N+1
E[Z™] = @) (1.3)
(2n — 1)l = if m =2n € 2N.

2nnl

Students are invited to think about the following warm-up questionsﬂ

Question 1.2. Let Z be a standard normal and g : R — R be a measurable function. Is the
following equivalence true?
“g(Z) is normal distributed iff g is affine”
Question [1.2| appears to be straightforward, at least for the “if” direction. For the “only if”
direction, it is somehow wrong in general. See the following example:
9(2) = 211y — 21qj)<ay-
What if we assume additionally that the function g is bijective and increasing?

Question 1.3. Can you provide a direct proof of the following inequality?
1Pl Lo (y) < CpallPall L2+ (1.4)

for any polynomial Py with degree at most d and for any p € [2,00), where Cp,q is a constant
that only depends on p and d.

1 f € L= (v) iff f is bounded almost everywhere with respect to the Lebesgue measure.
In this lecture notes, the Exercises are left for students to solve, while the Questions will be addressed in
classes.
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There are various reasons for the question
“why the Gaussian objects are so important?’.
One of them is that the Gaussian distribution often arises as the limit of various important

probabilistic/statistical objects. For example, the law of large number (LLN) asserts that (in
the language of a undergraduate statistic course)

(LLN) for a random sample from a population distribution with mean zero and variance one,
the sample mean statistic tends to zer(ﬂ as the sample size tends to infinity.

If we assume further that the population distribution has finite second moment (or equivalently,
finite variance), the classical central limit theorem asserts that after a proper normalization, the
sample mean statistic admits Gaussian fluctuation as the sample size tends to infinity. Here,
we see that the Gaussian distribution arises as the wniversal limiting distribution regardless
of the population distribution. Results on asymptotic normality are always welcomed, e.g.,
in statistics, since one can use them for various statistical inferences (e.g., confidence interval
estimation, hypothesis testing).

Theorem 1.4 (Classical central limit theorem). Let {X; : i € N} be i.i.d. random variables with
mean zero and variance one. Then,

1 n
Vn—\/ﬁ;Xi

converges in law/distribution to a standard normal distribution N'(0,1) as n — oo. That is, for
anyt € R,

P(V, <t) 2225 &(t) := /_t $(2)dz (1.5)

with ¢ as in (1.1).

The above central limit theorem (CLT) is of qualitative nature. The convergence in (|1.5]) is
the point-wise convergence of the cumulative distribution function (CDF) of V;, to the standard
normal CDF ®. Under stronger assumptions (e.g., E[|X;|}] < o0), the famous Berry-Esseen
bound in Theorem gives a more quantitative result by specifying the rate at which this
convergence takes place. The rate of convergence is measured by the Kolmogorov distance

dol(X,Y) = sup IP(X <t)—P(Y <t)]. (1.6)

There are other frequently used distributional metrics that measure the proximity of distribu-
tions (see Section [3).

Theorem 1.5 (Berry-Esseen bound). Let the assumptions in Theorem hold and assume
additionally that E[|X1]3] < co. Then,
CE[|X1’]

\/ﬁ )
where Z ~ N(0,1) and the absolute constant C' does not depend on the population distribution
nor the sample size nﬁ We postpone the proof to Section E

dKol(Vn7 Z) g

Let us now move to the core of this section.

3This convergence occurs almost surely and in L'(Q).
4References on the absolute constant XXX; Without assuming the finite absolute third moment, we can derive
dKol(Vn7 Z) — 0 as n — +oo.
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1.1. Gaussian integration by parts formula.

Lemma 1.6. Let Z ~ N(0,1) and f : R — R be an absolutely continuous function such that
f' € L' (). Then, E[|Zf(Z)|] < 0o and

E[f(Z)] =E[Zf(Z)] (1.7)
or equivalently,
[ rente) = [ 2fene) (1.8
R R
Proof. Let f,Z be given as above. To show the finiteness of E[|Z f(Z)|], it suffices to prove
E[|Z[f(Z) = f(O)]l] < oe. (1.9)

Indeed, using the fundamental theorem of calculus (Theorem [A.1]), we can write

EllZ[f(2) = fOll = /Oo 211 (2) = F(0)]]o(2)d=

:/0 " ’(t)dt‘ dz+/

o o)

< / |z|/ L (0)]dt(=)dz +/ |Z|/ P (0)]dto(2) o
= [T [T woeaz)a- [z [ ot >dz>dt.
Note that for a € R4, one can easily verify that
[tz == [ otz = ola) (111)
It follows immediately that
B|121(2) - o) < [ Z P BloE)dt < .

That is, we just proved (|1.9) and thus proved the finiteness of E[|Zf(Z)|]. The proof of ([1.8)
can be done in the same way. Here is a cheap way. Removing the absolute signs in (|1.10)), we
can get similar expressions with all equal signs, and particularly we have,

Blzli(2) - 10 = [ 1o [ o )a- [ OOO rof [ ; 0(:)d: )t

Note that the LHS coincides with E[Z f(Z)], and the RHS is exactly E[f'(Z)] in view of (1.11]).
This concludes our proof.

e Divergence operator §. For f: R — R absolutely continuous, we put
Of)(z) = zf(z) - f'(z),
which is well defined for almost every x € R. From Lemma we know that
§f € L' () with E[5(f)(Z)] = 0, provided f' € L'(~). (1.12)

Next, we present a generalization of Lemma
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Proposition 1.7. (i) [Gaussian Poincaré inequality] Suppose f is absolutely continuous with f’
in L2(v). Then, f € L*(7) with

Var(f(Z)) <E[|f(Z)]?].
The equality holds true only when f is affine, i.e., f(z) = az + b for some a,b € R.
(ii) [Duality relation] For f,g absolutely continuous with f',g" in L*(v), we have

/f@maww:/f@wm@ﬂw» (1.13)
R R

Proof. Let us first prove part (i) using the fundamental theorem of calculus as in the proof of
Lemma Similarly, we write

/|f dz—/ dt dz—l—/ dt ¢(2)dz
s[;!a[;U%ﬂ?ﬁ¢@MZ+/;Jd[:Uﬁﬂﬁﬁéwﬂz (1.14)
:/Ooodt|f’(t)|2</tooz¢(2)dz> _/—iodt|f/(t)|2</_too z¢(z)dz>

= [ durwiot <
where the last equality is due to . This proves f € L%(y). Moreover,
Var(f(2)) < E[f(Z) - F(0)’] < /Rdt!f'(t)l%(t) =E[f(2)]*).

Note that the inequality in (1.14) becomes an equality only when

0
=wMNﬂm%
Y

for any y < 0 < z. This occurs only when [’ is a constant (why?). Therefore, the proof of part
(i) is completed.

2 z 0
'(t)dt :z/ |f'(t)|*dt and '(t)dt
0

Now let us prove part (ii). Let g be any absolutely continuous function with ¢’ € L?(v), then
g € L%() and fg is absolutely continuous with

(f9) = fg' +f'ge L'(v).
See Theorem Therefore, Lemma (see also ([1.12))) indicates that 6(fg) € L'(v) with

Ozﬁkgmwwiékﬂ@ﬂ@—f@ﬂ@%aﬂ@d@h@@

- / F(2)0(g)(2)v(dz) — / J'(2)g(2)7(d2),
R R

which is exactly the equality (1.13]). Hence, the proof is completed. O

Remark 1.8. Consider f,g € C°(R), the integration by parts formula [ f'gde = — [, fg'dx
in undergraduate calculus essentially follows from the fact that

/Rh’(x)d:v =0
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for h € C°(R). If we replace the Lebesgue measure by the standard Gaussian measure vy, we
have

[ Hantin) = [ W@oade =~ [ hw)d @ = [ ahiz)o@ds

R R
which is a particular case of the usual integration by parts. For this reason, we often call ([1.13))
a Gaussian integration by parts formula.

Let dom(d) be the set of absolutely continuous functions g with ¢’ € L?(v). Let D be the
set of absolutely continuous functions f with f' € L?(y). Note that dom(é) is the domain for
the divergence operator and D is the domain for the derivative operator on L?(v), and in our
current simple setting, dom(d) coincides with D. In a more general setting, these two domains
are totally different. In Proposition we can only see that 6(f) € L'(y) when f’ € L?(v). In

fact, ' € L?(v) ensures 6(f) € L?(y); see Remark

xxxxxx End of Lecture 1 (Sept. 2, 2025) 000000000000

Lecture 2.

Let us first introduce Hermite polynomials and then return for more discussions on the diver-
gence operator ¢ and its domain dom(d).

1.2. Hermite polynomials.

Definition 1.9. Put Hyo(x) = 1, and H,11 = §(Hp) for p € N. H, is called the Hermite
polynomial of order p. The first few ones are given by

Ho(z) =1, Hy(z) ==z, Ha(x)=2?-1, Hs(zx)=2—3z,..
It is not difficult to verify by induction that
d
T Hy(2) = pHy1(@) and Hyy(2) = oHy(x) — pHy 1 (2) (1.15)
for any integer p > 1. In a compact manner, we can also define Hermite polynomials using
Rodrigues’ formula:
1
H,(z) = (—-1)?
with ¢ as in ((1.1)). We leave the verification as an exercise to students. Another way to define the
Hermite polynomials is via the Gaussian integral formula H,(z) = E[(z+iZ)P] with Z ~ N(0, 1);
see the expository article [NO25] for various applications.

Exercise 1.10. (i) Verify the relations (L.15)) and (1.16]).

(ii) Show that any monomial can be expressed as a finite linear combination of Hermite polyno-
maials.

o) () (1.16)

The family of Hermite polynomials play a crucial role in the Gaussian analysis. They are the
orthogonal polynomials with respect to the standard Gaussian measure on R.
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Proposition 1.11. The set of polynomials {H,/\/p! : p € N} form an orthonormal basis for
L?(v). As a consequence, the following results hold true.

(i) With Z ~ N(0,1), we have
E[H,(2)Hy(Z)] = pg_yy. (1.17)

(ii) For any f € L?(v), we have the following Hermite expansion:
. 1
f= Zchq with ¢g = q'/RHq(z)f(z)’y(dz),
q>0 )

where the above series converge in L*(7y) and 250 c2q! < o0.
Proof. First we prove that
the linear span of the family {H,/v/p!: p € N} is dense in L?(y).  (#)

In view of Exercise [L.10] it is enough to show that the linear span of the family {2 : p € N} is
dense in L?(y). Suppose f € L?(v) satisfies

/ f(2)2Fy(dz) =0, Vk € N. (1.18)
R

For any t € R, we have [ e?t2ly(dz) < oo and thus
’k

[ 17 z‘tg, (1) = [ 17l (d2) < o

by Cauchy-Schwarz inequality. This ensures that we can write

/f M”Z Z/f ”z az),

which is zero due to the condition (L.18)). This implies in particular that [, f (2)e2¢(2)dz =
for any t € R. With f* = max{f,0} and f~ = max{—f,0}, we get f = f* — f~ and

/eitzf+(z)¢(z)dz = / e 7 (2)p(2)dz. (1.19)
R R

If one of f* and f~ is a zero function (a.e.), then the other one has to be zero almost everywhere.
Now assume otherwise so that (taking ¢t = 0 in (1.19))

C = /f+ dz—/f (z)dz € (0,00),

In this case, we can deduce from ) that & fT(2)¢(z) and & f~(2)¢(2) are two probability
density functions with the same Fourier transform (i.e., characteristic function), and thus they
must coincide with each other almost everywhere. That is, we have fT = f~, or equivalently,
f = ft — f~ = 0 almost everywhere. Now we can conclude that for a function f € L?(y)
satisfying , f =0 a.e., which shows the desired conclusion (#).

Next, we show the orthogonality relation . Suppose p < ¢ and recall the relation .
We can deduce from the duality relation (Proposition that

ElHy(2)Hy(2)] = E[Hp(Z)(6Hy-1)(Z)]
= ElpH,1(2)Hy-1(Z)]
= p'E[Hq*p(Z)] = pll{p:q}'
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Hence, we just proved that {H,/v/p! : p € N} form an orthonormal basis for L?(v), and the
Hermite expansion in part (ii) follows immediately. O

Proposition 1.12 (Product formula for Hermite polynomials). Let p, q be positive integers. Then,

Hy () Hy(a) = S (2) (7)o (o)

r=0

Proof. Note that Hy(x) is a polynomial of degree p, then Hy(z)H,(x) is a polynomial of degree
p + q. Thanks to Exercise we can express Hy(x)Hy(z) as a finite linear combination of

Hermite polynomials:
ptq

Hy(x)Hy(z) = ¢ Hy(2)

r=0
with the coefficients ¢,’s to be determined. Since E[H(Z)] = 0 with Z ~ N(0, 1) for any k > 1
and % k(z) = k! (see (1.15)), we have

d
errt = (= [Hy(@) Hy(@)] |, )- (1.20)
By the general Leibniz rule, we have for » < p + g,

T T r k r—k
i i H ) = 3 () el (g o)
k=0

(r p! q!
:Z <I<:>(pk:) p—k (2 )qu—kk r(T)1g k<p L (1.21)

k=0 r—k<q
Using the orthogonality relation in Proposition (i), we have
E[Hp_k(Z)Hq+k_r(Z)] = (p — k)!l{k:pfgqbr}.
Therefore, it follows from (1.20) and (L.21]) that

| — “(r p! q! Y B
CpT! Z (k (p—/{)!(q-i-k'—r)!l k<p }(p k‘).l{k:p c21+r}.

k=0 r—k=q

Then, taking the above restrictions on k,r into account with k& = %, we have

plg!
(p—g+r)!(q+; P p+q r) { |p—q|<r<p+q }

=

p+q+riseven

Then, making the change of variables 7’ = (p+ ¢ —r)/2 (thus r = p + q — 217), we get

o)
. p-q 1
Cpt+q—2r" = (p—r)(q — )] {0<r'<pAg}-

Hence, this concludes our proof. O

Question 1.13. Use the same proof strategy to show the following “binomial formula” for
Hermite polynomials:

n

Hy(aa+09) = Y- ()b 4t ) Hooa) (1.22)

k=0

where a® + b% = 1.
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Proposition 1.14 (Gaussian Poincaré inequality revisited). Suppose f € D and Z ~ N(0,1).
Then,

Var(f(2)) < E[|f (Z)]%],
where the equality holds if and only if f(z) = ax + b for some a,b € R.

Proof. In Proposition we gave a proof of the Gaussian Poincaré inequality using the fun-
damental theorem of calculus. Now let us present a different proof of the Gaussian Poincaré
inequality using the Hermite expansion.

Suppose f € L?(v) admits the following expansion f = >
Then,

quch with quN qq < o00.

Var(£(2) = 3 ¢

q€Np

and with f/ =3 cqqHg—1

q€No
=Y 0= Y dae
q€Np q€Ng
Thus,
Var(f(2)) <E[ ' (Z)]%]
with equality only when ¢, = 0 for all ¢ > 2. That is, the equality holds only when f is affine. [J

Remark 1.15. Let us return to the description of the domains for D and ¢ (i.e., D = dom(J))
and prove the anticipated result

5(f) € L?(y) for f € dom(0).
For f € L?(v) with the Hermite expansion
= cgHy, (1.23)
q>0

we have Z >0 qq' < 00. The set D is then the set of functions f with the Hermite expansion
as in (1.23)) such that

chq!q < 00. (1.24)
=0

Indeed, f'=3" ) cHy =3 > cqqHq—1 € L?(v) implies

Zc ! < oo,

q>1

which is exactly the condition (1.24). For f as in ([1.23)) with (1.24), we deduce from the

recurrence relation [[L15] that
o0
af(x) — f(z) = Zcq[fUHq( — qHg1( Zcq g+1(
=0
which is square-integrable with respect to the standard Gaussian measure, that is,

f)=af(z Zcq Zcq Hy1 € L*(9).

q>1
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Question 1.16. (i) Show that the derivative operator (i.e., Df = f') is closable meaning that
if fn € D with Df, — g in L?(7y) for some g and f, — 0 in L?(y) as n — +oo, then g = 0. See
also Proposition [{.8

(ii) Show that § (as the adjoint operator of D) is closed meaning that for g, € dom(d) with
§(gn) convergent to h in L?(v), one can find g € dom(8) such that h = 6(g9) and g, — g in
L*(y).

Exercise 1.17. Let A be the set of functions g € L*(y) such that there is a constant C = Cy

such that
| / F(2)g()(dz)
for any f € D. Prove that A = dom(é

< Cllfllrzy)

Exercise 1.18. Verify the duality relation in Proposition by using the Hermite expansions.

1.3. Application I: two series representations of = (optional reading).

. 1 2k . o

T = kzzo 2%-1(2k + 1) < k> Ramanujan’s 1912 identity (1.25)
- 3 2k , o

T = kzo m ( L > Newton's 1676 identity. (1.26)

We will prove the above two formulae using Hermite expansions and they appeared in a study
on intransitivity of dice [HMRZ20].

e Preparation. Let h,(7) = 1(,-,). We claim that

= 1
mzpw>m+§)m%xmh%:amwm4m) (1.27)
q=1 '

Proof of claim (1.27). It is trivial that h € L?(7y) and thus admits a Hermite expansion

h=>"a.H,,

q=0
where a9 = P(Z > u) and for ¢ > 1,
1 o0
a@:¢/H d@:¢l%@wwk
= q! ; ()79 (2)dz using (TG
1 _ 1 . .
= N0 ) = o H, () using (LIG) again
This verifies the claim (1.27)). O
Let us first present the formula for H,(0):
—1)P(2p)!
Hy,—1(0) =0 and Hy,(0) = (2)1%5!) for any p € Ny. (1.28)
This can be easily verified by induction (Exercise!). For general x € R, we have for ¢ € Ny,
lg/2] g(

—2k
Z Flg - % PPy ST (1.29)
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which can be derived by using (|1.28) and (1.15)) (Exercise!).

e Proof of (1.25)). From the above discussions, we can first write, with ho(z) = 1,50y, that

§+Z (0)H,

i 1 (—1)k(2k)!

1
2 H
2 k=0 (2k + 1)!\/% ok 2k+1

=5 + ) dopy1Hopy1,

k=0

where
(—D*

d = . 1.30

LT ok (2k + 1)V2r (1.30)
Then, using the orthogonality relation of Hermite polynomials, we have

2k 1
Var(ho Zd2k+1 2k+1)' _Z<k>22k+17{'(2kjm
k=0 k=0

It is easy to get Var(ho(Z)) = 1/4, and hence we get (|1.25)). O

e Proof of (1.26). Recall ® is the CDF of a standard normal Z ~ N(0,1). Then, by the
probability integral transform ®(Z) is uniformly distributed over (0, 1), so that Var(®(Z)) = 5.
On the other hand, we can write by using the above expansion of hg and the binomial formula

(22),

®(z) = E[ho( %

5+ 5
dogy1 Hopy1(Z 7 \[)>

(
(Z 2’““2%1 <2k: )2 kHr(Z)H2k+1r(33)>~

Since E[H,(Z)] =0 for r > 1 and Hy = 1, we can simplify the above expression to

+
M

+E

l\.')\}—t

8 EMg

+E

l\.')\r—t

1 > 7](/.7;
=3 + Z:d2k+12 2Hop 1.

Therefore, we get

1

5 = Var(®( Zd%ﬂz =12k + 1)
_i 2k 1
=\ k)2 22k + 1)

from which we can deduce (|1.26]). O
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1.4. Application II : computation of Greek letters (optional reading). In the end of this
section, we present a financial-math application of the Gaussian integration by parts formula.
Let us first give a bit the financial context, which is by no means comprehensive, while we
refer interested readers to the books [Sh04l, [Hull22] for the preliminaries in finance and relevant
mathematics.

e Basics of financial derivatives. A financial derivative is a financial instrument whose value
is derived from the value of an underlying asset, index, or rate. In this subsection, the underlying
assets will be restricted to stocks whose prices follow the law of the classical geometric Brownian
motion. Concretely, let S; denote the stock price at time ¢, and it can be modeled by

S, = Spe(r=zoM)ttoWs, (1.31)

where Sy > 0 is the initial stock price, » > 0 is the risk-free interest rate, o > 0 is the
volatility, and (W});>0 denotes the real-valued, standard Brownian motionﬂ Suppose a financial
derivative’s underlying asset is a stock with the above price and its payoff at the terminal
time T' > 0 is described by 9(S7), that is, the payoff of the financial derivative at time T is
assumed to only depend on the terminal stock price. According to the principle of risk-neutral
pricing (see, e.g., [Sh04, Chapter 5]), the initial price of such a financial derivative is given by

H = e "TE[¢(S7)],

"I is the discounting factor of a future money value to the present value (continuous

where e~
compounding, in the language of finance). In this simple example, it is not difficult to see that
the initial value H depends on various parameters like r, o, and the initial stock price Sg. Here

is a natural and important question:
“how sensitive H is when the parameters r, o, Sy change?”

In financial markets, traders and portfolio managers use Greek letters to measure the sensi-
tivity of prices of financial derivatives to various market parameters. These sensitivities help
manage risk efficiently and construct effective hedging strategies.

The primary Greek letters are:

(i) Delta (A): Sensitivity of the option price to the underlying asset price;

(ii) Gamma (T'): Rate of change of Delta with respect to the underlying price;

(iii) Vega (V): Sensitivity to changes in volatility;

(iv) Rho (p): Sensitivity to interest rates.
They are defined by

0 0 0? 0 0
= — = — = —_— = — = — . 132
A= < H T= < A= < H. V=g H  and pi=oH (1.32)

In what follows, we only present the formula for the Delta and leave the proof of other Greek
letters for students.

Proposition 1.19 (formula of Delta). Consider the above framework and assume that ¢ : R — R
is Lipschitz continuous (see Footnote|39). Then, we have

efrT

- O’S(]T

E [ (Sr)Wr]. (1.33)

Here is a quick definition of Brownian motion. (W;);>o is a family of centered Gaussian random variables
satisfying the following three conditions: (i) any finite linear combinations of W,’s is Gaussian (ii) t € Ry — W,
is a.s. continuous (iii) E[W;W;] = t A s for any s,t € R;. In particular, we have W; ~ N(0,t) for any t € R;.
This is the only property we need for this section.
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Proof. Recall from Footnote |5 that Wpr ~ N(0,T), so we can write Wp = VT - Z with
Z ~ N(0,1). Then, using Lemma we get for any absolutely continuous function f with
E[[f'(VTZ)|] < o0,

EWrf(Wr)] =ENVTZ - f(VTZ) =T -E[f (VTZ)] = T -E[f'(Wr)],
that is, we have
E[Wr f(Wr)] = TE[f'(Wr)]. (1.34)

Since
H=eTE[W(Sy)] with Sy = Spe(r—2o)T+oWr,

We can write Sp = h(Wp) as a function of W with h(x) = Spe(r=299)T+o% That is, we have
H = ¢ "TE[¢ o h(Wy)].
Note that the function f = v o h is absolutely continuous with
F(@) = &' (W))W (2) = o/ (h(w))h(x) and thus f'(Wr) = oS7/(St). (1.35)

see, e.g., (A.1)). Since ¢ is uniformly bounded (see, e.g., Footnote and h(Wp) = St has
finite expectation, we see that the function f satisfy the assumptions for applying (|1.34]). Doing
so leads to

_ i _ —rTr Y (r—lJQ)T—I—UWT
A= goH=c 6SOE[¢(SOe ; )]
Sto
— T ! P19
=e E [w (St) 5’00] (1.36)
_ g [F'(Wr)] (1.37)
0S8y T '
efrT
= E[f(Wr)Wr] by (1.34).
JS()T

Note that the step (1.36) follows from Lebesgue’s differentiation theorem with 1’ uniformly
bounded and St € L'(Q), and the equality (1.37) is due to (1.35). Finally, the formula (1.33))
is proved by noticing that f(Wr) = ¥(St). O

Remark 1.20. (i) The above derivation of the formula for A is quite elementary and only
utilizes the Gaussian integration by parts formula in Lemma [1.6] However, the above proof
strategy fails if the payoff does not just depend on the terminal stock price St, for example,
when the payoff depends on (S¢)ic[,77, i-e., the whole stock price dynamics on the duration of
the financial derivative. See Chapter 6 of [Nua(Q6] for more discussions and in particular, the
interested readers may want to compare our proof with the argument on [NuaO6, page 332] that
uses the full power of the Malliavin calculus. See also Chapter 2 of the book [MT06] by Malliavin
and Thalmaier.

(ii) Consider the case where 1(z) = max{z — K,0} for some given K > 0. This corresponds to
the payoff of a European call option with strike price K and terminal time 7. The European
call option gives its holder a right (not an obligation) to purchase the underlying asset (stock
in our example) at the price K at time 7. It is of fundamental importance in finance, and its
price is given by the famous Black-Scholes-Merton formula:

Hcall — Soq)(dl) — Ke_rTq)(dg)

with
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i — log (SO/K) + (r+%2)T
= s

By directly differentiating the explicit formula of H,; with respect to Sp, we can gelﬂ

and dQ:dl—O'\/T.

Acaull = (I)(dl)
Alternatively, one can first use ((1.33]) to write
e—rT
Acall = M}E |: maX{ST - K, O}WT]

and standard (although tedious) Gaussian computations will lead to the same formula Acay =
®(dy). The formula (1.33)) is advantageous when we do not have an explicit price formula.

Exercise 1.21. Under the same assumptions as in Proposition prove the following for-

mulae:
B e T W:% . B W% 1 )
o= G| (7 1) v v (G o))

efrT

p= E[¢(St)Wr] — TH.

xxxxxx End of Lecture 2 (Sept. 4, 2025) 000000000000

6Note that the expressions di, ds are involved with So such that So®'(dy) = Ke "7 ®'(d).
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Lecture 3.

2. Gaussian analysis on R

In Section [I} we studied some basic Gaussian analysis that is involved with a single Gaussian
random variable.

Let us briefly review Section [I| while introducing a few new things. Throughout this sections,
we write

- —4 o= 3lzf?
va(dx) = (2m) " 2e 2 dx
for the standard Gaussian measure on R%.
2.1. Refresh on week 1. In Section [, we introduced D, with a common domain
D2 (R) := {f € L*(y1) : f is absolutely continuous and f’ € L*(y1)}

The Gaussian Poincaré inequality (Proposition [1.14)) ensures that f € L?(y;) whenever f’ €

L%(vy1). We defined Hermite polynomials {H, : p € N}, which are the orthogonal polynomials
for 1. More precisely, for any f € L?(v1), we can find {c, : ¢ > 0} such that

= Zchq and chq! < 00.
qeN q=0
With Df = f" and (dg)(z) = zg(x) — ¢'(x), we observe that
Lfi=—6Df = f' —af'(x),

which gives us the generator of the real Ornstein-Uhlenbeck process described by the following
stochastic differential equation (SDE)

dX; = —Xydt + v/2dB,

Xo=xz€R

with B a standard real Brownian motion. One can easily solve the above SDE:
t
X, =ze t 4+ \@/ e_(t_s)st.
0

It is easy to verify that X; ~ N (ze™t, 1 — e72!), which weakly converges (or converges in law)
to the standard Gaussian measure y; as t — 400, regardless of the initial value x € R. The
process (X; : t € Ry) is a Markov process and admits a semigroup (called Ornstein-Uhlenbeck
semigroup)

(Pof)(x) = E[f(Xe)|Xo = 2] = E[f(ze™" + V1~ e~22)]
with Z ~ N(0,1), and the second representation is known as Mehler’s formula.
Exercise 2.1. (i) Show P4y = B.Ps for any t,s € Ry, PH, = e %"H,, LH, = —qH,, and
DP;, = e 'P.D.
(ii) Show that £f = lim;_0 P“:ff for every f € dom(L) after you figure out dom(L).
(iii) Show that for every f,g € DY2(R), with Z ~ N(0,1), we have

Cov({(2),9(2)) = | *(DFHZ). DPg(2)) it

Hint for (iii): Hermite expansion.
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2.2. Week 1 extension to R%. Now let us extend what we have learned to R?. We collect
a few facts on Gaussian vectors in Appendix and students could refer to it when the need
arises.

Definition 2.2. Let ggly(]Rd) be the set of smooth functions f : R* — R such that f and all

its partial derivatives have at most polynomial growth at infinity.

Proposition 2.3 (chaos expansion). The Hilbert space L?(74) can be decomposed into mutually
orthogonal closed subspaces:

L2(’Yd) = @ CP?

peN
where C, is the span ofﬂ

d d

{(xl, nxg) €RY Hqu(mj) : qu :p}.
j=1 j=1

That is, the following statements hold true.

(i) For any p;, q; € N, we have, with G ~ Ny(0,1),

d d
B( T[#(G 1)) = 1gmn [ 2.)
i=1 j=1
(ii) For any f € L?(7q4), there exist a family of coefficients cg, . 4,’s such that

) d d
f= Z Z Car H Hy(x;) and Z cihm#d H g;! < o0. (2.2)

k=0 q1,...,q4€EN Jj=1 q1,--,9d€EN Jj=1
q1+...+q4=k

eCy
Proof. First note that follows from the independence of different Gaussian entries and the
orthogonality between different Hermite polynomials. Now let us prove via an induction
argument on d > 1. The 1D case is established in Proposition Suppose that holds
true for any d < n with n € Ny, and we will show it for d =n + 1.
Let f € L*(yn41), iee.,

@) Pruto)a() < . (23)
By Fubini’s theorem, for v;-almost every y € R, the mapping
(1, ., zpn) ER" = f(x1,...,2n,y) €R

is square-integrable with respect to 4. Then, the induction hypothesis ensures that one can
find a family of (y-dependent!) coefficients cq,, . 4,(y) such that

f(xla ooy Ly y) = Z Cq1,eisqn (y) H HqJ' (l‘]) in LQ(Rn’ 'Yn) (2'4)
j=1

Q17~"7QnEN
and the equation ([2.3) is equivalent to

> <ﬁ%‘!>/chl,...,qn(y)%l(dy) < oo (2.5)

%w--»QnGN J:1

"Co ~ R is the set of constant random variables. Note that Cj, is a closed subspace of L2 (vq).
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Then, applying induction hypothesis again (for d = 1), we can expand the function y € R

Cq,.ongn (Y) @S

Catnan (Y) = Z Ca1eetnsans1 Hanir (¥)-
QTH»IZO

such that 3° . < cghn.’qn’qnﬂqnﬂl < 0o. Together with (2.4) and ([2.5]), we can deduce that

n+1

f(@1, .y Tny Tpg1) = Z Car ot H Hy,(z;) in L*(Ynt1)
j=1

q1,---sqn+1€N

and 35, o en 621,...,%“ [Tj=1 aj! < oo. That is, (2.2) holds true for d = n + 1. As a result,
we can conclude our proof by induction. O

Remark 2.4. The space C5,o (RY) is dense in L?(y4). Indeed, for any f € L?(vq) as in (2:2),

we have

N d
v = Z Z €q1,.-,qa H Hg, (z5) € poly(Rd) (2.6)
j=1

k=0 q1,...,qa€N
q1+...+q94=k

converges in L?(v4) to f.

e Derivative operator D = V. When f € pOly(Rd)

Df =Vf=(0if,...,00f) : R — R?
is well defined. For fx as in (2.6)), we have

d
Oifn(x Z Z Cqr,qaitlq,—1 (i) H L2y Hg, ()

k=1 q1,...,q4€N Jj=1
q1+...+q4=k

with the convention H_1(z;) = 0. This implies that

N d
||aifN||%2('yd) - Z Z cglz-“quq’i H qj!
j=1

k=1 q1,..,q4€N
q1+...+q4=k

and thus
N

d
[ IV @)l aratda) = Znafzvnw DS | 71
R k=1 qi1,...,qa€N Jj=1
q1t...+qa=k

The domain of D, denoted by DV2(R9), should be the set of f € L?(y4) absolutely continuous
with |V f| € L?(v4). Then the above discussion suggests an equivalent definition, that is, for f
as in (2.2), it belongs to D2(R?) if and only if

d

Z k Z 031,.“,(1(1 H q;! < oo. (2.7)

k=1 qi,...,qa€N Jj=1
q1+...+q4=k
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e Orthogonal projections. Let J; denote the orthogonal projection operator onto the k-th
chaos Cy. Then, for f as in (2.2)), we can write f = > 77 Ji f, with

d
ka - Z c‘hr"v‘]d H HQj (x]) (28)
q1,--,9d €N j=1
q+...+q4=k

Then, we have f € DV2(R?) if and only if D k1 k:HkaHLQ () < OO

Proposition 2.5 (Gaussian Poincaré inequality). Let f € DM2(R9Y) and G ~ Ny(0,1). Then,
Var(f(G)) <E[Vf(G)[?]
with equality only when f(G) = ag + Ele a;G; is a linear combination of the components, i.e.,

only when f(G) is Gaussian.

Proof. First, we write f = > 72 Jif, then

Var(£(G)) = S 1 if 220, < S M Ba(s,) = EIVA(G)P)
k=1 k=1

It is clear that the above inequality becomes an equality only when Ji f = 0 for any £ > 2. That
is, f(x) = ag + a - = for some ag € R and a € R, O

e Divergence operator J. Let us now introduce the adjoint operator of D. Let dom(d) be
the set of functions g = (g1, ..., gq) : R* — R such that

d

HQH%%W) = Z ng‘|%2('yd) <0
j=1

and for any f € poly(Rd)

[E(VF(G),9(G))ge| < Collfllr2r),

where G ~ Ny(0, ) and Cy € (0,00) is a constant that depends only on g.

Note that f € C poly — E(V f(G),9(G))ga defines bounded linear functional on Cpoly, and

thus extends to L?(4) by density. Therefore, by Riesz’s representation theorem (see Rudin’s
book), there exists a unique element in L?(v4), denoted by §(g), such that

(VI 9) 12030 = BVI(G), 9(G))ra = (f,6(9)) £2(7,) (2.9)
for every f € DL2(RY).

Remark 2.6. For g = (g1, ..., 94) : R — R? with g; € C oty (R 4), we have the following explicit
expression

6(9)(x) =z - g —divg (2.10)

where divg = Z;l:l 0jg;. Indeed, the LHS of (2.9) is equal to

d
> Elg;(G)d; f ZE[ 195(G) = 99,(G)) (G
j=1

where the last equality follows from the 1D duality relation (1.13)). This implies (2.10)).
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e Ornstein-Uhlenbeck generator L. For f € poly(Rd)
Lf=Af—-x-Vf.
Note that L= —6Df for f € C oly( ), This suggests that the domain of £ is
dom(L) = {f € DY2(RY) : Df € dom(d)}.
Proposition 2.7. (i) For f € Ci, we have Lf = —kf. (ii) f € dom(L) if and only if
D KTk 120y < oo,

k=1
where Jy denotes the projection operator onto Cy as in (2.8]).

Proof. Tt suffices to consider f(z1,...,24) = H;i:l Hg,(z;) with g1 + ... +qa = k. Then
d

d
L= (07 —0))f = (0 — )0, f
: P

7=1
d d
> 45 (05 — w5 Hy; -1 (x5) [ [ Ljinegy Ha, (1)
j=1 i=1
:7Ht1j (z5)

_ (jéqj)iljlﬂi(m:—kf,

where we noticed that d;g(z;) — z;g(x;) = —6(g)(z;) for g : R — R. This proves (i).
Suppose f € dom(L), i.e., f € DV2(R?) and Df € dom(d). In particular, we have Lf =
—8(Df) € L?(vg4). Therefore, it follows from part (i) that

LFI 20 = 1LY Tif 20y = 1D LIuf G2 = D KTk f 720y <
k=0 k=0 k=1

Now let us assume that Y po kQHkaH%Q(W) < oo and we need to prove f € dom(L). It is clear
that f € DL2(R?) and

IDfx = D2,y =0,
where fx =3 oy Jef. It remains to show that Df € dom(d). Given h € C5o (R 4), we can

poly
write
<Dh7 Df>L2(7d) = N1—1>I—ir—loo<Dh7 DfN>L2('yd)
= Nl—i>I£oo<h’ —LfN)r2(v,) by duality,
which is bounded by
1720l 22 () SUp [ L£Fwll2a) = [l 2 W)J Y R21Tf 13-
This shows D f € dom(d). Hence, f € dom(L) and our proof is completed. O

xxoxoxoxex End of Lecture 3 (Sept. 9, 2025) cococooooooo

82, f(x) is viewed as the multiplication operator.
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Lecture 4.

¢ Ornstein-Uhlenbeck semigroups (F;)cr, -

© ik
P =¢l = tﬁk
t 7l
k=0

Let f € L*(v4), we deduce from Proposition 2.7 that

o) tk B
Pidyf = Z Lrhy,g - D0l =Tt
! — k!
Then, we have
Pf=> e, (2.11)
q=0

which is well defined for any f € L?(q4). It is also evident that

1P f 7200y = D € 2" Ml T2y < 17200

q=0
which is known as the contraction property for the OU semigroup; see also Proposition
Exercise 2.8. (i) Show that for f € L?(v4), f € domL if and only if
o P =
im
t10 t

exists in L2(v4) and it is equal to Lf.

(ii) Verify that semigroup properties: Pof = f and Pyysf = PiPsf for any f € L?(v4).

(iii) Show that DP,f = e 'P,Df for any f € DY2(R?) and 0,P; = LP; on L*(vq). Here, we
should understand P,Df as a vector (P01 f, ..., PiOgf).

Proposition 2.9. (i) [Mehler's formula] For any f € L?(v4), we have
(Pf)(@) =E[f(e 'z + V1 - e 2G)].
(ii) [contraction property| For any f € LP(v,4) with p € [2, 00], we have
1P fllLr(va) < N F1lp(ya)-

Proof. To show Mehler’s formula, it suffices to prove it for f(z) = H;-lzl Hy;(x;). and then the
general result follows by linearity. In this case, P.f = e~ (@ ++aa)t f and

d d
EJ] Hy (e 7'z + V1 — e 2G)) = [[ EHy, (e "oy + V1 — e %G))
j=1 j=1

d
= H e_thHth ()
j=1

which follows from the binomial formula (see Question |1.13]). Therefore, part (i) is proved.
Now let f € LP(vy) for p € [2, oo)ﬂ Then, the result in (i) ensures that we can write

(Pf)(z) =E[f(e 'z + V1 —e2G)].

9The case p = oo is trivial by noting that | ]l oo (v,) coincides with the usual L*-norm of f.
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Let G’ be an independent copy of G, we can write ||P,5f||Lp(w as
IPAIRsy = E|[E[f(e7G + V1= eG)|6] "]
E[E[‘f(e—tG/ + mg)|p|G/H
= E[\f(e’t(}’ + m(})‘p]7

where the last two steps follow from Jensen’s inequality and tower property for conditional
expectation. Note that e *G’ 4+ v/1 — e=2!G has the same law as G, so that we just proved

1P < 1712, .
Exercise 2.10. Prove that the Mehler formula also holds for f € L'(vg).
Proposition 2.11 (Gaussian integration by parts). (i) Let Y ~ N(0,0?) and X ~ ANy(0,C) be

jointly Gaussian. Then, for any h € C’ggly( 4), it holds that

E[YR(X)] =Y E[Y X;]E[9;(X)].
j=1

(ii) For f € C'Qoly(Rd) and X ~ Ny(0,C), we have

E[X Vf(X Z CiE[0; f(X)] = E[(C, Hess f (X))us] - (2.12)

i,j=1
Proof. Let h be given as in the statement, and by scaling, we can assume Y ~ N (0, 1). Rewriting
X; =EYX;]Y +(X; —EYX,|Y) = p;Y + W;

as a sum of two independent Gaussians, we are able to transform our proof to the 1D case.
Applying the integration by parts for Y yields

E[Yh(X)] = E[YR(pY + Wi, ..., paY + Wy)]

d
7=1

d
= E[Y X,]E[9;h(X))].
j=1

This proves (i). To prove (ii), it suffices to apply (i) to obtain

E[X;0;f(X ZEXX 8;0:f(X)]

and conclude by linearity. O

2.3. Application I: A gentle touch on GMC. For an in-depth introduction to the theory of
Gaussian multiplicative chaos (GMC), please refer to the survey [RV14] by Rhodes and Vargas.

Let D C R? be bounded and open and v be a finite Radon measure on D. A standard
Gaussian multiplicative chaos (GMC) is a random measure on D formally defined as

M(A) = /A (P @)= 5Vare(®) (). (2.13)
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where {¢(z) : x € D} is a centered Gaussian field with covariance kernel

C(z,y) = E[p(z)e(y)]-
The random measure in ([2.13]) is well defined when ¢ is a regular field meaning C(z,y) is finite
for every x,y € D, which excludes the case

C(z,y) = max{log vaiiy\’ 0} + g(z,v) (2.14)

with ¢ a bounded continuous function on D x D. The corresponding Gaussian field (with
covariance kernel in (2.14])) can only be interpreted in a generalized sense, and ¢ can not be
defined pointwise. Hence, the exponential e?(*) does not make any sense. In 1985, J.-P. Kahane
introduced GMC in his paper [Kah85] to make Mandelbrot’s initial model of energy dissipation
in intermittent turbulence, the so-called Kolmogorov-Obukhov model [Man72].

Specifically, Kahane started from the covariance kernel C' of o-positive type, meaning

C(z,y) =Y Cr(z,y), (2.15)
k=1

where {C}}x is a sequence of [0, 00)-valued, continuous, positive-definite kernels:

- f (@) f(y)Cr(z, y)v(dz)v(dy) < oo

for any ‘test function’ f : D — R. Suppose we have an independent sequence of centered
continuous Gaussian fields {¢y }, with covariance kernels {Cy},. Then,

n
q)n = Z Pk
k=1

is a centered Gaussian field with covariance kernel y ), Cj. Kahane proved that the random
measure M, on D, with

A€ B(D) s My(A) = / P (®)-Var®a (@), (4,
A

converges almost surely in the space of Radon measure (equipped with the topology of weak
convergence) towards a random measure My,. This random measure M, formally written as

MOO(A):/quW(x)_évarq)“(x)l/(da:) or /e‘p(x)_“oo”l/(d:n)
A A

is called Gaussian multiplicative chaos with kernel C acting on v. Indeed, from the Doob’s
convergence theorem for positive martingaleﬂ we can deduce that for any Borel set A C D,
as n — +oo, M,(A) converges almost surely to some random variable M (A) with finite
expectation. Note that the construction of GMC seems to depend on the decomposition
of C. Kahane proved in his 1985 paper that this is not the case.

Theorem 2.12 (Uniqueness in law). Let {¢r} be another independent sequence of centered
continuous Gaussian field with nonnegative covariance kernels {Cy} such that

C(J;:y) :ch(xay) :Zék(xvy) (2'16)
k=1 k=1

10vou can find this classic result in most books on Ito calculus.
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for any (z,y) € D x D. Let MOO be the GMC constructed in the same way as Ms,. Then,

My = My in law, meaning that for any f : D — R bounded continuous,
/ 9(2) Mo (dz) = / g(x)Mso(dz) in law. (2.17)
D D

We will prove Theorem by using the following convexity inequality (or Gaussian compar-
ison principle), which is a consequence of the Gaussian integration by parts formula (Proposition
2.11)).

Proposition 2.13 (Kahane's convexity inequality). (i) Let (Xi,...,X,) and (Y1,...,Y,) be two
centered Gaussian vectors such that

E[X,X;] <E[Y;Y;], Vi,je{l,..,n}.

Then, for any (p1,...,pn) € R and for all convex functions F' : Ry — R twice differentiable
with at most polynomial growth at mﬁm'tyﬂ we have

N Xi- E[XY) S YY)
E[F(;ple ; )]SE{F(;@@ : )} (2.18)

(ii) Let D be a bounded open subset of R® and v be a finite Radon measure on DH Let {®(x) }zep,

{(AI;(CE)}xeD be real centered continuous Gaussian fields on D with covariance kernel K, K respec-
tively such that

K(z,y) < K(z,y),Yz,y € D.
Let F be as in (i). Then, we have for any compact A C D

E [F( / eq><m>éVarq’<w>y(dx))] <E {F( / e%)%Var‘f(x)y(dx))} . (2.19)
A A
We will postpone the proof of Proposition to the end of this section.

Proof of Theorem[2.13. To show , it suffices to consider the case where g is nonnegative
and continuous with compact support (say, supp(g) = A). In this case, the two random variables
in are nonnegative. Then, to show the equality in law, it suffices to show that they have
the same Laplace transform. That is, for any A € Ry,

E{exp ( — )\/Dg(az)Moo(dx))} = E[exp ( — A/Dg(x)Moo(da:))]. (2.20)

Note that from (2.16)), we can claim that given a compact set A C D, for any € > 0 and for any
n € N, there exists some large m, . € N such that for any m > m,, .,

> Cr(zy) <e+ ) Crlz,y) (2.21)
k=1 k=1

for any z,y € A. Indeed, letting F, be the set of (x,y) € A x A such that fails, then
F,, is closed due to the continuity of C} and ék, and thus F;, is compact. It is also clear that
Fin1 C Fy, for each m and (),,,~; Frm = due to (2.16]). Therefore, we deduce from Heine-Borel
theorem that F,,, must be empty for all large m, that is, the desired claim is verified.

Hpe polynomial growth at infinity ensures that the expectations in are finite.

121 particular, v is inner regular meaning that for any open U C D, v(U) = sup{v(K) : K C U and K is
compact}. This ensures that the measure v can be approximated by weighted sum of Dirac masses of the form
> =1 Pinla; ., With p; € Ry and z;,, € D.
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~ Now let us pick m large enough such that (2.21)) holds and let K(x,y) denote the LHS and
K(x,y) denote the RHS. Then K (z,y) is the covariance kernel of ®,, = ¢1(x)+...+¢n(z) and K

is the covariance kernel of \/2Z +®,,, = /2Z+@1(x)+ ...+ Fn(x), with Z ~ N7 (0,1) independent
of ®,,. Therefore, it follows from Proposition (ii) (applied to the measure g(x)v(dz) with
compact support A) that

exp )\/ } =E exp(—)\/ e‘b"(z)_évarq)n(gc)g(m)u(dz:))]
L D

<B|exp (- [ 63’”(”%Va@"‘(””gz5€g<w)v<dw>)}
D

= E[exp (— Aev?7 0 / 9(2) M () ) (2.22)
— D
for any m > m,, .. Then, passing m — 400 and then € — 0, n — +oo yields

exp )\/ so(dx) )} < ]E[exp )\/ oo(dx))} (2.23)

and by the same argument and switching the role of C' and C , we can get the reverse inequality,
implying that the above inequality is indeed an equality, which is (2.20)). O

xoxoxoxxx End of Lecture 4 (Sept. 11, 2025) c0c000000000

Lecture 5.

Proof of Proposition[2.13, Let us first prove (ii) by assuming (i).
Since v is a Radon measure on D, we can construct a sequence of measures v, of the form

Vp = ijézj with p; € Ry and z; € D
j=1
such that v,, weakly converges to v meaning that for any bounded continuous function h : D — R,

/ Vn dCL‘ ij x] n—>+oo/
D

Note that part (i) implies that

E[F( /A e¢<w>évm(x>yn<dx>)] SE[F( /A e&w)éwr&@%(dm))} (2.24)

Note that the two exponentials (as functions in ) in (2.24]) are bounded continuous on the
compact set A, and thus we have the almost sure convergence of the two integrals over A to
the correspondlng integrals with respect to v. In other words, passing n — oo in ([2.24)) yields

H This proves (ii).

Now let us prove (i) via the smart-path method. The basic idea of comparing the terms in
(2.18) is to interpolate them via some “smart” path and then show certain monotonicity along

1?’Ac‘cually, a bit more work is needed. For example, we should also check the uniform integrability of
{F([, eq’(”)_%va@(”un(dm)}n, which is ensured by the finiteness of sup, . 4 E[e?®®)] and v(A).
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such a path. Without losing any generality, we will assume that the two vectors (X7, ..., X,)
and (Y1, ...,Y,) are independent and we define

G =tX;+V1—-1?Y; and v = VarG} = t*VarX; + (1 — t*)VarY;.

—F {F(Zn:pie(?i—%”‘)}

so that LHS of (2.18)) is ¥(1) while RHS of (2.18]) is ¥(0). Therefore,

/ t)dt <0
when ¥/(t) = £0(¢) <0 for all t € (0,1).
By Lebesgue’s differentiation theorem, we have

Define

t t t
_ij l:F/< pe 1 2 z) Gi%vg [Xj—mY]—t(VarX]—VarY})H

Applying the Gaussian integration by parts (Proposition 2.11}(i)), we have

=h(G1,-.GY)

o[ (S si)eri )
:inz[xjag] [agth(G ...,Gg)]

n n
= > tE[X;X,|E [F” ( ZpieGﬁf%vz?) eCims
=1 ]
+ tVar(X [F,(Zpe —3Y} )eGé_év}t']

(2.25)

and similarly,

1—t [ (Zpe —3v ) Gt—vjy]
:Ztmmm[ﬂ(zpe@f %f) Gt”aper—“} (2.26)
1=1 i

T tVar(Y, {Ff(zpe b )eG;—;v;].
Therefore, it follows from ([2.25)), (2.26]), and F” > 0 that ¥’(¢) < 0. Hence, the proof is

completed. O

e Gaussian Poincaré inequality for X ~ N;(0,C). The Gaussian Poincaré inequality in
Proposition that for f € DV2(R?), the variance of f(G) with G ~ Ny(0,1), is bounded by
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the corresponding second moment of ||Df(G)||ge. When we replace G by X ~ Ny(0,C), the
same inequality holds up to a constant.

Proposition 2.14. Let f € DV2(R?) (defined with respect to vq) and X ~ Ny(0,C). Then,

Var(f(X)) < )\*E[H(Df)(X)H]%W]?

where Ay denotes the largest eigenvalue of the covariance matriz C.

Proof. First, we write X = QG with G ~ Ny(0,I) and Q = \@ Then, Proposition
implies that

Var(f(X)) = Var(f(QG)) < E(Df(QG), Df(QG))ga
=E(Q - (DN(QG),Q - (Df)(QG))rs = E(Df)(QG),C- (Df)(QG))ra  (2:27)
< ME[(DF)(X)Iza]
where we used the chain rule in and the fact that (Qz,y)ra = (z,Qy)ga due to the
symmetry of @ and QQ = C; in the last step, we used the fact that (Cz, x) < )\*||$||]§d. O

2.4. Applications II: Maximum of Gaussians. In this section, we will look at the maximum
of a centered Gaussian vector.

Proposition 2.15. Let X ~ Ny(0,C) and define My = max{Xy,..., Xq}. Then,

E[Mg] < v/2Cilogd and Var(My) < C,

with Cy = max{Cy : i =1,...,d}. In particular, when X is standard normal, we have C, = 1.

Proof. Put f(x) = max{z1,...,xq}. Then, it is easy to verify that |f(z) — f(y)| < max;{|z; —
yll}ﬁ In particular, f is absolutely continuous (even Lipschitz continuous) with

Oif (%) = Lig=f(2)} (2.28)
for almost every = € R?. Therefore, it follows from the computations in (2.27)) that

Var(f(X)) < E((Df)(X),C - (Df)(X))a
d d

d
=E) (0:£)(X))_Cij(0;)(X) =E ) Ciil(0:)(X)]* by [2:28)
1 =1

= j=1

d
<CEY 1ix,—ayy = Cs

=1

Next, we prove the upper bound for the expectation. Note that for any 8 > 0,

d
1
max{zy, ..., rq} < 3 logz i,
i=1

MThis means that Q is a symmetric and positive-definite matrix such that QQ = C.
Suppose z; = f(x) and f(y) = y; > @i, then |f(z) — f(y)| = y; — s < y; — 25 = w5 — 25| < max;{|z; — [}
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from which, we deduce

d
1
E[My) < =Elogy ¥
[Md < 3 g;
1 d
<-=1Io Ee’X: by Jensen’s inequalit
3 g; y y
1 d 1520,, 1 lIBQC
~ Liog > eb# 0 < Ligg (4. ebe)
582 g
logd 1
=5 + 550*.
An easy optimization (with g = Cl log d) leads to E[M,] < v/2Clogd. O

A natural question after Proposition [2.15]is the sharpness of the bounds. In fact, the order of
the expectation is optimal, but the order of the variance is not, as illustrated by the following.

Question 2.16. Let {g;};>1 be i.i.d. standard normal and define M,, = max{gi, ..., gn}. Prove

P(Mnb_ an < x) noteo exp(—e™ )

n

for every x € R, where
1
an = b= \/2logn.
n

The above limit is the cumulative distribution function of the so-called Gumbel distribution. You
may use the tail-ratio
1 - (I)(u + %) u—+00 o
1—®(u) ’
where ¢ stands for the standard normal CDF.

Remark 2.17. (i) The above question tells us that the variance of M, is of order @ and the
expectation is of order v/logn. An application of the Gaussian Poincaré inequality only allows
us to bound the variance by a constant (i.e., 1); see Proposition

(ii) The famous L!/L? variance inequality of M. Talagrand asserts that for G ~ ANy(0,I) and
f € DLA(RY),

d Haif|’%2(w)
Var(f(G)) <2 . (2.29)
= 1+ 108 (10: 11226/ 10 1121
This inequality will allow us to obtain the optimal variance bound Var(M,,) < % in the setting

of Question (Ezercisel). We will prove ([2.29)) later via an application of the hypercontrac-
tivity property of the Ornstein-Uhlenbeck semigroups.

2.5. Applications III: Gaussian random polymer. For a generic path of a 1D random
walk starting from (0,0), we can represent it as

(0,0) = (L,a1) — (2,a2) = -+ = (n,an) = -+,

where a; € Z and |a; — a;41| = 1 with ag = 0. Let P,, denote the set of such paths with length
n, then the cardinality of P, is 2".



MAS884: GAUSSIAN ANALYSIS (2025 FALL @ BU) 29

e Gaussian environment. Let {g, : v € Z?} be i.i.d. real standard normal random variables
modeling the random medium. A path p € P, immersed in this medium posses the “energy”
Ho(p) == g,

veEp
where “v € p” means that the vertex v belongs to the path p. The quantity H,, is also known
as the Hamiltonian. The so-called ground-state energy is defined by

FE, = min H,
n = min n(D),

that is, it is the minimum energy over all possible paths of length n.
The following result indicates that the variance of the ground-state energy is at most of linear
order.

Proposition 2.18. It holds that Var(E,) < n+ 1.

Proof. 1t is clear that E, can be viewed as an absolutely continuous function of the Gaussian
environment {g, : v € Z?} (in fact only finitely many of g,’s). Let

ps« = argmin H,(p).

pEPn
By definition, p, depends on the randomness inherited from the medium (and it is almost surely
unique (why?)). It is also evident that if we perturbate a bit the Gaussian weight g, assigned to
the vertex v, E, will vary if and only if v belongs to the optimal path p.. As a result, we have
0

g, In = “livern)

and thus by Gaussian Poincaré inequality, we have

0
Var(E,) <E Z ]
vEZ? 0o

=k Z 1{”61’*} =n+ 1’
vEZ?

since there are n + 1 vertices in any path of length n. This concludes our proof. O

E,|?

The above bound is not optimal and S. Chatterjee proved in 2008 that Var(FE,) < C%,
where the constant C' does not depend on n; we refer interested students to [Chaldb] for more

details.

xxxoxxx End of Lecture 5 (Sept. 16, 2025) 000000000000
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Lecture 6.

2.6. More on Ornstein-Uhlenbeck. Recall that we can define the OU operator £ by using
the projection operators J:

Lf=Y —klpf

k=1

for any f € dom(£L), i.e., for f € L?(v4) with > 72, I<:2|]ka||L2 ) < 0o. Similarly,

Ptfzetﬂf:iefktt]kf

for f € L%(vy).

¢ Pseudo-inverse of the O-U operator. For f € L?(v4) with zero mean (i.e., (f, Dr2(yy) = 0),
we define

= 1
L= ;::1 — Ikl
It is clear that £71f € dom(£) with
LLTVf=f
and

L7Lg=g— (9, 1)12(r)

for any g € dom(£). Here we record a few facts of the operator £ 1.

Lemma 2.19. For any f € L*(yq) with zero mean and g € DY2(R?) with zero mean, we have
o0
L7 = / P, fdt, (2.30)
0
o0
—-DL g = / e 'P,Dgdt. (2.31)
0

Proof. By writing f =3~ Jrf, we get (with probability one)

/Ptfdt /Ze B fdt = Z/ e Rt T fdt = Z Juf = —L7F,
0

k>1 k>1

where the second equality follows from Fubini together with

| e e =3 [T e sl =3 s

k>1 k=1 k=1
1 1
1\2 2
< <Zk2> (Z|ka|2>
k>1 k>1

which is finite almost surely. This proves the formula (2.30)).
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Let v € dom(d), then we get

(0, =DL7 ) 120 <(5(v / Ptgdt porryy Dy cuality and @30

(va

/ ), Prg) L2(y)dt by Fubini
0

8

/ v, DP.g) L2(yg)dt by duality
0

/ (v Pth>L2( )dt
0

<v’/ ~'PDgdt) 12(1)

where in (2.32) we used [|Pgllr2(,,) < e “llgllr2(5,) and thus

o
/0 160 2y 1 Peg | L2y dE < N10(0) [ L2070 191 22070y < 005

31

(2.32)

(2.33)

and similarly in the last step, we applied Fubini. Note that the above equality holds true for

any v € dom(48) and our proof is concluded by the density of dom(§) in L?(R? — R%; v,).

Exercise 2.20. (i) Justify the application of Fubini in the step (2.33]).

(i) L*(R? — R% 4) is the space of functions f from R? to R? such that [p, || f(2)[|247a(dx)

Show that dom(d) is dense in L2(R? — R%;~,).

e A useful covariance formula.

Proposition 2.21. Let f,g € DV2(R?). Then,

o0
COV’Yd(fag) = /0 €_t<Df, Pth>L2('Yd)dt'
Proof. Without losing any generality, we can assume g has zero mean. Then,

COV’Yd(fa ) <f7 >L2 (va) <f7 ‘Cﬁ_lg)LQ(wd)
= <f7_5D£ g>L2('yd) = <Df7 _D£_19>L2(~/d)'
Using (2.31]), we continue to write

Covy,(f,9) = <Df, /000 e_tPthdt>

L?(va)
= /0 67t<Df, Pth>L2('yd)dt’

where the last step follows from (2.33) with v = Df € L2(R% — R% ~y).

0

< Q.

0

e Hypercontractivity. The contraction property of the Ornstein-Uhlenbeck semigroup ensures

that for any p € [1,00] and any f € LP(vy),
”PtfHLp('yd) < ”f”LP(»yd)7Vt € R+,

which easily follows from the Mehler formula (Proposition . In fact, when the function f
evolves along the O-U semigroup, more integrability can be gained. Such an improvement is

known as the hypercontractivity property of the O-U semigroups.
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Theorem 2.22 (Hypercontractivity). Let f € LP(yy) for p € [1,00) and ¢ = 1+ (p — 1)e? for
somet € Ry. Then,

1P f Lo () < 1Nl (ra)- (2.34)
Let us first state a corollary of Theorem which is very useful in practice.

Corollary 2.23 (Wiener chaos estimate). Let f € @<y Ck, i.e., f lives in the sum of first M
chaoses. Then the following statements hold true.

(i) for any ¢ > p > 1, and for f € Cyps, we get
M
1l zat) < (555) 2 1 2o (ray- (2.35)

(ii) for any ¢ > 2 > p > 1, the inequality (2.35) holds for f € @kgM Ci. As a consequence,
[ € LU(va) for any q € [2,00).

In particular, the inequality in Question holds true. Do you have any other proof (direct

ones) to solve Question
Let us first prove Corollary and then conclude this section with the proof of Theorem

Proof of Corollary[2.23. e case (i): Suppose f € Cyy, then P,f = e M!f so that

M M
2o = 1P Fllzagray < Nle Fllzotra)
M
with Z%i = e?t. Then, with et = (%) 2 we get (2.35)).

e case (ii): For f =3y Jif, we define

M
n=> e f
k=0
so that P,y = f. Then, with % = ¢!, we have

£l zatra) = 1P| Ly

[N

M
< nlle2ey = (Z 62“”ka”%2(%)> by L?*-orthogonality (2.36)
k=0

M
< M2t = (@ = D7 1 l260-

In particular, this implies that @< ,; Cx C L9(y4) for any finite M and g.
For p € (1,2], we put €2* = zﬁ’ then by hypercontractivity and L2-orthogonality, we can
write

12t < €I P f L2y < €M o)
_M
=@—=1)"2fllzr(ry)-
Therefore, (2.35)) follows by combining ([2.36) and (2.37)). O
Question 2.24. What about the inequality (2.35) for (i) ¢ > p > 2 and (ii)) 1 <p < ¢ < 27

e Proof of Theorem[2.29 to be added later.

(2.37)

xxoxoxxx End of Lecture 6 (Sept. 18, 2025) c0c000000000
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Lecture 7.

3. A pleasant detour: Stein’s method of normal approximation

3.1. What is Stein’s method for? Let us start with the classic central limit theorem: suppose
{X jiJ = 1} is a sequence of i.i.d random variables with zero mean and unit variance, then
X1 + ...+ Xn
NLD

A standard proof consists of using the Fourier transform so as to establish the convergence

converges in law to N'(0,1), as n — +o0.

of characteristic functions. However, this analytic proof strongly relies on the independence
and leaves us no clue about how fast this distributional convergence happens. Moreover, this
Fourier-based approach, in general, can not be applied to situations, where some dependence
arises. The Stein’s method is a very powerful toolbox of techniques that can be used not only
to prove limit theorems, but also to provide rates of convergence in some chosen metrics, for
instance, the Berry-Esséen bound in the Kolmogorov distance; see, e.g., [NP12, Theorem 3.7.1].

The Stein’s method is named after Charles Stein, one of the greatest statisticians in the
last century. In 1972, Charles Stein published his method concerning normal approximation in
[St72], and after its first appearance, this method has been modified and further developed by
Stein himself as well as many other mathematicians. We refer interested readers to the treatise
[CGSTI] and the lecture notes [Rosl1].

3.2. Basics on Stein’s method. We know from Lemma [L.6] that if Z ~ N(0,1), f € C;°(R),
then E[Zf(Z)] = E[f'(Z)]. The converse statement is also true: if Z is integrable and
E[f(Z)] = E[Zf(Z)] for all f € C°(R), then Z must be distributed as the standard
Gaussian. Indeed, considering f(z) = sin(Az) and f(z) = cos(Ax), A € R, we have
E[Zsin(AZ)] = AE[cos(AZ)] and E[Z cos(AZ)] = —AE[sin(AZ)], from which we deduce that
E[Zei)‘z] = iAE [ei)‘Z] for any A € R. Recognize that pz(\) = E[ei’\z] is the characteris-
tic function of Z and iE [Zei)‘Z] = ¢’,(\), which gives us an ordinary differential equation
¢’ (A\)+Apz(A) = 0 subject to pz(0) = 1. This ODE has a unique solution ¢z () = exp(—\?/2),
which is the characteristic function of N (0, 1).

The following result, known as Stein’s lemma, summarizes the above discussion.

Lemma 3.1 (Stein's lemma). Let Z be an integrable random variable, then Z ~ N(0,1) if and
only z'fE[f’(Z)] = E[Zf(Z)] for any continuously differentiable function f : R — R such that
f(Z2),Zf(Z) € L\(P), and f, f' have at most polynomial growth at inﬁnitym.

Heuristically speaking, the above characterization hints that a real random variable Z is close
to a standard Gaussian, whenever E[f/(Z) — Zf(Z)] is close to zero for every f € A, with #
being some rich enough class of functions.

Then how to quantify the distance between two probability distributions?

Let S be a separating clasﬂ of real bounded measurable functions and we define, for two
probability measures p, v, that dy(u,v) := sup,cp | fR hdv — fR hdu ‘ It is trivial that d
is a metric on the set of probability distributions on R and we also write d»(X,Y) = d_z(u, v)

16yye say F has at most polynomial growth at infinity, if there are some universal constants C' > 0 and d € N*
such that |F(z)| < C + C|z|* for each z € R. The proof of Lemma is omitted here, for it is exactly the same
as in previous discussion.

Tthat is, for any two different probability measures p, v on R, there exists f € . such that Je fdv# [, fdu.
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if X ~pu,Y ~ v. For example, /4 := {14 : A € B(R)}, J4 = {1(700,1] : 2 € R} and
Ay = {f : |fllc + |f/llc < 1} are three separating classes; dq, d, dz are known as
the total-variation distance dtv, the Kolmogorov distance dio and the Fortet-Mourier distance dpy
respectively. It is known from [Dud10, Section 11.3] that dpy; induces the same topology as the
weak convergence of probability measures. It is clear that if u,, ; are probability measures on
R, then the following implications hold in view of the Portemanteau’s theorem:

ngr—&{loo drv(pn,p) =0 = ngrfoo diol (fin, 1) =0 = ngrfoo dpm (fin, 1) = 0.

Another important distance that we will use is the Wasserstein distance dw, defined by
dw(p,v) == sup{ [phdv — [ghdu : ||W]e < 1} for two probability measures 1 and v on
R. Note that dgy; is sometimes called the “bounded Wasserstein distance”.

Ingeniously, Charles Stein introduced the following equation:
f’(w) —xzf(x) = h(z) — E[h(N)] , (3.1)

where N ~ N(0,1) and h : R — R is a measurable function satisfying h(N) € L'(P). The
equation (3.1]) is known as the Stein’s equation with unknown h. We call f a solution to (3.1)),
if it is absolutely continuous and one version of f’ satisfies (3.1) everywhere.

Let us now stop to digest the ingenuity of (3.1)): suppose that we can solve (3.1) and get nice
properties of f in terms of those of h, then we replace the dummy variable z in (3.1)) by the
random variable Z, so that after taking expectation on both sides, we get

E[f(Z) - Zf(Z)] =E[h(Z) — h(N)]. (3.2)

That is to say, in order to get uniform control of the right-hand side, one can instead try to
uniformly control the left-hand side, which fits the heuristic after Stein’s lemma. In essence,
Stein’s method replaces the complex-valued characteristic function by the above real character-
izing equation, and many coupling methods have been developed so far to deal with the left-hand
side of ; see aforementioned references.

The following lemma gives an explicit form for solutions to Stein’s equation (3.1]).

Lemma 3.2 (Stein’s solution). Let N, h be given as before, the solutions f to (3.1) are given by

f(z) = e’ /? 4 ) /17 [h(y) - H:*?(h(]\/'))}e_yg/2 dy, zeR,

—00

where ¢ € R. In particular, the function

fn(z) = "’/ /I [h(y) — I[*](h(]\f))]e*yQ/2 dy, zeR (3.3)

—00
is the unique solution to (3.1) verifying lim,_ 4o exp(—2?/2) f(x) = 0. We call fj, the Stein’s
solution to (3.1)).

Proof. Noticing that €$2/2%(f(£6)6_m2/2) = f'(z) — xf(z) = h(z) — E[L(N)], we hav

fla)e 12 = 1(0) = [ [nty) ~ BN e " 2ay.

18We follow the convention == ff ifx<0
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By the dominated convergence theorem and

| (hw) ~ B[] 2y = 0. (3.4)
we have ¢ := lim,_, o e_“”Q/zf(z:) = —lim; 10 6_“"2/2]‘"(:{3). Thus, for any x € R,
fwe == [ ) B[] e 2ay,
which gives us the desired form for the solutions to . And the rest is trivial. O

Now starting with the expression in (3.3), we study the properties of the Stein’s solution fj
when h is 1-Lipschitz function or A is merely bounded measurable:

(i) Suppose that h: R — [0, 1] is measurable, then it follows from Stein’s equation that
[fi@)] < |h(z) = E[R(N)]] + [z fa(x)] < 1+ |z fa(z)]

and from that [*_ (h(y) — E[R(N)])e v /2dy = — [ (h(y) — E[h(N)])e ¥ /2dy.
Thus,
(@) < €72 [0 e v 2 dy < /a2, and |z fu(0)] < |a| - /2 [ eV 2dy <1 So

we can conclude that f;, is 2-Lipschitz and uniformly bounded by \/777/2

(ii) Suppose that h : R — R is K-Lipschitz for some K € (0,+00), then ||fz|lcc < 2K,
[£1lle < /2/7K and ||f|lcoc < 2K. The proof for these bounds involves a careful
analysis, here we just give a very sketchy one and refer interested readers to [CGSII]
Lemma 2.4]: first denote the standard Gaussian density, distributional functions by ¢, ®
respectively, one starts with h(z) —E[h(N)] = [g[h(x)—h(u)]d(u) du, then it follows from
an application of Fubini’s theorem that h(z) —E[h(N)]| = [*_ K/ (t)®(t)dt— [° B (t)[1—
®(t)] dt , together with which implies

Falw) = /2 /W (/I W (t)D(t) dt—/oo W ()1 — ()] dt> e /2 4y

—0o0 —0o0 x

= —V2me" 2 (1 - o(w)) /w R (t)®(t) dt

—00

— Vame™ 20 (w) / T — o) di

W

and
fr(w) = wfn(w) + h(w) — E[h(N)]
= {1 —V2rwe™ /21 - @(w)]}/w W (t)®(t) di

— {14+ V2rwe™ 20 (w)} /OO W (t)[1 — ®(t)] dt.

So the first two bounds follow from some standard Gaussian computations. Similar
computations can be done for || f//|| once we derive f//(w) = (14 w?)fn(w) +w(h(w) —

E[h(N)]) + h'(w) using (3.1).

(ili) Combining the above two points, we can also assert that if h € Cp°(R) satisfies 0 < h < 1,
then |[falloo < v/7/2, [[filloo <2 and [|fy]lco < 2[[1'[[oc < +oc.
Now we give Stein’s bounds based on the above discussions.

Proposition 3.3. Let F be a real integrable random variable and N ~ N(0,1), then
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(1) drv(F,N) < sup ‘E[go'(F) —ng(F)H, where the supremum runs over all ¢ € C?(R) with
1elloo < V/7/2, |¢'[lo0 < 2 and [[¢"[loc < 400

(2) dw(F,N) <sup [E[¢/(F) — Fo(F)]|, where the supremum runs over all ¢ € C*(R) with
elloo <2, [¥lloo < v/2/m and [[¢"]lc0 < 2.

Proof. Tt follows first from Lusin’s theorem]"| that
sup  |E(h(N)—h(F))| = sup |E(h(N)—h(F))|.

h measurable heC(R)
0<h<1 0<h<1
And for h : R — [0,1] continuous, by standard mollification procedure, one can construct
he € Cp°(R) such that 0 < he <1 and h. — h pointwise, as € | 0. So

dv(EN) = swp [E(N) = h(F)[ < s [BI'(F) = Fo(F)

)

heCy™( lplloo<v/7/2
Osh=l ' lloo <2
16" [l oo <+o00
where the last inequality follows from point (iii) on last page and (3.2)), this proves (1) while (2)
follows from point (ii) on last page and (3.2)). O

Let us now look at an easy example.

Example 1. Let Y = (Y;,i € N) be i.i.d symmetric Bernoulli random variables, then F), :=
n~Y2(Y1 +...4Y},) converges in law to the standard Gaussian, according to the classic central
limit theorem. Now fix ¢ € C%(R) with |||l < 2, [|¢'|lc < /2/7 and [|¢"||oc < 2, then we

have
E[Fp(Fn)] = vnE[Y1¢(F,)] using symmetry
Vit 14+Yat ... 4Y, 14 Yet...+Y,
= SRl ) e s
Vit 1+Yat ... 4Y, 14 Yot ...+ Y,
B[ () < (B + p(F) — ()

2
n . _
= E[@’(Fn)] {Rn with |R,| < 2|¢”||eon ™}, (3.5)

)} using independence

where the last line follows from the usual Taylor expansion. Thus, it follows from Proposition
tha dw (Fp, N'(0,1)) < 2n~1/2, Exercise: work out the details for (3.5]).

In the above toy-example, independence and symmetry within the structure contribute to
the easy proof. Nevertheless, the strategy of combining an application of Taylor expansion with
Stein’s equation is usually effective in practice; see, e.g., our Proposition [3.4] and Theorem [3.10]
Stein’s ideas have contributed to many excellent results and solutions to numerous problems,
such as local dependence, minimal spanning trees, concentration inequalities, machine learning,
and many others; see, e.g., Barbour and Chen’s Volumes [BC04, BC05|] and S. Chatterjee’s ICM
survey [Chal4al.

xxxxxx End of Lecture 7 (Sept. 23, 2025) 000000000000

197 et pw=(PoF ' +PoN"")/2, then for h measurable with values in [0,1], by appropriate application of
Lusin’s Theorem (e.g. see the Red Rudin) one can find a sequence of continuous functions h,, such that 0 < h, <1
and h,, = h p-a.s., thus h, - h Po Flas and PoN '-as..

20By explicit calculation, E[F] — 3 = —2n~', so we obtain the fourth moment bound dw (F,,N(0,1)) <

V203 — E[F).
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Lecture 8.

3.3. Stein’s method of exchangeable pairs. The exchangeable pairs approach within Stein’s
method was first used in the paper [Dia77] which, however, attributed the method to Charles
Stein. Later, this technique was presented in a systematic way in Stein’s monograph [St86].
We recall that a pair (X, X’) of random elements on a common probability space is said to be
exchangeable, if (X, X') has the same distribution as (X, X). In the book [St86, Lecture III], it
is highlighted that a given real random variable W is close in distribution to a standard normal
variable N, whenever one can construct an exchangeable pair (W, W’) such that W’ is close to
W in some sense and such that the linear regression property

EW' - W |G] = -AW (3.6)
is satisfied for some small A > 0 and Var( E[(W' — W)?|G]) is small, where G is a o-algebra
that contains o{W}. Note the relation ) forces W to be centered.

Theorem 3.4 (C. Stein, 1986). Let (W, W’) be an exchangeable pair of random variables defined
on a common probability space (Q,}', IP’) such that Var(W) = 1, (3.6)) holds for some A > 0 and
W € L3(P), then we have

1
dw (W,N) < \/2/x Var (W —W7)2 |g]> + ﬁE[|W— W',
where N ~ N(0,1).
Proof. Let f : R — R belong to C*(R) with || f]leoc <2, [[F'llc < /2/7 and || f"||oc < 2, then

it is clear that f(W/)W and f(W)W are integrable_. It follows_from the exchangeab_ility that
E[(W =W f(W)] =E[(W'=W)f(W")], from which we get E[(W —W')[f(W)+ f(W")]] = 0.

So

0=E[(W = W"[—f(W) + fWV)]] + 2E[(W — W) f(W)]
=E[(W = W)[=f(W) + f(W')]] + 2E[f(W)E(W — W'|G)]
=E[(W = W')[=f(W) 4+ fF(W]] + 2 E[f(W)W] by (3.6)
that is, E[(W' — W)[f(W') — f(W)]] = 2XE[f(W)W]; and particularly, E[(W’ — W)?] = 2.

Therefore,

2NE[f(W)W = f(W)] = E((W = W)[f (W) = F(W)] = 27 (W)

— E(f’(W) (W —W)? - 2)\]) +E [(W’ —W)? /01(1 —t)f"(W +t(W' —W)) dt]

1
_ E[f’(W) (E[(W’ ~W)%G] - 2)\>] +E {(W’ - W)3/ (1= 8)f"(W +t(W' —W)) dt] ,
0
which together with Proposition gives us the desired bound. ([l

In the following, we will apply Stein’s bound of exchangeable pairs to obtain a rate of con-
vergence for the CLT under the assumption of finite fourth moment.

Proposition 3.5 (Quantitative CLT via exchangeable pairs). Let {X;}; be i.i.d. with mean zero
and variance one such that E[|X1|*] < oo Then with V,, = ﬁ(Xl + ...+ X,),

d (V, N0, 1)) < ?
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where C' = (w) +4E[| X1 [3].

Proof. Let us first construct the exchangeable pair:
X' — X;
Vi
where {X/}; is an independent copy of {X;};, and I is a uniform random variable with values

in {1,...,n} such that I is independent from {X;}; and {X/};,. We claim that V,, and V, are
exchangeable. Indeed, for any t,s € R, we have

P(V, <tV <s)=Y P(Va<t,Vy<sI=k)
k=1

3

/

Xk, X Xk
= < < = = _
k§_1j1P>(Uk FoEShU+ Tk \F s, 1 = k) with U, = V, NG

1
n

S

(Uk—i—\Xf<t Uk+\)§%<s)

T
I

1 Uk+X"3 <t Uk+£<s
Vvn Vn

by the independence among Uy, X, X}.. Then, we have

Il
?rM:
3

Il
—

P(V, <t,V! <s)= ZIP’(U;H— <t Uk+)\§ﬁ<sl—k)

= P(VT: <t, Vo <s).

That is, (Va,, V,) paid (V), V). Next, we write, with G = o{ X1, ..., X, },

1

E[V, = Vald] = 7 E[X; — X/|9] = NP ZE (Xk = Xi) 11—y 1]
11
Tﬁ ZIE X}, — Xi|G] as I is independent from G

-1l ZXk since E[X|G] =0
n+/n —
1

= ——V,.
n

That is, (3.6) holds true with (W, W', ) = (V,,,V;, 1).
Next, by similar arguments, we can have
E[(V. - V})*IG] = [(XI — X})? Z (X5, — X})%|9]
k=

QZE [1X5 1 = 2X3. X5, + | X *1G] = 22 Xii+1).
k=1
Thus,

Var <21)\E[(V V) |Q]> = Var (21712(1+X,§)) :ﬁ(E[Xﬂ—l).

k=1
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Finally, let us look at the third moment of the difference V, — V,:

1E[|V,{Vn|3]=2\1f 11 — X MZ B[ X - X

= 5oElx - X[ <

Combining the above bounds, we can get

[4|X1|3+4\X1\ | = —=E[X1]].

a\
§4>

1

E[X{] — 1,1 1
dw (Va, N(0,1)) < {([217]r)2 +4E[]X1]3]}n 2.
Hence, the proof is completed. ]

3.4. 2nd-order Gaussian Poincaré inequality. The Gaussian Poincaré inequality (Propo-
sition indicates that the variance of F = f(G), with f € DY?(RY) and G ~ Ny(0,1), is
controlled by the average magnitude of DF (i.e., E[| DF||2,]). That is, when the latter is small,
the random variable F' has small variance, i.e., small fluctuation from its mean. The bound in
Proposition becomes an exact equality only when F' = f(G) is a linear combination of the
components (G, ..., G4, that is, when F' is a Gaussian random variable. Naively, if f is close to an
affine function, then F' would be expected to be close to a Gaussian distribution (with matched
mean and variance). Then, if we have a good control over the “second-order” derivatives of f
(i.e., Hessf(G)), we should have a proximity of F' to a Gaussian. It is S. Chatterjee who first
came up with this idea and made it rigorous via Stein’s method; see [Cha09]. Let us illustrate
this idea more with the quadratic form. Let

= (G, AG)pa = Z Ai;GiGj,
i,j=1

where A = (A;;) is a symmetric d x d matrix. By the orthogonal decomposition of a real
symmetric matrix, we can write

= Q"AQ,
where A = diag(\1, ..., \g) is the diagonal matrix with entries being the eigenvalues of A, @ is
an orthogonal matrix (i.e., QQT = I). Then, we can rewrite F = Zgzl \Y?2, with (Yq,...,Yy) =
QG again a standard Gaussian vector. By the CLT heuristic, F' is approximately Gaussian
if no eigenvalue dominates in the sum, or max A? is much smaller than Y, \?. Note that for
f(z) = (x, Az)ga, we have the Hessian matrix

Hessf(x) = 2A so that the operator norm ||Hessf(z)|op = 2 max |\,
(2

while Var(F') = 2 2?21 AZ. This leads to the heuristic that F is approximately Gaussian if the
typical value of |[Hessf(x)||2, is much smaller than the variance of F.

Theorem 3.6 (2nd-order GPI, [Cha09]). Suppose f € C2(R?) and F = f(G) with G ~ Ny(0,1).

Suppose F' has zero mean and variance o € (0,00). Then, we have

N

1
Ay (FN(0,6%) < [ [Hess (G 1] “E[IV£(@)Ik] " (3.7)
Proof. By the definition of total-variation distance, we have drv (F, N'(0,02)) = drv(£,N(0,1)).

Then, it is enough to consider the case where Var(F) = 02 = 1. According to Stein’s method,
it suffices to prove a uniform bound for the expectation

E[Fp(F)] - E[¢'(F)] with [|¢'[[e < 2.
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In the rest of the proof, we assume that the RHS of (3.7) is finite, otherwise the proof is trivial.
With F centered, we can write F' = LL~'F, and therefore with £ = —6V (V = D),

E[Fo(F)] = E[-0VL ' Fp(F)] = E[(~VL ' F,V@(F))g4] by duality relation
= EK_VL_IR VF)gpa¢'(F)] by chain rule,

and in particular, we have 1 = E[F?] = E[(—~VL™'F, VF)ga]. Thus, the expression E[Fy(F)] —
E[¢/(F)] is uniformly bounded by 2+/Var({(—VL~1F,VF)ga). From previous sections, we know
that

~VL'F = / e 'P,VFdt and A-(-VL'F)= / e tA- (P,VF)dt; (3.8)
0 0
by the same arguments, we can get (with V2f = Hessf € R4*9)

~V2LTF = / e 2PV?Fdt and (~V?L7'F).y= / e ?H(P,V2F) -y dt, (3.9)
0 0
where A -y means that the matrix A € R%? acts on the vector y € R?,

Applying the Gaussian Poincaré inequality, we have

VNVar((-VLTF, VF)i) < \/E[|V(~VLF, VF)pal %]

< VE[|(-V2L-1F) - (VF)|I2,] (3.10)

+/E[I(V2F) - (-VLIF)|Z].
where in the last step, we applied Minkowski’s inequality. Now let us deal with the first term
in (3.10): using (3.9) with Minkowski’s inequality, we write

1= E) - TPy <[ [ € IR Pl VP lac] ,

L2

dt

< oo—%HP 2F||op | VE
< [ 1nvE Pl P,

S/O e PV Fllop | ey 11V Fllre | gyt
< [ T Fllnl gy 119l e )

1
= §|H|V2F”OPHL4(P)HHVFH]R‘ZHLAL(]P)a

where we used the contraction property of the O-U semigroup in the step (x). The second term
in (3.10)) can be dealt with in the same way, so that the proof is concluded. O

Exercise 3.7. Work out the details for the step (x) and the details for the second term in (3.10]).

xoxoxoxxx End of Lecture 8 (Sept. 25, 2025) cocoooo00000
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Lecture 9. A guest lecture by Nathan Ross

3.5. Stein’s method via local dependency. In the last two lectures, we learned the basics
of Stein’s method, which is a powerful toolbox of establishing central limit theorems with rate
of convergence. Let F' be a real-valued random variable of interest, which is expected to be
approximately normal with matched mean and matched variance. Say, E[F] = 0 and Var(F') = 1.
The fundamental Stein’s bounds (see, e.g., Proposition tell us that in order to bound the
distributional distance between F' and a standard normal Z ~ N(0,1), it is enough for us to
control the expectation E[f(F)F] — E[f'(F)] with f in a suitable family of test functions. To
achieve this goal, one often requires to utilize the particular structure of the random variable
F, for example, independence and symmetry inherited from the construction of the statistic F'
(see Example , and the exchangeable pairs structure as in Theorem As we have seen in
Proposition the construction of an exchangeable pair approach requires one to introduce
the auxiliary randomness, which is quite standard within the Stein’s method.

In what follows, we will introduce a notion of local dependency, with which we can combine the
Stein’s bounds as well. This notion goes back to Charles Stein and Louis H.Y. Chen [St72, [Cha75]
in the 70s, and it was extensively studied in the paper [CS04] by Chen and Shao under various
dependence settings. See also [BR89, [CRI0] for more details. Let us start with a simple
definition.

Definition 3.8. Given a collection of random variables X = { X, };cy and a graph G with vertex
set V, we say G is a dependency graph for X if the following property holds:

whenever I,J C V are disjoint with no edge between them,
{Xi}icr and {X,}ecs are independent.
In particular, if there is no edge between 4,5 € V, then X; is independent from Xj;; in other
words, the neighbors of the vertex i, together with ¢ itself, form a dependency neighborhood.

Here are a few examples of dependency graphs.

Example 2. (i) If X = {Xy, ..., X,,} is a family of independent random variables, any graph on
[n] is a dependency graph for X. For example, the empty graph (i.e., empty edge set) and the
complete graph (i.e., every two vertices are connected by an edge) are dependency graphs for
X. (Which one is better?)

(ii) [Sliding window statistics|] Fix an integer k& > 1. Let Y7,...,Y, 151 be independent random
variables with values in some measure space (E, &, i), and ¢; : E* — R be measurable. Define

Xi = Qoi(}/iuyi-i-lv "-7}/i+k—1)7 L= ]-a ey TN

When k = 1, we are back to the independent case as in (i). When (k,n) = (3,10), we have an
example of dependency graph:

GEG RS S PG IGeTaTN e

(edges connect variables with [i — j| < 3])

One can see that the maximum degree is 4 in the above pictureEI] The above is the smallest
possible dependency graph.
21We write i ~ j if the two (distinct) vertices 4,5 € [n] are directly connected by an edge. The degree of a

vertex ¢ is defined by deg(i) = card{j : j ~ i}, the number of vertices that are directly connected to ¢ via an edge.
The maximum degree is max{deg(:) : ¢ € [n]}.
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Lemma 3.9. Suppose {Z,}vey is a family of square-integrable random variables admitting a
dependency graph with mazimum degree D. Then,

ar(z Zv) < (D+1)> E[Z]).
veVY veY
Proof. We begin with

ar(ZZ;) = Y Cov(Zu, Zv),

veY u,veEV

and note that for each u, there are at most (D + 1) vertices v such that Cov(Z,, Z,) # 0. Using
(Co(Zu, Z0)| < |1 Zullzl|Zulls < %(E[Zﬁ] +E[72]), we get

ar<ZZv> <= Z E[Z7] + E[Z2]) 1{Cov(Zu,2,) 20}

veY U’UGV
= Z E[Z]11(Cov(7,,7,)20} Dy symmetry

u,veEY

(D+1)) E[Z]].
veY

IN

Hence, the proof is completed. O
In the following, we present a central limit theorem in case of the local dependency.

Theorem 3.10. Let {X;}1<i<n be a family of centered random variables with E[X}] < oo for
each i. Assume that the associated dependency graph has maximum degree m, and

1 n
Then, with F := — ZXZ-, we have
g =1

dw(FN(0,1)) < (m+ 1) <3ZE1X\ ) \/T(m+1)3/2

ZE[[XZ-H. (3.11)

1st term

The first term in (3.11)) appears in the usual CLT, and the second term is often of comparable
order. It is easy to see that when {X;} are i.i.d., then the above bound (3.11) is consistent with
the one in Proposition

Proof of Theorem[3.10. In view of Proposition [3.3] it suffices to bound the following expectation

E[¢"(F) — Fo(F)]
for ¢ € C2(R) with [l¢]lc <2, [[¢'llc < /2/7, and [J¢"[loc <2

Let {N; : i € [n]} be the dependency neighborhood, i.e., N; = {j : j «~ i}, where j e~ i
means j = ¢ or j,i are distinct and connected by an edge (denoted by i ~ j). Then, the
cardinality card(N;) of N; is bounded by m + 1, and we also have the following equivalence:

JEN <= iewj<=ic N (3.12)
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Put

F, = F——ZX

]GN

for ¢ € [n]. Then, F; is independent from X;. In particular, we have
E[p(Fi)Xi] = 0. (3.13)

Now let us deal with the expectation E[Fp(F)] to derive some expression like E['(F)n]:

EIFe(F)] = - Y ElXip(F
= LS B[N (o(F) — o(F))] by (3.14)
:<;ZE[XM’(F)(F >ZE )(F - F)?],

where in the last step, we did Taylor expansion for ¢ around F' with R some random variable
with values between F' and F;. Let us first do some algebra and deduce from (3.14]), with
1€ lloc < v/2/m, and [|¢"]|oc < 2, that

EF o) — Bl (P < [E[v/(F (—1+QZZXX)H " “”ZE\X (3 %)

i=1 jEN; JEN;
<V2rg| - 35 R 1)

i=1 jEN; JEN;

— Vj/” Ty + - T2 (3.15)

e bounding T;. First we can deduce from (3.14)) with p(x) = = that

n
E(Z > Xin) =o”.
i=1 jeN;
For simplicity, we write >i' ) >".c\. = >o;...; in view of the equivalence (3.12). Next, by
Cauchy-Schwarz, we get

(T1)2 < Var( Z Xin) = Z Z Cov(X; Xj, XpXy). (3.16)

The above covariance is nonzero only when k € N; UN or £ € N; UN for any given (i, 7) with

i e~ j. The number of pairs (k,£) with the above conditions and subject to k «~ ¢ can be
bounded as follows:

(1) given (4, ), the cardinality of A; UNj is bounded by 2(m + 1), then there are at most
2(m + 1) vertices k in N; UNj;

(2) given (7,7) and fixing k € N; UN, we have at most (m + 1) vertices £ e~ k

(3) given (3,7), if k& ¢ N; UNj, then we must have £ € N; UNj, there are at most 2(m + 1)
such vertices ¢, and we have at most (m + 1) vertices k «~ /;

(4) thus, given (i,5) with i «~ 5, there are at most 4(m + 1)? nonzero terms in (3.16).
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Therefore, if we view {X;X;}icin) jen; as a new family of random variables with a dependency
graph, then the graph has maximum degree < 4(m + 1)% — 1@ Thus, we deduce from Lemma

With (3-16), ab < 1(a® +b%), and that
(T1)” <4m+1)2>" Y E[X?x?

i=1 jeN;

4(m+1) ZZ LEX] + X)) (3.17)

= 1]€N

<4m+1)3 ZE[X;‘].
=1

e bounding T». Using the inequality of arithmetic and geometric means, we have

1
E|X; X; Xg| < gE(!XzIS +1X50% + 1 X5 ).

Thus,
T2<ZZE|XXXk\< ZZ (X + 1513 + [ X3 [?)
i=1 k,jeN; i=1 k]EN
= <3ZE(|X1"3) > > Z > E(IXkP)
i=1 k,jeEN; i=1 k,jEN
(m+1)2 < 3 2(m + 1)
< (g LE(XP) ) + 2Am D S S B
i=1 i=1 keN;
<(m+1)> E(IX:?).
i=1
Together with (3.17) and (3.15)), it leads to the desired conclusion (3.11]). O

e Application I: Headruns. Fix an integer £ > 1. Let Yi,...,Y,4x—1 be ii.d. Bernoulli
random variables with success probability p € (0,1). Then

i+k—1

II v (3.18)
J=t

is equal to one if there is a run of ones of length k starting at the position 7. The k-run
statistic is a classical concept in probability and combinatorial statistics that counts the number
of consecutive sequences (runs) of length & in a binary or categorical sequence. It has powerful
applications in DNA sequence analysis, where nucleotides (A, C, G, T) form a symbolic sequence
that can be modeled as a random string. Here is a short example of a DNA sequence — a real-like
but synthetic one (not from any specific organism):

ATGCGTACCGTTAGCTGACCTGAAATTTGCGCGGCTAA,

where each letter represents one nucleotide base: A = Adenine, T = Thymine, C = Cytosine, and
G = Guanine. In the above sequence (length =38), there are only two 3-runs. The statistics in

22_1 comes from the exclusion of a vertex itself when counting its degree.



MAS884: GAUSSIAN ANALYSIS (2025 FALL @ BU) 45

(3.18) can model, for instance, the similarity between two DNA sequences. Here is an example:

sequence 1: ATGCGTACCGTTAGCTGACCTGAAATTTGCGCGGCTAA
sequence 2: GATCGGTAACCTTGCAGGATTAAGCGTCCGATGCAAGC
matched? : vV v vV v v v v

we see that there are only two 2-runs of consecutive matches.

It is a natural question to ask about how many k-runs there are, and what is its asymptotic
behavior as the number of observations tends to infinity. That is, letting

n i+k—1

wa=>_ 1] v (3.19)

i=1 j=i
we are interested at the fluctuation of properly scaled W,, as n — +oc.

Proposition 3.11. Let W, be given as in (3.19). Then,
L2

~

where the above implicit constant depends on (p, k) but not on n.

dy (2 (W, — E[W,]), N (0,1)) < (3.20)

Proof. Let X; = H”k 'Y;. Then, we are in the setting of Example (ii). It is not difficult to
see that the correspondlng dependency graph for { X7, ..., X, } has maximum degree m < 2(k—1).

Then, it is enough to apply Theorem [3.10] Let us first do some moment estimates.

i+k— IY

e Basic moments. Since X; := [[;5;

= 1{y,=.=v;,,_,=1}, We have
E[X;] = p* and Var(X;) = p’f(1 _ pk).

It is also easy to verify that for j > 1, E[X; X, ;] = karjl{lgjgk—l} +p2k1{j2k}- Therefore,

n

= Var(W,,) = Z (pkﬂj_i‘ _p%)l{\j—ﬂék}

ij=1
=np"(1—p")+2 Y @ - )1y e (3:21)
1<i<j<n
Z npk(l - pk)7

where the second term in (3.21)) is clearly strictly positive and of order n as n — oo (for fixed
p, k). That is, we have o, < \/n, although the above lower bound suffices for our purpose.

e Dependency graph bound. Set {; = X; — EX;. Then, {{;} satisfy the dependency graph
condition with m < 2(k — 1). Then, it follows from Theorem that

dw( qu (0, )) (m+1) <3ZE|§Z) QF +1)3/2

Since |&;| < 1, we have the trivial bounds: E|&[? < 1 and E||* < 1. Thus, the desired bound

(13.20]) follows immediately from (3.21). O

Remark 3.12. The bound in (3.20)) holds for fixed (p, k), while as one can see from our proof,
a finer estimate of the variance o2 could lead to an asymptotically negligible rate of convergence
when k, p,n vary together in a certain way.
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e Application II: Triangles in Erdés-Rényi random graphs. FErdés-Rényi random graphs
mark the birth of modern random graph theory (1959-1961); see, e.g., the book [vdH17| for
more details. An Erdés-Rényi random graph can be constructed as follows:
(i) Let K, be a complete graph on the vertex set [n], i.e., every two distinct vertices are
connected by an edge;
(ii) let E, be the edge set of K, and let {Y.}ccr, be a sequence of i.i.d. Bernoulli random
variables with P(Y, =1)=1-P(Y. =0) =p € (0,1);
(iii) when Y, = 1, we say the edge e is open; the subgraph of K, with the vertex set [n] and
the open edges is called an Erdés-Rényi random graph, denoted by G(n, p).
Let T be the number of triangles formed in the Erdés-Rényi random graph G(n,p). The
following result suggests that 7' is asymptotically normal in some regime where p — 0 along
n — oo; see, e.g., [BKR&9, Rol22] for more results.

Proposition 3.13. Let the above notations prevail. It holds for any n > 3 and p € (0,1) that

o2 := Var(T) = <§>p3[1 —p> +3(n = 3)p*(1 — p)]

and

3Pl

s (3.22)
+ mf’;f/; i \/(§>p3(1 —p?)[(1 = p?)? +p°].

In particular, if p ~ n~% with « € [0, %), the bound in (3.22)) tends to zero.

1
o

dw( (T —E[T]), N(O, 1)) < W <

Proof. to be added later (not very soon). Or you can try to fill in the details. g

xxxxxx End of Lecture 9 (Sept. 30, 2025) 000000000000
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Lecture 10.

4. Redo the analysis in an isonormal framework

Previously, we have developed basic Gaussian analysis with finitely many Gaussian random
variables. From now on, we will develop relevant stochastic analysis on infinitely many Gaussian
random variables or a Gaussian process (e.g., Brownian motion, white noises). We will work on
the isonormal framework.

Definition 4.1 (Isonormal Gaussian process). Let $) be a real separable Hilbert spacﬂ We say
W = {W(h)}nres is an isonormal Gaussian process indexed by § if W is a centered Gaussian

family with E[W (/)W (g)] = (f,9)s, Vf,9 € 9.

Remark 4.2. The mapping W : § — L%(Q,P) is a bounded linear map: for any «, 3 € R and
1,9 € $, we have

W(af + Bg) = aW(f) + BW(g) in L*(P) and almost surely.
Indeed, it is easy to verify by using the covariance structure of W that

W (af + Bg) — aW () = BW (9)| 72 = O,
which concludes the desired linearity. The operator norm of W is clearly one, since ||[WW (k)2 =
|h||g for any h € .

Proposition 4.3 (Existence of isonormal Gaussian process). Let {e;}i>1 be an orthonormal basis
of 9. Let {G;}i>1 be i.i.d. standard normal random variables. Define

[e.o]

W(h) = (h,e)nGi,

i=1
where the above series converges in L?(IP). Then, W is an isonormal Gaussian process indexed
by $.

Proof. From the orthonormality of {e;}, we have

> (hed = Il
1=1

In particular, we can see W (h) as a L%(Q)-limit of Zf\;(h, ei)nGi as N — +o0o. Therefore, for
any h,g € 9, we have

E[W (R)W (g)] = lim E< > <haei>ﬁGi<gaej>ﬁGj>

N—+o0
1,j<N

Hence, the covariance structure holds and the proof is completed. O

In the following, we present a few examples of isonormal processes.

23By the basic Hilbert space theor $ is isometric to the sequence space ¢2(N), which is the set of square-
y 1Y Y, q 1Y q

summable sequences of real numbers a = {a;};en with Y, af < co.
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Example 3. (i) [Standard Gaussian vector on R?] Let G = (G1,...,Gq) ~ Ny(0,1) be a standard
d-dimensional Gaussian vector, and take $ = R% equipped with the standard Euclidean inner
product

(h, k)ga = th

With {e;};—1,.. 4 the canonical basis of R?, we can realize G as an isonormal process indexed
by $ = R%:

Gj = W(ej)
for j=1,...,d.
(ii) [General Gaussian vector on RY] Let Z ~ Ny(0,C) be a centered Gaussian vector on R? with
covariance matrix C. With the decomposition C' = @Q? for some symmetric positive-definite
matrix @, we can write Z = QG. Using (i) and with

d
h; := ZQUGJ' € Rd,

we have Z; = W (h;) for every i € {1, ...,d}.
(iii) [Continuous Gaussian process| Let (G¢)i>0 be a real-valued centered Gaussian process that
is continuous in time almost surely. Define the following L2-Gaussian Hilbert space

m
Ha = L2(P)—closure of {Z a;Gy oy € Q,t; € Qi ,m e N} )
i=1
By continuity, it is clear that Gy is contained in H¢g for any t € Ry. By construction, Hg is
a real separable Hilbert space, and thus isometric to some real separable Hilbert space $ (this
is an existence argument, without further information on G, we can not really say more on §)).
Let W be the isometry mapping from $) to Heg:
he$Hm W(h) € Hg C LA(Q,0{G},P),

which is the (abstract) isonormal Gaussian process generated by the Gaussian process G. More-
over, there exist a family {e;};>0 C $ such that Gy = W (e;), t > 0. It is clear that

E[W (e )W (er)] = (es, €1)s-
Once we know more information on the covariance structure of G, we can say more on the
associated inner product (e, e)g, with ) known as the reproducing kernel Hilbert space of G.
(iv) [Brownian motion] Let (B;);cr, be a standard real Brownian motion on [0,00). It is a
real-valued, centered continuous Gaussian process with

E[BtB ] =tAs, Vt,s € R+.

For f € L?(Ry) (i.e. fo s)2ds < o), we can define the Wiener integral

_ /OOO f(s)dB

which is a centered Gaussian random variable with variance || f ||%2 Ry It is easy to see that

W = {W(f)}ser2(r,) is an isonormal process indexed by $ = L?(Ry). For any t € R, we have

By =W (1) = /0 Ljo,4(s)dB

That is, the reproducing kernel Hilbert space for the Brownian motion is given by $ = L?(R.).
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(v) [white noise as derivative of Brownian motion] If we take the formal derivative of Brownian

-/ " fs)e(s)ds

and the (generalized) correlation kernel of £ is given by

E[§(t)&(s)] = do(t — ),

where g is the Dirac-delta function at zero@ Indeed, via a formal calculation, we have

E[W (/)W (g)] = / h / " g0 £ () ELE)E(s) dsdt
/ / 50 t— s)dsdt <f, >L2 (Ry)s

and confirms the heuristic that the white noise on R, is the formal derivative of the Brownian

motion &(t) := dtBt’ we can write

(4.1)

motion. Moreover, the generalized function ¢y is the Fourier transform of constant power spectral
density, and thus bears the name “white” noise:
1 .
So(z) = — [ e ™&dx 4.2
@)= 5- | (42)
That is, the corresponding spectral measure is a multiple of Lebesgue measure.

(vi) [Space-time white noise] The space-time white noise on Ry x R? generalizes the idea in (v)
to generalized random fields indexed by both time and space. Formally, a space-time white
noise ¢ is a centered Gaussian family & = {£(¢, ) : (t,z) € R, x R?} with correlation structure

E[E(t, 2)&(s, y)] = do(t — s)do(z — ),
where the above two Dirac delta functions are defined on R and R? respectively. Heuristically
speaking, £ is “very rough/irreqular” and should be interpreted as a random generalized function,
and thus it is only defined by paring with a nice test function: given any f € C®°(R, x R?), the

pairing
(f,&) = /]R+ /Rdf(t,x)g(t,x)dtda;

is expected to a centered Gaussian random variable. Performing the same formal calculation as

in (4.1)), we have for any f,g € C°(Ry x R%),

EL(f,€)(9.€)] [( [ et x)dtdx) ( /s (s,y)f(s,y)dsdyﬂ

—E|[ [ et e sy

- / . / 6 2)g(s,9) E[E(t 2)¢(s, y)] didudsdy
Ry xR4 JR4 xR N —

=/, 9 2R, xrY)-
That is, we have defined a centered Gaussian family {W(f) : f € C°(Ry xR%)}, whose existence

is guaranteed by Kolmogorov’s theorem. Then, by a standard density argument, we can extend
the definition to the whole space L?(R; x R?). In this way, we have realized the space-time

2460 is a generalized function defined by testing it with test functions in Cpg), (R): (do, ) = ©(0) for any
€ Cpoiy (R).

poly
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white noise & = {&(f) = (f,€) : f € L>(Ry x R%)} as an isonormal Gaussian process indexed by
the Hilbert space $ = L*(R; x R%). The space-time white noise often appears as the natural
driving noise in stochastic partial differential equations (SPDEs). For example, the following
stochastic heat equation with multiplicative white noise

yult,z) — %Au(t,x) — u(t, )t )

3 random potential
heat equation

is the well-known parabolic Anderson model (PAM). We will study the well-posedness of
this PAM in a later section.

(vii) [Colored noise] As opposed to the white noise in (vi), the correlation kernel of a Gaussian
colored noise is not Dirac delta, or equivalently, the corresponding spectral density is not con-
stant. One popular family of Gaussian colored noises are the fractional Gaussian noises with
Hurst index H. Formally, W is a fractional Gaussian noise on R with Hurst index H if

4.1. Chaos expansion.

Theorem 4.4 (Wiener—It6 chaos decomposition). Let W = {W (h)}nes be an isonormal Gaussian
process. Then, the space L*(Q,a(W),P) admits an orthogonal decomposition:

L*(Q,0(W),P) = é cv, (4.3)
n=0

where (C(IJ/V is the set of constant random wvariables, (CE/ 1s called the k-th Wiener chaos and
defined as

(CE/ = 2(IP’)—closure of span H Hy,(W(ej)) : qu‘ =k (4.4)
j=1 j=1

with Hy the q-th Hermite polynomial and {e;};j>1 an orthonormal basis of ﬁ@ Moreover, we
can further represent C};V as

CY = L*(P)-closure of span{ H,(W (h)) : ||h||5 = 1}. (4.5)

Proof. The k-th chaos C}" is a closed subspace of L?(Q2, c{W},P), then we define .Ji, to be the
projection operator onto C}V. Then, it suffices to show that for all F € L*(Q,0(W),P), we can

write
F =Y JF.
k>0

Now let us fix an orthonormal basis {e;};>1 of $ and set G; = W (e;). Then {G;};>; areii.d.
standard normal random variables and we can view F as an element in L?(Q,0{G; : j > 1}, P).
For any m > 1, we define

Fm=0{Gj:j<m}, m>1,
which is a filtration on (2, c{W},P) with Foc = o{W}. For each m > 1, we define
F,, = E[F|F.].

Therefore, we deduce from the martingale convergence theorem (Proposition that

a.s. and in L?(P)
—_%

F, F.

m——+00

2514, is routine to check that the choice of the orthonormal basis is immaterial.
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Since F,, is measurable with respect to o{G1,...,Gy}, there exists a measurable function
m . R™ — R such that
Fp = om(G1,...,Gn) € L*(P)
as a consequence of Doob-Dynkin’s lemma. Next, using the chaos expansion for finitely many
Gaussian random variables (Proposition , we can write

Fr=Y JiFm
k>0
with Jj the projection operator as in (2.8). Note that this argument also yields the orthogonality
between different chaoses: suppose U € (CE/ and V € (CZV with p # ¢, we define
Un = E[U|Fn] and V,, = E[V|F,],
which live in the p-th and ¢-th chaoses (respectively) generated by G1,...,G,,. Then, the or-
thogonality between U,, and V,, can be preserved in passing m — 4o0o. That is, CZV and (C};/
are mutually orthogonal for p # ¢. Finally, to conclude the orthogonal decomposition in (4.3)),
it suffices to pass m — 0o to obtain
F=) JyF inL*(P)
E>0
with JxF being the L?(P)-limit of Jj,F, as m — oo.
It is clear that J, is a bounded linear operator on L?(P). Then,
HJka - Jan||L2(]P’) < HFm - FnHL?(]P)a
that is, {JxFn }m>1 is Cauchy for each fixed k. Since C}¥ is a closed subspace of L?(Q, s {W},P),
Ji Fy, converges in L2(P) to some Hy, € (CkW. We claim that
(i) the seires 3,y Hy converge in L2(P),
(ii) as m — oo, F, converges in L?(P) to > k>0 He-

First we write

iE[HQ] - i lim B[(JuFn)? < liminf 3 E[(J3F,n)?] = liminf E[F2] = E[F?] < co
k — M—00 m - m—oo o m m—00 ’
which together with the orthogonality verifies the claim (i). To see the claim (ii), we can write
oo 9 oo
_ _ 2
HFm - Zﬂk‘ oy = kZO'HJka Hillf ) - (4.6)

=ag.m
This is of the form )7 ag m, where
° 0<akmm_>—oo>0foreachk:>0
® apm < b With by = 2|\ T Fnll3 + 2] Hi |72 p);
® Y isobkm = 2E[F7] + 23707 E[H] T2 2R[F2] + 2373 B[HF] < oo
By the generalized dominated convergence theorem (Proposition A.3)), we see that the expression
in (4.6) converges to zero as m — +oo. Hence, the proof of (4.3)) is completed.

Next, we prove (4.5)). Denote the RHS of (| . by Cr. Then, we have
Poc Py = L4 o{W},P).
k>0 k>0

Due to the orthogonality, it suffices to show that |, C is dense in L?(Q,0{W},P). That is,
if Ve L2(Q, c{W},P) satisfies
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E[VH,(W(h))] =0 (4.7)

for any unit vector h € $ (i.e., ||h||g = 1) and for any k > 0, we must show that V' = 0 almost
surely.
Assume (4.7)) holds for any unit vector h € $) and for any k£ > 0. Since every monomial is a
linear combination of Hermite polynomials, we have
E[VW (h)*] =0,
and thus
E

o (it)* W (h)* . —
VZT =0, ie, E[Ve™®]=o.
k=0

Therefore, with the orthonormal basis {e;};>1 of $), we can get
E[Vei 2t )‘jW(ej):| -0

for any A\; € R and m > 1. Taking conditional expectation with respect to J,, we get
E[Vmeizg’;l /\jW(ej)} -0

with Vi, = E[V|Fn] = om(W(er), ..., W(en)) for some ¢, € L?(v,,). By the same argument as
in the proof of Proposition [I.11] we can conclude that ¢,, = 0 almost everywhere, i.e., V;,, =0
almost surely. Then, another application of martingale convergence theorem yields V' = 0 almost
surely.

Hence, the proof of Theorem [4.4] is completed. O

Let S, be the set of random variables of the form f(W (h1), ..., W (hy,)) for some f € C°(R™),
h; € $, and m > 1. Similarly, we define Sy, Spo1y with C2° replaced by Cp° and ngly respec-
tively. We also define Sy to be the set of random variables with finitely many chaos, i.e.,

So = Ukzl @jgk (C}/V-
Corollary 4.5. It holds that S. C Sy C Spoly are dense in LI(Q, o{W},P) for any q € [1,00).
As a consequence, S.($)) := span{Gh : G € S.,h € $} is dense in L*({; $).

Proof. Given F € L4(Q,c{W},P), we can proceed with the martingale convergence argument
as in the proof of Theorem [£.4] For any e > 0, there is some m > 1 such that
[E[F|Fm] = Fllg < e/2.

Representing E[F|F,] = om(W(e1), ..., W(ey,)) for some ¢, € LI(7,,) with 7, the standard
Gaussian measure on R™, one can then find some ¢, . € CZ°(R™) such tha

llom — ‘Pm,CHLq(wﬂ) <eg/2. (4.8)
It follows that |[@m.c(W(e1),.... W(em)) — Fllq < € with ¢ (W(er),..., W(en)) € Se. This
proves the density of S, in LY(Q, o{W},P) for any ¢ € [1, 00).

Next, we prove the density of S.($) in L?(Q;$). Let V € L?(2;9) satisfy E[G(h,V)g] = 0
for all G € S, and for all h € §). Then, by density of S. in L?(Q2,c{W},P), we get (h,V)s =0
almost surely for all h € $. Then, V =377, (V,ej)5e; = 0 almost surely, where {e;};>1 is an
orthonormal basis of §). Hence, the proof is completed. ]

xoxoxoxoxex End of Lecture 10 (Oct.2, 2025) 000000000000

26The bound (£.8) is due to the density of C°(R™) in LI(v,). Can you write down a quick student-proof?
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Lecture 11.

4.2. Malliavin operators I: D & ¢. In this section, we will introduce several important
operators in Malliavin calculus, which we have already studied in Section [2| with finitely many
Gaussian random variables.

e Malliavin derivative. Recall that for a random variable F' = f(Gy,...,Gg) for some f €
C;%ly(Rd) and (G1, ..., Gq) € Ny(0,I), we have
d

V(G Ga) =Y 0 f(Gr, ... Ga)ej (4.9)

j=1

with {¢; : j = 1,...,d} denoting the canonical basis of Rdﬂ In particular, we can realize the
standard Gaussian vector in the isonormal framework as in Example 3| Putting G; = W(e;)
with {e;};>1 orthonormal basis of §), we can rewrite (4.9) as

d
DF = Df(W(e1), ... W(eq)) = > _0if(W(er), ..., W(ea))ej € $.
=1

This gives us the Malliavin derivative of F' = f(W (ey), ..., W(eq)), which is a $-valued random
variable (indeed, DF € L*(Q;9)).

Now let us consider the case where F' = g(W(h1),..., W(hy)) for some g € O35 (R™) and
hi,...;hm € 9. Then, X = (W (hq), ..., W(hy,)) is a m-dimensional centered Gaussian vector with
covariance matrix C = QQ for some symmetric positive-definite matrix @ € R™*™. Assume
X = QG with G = (W(e1),..., W(en)) a standard Gaussian vector. Then, we have

m

DF' = Dg(QG) =) (Zazg QG) Qz])ey
7j=1
= 0ig(W(hy),. ZQM

= 0ig(W(ha), ... W (hm)) b,
where the last equality follows from W(h;) = (QG); = i1, Qi;W(e;) = W(Z;nzl Qije;).
This discussion suggests the following definition.

Definition 4.6. (i) Suppose F' € Spoy can be expressed as F = f(W(h1),...,W(hy,)) with
feChy®R™), hi,....hm € 9, and m € N>1. The Malliavin derivative DF of F' is defined by

=D 0f (W (h), oo W (him)) B (4.10)
=1

In particular, DW (h) = h.

(ii) Let DM2 be the closure of Spoly with respect to the following inner product
(F,G)pr.2 := E[FG] + (DF, DG) 12(0;)-

In particular, D2 is a Hilbert space.

272]- € R? is a unit vector with only one nonzero entry (i.e., +1) in the j-th coordinate.
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The following question indicates that the definition (4.10) of Malliavin derivative DF' is in-
dependent of the choices of representations.

Question 4.7. (i) Given two representations of F = f(W(h1),...,W(hm)) =
gW (f1),...; W(fn)), prove that the following expressions are identical:

)

(ii) [Directional derivative] Given F = f(W (hy),..., W(hy)) and h € $. Verify that

O f (W1 )s ooy W (h) Vi = 3 059 (W), s W (i) -
=1 j=1

(DF,h)s = lim é [ F o (W) + £, By, W () + (i, )

The quantity (DF, h)g is called the directional derivative of F in the direction h, which measures
the sensitivity of the random wvariable F to the “small” amount of perturbations from W to
W + eh.

Let us now recall a few basic properties of the Malliavin derivative operator.

Proposition 4.8. (i) The derivative operator D is closable: if F,, € D2 with DF, — V in
L*(Q; 9) for some V and F,, — 0 in L*(P) as n — +oo, then V = 0.
(i) Let Ckw denote the k-Wiener chaos as in Theorem . Then, (CZV c D42 and

IDIF ) = kI (4.11)
for any F € L*(Q,c{W},P).
(iii) Given G € L*(Q,c{W},P), we have G € DY? if and only if Dkt k|| JG||3 < oo. In each
case, we have E[HDGH%] =2 i>1 k||JxG|3. Here, Ji, denotes the projection operator onto C}Y .
(iv) [Gaussian Poincaré inequality] For any F € D2, we have

Var(F) < E[| DF|3],

where the equality holds only when F € C}/ @ C}V.

Proof. Given any G € S., h € $), we can write
E[(V,h)sG] = lim E[(DFy,h)sG]

n—-+4oo
= lim E[(D(F,G) — F,DG,h)g)

e ‘ (4.12)
= lim E[(F,GW(h)]+ lim E[F,(DG,h)s]
= 07

where the second equality follows from the usual product rule D(FG) = FDG+GDF for smooth
random variables F,G € Sp()@ the third equality follows from the Gaussian integration by
parts formula in Proposition 2.11|, and the last equality is due to the L?-convergence of F,, — 0
with GW (h), DG, h)s € L*(9). Recall from Corollarythat Sc(9H) ={Gh:G e S;,h € H} is
dense in L2(€; $). This implies that V = 0. That is, part (i) is proved.

Now let us prove (ii). Suppose F' € C}" has the following form
F= 3 as,.,q-t¢a | | Hy, (W(e))

28In view of Question (4.7), we can express F' and G as two functions of a common Gaussian vector, so that
the desired product rule is simply the usual product rule in calculus.



MAS884: GAUSSIAN ANALYSIS (2025 FALL @ BU) 55

with {e;};>1 orthonormal basis of ). As in the proof of Theorem |4.4] we define

m
P = Z 1{2}"21 a;=k}Cq1,.qm H Hg; (W (ej)),
q1,.--,qgm 20 j=1

which converges to F in L?(Q2). Then, F}, is indeed a polynomial in independent Gaussians and
belongs to Syl with

DFn= 5 Aispgencnan Sty (W) [L, (7)) )e.

q15+5qm 20 i=1 i
It follows from the results in Section 2] that
E[IDEAIR] = KEF2] and E[|D(En - B3] = KE[(F — F?, (413)

where we also used E[F,,F},] = E[F2] and E[(DF,,, DF,)s] = E[HDFmH%] for m < n to obtain
the second equality. In particular, {DF,},, is Cauchy in L?(€; $)) with limit

DF = Z 1{|q|=k}CqZQini1(W(€i))<Hqu(W(ej))>€i.

qeN>= i=1 j#i
It is clear that DF € L?(€Q; $)) and passing m — +oo in ([#.13)) yields (4.11)).
Next, we prove (iii). Given G € L*(Q,0{W},P), we define
Gy =Y JiG.
k<N
Then, by orthogonality relation and part (ii), we get
IDGN 205y = D kTG
k<N
If G € DY2, then due to (i) with Gy NL—;}E% G, we have DGy — DG in L?(€2; §)). Therefore,

ZkHJkGHg = Nl—i>r£oo ||DGN||%2(Q;;)) = HDG”%Q(Q;.ﬁ) < 00.

E>1
Suppose Zk21kHJkGH§ < o0o. Then, {DGy}n is Cauchy in L2(€);$), which together with
Nﬁ%fu;mm%mmGewﬂmmDGmmmndD@wnﬂmﬁy
L
Finally, it is easy to see that part (iv) is an immediate consequence of part (iii). O

Remark 4.9. For F' € S,qy, the definition of DF is independent of its representation; see
Question (1) The space D'? is defined by closing Spoy under the D'?-norm, and the
closability of D ensures that the definition of DF' does not depend on the particular choice of
approximating sequence F,, € Spoly. Part (iii) of Proposition gives an equivalent definition
of the space D2 using the projection operators.

In (4.12), we used the product rule for smooth random variables. It is not difficult to generalize
it for more general random variables; see also [NP12l, Exercise 2.3.10].

Proposition 4.10 (Product rule). Suppose F € D2 and G € Sy. Then, FG € DY? and
D(FG)=FDG + GDF. (4.14)
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Proof. Due to F € D%? and G € S, we have the RHS of belongs to L?(£2; ) and can be
represented as a limit of

F,DG + GDF,
with F,, € Spory. For each n, by the usual product rule in calculus, we have F,,DG + GDF,, =
D(F,G). Since F,G € Spoly converges to FG in L?(Q), we can conclude that its limit FG
belongs to D2 and the equality holds. ([l

e Higher-order Malliavin derivatives. For £ € N>3, we can define the k-th Malliavin
derivative D* in a similar way.

(i) For F' € Spoly given by F' = f(W(h1),..., W (hy,)), we define

m
DFE — Z iy iy fW(R1)ycooy, W (B ) hiy @ -+ @ by,
i1 yeyip=1
which is clearly a random element in HOk ; here HOF denotes the k-th symmetric tensor
product of $) (see Appendix for more details).
(ii) Suppose D*~! and its domain D*~12 have been defined. We define D¥2 to be the closure
of Spoly under the following inner product

(F,G)pr2 = (F,G)pr—1,2 + <DkF, DkG>L2(Q;fJ®k)
k
=> E[(D'F,D'G)ge:] with D'F = F.
i=0
(iii) As in Proposition one can show that D* is closable and the following equivalence
holds:

o0
F € DF? if and only if Y p¥||J, F|[3 < oo. (4.15)
p=1
We leave this as an exercise to interested students.

e Divergence operator. The divergence operator ¢ is the adjoint operator of D, which is
characterized by the duality relation

E[(DF,V)s] = E[F5(V)). (4.16)

Let dom(§) be the set of random vectors V' € L%(Q;$) such that there is some finite constant
C = Cy such that [E[(DF,V)g]| < C|F|2 for any F' € Spoly. In particular, the functional
F — V(F) := E[(DF,V)g] is bounded linear on Spoly. Then, due to density of Spoly, one
can extend ¥ to a bounded linear function on the Hilbert space L?(Q,0{W},P), and thus
Riesz’s representation theorem indicates that there exists a unique element (denoted by §(V))
in L?(Q,0{W},P) such that (4.16) holds true. One can proceed in the same way to define
the iterated divergence operator §* as the adjoint operator of D*. We summarize the above
discussion in the following.

Lemma 4.11. For any F € D*2 and V € dom(6%), we have
E[(DFF,V)ger] = E[F3*(V)].
Question 4.12. Given a unit vector h € §. Show that §*(h®*) = Hy, (W (h)).

We conclude this section with a few properties of the divergence operator and its domain
dom(9).



MAS884: GAUSSIAN ANALYSIS (2025 FALL @ BU) 57

Proposition 4.13. (i) Recall S.($) from Comllary and define similarly So($)) = span{Gh :
he$H,GeSy}. Then, both So($) and S.($) are contained in dom(d). In particular, dom(d) is
dense in L*(; $).
(ii) Assume G € DY? and V € dom(4) satisfy
E[G*|V|3] + E[G?5(V)?] + E[(DG, V)}] < <. (4.17)
Then, GV € dom(6) with
0(GV)=Go(V)— (DG,V)gq.
Proof. Suppose F,G € Spory and h € §). Then, we can proceed as in (4.12))
E[(DF, sG] = E[(D(FG), h)s] — E[F(DG. h)s]
=E[FGW (h)] — E[F(DG, h)g]
using the product rule. Therefore, we deduce from Cauchy-Schwarz that
[E[(DF, h)5G]| < IFI(IGW (B> + | DGl 2(cuslAlls)- (4.19)

Due to S, USy C D2, we can approximate any element in S, U Sy by a sequence of random
variables in Spoly with respect to the norm || @ ||pi12. That is, via a limiting argument (if
necessary ), we can obtain the bound for any G € S.USp. This implies that So(H)US.($H) C
dom(9) with

(4.18)

5(Gh) = GW (h) — (DG, h)s, (4.20)
for any G € Spoly U Sp in view of (4.18). Thus, the proof of part (i) is concluded by invoking
Corollary

Next, we prove part (ii), which generalizes (4.20]). Let F' € S, then we can deduce from the
product rule (Proposition 4.10) and duality relation that

E[(DF,GV)s] = E[(D(FG) — FDG,V)g]
—E[(D(FG),V)s] — E[F(DG,V)g]
=E[FG§(V)] —E[F(DG,V)s]  due to

and thus, we get GVdom(d) and 6(GV) = G6(V) — (DG, V)g. Note that we used the density
of S in L2(Q,0{W},P) and FG € D*? (a consequence of Proposition [4.10)).

Hence, the proof of Proposition 4.13|is completed. O

xxxxxx End of Lecture 11 (Oct.7, 2025) 000000000000



58 MAS884: GAUSSIAN ANALYSIS (2025 FALL @ BU)

Lecture 12.

4.3. (Generalized) chain rule. XXX

e Application: (local) Bouleau-Hirsch’s criterion.

Example 4 (Nonzero V with §(V) = 0). Let {e1, ea} be an orthonormal system in § and define
f=e1®er—ea@e; € HZ2

Then, V := I;(f) = W{(e1) e2 — W(ez) e1 is nonzero almost surely and

(V) =Iyf) =0.

xxxxxx End of Lecture 12 (Oct.9, 2025) 000000000000
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Lecture 13.

4.4. Malliavin operators II: divergence operator and It6 v.s. Skorohod.

xoxoxoxoxx End of Lecture 13 (Oct.16, 2025) 000000000000
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4.5. Tto v.s. Skorohod.

4.6. Application: linear/NL SPDEs. optimal well-posedness for Anderson models with frac-
tional rough noises.
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5. Fourth moment theorems and Nourdin-Peccati analysis

Let us start with an example from Peccati and Yor’s work [?] : let W be a standard real
Brownian motion, then according to Jeulin’s lemma@

1
/ t2W2dt = +oo  almost surely.
0

The authors of [?] studied the fluctuation of F, = fsl W2t=2 dt, after normalization, as € goes to
zero. And they obtained that

7o P EIR]
VVarF, -0
The proof is roughly sketched as follows:
e It is easy to compute that o, := \/VarF; = \/4log(1/e) + 4¢ — 4
e Using It6’s formula and stochastic Fubini’s theorem (see e.g. [?]), one can rewrite F. as

N(0,1). (5.1)

follows:

N 9 1 1 9 1 1
== 721 (e WedW, | dt = — 72 gy dt | WedW,
p (s<t) p (s<t)
€ Je 0 e JO €
2 /1 1
:/ < )WSdWs:/widWs,
O¢ Jo € 0

with ¢ == 207 [(e Vs)™! — 1]W,, s € [0,1]. It is also clear that Mf := f(f 0 dW,
t € R,, is a square-integrable continuous martingale such that its quadratic variation
(at infinity) (M€)s = +00 almost surelylﬂ

e According to the theorem of Dambis and Dubins-Schwarz (see e. g [?, Chapter V]),
there exists a standard real Brownian motion 5 such that My = 57 Moy L E Ry As 3§

is a standard Gaussian random variable, in order to show the asymptotic normality of
F. = Mj, it is enough to prove (M¢); is close to 1 in L?(€), in view of the Burkholder-
Davis-Gundy inequality (see e.g. [?, Chapter IV]).

e It is easy to obtain [[(M®); — 1[|z2(q) = O(1/0c), as € | 0. This finishes our sketchy
proof.

For more details, one can refer to the original paper [?] as well as the recent survey [?].

Later, Nualart and Peccati studied another Gaussian functional

W,
Fy. ;:/g (tlfyl dt, (0<e<1) (5.2)

where WH is a fractional Brownian motion with Hurst parameter H € (0,1). The F. above
corresponds to the case where H = 1/2, that is, when WH is a standard Brownian motion.
According to Jeulin’s lemma, Fro = +00 a.s., so it is natural to see whether the Gaussian
fluctuation of the renormalized Fy . occurs for general H. Starting from this motivating example,

29Here is a simple version from the exercise book [?] by Chaumont and Yor: let {R;,¢ € (0,1]} be a jointly
measurable process with values in R4 such that 0 < E[R;] < 400 and R, 129 Ry for any t € (0,1], and let p be
a o-finite measure on (0,1]. Then the following equivalence holds true: [ ©.1] R, p(dt) < +o00 almost surely if and
only if f(o 1y (dt) < o0
300ne can ﬁrst compute directly that o2 (M) oo =4 [° [(eVs) ™' —1] W2ds > [° WZ2s~? ds, while applying
Jeulin’s lemma to the inverse-time Brownian motion, we get f1 Wf “2ds = +o0 a.s., so we can conclude that
(M?) oo = 400 almost surely.
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Nualart and Peccati published a very surprising result [?] in 2005, which is known as the “fourth
moment theorem” nowadays.

Theorem 5.1 (D. Nualart and G. Peccati, 2005). Fiz an integer p > 2. Let
W t1 tp— 1
Fy= IV (f,) = p! / / / by ) W - AW, (5.3)

be a sequence of pth-order multiple Wiener-Ité integrals. Assume that the kernel f,
LQ([O, 1]p,d$) is symmetric almost everywhere such that p! ||fn||L2 (01p) 1, as n = +oo.
Then the following statements are equivalent:

(i) F,, converges in law to a standard Gaussian, as n — +00.
(ii) E[F;] converges to 3, as n — +oc.
(iii) For each r € {1,...,p— 1}, [[fn @ fallr2(0,1)20-2r) converges to 0, as n — 400, where
the r-contraction ®, is defined as follows:

(f @r9) (@1, Tpig—2r)

= ot f@i, o @p—r, S15 o3 87)9(Zp—rti1, - oo s Tpg—2rs STy - -+, Sp)dST ... dSy (5.4)
for f € L2([0,1]P,dx), g € L*([0,1]4, dx) ancF_T| 0<r<pAgq, see also (77).
The name “fourth moment theorem” comes from the equivalence between (i) and (ii). The
implication “(ii) = (i)” is particularly surprising, as it simplifies to a great extent the usual way
of proving the central limit theorem through the so-called method of moments and Cumulantslﬂ.
The original proof of FMT follows essentially the same arguments as for , that is, one
sees Iy, as the value of some continuous martingale M®™ at t =1 and applies the random-time

change:
b tp—1 (n)
M —p'/ </ / t17...,tp)thp"'th2> thl :5<M(n)>t7

where B is some standard Brownian motion and (M (”)> denotes the quadratic variation
process associated to M™ . At a handwaving level, if (M) is close to 1 in L*(Y), then
by Burkholder-Davis-Gundy inequality, F,, = Ml(n) 1s close to Bl ), which is standard Gauss-
ian. Computing E[(M(”)>J involves an extensive use of the product formula (7?) for multiple
Wiener-1to integrals and this is where the contractions in (iii) come into the play, while after a
lengthy computation of the fourth moment E[Fé} using the product formula (?7), one gets the
equivalence between (ii) and (iii). Making these arguments rigorous is essentially what was done
in the original article.

By the isometry between any two real separable Hilbert spaces, the above FMT holds inside a
general Gaussian Wiener chaos associated to an isonormal process, see [?]. Back to the Gaussian
functional (| -, one can treat Fy. — E[Fy,.] as an element in the second Gaussian Wiener
chaos; and according to the FMT, checking the Gaussian fluctuation reduces to computing the
related contraction-norms, see [?, Section 3.1]. This application is just a tip of the iceberg. This
univariate FMT together with its multivariate extension has produced a very efficient strategy
for proving Gaussian limits on the Wiener space.

Let us first recall the multivariate FMT [?], established by Peccati and Tudor.

31Note f ®o0 g = f® g is the usual tensor product of two functions.
328ee e.g. Section 30 in Billingsley’s book [?].
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Theorem 5.2 (G. Peccati and C. A. Tudor, 2005). Fiz integers d > 2 and 1 < ¢q1 < ... < qq.
Let C = (C’i,j,l <17 < d) be a d x d symmetric nonnegative definite matriz and fn; €
L%([0,1%,dx) be symmetric for any n > 1 and every i € [d] := {1,...,d}. Assume that the
d-dimensional random vectors

PO = (B, FO) o= (1 ) T )

satisfy
(n) p(n)) _ ;o
ngrfooIE[F F; | =Ci; for every i, j € [d].
Then, as n — 400, the following assertions are equivalent:
(1) The vector F™ converges in law to a d-dimensional Gaussian vector N'(0,C);
(2) for everyi € [d], F( ") converges in law to a Gaussian random variable N( ) M);
(3) for every i€ [d], E [(F(n )4 — 30121;
(4) for every i € [d] and each 1 <1 < q; — 1, || fni @~ frill L2(0,1p20-2r) = 0.

In fact, soon after the appearance of [?], Peccati and Tudor attempted to obtain the FMT for a
sequence of random variables belonging to finitely many chaoses. Surprisingly, they obtained the
above more interesting result: for random vectors with components in the fixed Gaussian Wiener
chaos, the joint convergence to Gaussian (1) is equivalent to the component-wise convergence (2),
and the latter is reduced to verifying (3) or (4) in view of Nualart and Peccati’s univariate FMT.
This observation provides practitioners with an alternative to the semimartingale approach
(see e.g. [?]) to prove the central limit theorems on the Wiener space; roughly speaking, one
can first decompose the random variable into Gaussian Wiener chaoses and then prove central
convergence on each chaos. See, for example, [?, 7, ?]| for applications to zeros of random
polynomials; [?, 7, 7, 7, ?] for applications to statistical physics. Again, we invite interested
readers to visit the website [?] for many more works around the FMTs.

Besides Peccati-Tudor’s theorem, there have been several important inputs around the FMTs,
notably

(i) Nualart and Ortiz-Latorre [?] gave another proof of FMT based on Malliavin calculus, which
paved the road for Stein to meet Malliavin [?], see Section [6}

(ii) Ledoux took another insightful point-of-view for the FMT in [?] and he treated the Gaussian
Wiener chaos as an eigenspace of a symmetric self-adjoint Markov diffusion operator, and then
he employed Gamma calculus to derive the FMT in this setting. Such a direction has been
further enriched in the papers [?, 7, ?]. Originally Ledoux’s spectral viewpoint was taken in the
diffusive setting and unexpectedly, after slight adjustment to the discrete case, it turns out to be
a crucial ingredient for the obtention of the FMTs on the Poisson space and in the Rademacher
setting, see Section 77.

6. HOw STEIN MEETS MALLIAVIN?

This section tells the story of how Malliavin calculus was first combined with Stein’s method. As
mentioned before, we will first sketch Nualart and Ortiz-Latorre’s methodological breakthrough,
namely, linking the Malliavin operators to the study of limit theorems on the Wiener space. To
illustrate better the ideas and also for the sake of later reference, let us now introduce some
basics of Malliavin calculus and define the central object in this thesis, Wiener chaos. Readers,
who have already been familiar with Malliavin calculus, could jump to Section
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The concept of chaos that we consider dates back to Norbert Wiener’s 1938 paper [?], in which
Wiener first introduced the notion of multiple Wiener integral calling it polynomial chaos. In
1947, Cameron and Martin [?] obtained the orthogonal development of nonlinear Brownian
functionals in terms of Hermite polynomialﬂ?l7 which motivated It6’s 1951 work [?].

In 1951, 1t6 modified the definition of multiple Wiener integral and made it more convenient
for analysis in the point that the multiple Wiener integrals of different orders are orthogonal to
each other, while Wiener’s polynomial chaos does not possess such a property. Later in 1956,
1t6 generalized ideas from his previous paper and defined the multiple Wiener integral based
on an independently scattered random measure. Note that the class of independently scattered
random measures includes Gaussian and Poisson random measures. In the following section, we
will define the Gaussian and Poisson Wiener chaoses in an unified manner.

From now on, we fix a o-finite measure space (2, 2, ) such that {z} € 2 with p({z}) =0

for any x € Z, that is, p is nonatomic. And we define 2, := {B € & : p(B) < oo}. All
random objects in this thesis are defined on a common probability space (Q, F, ﬂD.
The measure u, appearing in Definition 77, is called the intensity measure. The introduction of
Gaussian and Poisson random measures can be treated as the randomization of the underlying
intensity measure space (Z, Z, u), and they constitute the basic building blocks of modern
probability theory.

6.1. A methodological breakthrough by Nualart and Ortiz-Latorre. In 2008, Nualart
and Ortiz-Latorre provided in [?] another equivalent condition for the FMT. More importantly,
this paper contains a methodological breakthrough: the authors used Malliavin calculus tools,
in particular the integration by parts formula on the Wiener space.

Theorem 6.1 (D. Nualart and S. Ortiz-Latorre, 2008). Let F,, be given as in (5.3)) and have
unit variance, then F,, converges in law to N'(0,1) if and only if

(iv) | DF,||? converges in L*(9) to p, as n — +o0o0.

Note ||DF},||? is somehow a reminiscence of the quadratic variation (M), from the random-
time change, see page 4. Here we will just sketch the argument for the “if-part”:

By assumption, F,, = p~'dDF,, is bounded in L?(Y), hence admitting a subsequence
F},, that converges in law to some random variable Z. It follows that E[eitF "k P, | =
p'E[e™0DF,, | = p'E[(De" DF,,)] = p 'E[ite"""(DF,, ,DF,)]. If (iv)
holds, then we have E[eitz Z] = E[iteitz]. Denote by ¢z the characteristic function
of Z, then the previous equality suggests that ¢',(t) = —t¢z(t), subject to the boundary
condition ¢z(0) = 1. Solving this ODE gives us Z ~ A(0,1). This argument can be
applied to any subsequence of (F},), hence the original sequence indeed converges in law

to N(0,1).

For the “only-if” part, one can first rewrite E[(|[DF,||? —p)Q} =E[|DF,|/*] — p?, which can be
further expressed in terms of contractions, using the product formula (?7?). By condition (iii)
in Nualart-Peccati’s FMT, these contractions vanish asymptotically so that one can obtain the
desired L?(9)-convergence.

33Hermite polynomials are orthogonal polynomials with respect to the Gaussian measure and it is one of
the central ingredients in the Gaussian analysis. The first few Hermite polynomials are given by Ho(z) = 1,
Hi(z) =z, Ha(x) = 2% — 1, and recursively, Hp11(z) := 2H,(z) — pHp—1(z). Alternatively, one can define them
via the Rodrigues’ formula Hy,(z) = (—1)? exp(z?/2) -2 exp(—22/2), p € N. See e.g. Section 1.4 in [?].

dxP
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Remark 6.2. In 2009, Nourdin and Peccati [?] used exclusively results from Malliavin calculus
to derive non-central extensions of the FMT. One of their main results states that for any
sequence {f, k > 1} C L2(uP) (p > 2 even) verifying limy_s o p!|| fx||> = 2v > 0, the following
statements are equivalent, as k — +oo:

(a) II‘;V (fx) converges in law to F(v), centered Gamma distributiorﬁ with parameter v;
(b) E[LY (fr)*] — 12E[L) (fr)?] — 120% — 48v;
(c) HDITI,/V(f/rf)H2 - 2pI;,/V(fk) converges in L?(PP) to 2pv.

This work exhibits again the power of Malliavin calculus.

A digression. The readers may have wondered “why the fourth moment is so special for the
asymptotic normality inside a fired Gaussian Wiener chaos”. One immediate answer could be
Theorem and the following consequence of the product formula (??): for F' € Cgv,

Var(¢~!||DF|?) < q;ql(E[FA‘] —3E[F?)?) < (¢ — 1)Var(¢ || DF|?), (6.1)

see equation (5.2.7) in [?].

One can also answer this question using the classic method of moments and cumulants, as
Nourdin explained in the short note [?]: for a normalized sequence {F,,,n > 1} C CZV such
that E[F}] — 3, one can prove, with some soft combinatorial arguments and the product for-
mula, that every moment of F,, converges to the corresponding Gaussian moment. Here, let
us provide a slightly different argument: as every monomial is a finite linear combination of
Hermite polynomialﬂ, it suffices instead to show that E[Hy(Fy,)] — E[Hk(Z)] =0 foﬂ every
k € N, Z ~ N(0,1). Note the expression E[Hy(X)]| bears the particular name “kth normal
moment of X” and is closely related to the y?-distance of Pearson, see [?, Proposition 8.2].
The first few normal moments of F,, are E[H;(F,)] = E[F,] = 0, E[H2(F,)] = E[F?] -1 =0,
E[H4(F,)] = E[F} — 6F? + 3] = E[F}] — 3; for a generic k € N, we write E[Hy1(F,)] =
E[F,Hx(F,)| — ElkHy_1(F,)] using the recursive relation of Hermite polynomials, and then we
apply the integration by parts formula and chain rule as follows:

E[F,Hy(F,)| = p 'E[6DF,Hy(F,)| = p 'E[(DF,, DHy(F,))] = E[p ' |DE,||*kHy_1(F,)] ,
thus,

[E[Hr(F)| = [E[(07 | DFa? — DkHio(F)]| < ky/Var(p-! [ DE[12)\/E[Hior (F)?]

see also (?77?) for similar computations. The above inequality, together with (6.1]), implies that
the fourth moment controls other moments asymptotically.

Lastly, let us mention Rosiniski’s intuitive explanation [?] based on the independence on
Wiener space. Let us first recall the seminal result of Ustiinel and Zakai [?] that provides the
necessary and sufficient condition for independence of two multiple Wiener-It6 integrals with
respect to the same Gaussian random measure.

34, e F(v) = 2v,/2 — v, where v,/ has a Gamma law with parameter v/2.

35By definition (see footnote 8), Hermite polynomial is a finite linear combination of monomials, then in-
ductively, one can easily verify that every monomial can be expressed as a finite linear combination of Hermite
polynomials.

36Like to crack a walnut with a sledgehammer: Z is equal in law to W (h) for some unit vector h € L?(), and
Cameron-Martin’s result [?] suggests that Hy (W (h)) = I}V (h®*), which is an element of kth Gaussian Wiener
chaos, and this explains E[Hx(Z)] = 0 for every k € N.
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Theorem 6.3 (A.S. Ustiinel and M. Zakai, 1989). Fizp,q € N and f € L2(pP), g € L2(p9), we
set F' = I;V(f), G= I;V(g). Then F,G are independent if and only if f ®1 g =0.

Later, Rosiniski and Samorodnitsky [?] made another interesting observation.

Proposition 6.4 (J. Rosifiski and G. Samorodnitsky, 1999). Fiz p,q € N, then Cov(F?,G?) > 0

for any F € (CZV, G e (C};V, with equality only when F and G are independent.

Here comes Rosiniski’s nice heuristic arguments: suppose that F' € (CZV satisfies E[F?] = 1
and®|E[F*] = 3, let G be an independent copy of F', then Cov((F + G)?, (F — G)?) = 2E[F*] —
6E[F?]? = 0, so it follows from Proposition that F'+ G is independent of F' — G. Thus, by
Bernstein’s theorem, F' ~ N(0,1). In the statement of the FMT, E[F#] = 3 only asymptotically,
it is natural to expect F,, — N(0,1). Such heuristics have led to several papers on asymptotic
independence on the Wiener space [?, 7], with applications to time series analysis [?].

The above digression around the importance of the fourth moment may also trigger one’s desire
of quantifying the CLT on Wiener chaos in terms of the fourth moment. It is known, for
example from [?, Proposition C.3.2], that a sequence of random variables X,, converges in law
to the standard Gaussian N if and only if dge(Xy, N) — 0, where dk, denotes the Kolmogorov
distanceiig] appearing in the celebrated Berry-Esséen bound. So is it true that

(#) dkol (F, N'(0, Var(F)) < Constant x \/E[F] — 3E[F?]? for any F € C}V ?

The answer is indeed positive and will be the highlight of the story told in the next section. It
is also worth pointing out the paper [?] by Azmoodeh, Malicet, Mijoule and Poly, who provided
a generalization of FMT by establishing the equivalence between asymptotic normality and
convergence of even moments on the Gaussian Wiener chaos; see also (77).

6.2. Application: parameter estimation.
6.3. Application: GOE approximation of Wishart matrices.

6.4. Application: zeros of random polynomials.

7. Regularity of Gaussian objects

1. Kolmogorov theorems
2. analysis of PDEs.

37In fact, if p > 2, E[F"] > 3, see e.g. [?, Corollary 2] or our Chapter 3. So we view E[F*] = 3 as an asymptotic
relation.

38dko1 (X, N) := sup{|(X < t) — (N < t)| : t € R}, see also Section 2.1.1.
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APPENDIX A. Basic results in analysis

e Given an interval (a,b) with a < b. We say a function f : (a,b) — R is absolutely continuous
if for any ¢ > 0, there exists § > 0 such that whenever a finite sequence of pairwise disjoint
sub-intervals (ag, by) of (a,b) with ax < by and

> ok —ar) <,
K

we have

ST = flaw)] <e.
k

In particular, an absolutely continuous function is uniformly continuous. Note that an Holder
continuous function is uniformly continuous but in general not absolutely continuousﬁ More-
over, an absolutely continuous function is almost everywhere differentiable. This fact is contained
in the following fundamental theorem of (Lebesgue integral) calculus.

Theorem A.1. Let a < b be two real numbers. Suppose f : [a,b] — R is a continuous function.
Then, the following statements are equivalent:

(i) f is absolutely continuous;
(ii) f has a derivative f' almost everywhere that is Lebesque integrable, and

o) = (@) + | "yt

for all x € [a,b]; (the above integral is defined in Lebesgue’s sense)
(iii) there exists a real-valued and Lebesgue integrable function g on [a,b] such that

for all z € [a,b].

If these equivalent conditions are satisfied, then necessarily any function g as in (iii) satisfies
g = [’ almost everywhere.

As a consequence of Theorem one can easily derive the chain rule for absolutely contin-
uous functions:

d

—(fol)(@) = £ (h)l(z) ac. (A1)

for any absolutely continuous functions f,g: R — R.

Theorem A.2 (Integration by parts). Let f, g : [a,b] — R be absolutely continuous with < —oo <
a <b<oo. Then, fg is absolutely continuous and

b b
/ F)g ()t = [f()g®) — F(a)g(a)] - / F(B)a(t)dt.

39We say h: R — R is Holder continuous with exponent 3 € (0, 1] if there is some Cs € (0, 00) such that
h(x) = h(y)| < Cslz —y|”  (+)

for any z,y € R. When 8 = 1, we call h a Lipschitz function and in this case, h is clearly absolutely continuous
with f’ uniformly bounded by the constant C; in (x).
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e Cauchy-Schwarz inequality:

“(29)"(59"

Z anbn

<([ f<x>2u<dx>>1/2< / g(scm(dx))m

e Holder inequality, Jensen’s inequality, Minkowski inequality, Young’s inequality, XXX

' | r@gteutas)

Proposition A.3. (1) [Generalized dominated convergence|] Suppose fy,gn, f, and g are real
integrable functions defined on some measure space (F, &, u) such that

(i) for p-almost every = € E, fn(x) — f(z) as n — +o0;

(ii) for p-almost every = € E, g,(x) — g(z) as n — +o0;

(iii) |fn| < gn for each n > 1;

(iv) [ gndp — [z gdp as n — +oo.
Then, [, fodp — [ fdp as n — +oo. See, e.g., [Bas24, Exercise 7.5, p. 64].
(2) [Vitalli convergence theorem| Let (E, &, 1) be a finite measure space and p € [1,00). Let {f,}
be a sequence of functions in LP(FE, &, 1) and let f be a real-valued and £-measurable function.
Then the following statements are equivalent:

(a) feLP(E,E, ) and f, converges to f in LP(E,E, u).

(b) fn converges in p-measure to f and {|f,|P}n>1 is uniformly integrable.

e Basic Hilbert space notations.
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APPENDIX B. Basic results in probability

Definition B.1. Given a nonempty index set J, we say {X,};cs is a real Gaussian family (or
jointly Gaussian) if any finite linear combination

> X,
J€Jo
with a; € R and Jy any finite subset of J, is a real Gaussian random Variableﬂ When J is a finite

set with cardinality d, we view {X;};e;s as a random vector in R? and call it a d-dimensional
Gaussian vector.

It is well known in undergraduate probability that the law of a Gaussian family {X};ecs can
be uniquely determined by the mean function and covariance structure:
mean m; =E[X;] and covariance Cj; = E[X;X;] —m;ym;
for any 4,j € J. When m; = 0 for all j, we call {X;};c; a center Gaussian family. In general,
the family {X; —m;};cs is always centered.

In Section[2] we work with n-dimensional Gaussian vectors G ~ Ny(0,C) i.e., G = (G1, ..., Gy)
is a centered Gaussian family with covariance matrix

When C =1 is the d x d identity matrix, G is known as the standard Gaussian vector on R,
whose law is called the standard Gaussian measure on R":
va(dx) = (ZW)_%e_%dex.

Here, we record a few fundamental results on Gaussian vectors. For X ~ N, (u,C), by
definition, we have a - X = " | a;X; is a real Gaussian random variable with mean a - ¢ and
variance a - (Ca) = 3, ; a;Cjja;. Thus,

E[ein] _ eia-,u—%wC’a
for any a € R™. This indeed tells us that the law of X is characterized by its mean and covariance
matrix. Moreover, the following results follow immediately.

Lemma B.2. (i) If X ~ N, (i, C), then AX +b ~ Ny, (Ap + b, ACAY) for any b € R™ and A
am X n matriz.

(ii) Suppose X ~ Np(u,C) and k € {1,...,n}. Assume that I, ..., I are k disjoint subsets of
{1,...,n} such that

Cov(X;, X;) =0 wheneveri,j are in distinct I;’s.
Then, the k families {X;}icr,, ..., {Xitier, are independent.
(iii) Suppose X ~ N, (0,C) with C invertible. Then, C:X ~ Ny (0,1,).
Lemma B.3 (Wick-Isserlis formula). Let X ~ N,,(0,C). Then,
n
E(H}Q) => 11 ¢ (B.1)
=1 T {ijten

40Let X be a standard normal and B be a symmetric Bernoulli random variable (i.e., P(B = +1) = P(B =
—1) = 1/2) such that B is independent of X, then BX is a standard normal but X and BX are not jointly
Gaussian.
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where the sum runs over all pair partitions of {1,...,n}. In particular, the above expectation
vanishes when n s odd.

Let us first explain the notion of pair partition of an even number of objects or essentially of
the set [2m] = {1,...,2m} for m € No. We say 7 is a pair partition of {1,...,2m}, denoted by
T € Po([2m]), if

™ = {{il, 12}, ey {igm_l, ng}} C 2[2m]
with i1, ..., i2,,, mutually distinct. For example, {{1,3},{2,4}} is a pair partition of [4] but not
a pair partition of [6].

Exercise B.4. Prove Lemma using the following identity at ¢ = O:
BN T = 2 ) O (3° ucy)
¢ ]Hl = gt o B = e o ijzl iCi)
Exercise B.5. Let X ~ N3(0,C) and (my,my) € N3. Show that
E[X{™ X3™2] > E[X{™]E[X5™].

Proposition B.6. Let (Q, F, (Fm)m>0, P) be a filtered probability space with F = o{F,, : m >
0}. Given G € LP(Q, F,P) for some p € [1,00), we define G,,, = E[G|F,,] for m > 1. Then, Gy,
converges almost surely and in LP(§2) to G as m — +o0.

Proof. The statement for p = 1 can be found, e.g., on page 264 in [LeG16]. The general case
follows immediately from Vitalli’s convergence theorem (Proposition [A.3}(2)). O

APPENDIX C. Answers to Questions

e Answer to Question
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