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Abstract. This is a preliminary set of lecture notes written for the topic course CASMA884
at Boston University. The course aims at familiarizing students with standard Gaussian objects
(Gaussian processes, noises, etc), while equipping students with several powerful tools including
Wiener chaos expansion, Malliavin calculus, Stein’s method, etc. The applications in this course
may include some of the following topics:

(i) computations of Greeks for financial derivatives X
(ii) a gentle touch on Kahane’s theory of Gaussian multiplicative chaos X; ground-state energy

of polymer in a Gaussian environment X.
(iii) sliding window statistics, triangle counts in Erdős-Rényi X.
(iii) random field solution for PAM/HAM with (time-independent) Gaussian noises X.
(iv) random matrix theory, parameter estimation
(v) zeros and/or level sets of random polynomials/Gaussian processes
(vi) machine learning, and more? [to be modified]

∗ Frequently used notations

N = {0, 1, 2, ...}, N0 = {1, 2, ...}, R+ = [0,∞), [n] := {1, ..., n} for n ∈ N0, Z =

{0,−1, 1,−2, 2, ...}.
Throughout this notes, (Ω,F ,P) denotes a probability triplet, on which most probabilistic

objects are defined unless specified otherwise.

‖f‖∞ denotes the essential sup-norm of a function f .

‖X‖p denotes the Lp(Ω)-norm of a real random variable X. We use Lp(P) and Lp(Ω) inter-

changeably.

For a, b ∈ R, a ∧ b = min{a, b} and a ∨ b = max{a, b}.
iff is short for “if and only if”

i.i.d. is short for “identically and independently distributed”

a.e. is short for “almost everywhere”

a.s. is short for “almost surely”

LHS (RHS) is short for “left-hand side” (“right-hand side”, respectively).

bxc denotes the largest integer that is not bigger than x.

log x is the logarithm function: y = log x⇔ x = ey.

a · b =
∑n

i=1 aibi denotes the usual Euclidean inner product of a, b ∈ Rn. The Euclidean norm

of x ∈ Rd is denoted by |x|.
∂jf(x) is short for ∂xjf(x1, ..., xd); ∂

2
j = ∂xj∂xj ; ∆f =

∑d
j=1 ∂

2
j f .

Hessf(x) = (∂i∂jf(x1, ..., xd))
d
i,j=1 ∈ Rd×d. For A,B ∈ Rd×d,

〈A,B〉HS =

d∑
i,j=1

AijBij .
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3.5. Stein’s method via local dependency 41

4. Redo the analysis in an isonormal framework 47

4.1. Chaos expansion 50

4.2. Malliavin operators I : D & δ 53

4.3. (Generalized) chain rule 58

4.4. Malliavin operators D, δ,L = −δD, and Pt = etL 59

4.5. Ito v.s. Skorohod 60

4.6. Application: linear/NL SPDEs 60

5. Fourth moment theorems and Nourdin-Peccati analysis 61

6. How Stein meets Malliavin? 63

6.1. A methodological breakthrough by Nualart and Ortiz-Latorre 64

6.2. Application: parameter estimation 66

6.3. Application: GOE approximation of Wishart matrices 66

6.4. Application: zeros of random polynomials 66

7. Regularity of Gaussian objects 66

Appendix A. Basic results in analysis 67

Appendix B. Basic results in probability 69

Appendix C. Answers to Questions 70

References 71



MA884: GAUSSIAN ANALYSIS (2025 FALL @ BU) 3

1. Gaussian integration by parts on R

In this section, we begin by introducing the one-dimensional version of the Malliavin calculus,

or the stochastic analysis for random variables of the form g(Z), with Z ∼ N (0, 1) a standard

normal random variable. Let us give a brief review on the real Gaussian random variables. We

say Z ∼ N (0, 1) is a standard normal if Z is a continuous random variable with the probability

density function (PDF)

φ(z) =
1√
2π
e−

1
2
z2
, z ∈ R. (1.1)

Throughout this course, we will use γ to denote the standard Gaussian measure on R unless

specified otherwise:

γ(dz) = φ(z)dz with φ as in (1.1).

For example, L2(γ) is the space of measurable functions from R to R that are square-integrable

with respect to the standard Gaussian measure γ. Similarly, we write for p ∈ [1,∞),1

f ∈ Lp(γ)⇔
ˆ
R
|f(z)|pγ(dz) <∞.

Let us first do some easy Gaussian computations. Using the above PDF (1.1), we can compute

the fourth moment of Z ∼ N (0, 1) as follows:

E[Z4] =

ˆ
R

1√
2π
e−

1
2
z2
z4dz =

ˆ
R

1√
2π
e−

1
2
z2
z3d(z2/2)

= −
ˆ
R

1√
2π
z3de−

1
2
z2

=

ˆ
R

1√
2π
e−

1
2
z2
dz3 (by integration by parts)

= 3

ˆ
R

1√
2π
e−

1
2
z2
z2dz = 3E[Z2] = 3.

(1.2)

Exercise 1.1. Verify the following moment formulae for Z ∼ N (0, 1):

E[Zm] =

{
0 if m ∈ 2N + 1

(2n− 1)!! = (2n)!
2nn! if m = 2n ∈ 2N.

(1.3)

Students are invited to think about the following warm-up questions.2

Question 1.2. Let Z be a standard normal and g : R → R be a measurable function. Is the

following equivalence true?

“g(Z) is normal distributed iff g is affine”

Question 1.2 appears to be straightforward, at least for the “if” direction. For the “only if”

direction, it is somehow wrong in general. See the following example:

g(z) = z1{|z|≥1} − z1{|z|<1}.

What if we assume additionally that the function g is bijective and increasing?

Question 1.3. Can you provide a direct proof of the following inequality?

‖Pd‖Lp(γ) ≤ Cp,d‖Pd‖L2(γ) (1.4)

for any polynomial Pd with degree at most d and for any p ∈ [2,∞), where Cp,d is a constant

that only depends on p and d.

1f ∈ L∞(γ) iff f is bounded almost everywhere with respect to the Lebesgue measure.
2In this lecture notes, the Exercises are left for students to solve, while the Questions will be addressed in

classes.
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There are various reasons for the question

“why the Gaussian objects are so important?”.

One of them is that the Gaussian distribution often arises as the limit of various important

probabilistic/statistical objects. For example, the law of large number (LLN) asserts that (in

the language of a undergraduate statistic course)

(LLN) for a random sample from a population distribution with mean zero and variance one,

the sample mean statistic tends to zero3 as the sample size tends to infinity.

If we assume further that the population distribution has finite second moment (or equivalently,

finite variance), the classical central limit theorem asserts that after a proper normalization, the

sample mean statistic admits Gaussian fluctuation as the sample size tends to infinity. Here,

we see that the Gaussian distribution arises as the universal limiting distribution regardless

of the population distribution. Results on asymptotic normality are always welcomed, e.g.,

in statistics, since one can use them for various statistical inferences (e.g., confidence interval

estimation, hypothesis testing).

Theorem 1.4 (Classical central limit theorem). Let {Xi : i ∈ N} be i.i.d. random variables with

mean zero and variance one. Then,

Vn =
1√
n

n∑
i=1

Xi

converges in law/distribution to a standard normal distribution N (0, 1) as n→∞. That is, for

any t ∈ R,

P(Vn ≤ t)
n→∞−−−→ Φ(t) :=

ˆ t

−∞
φ(z)dz (1.5)

with φ as in (1.1).

The above central limit theorem (CLT) is of qualitative nature. The convergence in (1.5) is

the point-wise convergence of the cumulative distribution function (CDF) of Vn to the standard

normal CDF Φ. Under stronger assumptions (e.g., E[|X1|3] < ∞), the famous Berry-Esseen

bound in Theorem 1.5 gives a more quantitative result by specifying the rate at which this

convergence takes place. The rate of convergence is measured by the Kolmogorov distance

dKol(X,Y ) := sup
t∈R

∣∣P(X ≤ t)− P(Y ≤ t)
∣∣. (1.6)

There are other frequently used distributional metrics that measure the proximity of distribu-

tions (see Section 3).

Theorem 1.5 (Berry-Esseen bound). Let the assumptions in Theorem 1.4 hold and assume

additionally that E[|X1|3] <∞. Then,

dKol(Vn, Z) ≤ CE[|X1|3]√
n

,

where Z ∼ N (0, 1) and the absolute constant C does not depend on the population distribution

nor the sample size n.4 We postpone the proof to Section 3.

Let us now move to the core of this section.

3This convergence occurs almost surely and in L1(Ω).
4References on the absolute constant XXX; Without assuming the finite absolute third moment, we can derive

dKol(Vn, Z)→ 0 as n→ +∞.
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1.1. Gaussian integration by parts formula.

Lemma 1.6. Let Z ∼ N (0, 1) and f : R → R be an absolutely continuous function such that

f ′ ∈ L1(γ). Then, E[|Zf(Z)|] <∞ and

E[f ′(Z)] = E[Zf(Z)] (1.7)

or equivalently, ˆ
R
f ′(z)γ(dz) =

ˆ
R
zf(z)γ(dz). (1.8)

Proof. Let f, Z be given as above. To show the finiteness of E[|Zf(Z)|], it suffices to prove

E[|Z[f(Z)− f(0)]|] <∞. (1.9)

Indeed, using the fundamental theorem of calculus (Theorem A.1), we can write

E[|Z[f(Z)− f(0)]|] =

ˆ ∞
−∞
|z[f(z)− f(0)]|φ(z)dz

=

ˆ 0

−∞

∣∣∣∣z ˆ 0

z
f ′(t)dt

∣∣∣∣φ(z)dz +

ˆ ∞
0

∣∣∣∣z ˆ z

0
f ′(t)dt

∣∣∣∣φ(z)dz

≤
ˆ 0

−∞
|z|
ˆ 0

z
|f ′(t)|dtφ(z)dz +

ˆ ∞
0
|z|
ˆ z

0
|f ′(t)|dtφ(z)dz

=

ˆ ∞
0
|f ′(t)|

(ˆ ∞
t

zφ(z)dz

)
dt−

ˆ 0

−∞
|f ′(t)|

(ˆ t

−∞
zφ(z)dz

)
dt.

(1.10)

Note that for a ∈ R+, one can easily verify that
ˆ ∞
a

zφ(z)dz = −
ˆ −a
−∞

zφ(z)dz = φ(a). (1.11)

It follows immediately that

E[|Z[f(Z)− f(0)]|] ≤
ˆ ∞
−∞
|f ′(t)|φ(t)dt <∞.

That is, we just proved (1.9) and thus proved the finiteness of E[|Zf(Z)|]. The proof of (1.8)

can be done in the same way. Here is a cheap way. Removing the absolute signs in (1.10), we

can get similar expressions with all equal signs, and particularly we have,

E[Z[f(Z)− f(0)]] =

ˆ ∞
0

f ′(t)

(ˆ ∞
t

zφ(z)dz

)
dt−

ˆ 0

−∞
f ′(t)

( ˆ t

−∞
zφ(z)dz

)
dt.

Note that the LHS coincides with E[Zf(Z)], and the RHS is exactly E[f ′(Z)] in view of (1.11).

This concludes our proof. �

• Divergence operator δ. For f : R→ R absolutely continuous, we put

(δf)(x) = xf(x)− f ′(x),

which is well defined for almost every x ∈ R. From Lemma 1.6, we know that

δf ∈ L1(γ) with E[δ(f)(Z)] = 0, provided f ′ ∈ L1(γ). (1.12)

Next, we present a generalization of Lemma 1.6.
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Proposition 1.7. (i) [Gaussian Poincaré inequality] Suppose f is absolutely continuous with f ′

in L2(γ). Then, f ∈ L2(γ) with

Var(f(Z)) ≤ E[|f ′(Z)|2].

The equality holds true only when f is affine, i.e., f(z) = az + b for some a, b ∈ R.

(ii) [Duality relation] For f, g absolutely continuous with f ′, g′ in L2(γ), we haveˆ
R
f ′(z)g(z)γ(dz) =

ˆ
R
f(z)δ(g)(z)γ(dz). (1.13)

Proof. Let us first prove part (i) using the fundamental theorem of calculus as in the proof of

Lemma 1.6. Similarly, we write

ˆ
R
|f(z)− f(0)|2φ(z)dz =

ˆ ∞
0

∣∣∣∣ˆ z

0
f ′(t)dt

∣∣∣∣2 φ(z)dz +

ˆ 0

−∞

∣∣∣∣ˆ 0

z
f ′(t)dt

∣∣∣∣2 φ(z)dz

≤
ˆ ∞

0
|z|
ˆ z

0
|f ′(t)|2dtφ(z)dz +

ˆ 0

−∞
|z|
ˆ 0

z
|f ′(t)|2dtφ(z)dz

=

ˆ ∞
0

dt|f ′(t)|2
( ˆ ∞

t
zφ(z)dz

)
−
ˆ 0

−∞
dt|f ′(t)|2

(ˆ t

−∞
zφ(z)dz

)
=

ˆ
R
dt|f ′(t)|2φ(t) <∞,

(1.14)

where the last equality is due to (1.11). This proves f ∈ L2(γ). Moreover,

Var(f(Z)) ≤ E[|f(Z)− f(0)|2] ≤
ˆ
R
dt|f ′(t)|2φ(t) = E[|f ′(Z)|2].

Note that the inequality in (1.14) becomes an equality only when∣∣∣∣ˆ z

0
f ′(t)dt

∣∣∣∣2 = z

ˆ z

0
|f ′(t)|2dt and

∣∣∣∣ˆ 0

y
f ′(t)dt

∣∣∣∣2 = |y|
ˆ 0

y
|f ′(t)|2dt

for any y < 0 < z. This occurs only when f ′ is a constant (why?). Therefore, the proof of part

(i) is completed.

Now let us prove part (ii). Let g be any absolutely continuous function with g′ ∈ L2(γ), then

g ∈ L2(γ) and fg is absolutely continuous with

(fg)′ = fg′ + f ′g ∈ L1(γ).

See Theorem A.2. Therefore, Lemma 1.6 (see also (1.12)) indicates that δ(fg) ∈ L1(γ) with

0 =

ˆ
R
δ(fg)dγ =

ˆ
R

[
zf(z)g(z)− f(z)g′(z)− f ′(z)g(z)

]
γ(dz)

=

ˆ
R
f(z)δ(g)(z)γ(dz)−

ˆ
R
f ′(z)g(z)γ(dz),

which is exactly the equality (1.13). Hence, the proof is completed. �

Remark 1.8. Consider f, g ∈ C∞c (R), the integration by parts formula
´
R f
′gdx = −

´
R fg

′dx

in undergraduate calculus essentially follows from the fact thatˆ
R
h′(x)dx = 0
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for h ∈ C∞c (R). If we replace the Lebesgue measure by the standard Gaussian measure γ, we

have ˆ
R
h′(x)γ(dx) =

ˆ
R
h′(x)φ(x)dx = −

ˆ
R
h(x)φ′(x)dx =

ˆ
R
xh(x)φ(x)dx,

which is a particular case of the usual integration by parts. For this reason, we often call (1.13)

a Gaussian integration by parts formula.

Let dom(δ) be the set of absolutely continuous functions g with g′ ∈ L2(γ). Let D be the

set of absolutely continuous functions f with f ′ ∈ L2(γ). Note that dom(δ) is the domain for

the divergence operator and D is the domain for the derivative operator on L2(γ), and in our

current simple setting, dom(δ) coincides with D. In a more general setting, these two domains

are totally different. In Proposition 1.7, we can only see that δ(f) ∈ L1(γ) when f ′ ∈ L2(γ). In

fact, f ′ ∈ L2(γ) ensures δ(f) ∈ L2(γ); see Remark 1.15.

∝∝∝∝∝∝ End of Lecture 1 (Sept. 2, 2025) ∞∞∞∞∞∞

Lecture 2.

Let us first introduce Hermite polynomials and then return for more discussions on the diver-

gence operator δ and its domain dom(δ).

1.2. Hermite polynomials.

Definition 1.9. Put H0(x) = 1, and Hp+1 = δ(Hp) for p ∈ N. Hp is called the Hermite

polynomial of order p. The first few ones are given by

H0(x) = 1, H1(x) = x, H2(x) = x2 − 1, H3(x) = x3 − 3x, ...

It is not difficult to verify by induction that

d

dx
Hp(x) = pHp−1(x) and Hp+1(x) = xHp(x)− pHp−1(x) (1.15)

for any integer p ≥ 1. In a compact manner, we can also define Hermite polynomials using

Rodrigues’ formula:

Hp(x) = (−1)p
1

φ(x)
φ(p)(x) (1.16)

with φ as in (1.1). We leave the verification as an exercise to students. Another way to define the

Hermite polynomials is via the Gaussian integral formula Hp(x) = E[(x+iZ)p] with Z ∼ N (0, 1);

see the expository article [NO25] for various applications.

Exercise 1.10. (i) Verify the relations (1.15) and (1.16).

(ii) Show that any monomial can be expressed as a finite linear combination of Hermite polyno-

mials.

The family of Hermite polynomials play a crucial role in the Gaussian analysis. They are the

orthogonal polynomials with respect to the standard Gaussian measure on R.
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Proposition 1.11. The set of polynomials {Hp/
√
p! : p ∈ N} form an orthonormal basis for

L2(γ). As a consequence, the following results hold true.

(i) With Z ∼ N (0, 1), we have

E[Hp(Z)Hq(Z)] = p!1{p=q}. (1.17)

(ii) For any f ∈ L2(γ), we have the following Hermite expansion:

f =
∑
q≥0

cqHq with cq =
1

q!

ˆ
R
Hq(z)f(z)γ(dz),

where the above series converge in L2(γ) and
∑

q≥0 c
2
qq! <∞.

Proof. First we prove that

the linear span of the family {Hp/
√
p! : p ∈ N} is dense in L2(γ). (#)

In view of Exercise 1.10, it is enough to show that the linear span of the family {xp : p ∈ N} is

dense in L2(γ). Suppose f ∈ L2(γ) satisfiesˆ
R
f(z)zkγ(dz) = 0, ∀k ∈ N. (1.18)

For any t ∈ R, we have
´
R e

2|tz|γ(dz) <∞ and thus
ˆ
R
|f(z)|

∞∑
k=0

|tz|k

k!
γ(dz) =

ˆ
R
|f(z)|e|tz|γ(dz) <∞

by Cauchy-Schwarz inequality. This ensures that we can writeˆ
R
f(z)

∞∑
k=0

(itz)k

k!
γ(dz) =

∞∑
k=0

ˆ
R
f(z)

(itz)k

k!
γ(dz),

which is zero due to the condition (1.18). This implies in particular that
´
R f(z)eitzφ(z)dz = 0

for any t ∈ R. With f+ = max{f, 0} and f− = max{−f, 0}, we get f = f+ − f− andˆ
R
eitzf+(z)φ(z)dz =

ˆ
R
eitzf−(z)φ(z)dz. (1.19)

If one of f+ and f− is a zero function (a.e.), then the other one has to be zero almost everywhere.

Now assume otherwise so that (taking t = 0 in (1.19))

C :=

ˆ
R
f+(z)φ(z)dz =

ˆ
R
f−(z)φ(z)dz ∈ (0,∞),

In this case, we can deduce from (1.19) that 1
C f

+(z)φ(z) and 1
C f
−(z)φ(z) are two probability

density functions with the same Fourier transform (i.e., characteristic function), and thus they

must coincide with each other almost everywhere. That is, we have f+ = f−, or equivalently,

f = f+ − f− = 0 almost everywhere. Now we can conclude that for a function f ∈ L2(γ)

satisfying (1.18), f = 0 a.e., which shows the desired conclusion (#).

Next, we show the orthogonality relation (1.17). Suppose p ≤ q and recall the relation (1.15).

We can deduce from the duality relation (Proposition 1.7) that

E[Hp(Z)Hq(Z)] = E[Hp(Z)(δHq−1)(Z)]

= E[pHp−1(Z)Hq−1(Z)]

= p!E[Hq−p(Z)] = p!1{p=q}.
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Hence, we just proved that {Hp/
√
p! : p ∈ N} form an orthonormal basis for L2(γ), and the

Hermite expansion in part (ii) follows immediately. �

Proposition 1.12 (Product formula for Hermite polynomials). Let p, q be positive integers. Then,

Hp(x)Hq(x) =

p∧q∑
r=0

r!

(
p

r

)(
q

r

)
Hp+q−2r(x).

Proof. Note that Hp(x) is a polynomial of degree p, then Hp(x)Hq(x) is a polynomial of degree

p + q. Thanks to Exercise 1.10, we can express Hp(x)Hq(x) as a finite linear combination of

Hermite polynomials:

Hp(x)Hq(x) =

p+q∑
r=0

crHr(x)

with the coefficients cr’s to be determined. Since E[Hk(Z)] = 0 with Z ∼ N (0, 1) for any k ≥ 1

and dk

dxk
Hk(x) = k! (see (1.15)), we have

crr! = E
( dr
dxr

[
Hp(x)Hq(x)

]∣∣
x=Z

)
. (1.20)

By the general Leibniz rule, we have for r ≤ p+ q,

dr

dxr
[
Hp(x)Hq(x)

]
=

r∑
k=0

(
r

k

)( dk
dxk

Hp(x)
)( dr−k
dxr−k

Hq(x)
)

=
r∑

k=0

(
r

k

)
p!

(p− k)!
Hp−k(x)

q!

(q + k − r)!
Hq+k−r(x)1{ k≤p

r−k≤q
}. (1.21)

Using the orthogonality relation in Proposition 1.11-(i), we have

E
[
Hp−k(Z)Hq+k−r(Z)

]
= (p− k)!1{k= p−q+r

2
}.

Therefore, it follows from (1.20) and (1.21) that

crr! =
r∑

k=0

(
r

k

)
p!

(p− k)!

q!

(q + k − r)!
1{ k≤p

r−k≤q
}(p− k)!1{k= p−q+r

2
}.

Then, taking the above restrictions on k, r into account with k = p−q+r
2 , we have

cr =
p!q!

(p−q+r2 )!( q+r−p2 )!(p+q−r2 )!
1{ |p−q|≤r≤p+q

p+ q + r is even

}.
Then, making the change of variables r′ = (p+ q − r)/2 (thus r = p+ q − 2r′), we get

cp+q−2r′ =
p!q!

(p− r′)!(q − r′)!(r′)!
1{0≤r′≤p∧q}.

Hence, this concludes our proof. �

Question 1.13. Use the same proof strategy to show the following “binomial formula” for

Hermite polynomials:

Hn(ax+ by) =
n∑
k=0

(
n

k

)
akbn−kHk(x)Hn−k(y), (1.22)

where a2 + b2 = 1.
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Proposition 1.14 (Gaussian Poincaré inequality revisited). Suppose f ∈ D and Z ∼ N (0, 1).

Then,

Var(f(Z)) ≤ E[|f ′(Z)|2],

where the equality holds if and only if f(x) = ax+ b for some a, b ∈ R.

Proof. In Proposition 1.7, we gave a proof of the Gaussian Poincaré inequality using the fun-

damental theorem of calculus. Now let us present a different proof of the Gaussian Poincaré

inequality using the Hermite expansion.

Suppose f ∈ L2(γ) admits the following expansion f =
∑

q∈N cqHq with
∑

q∈N c
2
qq! < ∞.

Then,

Var(f(Z)) =
∑
q∈N0

c2
qq!

and with f ′ =
∑

q∈N0
cqqHq−1

E[|f ′(Z)|2] =
∑
q∈N0

c2
qq

2(q − 1)! =
∑
q∈N0

c2
qq!q.

Thus,

Var(f(Z)) ≤ E[|f ′(Z)|2]

with equality only when cq = 0 for all q ≥ 2. That is, the equality holds only when f is affine. �

Remark 1.15. Let us return to the description of the domains for D and δ (i.e., D = dom(δ))

and prove the anticipated result

δ(f) ∈ L2(γ) for f ∈ dom(δ).

For f ∈ L2(γ) with the Hermite expansion

f =
∑
q≥0

cqHq, (1.23)

we have
∑

q≥0 c
2
qq! < ∞. The set D is then the set of functions f with the Hermite expansion

as in (1.23) such that ∑
q≥0

c2
qq!q <∞. (1.24)

Indeed, f ′ =
∑

q≥1 cqH
′
q =

∑
q≥1 cqqHq−1 ∈ L2(γ) implies∑

q≥1

c2
qq

2(q − 1)! <∞,

which is exactly the condition (1.24). For f as in (1.23) with (1.24), we deduce from the

recurrence relation 1.15 that

xf(x)− f ′(x) =

∞∑
q=0

cq[xHq(x)− qHq−1(x)] =

∞∑
q=0

cqHq+1(x),

which is square-integrable with respect to the standard Gaussian measure, that is,

δ(f) = xf(x)− f ′(x) =
∑
q≥1

cqδ(Hq) =
∞∑
q=0

cqHq+1 ∈ L2(γ).
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Question 1.16. (i) Show that the derivative operator (i.e., Df = f ′) is closable meaning that

if fn ∈ D with Dfn → g in L2(γ) for some g and fn → 0 in L2(γ) as n→ +∞, then g = 0. See

also Proposition 4.8.

(ii) Show that δ (as the adjoint operator of D) is closed meaning that for gn ∈ dom(δ) with

δ(gn) convergent to h in L2(γ), one can find g ∈ dom(δ) such that h = δ(g) and gn → g in

L2(γ).

Exercise 1.17. Let A be the set of functions g ∈ L2(γ) such that there is a constant C = Cg
such that ∣∣∣∣ˆ

R
f ′(z)g(z)γ(dz)

∣∣∣∣ ≤ C‖f‖L2(γ)

for any f ∈ D. Prove that A = dom(δ).

Exercise 1.18. Verify the duality relation in Proposition 1.7 by using the Hermite expansions.

1.3. Application I : two series representations of π (optional reading).

π =

∞∑
k=0

1

22k−1(2k + 1)

(
2k

k

)
Ramanujan’s 1912 identity (1.25)

π =

∞∑
k=0

3

24k(2k + 1)

(
2k

k

)
Newton’s 1676 identity. (1.26)

We will prove the above two formulae using Hermite expansions and they appeared in a study

on intransitivity of dice [HMRZ20].

• Preparation. Let hu(x) = 1{x>u}. We claim that

hu = P(Z > u) +

∞∑
q=1

aqHq with aq =
1

q!
φ(u)Hq−1(u). (1.27)

Proof of claim (1.27). It is trivial that h ∈ L2(γ) and thus admits a Hermite expansion

h =
∑
q≥0

aqHq,

where a0 = P(Z > u) and for q ≥ 1,

aq : =
1

q!

ˆ
R
Hq(z)hu(z)γ(dz) =

1

q!

ˆ ∞
u

Hq(z)φ(z)dz

=
1

q!

ˆ ∞
u

(−1)qφ(q)(z)dz using (1.16)

=
1

q!
(−1)q+1φ(q−1)(u) =

1

q!
φ(u)Hq−1(u) using (1.16) again.

This verifies the claim (1.27). �

Let us first present the formula for Hq(0):

H2p−1(0) = 0 and H2p(0) =
(−1)p(2p)!

2pp!
for any p ∈ N0. (1.28)

This can be easily verified by induction (Exercise!). For general x ∈ R, we have for q ∈ N0,

Hq(x) =

bq/2c∑
k=0

q!(−1)k

k!(q − 2k)!2k
xq−2k, (1.29)
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which can be derived by using (1.28) and (1.15) (Exercise!).

• Proof of (1.25). From the above discussions, we can first write, with h0(x) = 1{x>0}, that

h0 =
1

2
+
∞∑
q=1

1

q!
√

2π
Hq−1(0)Hq

=
1

2
+

∞∑
k=0

1

(2k + 1)!
√

2π

(−1)k(2k)!

2kk!
H2k+1

=
1

2
+

∞∑
k=0

d2k+1H2k+1,

where

d2k+1 =
(−1)k

2kk!(2k + 1)
√

2π
. (1.30)

Then, using the orthogonality relation of Hermite polynomials, we have

Var(h0(Z)) =

∞∑
k=0

d2
2k+1(2k + 1)! =

∞∑
k=0

(
2k

k

)
1

22k+1π(2k + 1)
.

It is easy to get Var(h0(Z)) = 1/4, and hence we get (1.25). �

• Proof of (1.26). Recall Φ is the CDF of a standard normal Z ∼ N (0, 1). Then, by the

probability integral transform Φ(Z) is uniformly distributed over (0, 1), so that Var(Φ(Z)) = 1
12 .

On the other hand, we can write by using the above expansion of h0 and the binomial formula

(1.22),

Φ(x) = E
[
h0( Z√

2
+ x√

2
)
]

=
1

2
+ E

( ∞∑
k=0

d2k+1H2k+1( Z√
2

+ x√
2
)

)

=
1

2
+ E

( ∞∑
k=0

d2k+1

2k+1∑
r=0

(
2k + 1

r

)
2−k−

1
2Hr(Z)H2k+1−r(x)

)
.

Since E[Hr(Z)] = 0 for r ≥ 1 and H0 ≡ 1, we can simplify the above expression to

Φ =
1

2
+

∞∑
k=0

d2k+12−k−
1
2H2k+1.

Therefore, we get

1

12
= Var(Φ(Z)) =

∞∑
k=0

d2
2k+12−2k−1(2k + 1)!

=

∞∑
k=0

(
2k

k

)
1

24k+2π(2k + 1)
,

from which we can deduce (1.26). �
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1.4. Application II : computation of Greek letters (optional reading). In the end of this

section, we present a financial-math application of the Gaussian integration by parts formula.

Let us first give a bit the financial context, which is by no means comprehensive, while we

refer interested readers to the books [Sh04, Hull22] for the preliminaries in finance and relevant

mathematics.

• Basics of financial derivatives. A financial derivative is a financial instrument whose value

is derived from the value of an underlying asset, index, or rate. In this subsection, the underlying

assets will be restricted to stocks whose prices follow the law of the classical geometric Brownian

motion. Concretely, let St denote the stock price at time t, and it can be modeled by

St = S0e
(r− 1

2
σ2)t+σWt , (1.31)

where S0 > 0 is the initial stock price, r > 0 is the risk-free interest rate, σ > 0 is the

volatility, and (Wt)t≥0 denotes the real-valued, standard Brownian motion.5 Suppose a financial

derivative’s underlying asset is a stock with the above price (1.31) and its payoff at the terminal

time T > 0 is described by ψ(ST ), that is, the payoff of the financial derivative at time T is

assumed to only depend on the terminal stock price. According to the principle of risk-neutral

pricing (see, e.g., [Sh04, Chapter 5]), the initial price of such a financial derivative is given by

H = e−rTE[ψ(ST )],

where e−rT is the discounting factor of a future money value to the present value (continuous

compounding, in the language of finance). In this simple example, it is not difficult to see that

the initial value H depends on various parameters like r, σ, and the initial stock price S0. Here

is a natural and important question:

“how sensitive H is when the parameters r, σ, S0 change?”

In financial markets, traders and portfolio managers use Greek letters to measure the sensi-

tivity of prices of financial derivatives to various market parameters. These sensitivities help

manage risk efficiently and construct effective hedging strategies.

The primary Greek letters are:

(i) Delta (∆): Sensitivity of the option price to the underlying asset price;

(ii) Gamma (Γ): Rate of change of Delta with respect to the underlying price;

(iii) Vega (V): Sensitivity to changes in volatility;

(iv) Rho (ρ): Sensitivity to interest rates.

They are defined by

∆ :=
∂

∂S0
H, Γ :=

∂

∂S0
∆ =

∂2

∂2S0
H, V :=

∂

∂σ
H, and ρ :=

∂

∂r
H. (1.32)

In what follows, we only present the formula for the Delta and leave the proof of other Greek

letters for students.

Proposition 1.19 (formula of Delta). Consider the above framework and assume that ψ : R→ R
is Lipschitz continuous (see Footnote 39). Then, we have

∆ =
e−rT

σS0T
E [ψ(ST )WT ] . (1.33)

5Here is a quick definition of Brownian motion. (Wt)t≥0 is a family of centered Gaussian random variables
satisfying the following three conditions: (i) any finite linear combinations of Wt’s is Gaussian (ii) t ∈ R+ 7→ Wt

is a.s. continuous (iii) E[WtWs] = t ∧ s for any s, t ∈ R+. In particular, we have Wt ∼ N (0, t) for any t ∈ R+.
This is the only property we need for this section.
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Proof. Recall from Footnote 5 that WT ∼ N (0, T ), so we can write WT =
√
T · Z with

Z ∼ N (0, 1). Then, using Lemma 1.6, we get for any absolutely continuous function f with

E[|f ′(
√
TZ)|] <∞,

E[WT f(WT )] = E[
√
TZ · f(

√
TZ)] = T · E[f ′(

√
TZ)] = T · E[f ′(WT )],

that is, we have

E[WT f(WT )] = TE[f ′(WT )]. (1.34)

Since

H = e−rTE[ψ(ST )] with ST = S0e
(r− 1

2
σ2)T+σWT ,

We can write ST = h(WT ) as a function of WT with h(x) = S0e
(r− 1

2
σ2)T+σx. That is, we have

H = e−rTE[ψ ◦ h(WT )].

Note that the function f = ψ ◦ h is absolutely continuous with

f ′(x) = ψ′(h(x))h′(x) = σψ′(h(x))h(x) and thus f ′(WT ) = σSTψ
′(ST ). (1.35)

see, e.g., (A.1). Since ψ′ is uniformly bounded (see, e.g., Footnote 39) and h(WT ) = ST has

finite expectation, we see that the function f satisfy the assumptions for applying (1.34). Doing

so leads to

∆ =
∂

∂S0
H = e−rT

∂

∂S0
E
[
ψ
(
S0e

(r− 1
2
σ2)T+σWT

)]
= e−rT E

[
ψ′(ST ) · STσ

S0σ

]
(1.36)

=
e−rT

σS0
E
[
f ′(WT )

]
(1.37)

=
e−rT

σS0T
E [f(WT )WT ] by (1.34).

Note that the step (1.36) follows from Lebesgue’s differentiation theorem with ψ′ uniformly

bounded and ST ∈ L1(Ω), and the equality (1.37) is due to (1.35). Finally, the formula (1.33)

is proved by noticing that f(WT ) = ψ(ST ). �

Remark 1.20. (i) The above derivation of the formula for ∆ is quite elementary and only

utilizes the Gaussian integration by parts formula in Lemma 1.6. However, the above proof

strategy fails if the payoff does not just depend on the terminal stock price ST , for example,

when the payoff depends on (St)t∈[0,T ], i.e., the whole stock price dynamics on the duration of

the financial derivative. See Chapter 6 of [Nua06] for more discussions and in particular, the

interested readers may want to compare our proof with the argument on [Nua06, page 332] that

uses the full power of the Malliavin calculus. See also Chapter 2 of the book [MT06] by Malliavin

and Thalmaier.

(ii) Consider the case where ψ(x) = max{x−K, 0} for some given K > 0. This corresponds to

the payoff of a European call option with strike price K and terminal time T . The European

call option gives its holder a right (not an obligation) to purchase the underlying asset (stock

in our example) at the price K at time T . It is of fundamental importance in finance, and its

price is given by the famous Black-Scholes-Merton formula:

Hcall = S0Φ
(
d1

)
−Ke−rTΦ

(
d2

)
with
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d1 =
log
(
S0/K

)
+
(
r + σ2

2

)
T

σ
√
T

and d2 = d1 − σ
√
T .

By directly differentiating the explicit formula of Hcall with respect to S0, we can get6

∆call = Φ(d1).

Alternatively, one can first use (1.33) to write

∆call =
e−rT

σS0T
E
[

max{ST −K, 0}WT

]
and standard (although tedious) Gaussian computations will lead to the same formula ∆call =

Φ(d1). The formula (1.33) is advantageous when we do not have an explicit price formula.

Exercise 1.21. Under the same assumptions as in Proposition 1.19, prove the following for-

mulae:

Γ =
e−rT

σ2TS2
0

E
[(

W 2
T

T
− 1

)
ψ(ST )

]
; V = E

[(
W 2
T

σT
−WT −

1

σ

)
ψ(ST )

]
;

ρ =
e−rT

σ
E
[
ψ(ST )WT ]− TH.

∝∝∝∝∝∝ End of Lecture 2 (Sept. 4, 2025) ∞∞∞∞∞∞

6Note that the expressions d1, d2 are involved with S0 such that S0Φ′(d1) = Ke−rTΦ′(d2).
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Lecture 3.

2. Gaussian analysis on Rd

In Section 1, we studied some basic Gaussian analysis that is involved with a single Gaussian

random variable.

Let us briefly review Section 1 while introducing a few new things. Throughout this sections,

we write

γd(dx) = (2π)−
d
2 e−

1
2
|x|2dx

for the standard Gaussian measure on Rd.

2.1. Refresh on week 1. In Section 1, we introduced D, δ with a common domain

D1,2(R) := {f ∈ L2(γ1) : f is absolutely continuous and f ′ ∈ L2(γ1)}
The Gaussian Poincaré inequality (Proposition 1.14) ensures that f ∈ L2(γ1) whenever f ′ ∈
L2(γ1). We defined Hermite polynomials {Hp : p ∈ N}, which are the orthogonal polynomials

for γ1. More precisely, for any f ∈ L2(γ1), we can find {cq : q ≥ 0} such that

f =
∑
q∈N

cqHq and
∑
q≥0

c2
qq! <∞.

With Df = f ′ and (δg)(x) = xg(x)− g′(x), we observe that

Lf := −δDf = f ′′ − xf ′(x),

which gives us the generator of the real Ornstein-Uhlenbeck process described by the following

stochastic differential equation (SDE)dXt = −Xtdt+
√

2dBt

X0 = x ∈ R

with B a standard real Brownian motion. One can easily solve the above SDE:

Xt = xe−t +
√

2

ˆ t

0
e−(t−s)dBs.

It is easy to verify that Xt ∼ N (xe−t, 1 − e−2t), which weakly converges (or converges in law)

to the standard Gaussian measure γ1 as t → +∞, regardless of the initial value x ∈ R. The

process (Xt : t ∈ R+) is a Markov process and admits a semigroup (called Ornstein-Uhlenbeck

semigroup)

(Ptf)(x) = E[f(Xt)|X0 = x] = E[f(xe−t +
√

1− e−2tZ)]

with Z ∼ N (0, 1), and the second representation is known as Mehler’s formula.

Exercise 2.1. (i) Show Pt+s = PtPs for any t, s ∈ R+, PtHq = e−qtHq, LHq = −qHq, and

DPt = e−tPtD.

(ii) Show that Lf = limt→0
Ptf−f
t for every f ∈ dom(L) after you figure out dom(L).

(iii) Show that for every f, g ∈ D1,2(R), with Z ∼ N (0, 1), we have

Cov(f(Z), g(Z)) =

ˆ ∞
0
〈Df(Z), DPtg(Z)〉L2(γ1)dt.

Hint for (iii): Hermite expansion.
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2.2. Week 1 extension to Rd. Now let us extend what we have learned to Rd. We collect

a few facts on Gaussian vectors in Appendix B, and students could refer to it when the need

arises.

Definition 2.2. Let C∞poly(Rd) be the set of smooth functions f : Rd → R such that f and all

its partial derivatives have at most polynomial growth at infinity.

Proposition 2.3 (chaos expansion). The Hilbert space L2(γd) can be decomposed into mutually

orthogonal closed subspaces:

L2(γd) =
⊕
p∈N

Cp,

where Cp is the span of7{
(x1, ..., xd) ∈ Rd 7→

d∏
j=1

Hqj (xj) :
d∑
j=1

qj = p
}
.

That is, the following statements hold true.

(i) For any pi, qi ∈ N, we have, with G ∼ Nd(0, I),

E
( d∏
i=1

Hpi(Gi)Hqi(Gi)

)
= 1{pi=qi,∀i}

d∏
j=1

qj !. (2.1)

(ii) For any f ∈ L2(γd), there exist a family of coefficients cq1,...,qd ’s such that

f =
∞∑
k=0

∑
q1,...,qd∈N
q1+...+qd=k

cq1,...,qd

d∏
j=1

Hqj (xj)

︸ ︷︷ ︸
∈Ck

and
∑

q1,...,qd∈N
c2
q1,...,qd

d∏
j=1

qj ! <∞. (2.2)

Proof. First note that (2.1) follows from the independence of different Gaussian entries and the

orthogonality between different Hermite polynomials. Now let us prove (2.2) via an induction

argument on d ≥ 1. The 1D case is established in Proposition 1.11. Suppose that (2.2) holds

true for any d ≤ n with n ∈ N0, and we will show it for d = n+ 1.

Let f ∈ L2(γn+1), i.e., ˆ
Rn
|f(x1, ..., xn, y)|2γd(dx)γd(dy) <∞. (2.3)

By Fubini’s theorem, for γ1-almost every y ∈ R, the mapping

(x1, ..., xn) ∈ Rn 7→ f(x1, ..., xn, y) ∈ R

is square-integrable with respect to γd. Then, the induction hypothesis ensures that one can

find a family of (y-dependent!) coefficients cq1,...,qd(y) such that

f(x1, ..., xn, y) =
∑

q1,...,qn∈N
cq1,...,qn(y)

n∏
j=1

Hqj (xj) in L2(Rn, γn) (2.4)

and the equation (2.3) is equivalent to∑
q1,...,qn∈N

( n∏
j=1

qj !

) ˆ
R
cq1,...,qn(y)2γ1(dy) <∞. (2.5)

7C0 ' R is the set of constant random variables. Note that Ck is a closed subspace of L2(γd).
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Then, applying induction hypothesis again (for d = 1), we can expand the function y ∈ R 7→
cq1,...,qn(y) as

cq1,...,qn(y) =
∑

qn+1≥0

cq1,...,qn,qn+1Hqn+1(y).

such that
∑

qn+1≥0 c
2
q1,...,qn,qn+1

qn+1! <∞. Together with (2.4) and (2.5), we can deduce that

f(x1, ..., xn, xn+1) =
∑

q1,...,qn+1∈N
cq1,...,qn+1

n+1∏
j=1

Hqj (xj) in L2(γn+1)

and
∑

q1,...,qn+1∈N c
2
q1,...,qn+1

∏n
j=1 qj ! < ∞. That is, (2.2) holds true for d = n + 1. As a result,

we can conclude our proof by induction. �

Remark 2.4. The space C∞poly(Rd) is dense in L2(γd). Indeed, for any f ∈ L2(γd) as in (2.2),

we have

fN =
N∑
k=0

∑
q1,...,qd∈N
q1+...+qd=k

cq1,...,qd

d∏
j=1

Hqj (xj) ∈ C∞poly(Rd) (2.6)

converges in L2(γd) to f .

• Derivative operator D = ∇. When f ∈ C∞poly(Rd),

Df = ∇f = (∂1f, ..., ∂df) : Rd → Rd

is well defined. For fN as in (2.6), we have

∂ifN (x) =
N∑
k=1

∑
q1,...,qd∈N
q1+...+qd=k

cq1,...,qdqiHqi−1(xi)
d∏
j=1

1{j 6=i}Hqj (xj)

with the convention H−1(xi) = 0. This implies that

‖∂ifN‖2L2(γd) =
N∑
k=1

∑
q1,...,qd∈N
q1+...+qd=k

c2
q1,...,qd

qi

d∏
j=1

qj !

and thus

ˆ
Rd
‖∇fN (x)‖2Rdγd(dx) =

d∑
i=1

‖∂ifN‖2L2(γd) =

N∑
k=1

k
∑

q1,...,qd∈N
q1+...+qd=k

c2
q1,...,qd

d∏
j=1

qj !.

The domain of D, denoted by D1,2(Rd), should be the set of f ∈ L2(γd) absolutely continuous

with |∇f | ∈ L2(γd). Then the above discussion suggests an equivalent definition, that is, for f

as in (2.2), it belongs to D1,2(Rd) if and only if

∞∑
k=1

k
∑

q1,...,qd∈N
q1+...+qd=k

c2
q1,...,qd

d∏
j=1

qj ! <∞. (2.7)
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• Orthogonal projections. Let Jk denote the orthogonal projection operator onto the k-th

chaos Ck. Then, for f as in (2.2), we can write f =
∑∞

k=0 Jkf , with

Jkf =
∑

q1,...,qd∈N
q1+...+qd=k

cq1,...,qd

d∏
j=1

Hqj (xj). (2.8)

Then, we have f ∈ D1,2(Rd) if and only if
∑

k≥1 k‖Jkf‖2L2(γd) <∞.

Proposition 2.5 (Gaussian Poincaré inequality). Let f ∈ D1,2(Rd) and G ∼ Nd(0, I). Then,

Var(f(G)) ≤ E[|∇f(G)|2]

with equality only when f(G) = a0 +
∑d

i=1 aiGi is a linear combination of the components, i.e.,

only when f(G) is Gaussian.

Proof. First, we write f =
∑∞

k=0 Jkf , then

Var(f(G)) =
∞∑
k=1

‖Jkf‖2L2(γd) ≤
∞∑
k=1

k‖Jkf‖2L2(γd) = E[|∇f(G)|2].

It is clear that the above inequality becomes an equality only when Jkf = 0 for any k ≥ 2. That

is, f(x) = a0 + a · x for some a0 ∈ R and a ∈ Rd. �

• Divergence operator δ. Let us now introduce the adjoint operator of D. Let dom(δ) be

the set of functions g = (g1, ..., gd) : Rd → Rd such that

‖g‖2L2(γd) =
d∑
j=1

‖gj‖2L2(γd) <∞

and for any f ∈ C∞poly(Rd), ∣∣E〈∇f(G), g(G)〉Rd
∣∣ ≤ Cg‖f‖L2(γd),

where G ∼ Nd(0, I) and Cg ∈ (0,∞) is a constant that depends only on g.

Note that f ∈ C∞poly 7→ E〈∇f(G), g(G)〉Rd defines bounded linear functional on C∞poly, and

thus extends to L2(γd) by density. Therefore, by Riesz’s representation theorem (see Rudin’s

book), there exists a unique element in L2(γd), denoted by δ(g), such that

〈∇f, g〉L2(γd) = E〈∇f(G), g(G)〉Rd = 〈f, δ(g)〉L2(γd) (2.9)

for every f ∈ D1,2(Rd).

Remark 2.6. For g = (g1, ..., gd) : Rd → Rd with gj ∈ C∞poly(Rd), we have the following explicit

expression

δ(g)(x) = x · g − divg (2.10)

where divg =
∑d

j=1 ∂jgj . Indeed, the LHS of (2.9) is equal to

d∑
j=1

E[gj(G)∂jf(G)] =

d∑
j=1

E
[(
Gjgj(G)− ∂jgj(G)

)
f(G)

]
where the last equality follows from the 1D duality relation (1.13). This implies (2.10).
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• Ornstein-Uhlenbeck generator L. For f ∈ C∞poly(Rd),

Lf = ∆f − x · ∇f.
Note that L = −δDf for f ∈ C∞poly(Rd). This suggests that the domain of L is

dom(L) =
{
f ∈ D1,2(Rd) : Df ∈ dom(δ)

}
.

Proposition 2.7. (i) For f ∈ Ck, we have Lf = −kf . (ii) f ∈ dom(L) if and only if
∞∑
k=1

k2‖Jkf‖2L2(γd) <∞,

where Jk denotes the projection operator onto Ck as in (2.8).

Proof. It suffices to consider f(x1, ..., xd) =
∏d
i=1Hqi(xi) with q1 + ...+ qd = k. Then,8

Lf =

d∑
j=1

(∂2
j − xj∂j)f =

d∑
j=1

(∂j − xj)∂jf

=

d∑
j=1

qj (∂j − xj)Hqj−1(xj)︸ ︷︷ ︸
=−Hqj (xj)

d∏
i=1

1{i 6=j}Hqi(xi)

=

( d∑
j=1

qj

) d∏
i=1

Hqi(xi) = −kf,

where we noticed that ∂jg(xj)− xjg(xj) = −δ(g)(xj) for g : R→ R. This proves (i).

Suppose f ∈ dom(L), i.e., f ∈ D1,2(Rd) and Df ∈ dom(δ). In particular, we have Lf =

−δ(Df) ∈ L2(γd). Therefore, it follows from part (i) that

‖Lf‖2L2(γd) = ‖L
∞∑
k=0

Jkf‖2L2(γd) = ‖
∞∑
k=0

LJkf‖2L2(γd) =
∞∑
k=1

k2‖Jkf‖2L2(γd) <∞.

Now let us assume that
∑∞

k=1 k
2‖Jkf‖2L2(γd) <∞ and we need to prove f ∈ dom(L). It is clear

that f ∈ D1,2(Rd) and

‖DfN −Df‖2L2(γd)
N→+∞−−−−−→ 0,

where fN =
∑

k≤N Jkf . It remains to show that Df ∈ dom(δ). Given h ∈ C∞poly(Rd), we can

write

〈Dh,Df〉L2(γd) = lim
N→+∞

〈Dh,DfN 〉L2(γd)

= lim
N→+∞

〈h,−LfN 〉L2(γd) by duality,

which is bounded by

‖h‖L2(γd) sup
N
‖LfN‖L2(γd) = ‖h‖L2(γd)

√√√√ ∞∑
k=1

k2‖Jkf‖2L2(γd)
.

This shows Df ∈ dom(δ). Hence, f ∈ dom(L) and our proof is completed. �

∝∝∝∝∝∝ End of Lecture 3 (Sept. 9, 2025) ∞∞∞∞∞∞

8xjf(x) is viewed as the multiplication operator.
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Lecture 4.

• Ornstein-Uhlenbeck semigroups (Pt)t∈R+.

Pt = etL =

∞∑
k=0

tk

k!
Lk

Let f ∈ L2(γd), we deduce from Proposition 2.7 that

PtJqf =

∞∑
k=0

tk

k!
LkJqf =

∞∑
k=0

tk

k!
(−q)kJqf = e−qtJqf.

Then, we have

Ptf =
∞∑
q=0

e−qtJqf, (2.11)

which is well defined for any f ∈ L2(γd). It is also evident that

‖Ptf‖2L2(γd) =
∞∑
q=0

e−2qt‖Jqf‖2L2(γd) ≤ ‖f‖
2
L2(γd),

which is known as the contraction property for the OU semigroup; see also Proposition 2.9.

Exercise 2.8. (i) Show that for f ∈ L2(γd), f ∈ domL if and only if

lim
t↓0

Ptf − f
t

exists in L2(γd) and it is equal to Lf .

(ii) Verify that semigroup properties: P0f = f and Pt+sf = PtPsf for any f ∈ L2(γd).

(iii) Show that DPtf = e−tPtDf for any f ∈ D1,2(Rd) and ∂tPt = LPt on L2(γd). Here, we

should understand PtDf as a vector (Pt∂1f, ..., Pt∂df).

Proposition 2.9. (i) [Mehler’s formula] For any f ∈ L2(γd), we have

(Ptf)(x) = E
[
f(e−tx+

√
1− e−2tG)

]
.

(ii) [contraction property] For any f ∈ Lp(γd) with p ∈ [2,∞], we have

‖Ptf‖Lp(γd) ≤ ‖f‖Lp(γd).

Proof. To show Mehler’s formula, it suffices to prove it for f(x) =
∏d
j=1Hqj (xj). and then the

general result follows by linearity. In this case, Ptf = e−(q1+...+qd)tf and

E
d∏
j=1

Hqj (e
−txj +

√
1− e−2tGj) =

d∏
j=1

EHqj (e
−txj +

√
1− e−2tGj)

=

d∏
j=1

e−qjtHqj (x),

which follows from the binomial formula (see Question 1.13). Therefore, part (i) is proved.

Now let f ∈ Lp(γd) for p ∈ [2,∞).9 Then, the result in (i) ensures that we can write

(Ptf)(x) = E
[
f(e−tx+

√
1− e−2tG)

]
.

9The case p =∞ is trivial by noting that ‖f‖L∞(γd) coincides with the usual L∞-norm of f .
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Let G′ be an independent copy of G, we can write ‖Ptf‖pLp(γd) as

‖Ptf‖pLp(γd) = E
[∣∣E[f(e−tG′ +

√
1− e−2tG)|G′

]∣∣p]
≤ E

[
E
[∣∣f(e−tG′ +

√
1− e−2tG)|p|G′

]]
= E

[∣∣f(e−tG′ +
√

1− e−2tG)|p
]
,

where the last two steps follow from Jensen’s inequality and tower property for conditional

expectation. Note that e−tG′ +
√

1− e−2tG has the same law as G, so that we just proved

‖Ptf‖pLp(γd) ≤ ‖f‖
p
Lp(γd). �

Exercise 2.10. Prove that the Mehler formula also holds for f ∈ L1(γd).

Proposition 2.11 (Gaussian integration by parts). (i) Let Y ∼ N (0, σ2) and X ∼ Nd(0, C) be

jointly Gaussian. Then, for any h ∈ C∞poly(Rd), it holds that

E[Y h(X)] =
d∑
j=1

E[Y Xj ]E[∂jh(X)].

(ii) For f ∈ C2
poly(Rd) and X ∼ Nd(0, C), we have

E
[
X · ∇f(X)

]
=

d∑
i,j=1

CijE[∂ijf(X)] = E
[
〈C,Hessf(X)〉HS

]
. (2.12)

Proof. Let h be given as in the statement, and by scaling, we can assume Y ∼ N (0, 1). Rewriting

Xj = E[Y Xj ]Y + (Xj − E[Y Xj ]Y ) =: ρjY +Wj

as a sum of two independent Gaussians, we are able to transform our proof to the 1D case.

Applying the integration by parts for Y yields

E[Y h(X)] = E
[
Y h(ρ1Y +W1, ..., ρdY +Wd)

]
= E

d∑
j=1

ρj∂jh(ρ1Y +W1, ..., ρdY +Wd)

=

d∑
j=1

E[Y Xj ]E[∂jh(X)].

This proves (i). To prove (ii), it suffices to apply (i) to obtain

E
[
Xi∂if(X)

]
=

d∑
j=1

E[XiXj ]E
[
∂j∂if(X)

]
and conclude by linearity. �

2.3. Application I : A gentle touch on GMC. For an in-depth introduction to the theory of

Gaussian multiplicative chaos (GMC), please refer to the survey [RV14] by Rhodes and Vargas.

Let D ⊂ Rd be bounded and open and ν be a finite Radon measure on D. A standard

Gaussian multiplicative chaos (GMC) is a random measure on D formally defined as

M(A) =

ˆ
A
eϕ(x)− 1

2
Varϕ(x)ν(dx), (2.13)
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where {ϕ(x) : x ∈ D} is a centered Gaussian field with covariance kernel

C(x, y) = E[ϕ(x)ϕ(y)].

The random measure in (2.13) is well defined when ϕ is a regular field meaning C(x, y) is finite

for every x, y ∈ D, which excludes the case

C(x, y) = max{log 1
|x−y| , 0}+ g(x, y) (2.14)

with g a bounded continuous function on D × D. The corresponding Gaussian field (with

covariance kernel in (2.14)) can only be interpreted in a generalized sense, and ϕ can not be

defined pointwise. Hence, the exponential eϕ(x) does not make any sense. In 1985, J.-P. Kahane

introduced GMC in his paper [Kah85] to make Mandelbrot’s initial model of energy dissipation

in intermittent turbulence, the so-called Kolmogorov-Obukhov model [Man72].

Specifically, Kahane started from the covariance kernel C of σ-positive type, meaning

C(x, y) =

∞∑
k=1

Ck(x, y), (2.15)

where {Ck}k is a sequence of [0,∞)-valued, continuous, positive-definite kernels:ˆ
D2

f(x)f(y)Ck(x, y)ν(dx)ν(dy) <∞

for any ‘test function’ f : D → R. Suppose we have an independent sequence of centered

continuous Gaussian fields {ϕk}k with covariance kernels {Ck}k. Then,

Φn =

n∑
k=1

ϕk

is a centered Gaussian field with covariance kernel
∑n

k=1Ck. Kahane proved that the random

measure Mn on D, with

A ∈ B(D) 7→Mn(A) :=

ˆ
A
eΦn(x)− 1

2
VarΦn(x)ν(dx),

converges almost surely in the space of Radon measure (equipped with the topology of weak

convergence) towards a random measure M∞. This random measure M∞, formally written as

M∞(A) =

ˆ
A
eΦ∞(x)− 1

2
VarΦ∞(x)ν(dx) or

ˆ
A
eϕ(x)−“∞”ν(dx)

is called Gaussian multiplicative chaos with kernel C acting on ν. Indeed, from the Doob’s

convergence theorem for positive martingales10, we can deduce that for any Borel set A ⊂ D,

as n → +∞, Mn(A) converges almost surely to some random variable M∞(A) with finite

expectation. Note that the construction of GMC seems to depend on the decomposition (2.15)

of C. Kahane proved in his 1985 paper that this is not the case.

Theorem 2.12 (Uniqueness in law). Let {ϕ̃k} be another independent sequence of centered

continuous Gaussian field with nonnegative covariance kernels {C̃k} such that

C(x, y) =
∞∑
k=1

Ck(x, y) =
∞∑
k=1

C̃k(x, y) (2.16)

10You can find this classic result in most books on Ito calculus.
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for any (x, y) ∈ D × D. Let M̃∞ be the GMC constructed in the same way as M∞. Then,

M̃∞ = M∞ in law, meaning that for any f : D → R bounded continuous,ˆ
D
g(x)M̃∞(dx) =

ˆ
D
g(x)M∞(dx) in law. (2.17)

We will prove Theorem 2.12 by using the following convexity inequality (or Gaussian compar-

ison principle), which is a consequence of the Gaussian integration by parts formula (Proposition

2.11).

Proposition 2.13 (Kahane’s convexity inequality). (i) Let (X1, ..., Xn) and (Y1, ..., Yn) be two

centered Gaussian vectors such that

E[XiXj ] ≤ E[YiYj ] , ∀i, j ∈ {1, ..., n}.

Then, for any (p1, ..., pn) ∈ Rn+ and for all convex functions F : R+ → R twice differentiable

with at most polynomial growth at infinity,11 we have

E
[
F
( n∑
i=1

pie
Xi− 1

2
E[X2

i ]
)]
≤ E

[
F
( n∑
i=1

pie
Yi− 1

2
E[Y 2

i ]
)]
. (2.18)

(ii) Let D be a bounded open subset of Rd and ν be a finite Radon measure on D.12 Let {Φ(x)}x∈D,

{Φ̃(x)}x∈D be real centered continuous Gaussian fields on D with covariance kernel K, K̃ respec-

tively such that

K(x, y) ≤ K̃(x, y),∀x, y ∈ D.
Let F be as in (i). Then, we have for any compact A ⊂ D

E
[
F
(ˆ

A
eΦ(x)− 1

2
VarΦ(x)ν(dx)

)]
≤ E

[
F
(ˆ

A
eΦ̃(x)− 1

2
VarΦ̃(x)ν(dx)

)]
. (2.19)

We will postpone the proof of Proposition 2.13 to the end of this section.

Proof of Theorem 2.12. To show (2.17), it suffices to consider the case where g is nonnegative

and continuous with compact support (say, supp(g) = A). In this case, the two random variables

in (2.17) are nonnegative. Then, to show the equality in law, it suffices to show that they have

the same Laplace transform. That is, for any λ ∈ R+,

E
[

exp
(
− λ
ˆ
D
g(x)M̃∞(dx)

)]
= E

[
exp

(
− λ
ˆ
D
g(x)M∞(dx)

)]
. (2.20)

Note that from (2.16), we can claim that given a compact set A ⊂ D, for any ε > 0 and for any

n ∈ N, there exists some large mn,ε ∈ N such that for any m ≥ mn,ε,

n∑
k=1

Ck(x, y) < ε+

m∑
k=1

C̃k(x, y) (2.21)

for any x, y ∈ A. Indeed, letting Fm be the set of (x, y) ∈ A × A such that (2.21) fails, then

Fm is closed due to the continuity of Ck and C̃k, and thus Fm is compact. It is also clear that

Fm+1 ⊂ Fm for each m and
⋂
m≥1 Fm = due to (2.16). Therefore, we deduce from Heine-Borel

theorem that Fm must be empty for all large m, that is, the desired claim is verified.

11The polynomial growth at infinity ensures that the expectations in (2.18) are finite.
12In particular, ν is inner regular meaning that for any open U ⊂ D, ν(U) = sup{ν(K) : K ⊂ U and K is

compact}. This ensures that the measure ν can be approximated by weighted sum of Dirac masses of the form∑n
j=1 pj,nδxj,n , with pj ∈ R+ and xj,n ∈ D.
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Now let us pick m large enough such that (2.21) holds and let K(x, y) denote the LHS and

K̃(x, y) denote the RHS. Then K(x, y) is the covariance kernel of Φn = ϕ1(x)+ ...+ϕn(x) and K̃

is the covariance kernel of
√
εZ+Φ̃m =

√
εZ+ϕ̃1(x)+...+ϕ̃n(x), with Z ∼ N1(0, 1) independent

of Φ̃m. Therefore, it follows from Proposition 2.13-(ii) (applied to the measure g(x)ν(dx) with

compact support A) that

E
[

exp
(
− λ
ˆ
D
g(x)Mn(dx)

)]
= E

[
exp

(
− λ
ˆ
D
eΦn(x)− 1

2
VarΦn(x)g(x)ν(dx)

)]
≤ E

[
exp

(
− λ
ˆ
D
eΦ̃m(x)− 1

2
VarΦ̃m(x)+

√
εZ− 1

2
εg(x)ν(dx)

)]
= E

[
exp

(
− λe

√
εZ− 1

2
ε

ˆ
D
g(x)M̃m(dx)

)]
(2.22)

for any m ≥ mn,ε. Then, passing m→ +∞ and then ε→ 0, n→ +∞ yields

E
[

exp
(
− λ
ˆ
D
g(x)M∞(dx)

)]
≤ E

[
exp

(
− λ
ˆ
D
g(x)M̃∞(dx)

)]
(2.23)

and by the same argument and switching the role of C and C̃, we can get the reverse inequality,

implying that the above inequality is indeed an equality, which is (2.20). �

∝∝∝∝∝∝ End of Lecture 4 (Sept. 11, 2025) ∞∞∞∞∞∞

Lecture 5.

Proof of Proposition 2.13. Let us first prove (ii) by assuming (i).

Since ν is a Radon measure on D, we can construct a sequence of measures νn of the form

νn =
n∑
j=1

pjδxj with pj ∈ R+ and xj ∈ D

such that νn weakly converges to ν meaning that for any bounded continuous function h : D → R,ˆ
D
h(x)νn(dx) =

n∑
j=1

pjh(xj)
n→+∞−−−−−→

ˆ
D
h(x)ν(dx).

Note that part (i) implies that

E
[
F
(ˆ

A
eΦ(x)− 1

2
VarΦ(x)νn(dx)

)]
≤ E

[
F
(ˆ

A
eΦ̃(x)− 1

2
VarΦ̃(x)νn(dx)

)]
. (2.24)

Note that the two exponentials (as functions in x) in (2.24) are bounded continuous on the

compact set A, and thus we have the almost sure convergence of the two integrals over A to

the corresponding integrals with respect to ν. In other words, passing n → ∞ in (2.24) yields

(2.19).13 This proves (ii).

Now let us prove (i) via the smart-path method. The basic idea of comparing the terms in

(2.18) is to interpolate them via some “smart” path and then show certain monotonicity along

13Actually, a bit more work is needed. For example, we should also check the uniform integrability of

{F (
´
A
eΦ(x)− 1

2
VarΦ(x)νn(dx)}n, which is ensured by the finiteness of supx∈A E[epΦ(x)] and ν(A).
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such a path. Without losing any generality, we will assume that the two vectors (X1, ..., Xn)

and (Y1, ..., Yn) are independent and we define

Gtj = tXj +
√

1− t2Yj and vtj = VarGtj = t2VarXj + (1− t2)VarYj .

Define

Ψ(t) = E
[
F
( n∑
i=1

pie
Gti−

1
2
vti

)]
so that LHS of (2.18) is Ψ(1) while RHS of (2.18) is Ψ(0). Therefore,

Ψ(1)−Ψ(0) =

ˆ 1

0

d

dt
Ψ(t)dt ≤ 0

when Ψ′(t) = d
dtΨ(t) ≤ 0 for all t ∈ (0, 1).

By Lebesgue’s differentiation theorem, we have

Ψ′(t) = E
[
F ′
( n∑
i=1

pie
Gti−

1
2
vtj
) n∑
j=1

pje
Gtj−

1
2
vtj
d

dt

[
Gtj −

1

2
vtj
]]

=
n∑
j=1

pjE
[
F ′
( n∑
i=1

pie
Gti−

1
2
vti

)
eG

t
j−

1
2
vtj
[
Xj −

t√
1− t2

Yj − t(VarXj −VarYj)
]]
.

Applying the Gaussian integration by parts (Proposition 2.11-(i)), we have

E
[ =h(Gt1,...,G

n
t )︷ ︸︸ ︷

F ′
( n∑
i=1

pie
Gti−

1
2
vti

)
eG

t
j−

1
2
vtj Xj

]

=
n∑
i=1

E[XjG
t
i]E
[ ∂

∂Gti
h(Gt1, ..., G

n
t )
]

=

n∑
i=1

tE[XiXj ]E
[
F ′′
( n∑
i=1

pie
Gti−

1
2
vti

)
eG

t
j−

1
2
vtjpie

Gti−
1
2
vti

]

+ tVar(Xj)E
[
F ′
( n∑
i=1

pie
Gti−

1
2
vti

)
eG

t
j−

1
2
vtj

]
(2.25)

and similarly,

t√
1− t2

E
[
F ′
( n∑
i=1

pie
Gti−

1
2
vti

)
eG

t
j−

1
2
vtjYj

]

=

n∑
i=1

tE[YiYj ]E
[
F ′′
( n∑
i=1

pie
Gti−

1
2
vti

)
eG

t
j−

1
2
vtjpie

Gti−
1
2
vti

]

+ tVar(Yj)E
[
F ′
( n∑
i=1

pie
Gti−

1
2
vti

)
eG

t
j−

1
2
vtj

]
.

(2.26)

Therefore, it follows from (2.25), (2.26), and F ′′ ≥ 0 that Ψ′(t) ≤ 0. Hence, the proof is

completed. �

• Gaussian Poincaré inequality for X ∼ Nd(0, C). The Gaussian Poincaré inequality in

Proposition 2.5 that for f ∈ D1,2(Rd), the variance of f(G) with G ∼ Nd(0, I), is bounded by
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the corresponding second moment of ‖Df(G)‖Rd . When we replace G by X ∼ Nd(0, C), the

same inequality holds up to a constant.

Proposition 2.14. Let f ∈ D1,2(Rd) (defined with respect to γd) and X ∼ Nd(0, C). Then,

Var(f(X)) ≤ λ∗E
[
‖(Df)(X)‖2Rd

]
,

where λ∗ denotes the largest eigenvalue of the covariance matrix C.

Proof. First, we write X = QG with G ∼ Nd(0, I) and Q =
√
C.14 Then, Proposition 2.5

implies that

Var(f(X)) = Var(f(QG)) ≤ E〈Df(QG), Df(QG)〉Rd
= E〈Q · (Df)(QG), Q · (Df)(QG)〉Rd = E〈(Df)(QG), C · (Df)(QG)〉Rd (2.27)

≤ λ∗E
[
‖(Df)(X)‖2Rd

]
,

where we used the chain rule in (2.27) and the fact that 〈Qx, y〉Rd = 〈x,Qy〉Rd due to the

symmetry of Q and QQ = C; in the last step, we used the fact that 〈Cx, x〉 ≤ λ∗‖x‖2Rd . �

2.4. Applications II: Maximum of Gaussians. In this section, we will look at the maximum

of a centered Gaussian vector.

Proposition 2.15. Let X ∼ Nd(0, C) and define Md = max{X1, ..., Xd}. Then,

E[Md] ≤
√

2C∗ log d and Var(Md) ≤ C∗

with C∗ = max{Cii : i = 1, ..., d}. In particular, when X is standard normal, we have C∗ = 1.

Proof. Put f(x) = max{x1, ..., xd}. Then, it is easy to verify that |f(x) − f(y)| ≤ maxi{|xi −
yi|}.15 In particular, f is absolutely continuous (even Lipschitz continuous) with

∂if(x) = 1{xi=f(x)} (2.28)

for almost every x ∈ Rd. Therefore, it follows from the computations in (2.27) that

Var(f(X)) ≤ E〈(Df)(X), C · (Df)(X)〉Rd

= E
d∑
i=1

(∂if)(X)

d∑
j=1

Cij(∂jf)(X) = E
d∑
i=1

Cii|(∂if)(X)|2 by (2.28)

≤ C∗E
d∑
i=1

1{Xi=Md} = C∗.

Next, we prove the upper bound for the expectation. Note that for any β > 0,

max{x1, ..., xd} ≤
1

β
log

d∑
i=1

eβxi ,

14This means that Q is a symmetric and positive-definite matrix such that QQ = C.
15Suppose xi = f(x) and f(y) = yj ≥ xi, then |f(x)− f(y)| = yj − xi ≤ yj − xj = |xj − xj | ≤ maxi{|xi− yi|}.
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from which, we deduce

E[Md] ≤
1

β
E log

d∑
i=1

eβXi

≤ 1

β
log

d∑
i=1

EeβXi by Jensen’s inequality

=
1

β
log

d∑
i=1

e
1
2
β2Cii ≤ 1

β
log
(
d · e

1
2
β2C∗

)
=

log d

β
+

1

2
βC∗.

An easy optimization (with β =
√

2
C∗

log d) leads to E[Md] ≤
√

2C∗ log d. �

A natural question after Proposition 2.15 is the sharpness of the bounds. In fact, the order of

the expectation is optimal, but the order of the variance is not, as illustrated by the following.

Question 2.16. Let {gi}i≥1 be i.i.d. standard normal and define Mn = max{g1, ..., gn}. Prove

P
(Mn − an

bn
≤ x

)
n→+∞−−−−−→ exp(−e−x)

for every x ∈ R+, where

an =
1

bn
=
√

2 log n.

The above limit is the cumulative distribution function of the so-called Gumbel distribution. You

may use the tail-ratio
1− Φ(u+ x

u)

1− Φ(u)

u→+∞−−−−→ e−x,

where Φ stands for the standard normal CDF.

Remark 2.17. (i) The above question tells us that the variance of Mn is of order 1
logn and the

expectation is of order
√

log n. An application of the Gaussian Poincaré inequality only allows

us to bound the variance by a constant (i.e., 1); see Proposition 2.15.

(ii) The famous L1/L2 variance inequality of M. Talagrand asserts that for G ∼ Nd(0, I) and

f ∈ D1,2(Rd),

Var(f(G)) ≤ 2

d∑
i=1

‖∂if‖2L2(γd)

1 + log
(
‖∂if‖L2(γd)/‖∂if‖L1(γd)

) . (2.29)

This inequality will allow us to obtain the optimal variance bound Var(Mn) ≤ C
logn in the setting

of Question 2.16 (Exercise!). We will prove (2.29) later via an application of the hypercontrac-

tivity property of the Ornstein-Uhlenbeck semigroups.

2.5. Applications III: Gaussian random polymer. For a generic path of a 1D random

walk starting from (0,0), we can represent it as

(0, 0)→ (1, a1)→ (2, a2)→ · · · → (n, an)→ · · · ,

where ai ∈ Z and |ai − ai+1| = 1 with a0 = 0. Let Pn denote the set of such paths with length

n, then the cardinality of Pn is 2n.
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• Gaussian environment. Let {gv : v ∈ Z2} be i.i.d. real standard normal random variables

modeling the random medium. A path p ∈ Pn immersed in this medium posses the “energy”

Hn(p) = −
∑
v∈p

gv,

where “v ∈ p” means that the vertex v belongs to the path p. The quantity Hn is also known

as the Hamiltonian. The so-called ground-state energy is defined by

En = min
p∈Pn

Hn(p),

that is, it is the minimum energy over all possible paths of length n.

The following result indicates that the variance of the ground-state energy is at most of linear

order.

Proposition 2.18. It holds that Var(En) ≤ n+ 1.

Proof. It is clear that En can be viewed as an absolutely continuous function of the Gaussian

environment {gv : v ∈ Z2} (in fact only finitely many of gv’s). Let

p∗ = arg min
p∈Pn

Hn(p).

By definition, p∗ depends on the randomness inherited from the medium (and it is almost surely

unique (why?)). It is also evident that if we perturbate a bit the Gaussian weight gv assigned to

the vertex v, En will vary if and only if v belongs to the optimal path p∗. As a result, we have

∂

∂gv
En = −1{v∈p∗}

and thus by Gaussian Poincaré inequality, we have

Var(En) ≤ E
∑
v∈Z2

| ∂
∂gv

En|2

= E
∑
v∈Z2

1{v∈p∗} = n+ 1,

since there are n+ 1 vertices in any path of length n. This concludes our proof. �

The above bound is not optimal and S. Chatterjee proved in 2008 that Var(En) ≤ C n
logn ,

where the constant C does not depend on n; we refer interested students to [Cha14b] for more

details.

∝∝∝∝∝∝ End of Lecture 5 (Sept. 16, 2025) ∞∞∞∞∞∞
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Lecture 6.

2.6. More on Ornstein-Uhlenbeck. Recall that we can define the OU operator L by using

the projection operators Jk:

Lf =
∞∑
k=1

−kJkf

for any f ∈ dom(L), i.e., for f ∈ L2(γd) with
∑∞

k=1 k
2‖Jkf‖2L2(γd) <∞. Similarly,

Ptf = etLf =
∞∑
k=0

e−ktJkf

for f ∈ L2(γd).

•Pseudo-inverse of the O-U operator. For f ∈ L2(γd) with zero mean (i.e., 〈f, 1〉L2(γd) = 0),

we define

L−1f =

∞∑
k=1

−1

k
Jkf.

It is clear that L−1f ∈ dom(L) with

LL−1f = f

and

L−1Lg = g − 〈g, 1〉L2(γd)

for any g ∈ dom(L). Here we record a few facts of the operator L−1.

Lemma 2.19. For any f ∈ L2(γd) with zero mean and g ∈ D1,2(Rd) with zero mean, we have

−L−1f =

ˆ ∞
0

Ptfdt, (2.30)

−DL−1g =

ˆ ∞
0

e−tPtDgdt. (2.31)

Proof. By writing f =
∑

k≥1 Jkf , we get (with probability one)

ˆ ∞
0

Ptfdt =

ˆ ∞
0

∑
k≥1

e−ktJkfdt =
∑
k≥1

ˆ ∞
0

e−ktJkfdt =
∞∑
k=1

1

k
Jkf = −L−1f,

where the second equality follows from Fubini together with
ˆ ∞

0

∑
k≥1

e−kt|Jkf |dt =
∑
k≥1

ˆ ∞
0

e−kt|Jkf |dt =
∑
k≥1

1

k
|Jkf |

≤
(∑
k≥1

1

k2

) 1
2
(∑
k≥1

|Jkf |2
) 1

2

,

which is finite almost surely. This proves the formula (2.30).
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Let v ∈ dom(δ), then we get

〈v,−DL−1g〉L2(γd) =
〈
δ(v),

ˆ ∞
0

Ptgdt
〉
L2(γd)

by duality and (2.30)

=

ˆ ∞
0
〈δ(v), Ptg〉L2(γd)dt by Fubini (2.32)

=

ˆ ∞
0
〈v,DPtg〉L2(γd)dt by duality

=

ˆ ∞
0

e−t〈v, PtDg〉L2(γd)dt

=
〈
v,

ˆ ∞
0

e−tPtDgdt
〉
L2(γd)

, (2.33)

where in (2.32) we used ‖Ptg‖L2(γd) ≤ e−t‖g‖L2(γd) and thusˆ ∞
0
‖δ(v)‖L2(γd)‖Ptg‖L2(γd)dt ≤ ‖δ(v)‖L2(γd)‖g‖L2(γd) <∞;

and similarly in the last step, we applied Fubini. Note that the above equality holds true for

any v ∈ dom(δ) and our proof is concluded by the density of dom(δ) in L2(Rd → Rd; γd). �

Exercise 2.20. (i) Justify the application of Fubini in the step (2.33).

(ii) L2(Rd → Rd; γd) is the space of functions f from Rd to Rd such that
´
Rd ‖f(x)‖2Rdγd(dx) <∞.

Show that dom(δ) is dense in L2(Rd → Rd; γd).

• A useful covariance formula.

Proposition 2.21. Let f, g ∈ D1,2(Rd). Then,

Covγd(f, g) =

ˆ ∞
0

e−t〈Df, PtDg〉L2(γd)dt.

Proof. Without losing any generality, we can assume g has zero mean. Then,

Covγd(f, g) = 〈f, g〉L2(γd) = 〈f,LL−1g〉L2(γd)

= 〈f,−δDL−1g〉L2(γd) = 〈Df,−DL−1g〉L2(γd).

Using (2.31), we continue to write

Covγd(f, g) =
〈
Df,

ˆ ∞
0

e−tPtDgdt
〉
L2(γd)

=

ˆ ∞
0

e−t〈Df, PtDg〉L2(γd)dt,

where the last step follows from (2.33) with v = Df ∈ L2(Rd → Rd; γd). �

•Hypercontractivity. The contraction property of the Ornstein-Uhlenbeck semigroup ensures

that for any p ∈ [1,∞] and any f ∈ Lp(γd),

‖Ptf‖Lp(γd) ≤ ‖f‖Lp(γd),∀t ∈ R+,

which easily follows from the Mehler formula (Proposition 2.9). In fact, when the function f

evolves along the O-U semigroup, more integrability can be gained. Such an improvement is

known as the hypercontractivity property of the O-U semigroups.
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Theorem 2.22 (Hypercontractivity). Let f ∈ Lp(γd) for p ∈ [1,∞) and qt = 1 + (p − 1)e2t for

some t ∈ R+. Then,

‖Ptf‖Lqt (γd) ≤ ‖f‖Lp(γd). (2.34)

Let us first state a corollary of Theorem 2.22, which is very useful in practice.

Corollary 2.23 (Wiener chaos estimate). Let f ∈
⊕

k≤M Ck, i.e., f lives in the sum of first M

chaoses. Then the following statements hold true.

(i) for any q > p > 1, and for f ∈ CM , we get

‖f‖Lq(γd) ≤
( q−1
p−1

)M
2 ‖f‖Lp(γd). (2.35)

(ii) for any q ≥ 2 ≥ p > 1, the inequality (2.35) holds for f ∈
⊕

k≤M Ck. As a consequence,

f ∈ Lq(γd) for any q ∈ [2,∞).

In particular, the inequality in Question 1.3 holds true. Do you have any other proof (direct

ones) to solve Question 1.3?

Let us first prove Corollary 2.23 and then conclude this section with the proof of Theorem

2.22.

Proof of Corollary 2.23. • case (i): Suppose f ∈ CM , then Ptf = e−Mtf so that

‖f‖Lq(γd) = ‖PteMtf‖Lq(γd) ≤ ‖eMtf‖Lp(γd)

with q−1
p−1 = e2t. Then, with eMt =

( q−1
p−1

)M
2 , we get (2.35).

• case (ii): For f =
∑

k≤M Jkf , we define

η =

M∑
k=0

ektJkf

so that Ptη = f . Then, with q−1
2−1 = e2t, we have

‖f‖Lq(γd) = ‖Ptη‖Lq(γd)

≤ ‖η‖L2(γd) =

( M∑
k=0

e2kt‖Jkf‖2L2(γd)

) 1
2

by L2-orthogonality

≤ eMt‖f‖L2(γd) = (q − 1)
M
2 ‖f‖L2(γd).

(2.36)

In particular, this implies that
⊕

k≤M Ck ⊂ Lq(γd) for any finite M and q.

For p ∈ (1, 2], we put e2s = 1
p−1 , then by hypercontractivity and L2-orthogonality, we can

write

‖f‖L2(γd) ≤ eMs‖Ptf‖L2(γd) ≤ eMs‖f‖Lp(γd)

= (p− 1)−
M
2 ‖f‖Lp(γd).

(2.37)

Therefore, (2.35) follows by combining (2.36) and (2.37). �

Question 2.24. What about the inequality (2.35) for (i) q ≥ p ≥ 2 and (ii) 1 < p ≤ q ≤ 2?

• Proof of Theorem 2.22. to be added later.

�

∝∝∝∝∝∝ End of Lecture 6 (Sept. 18, 2025) ∞∞∞∞∞∞
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Lecture 7.

3. A pleasant detour: Stein’s method of normal approximation

3.1. What is Stein’s method for? Let us start with the classic central limit theorem: suppose{
Xj , j ≥ 1

}
is a sequence of i.i.d random variables with zero mean and unit variance, then

X1 + . . .+Xn√
n

converges in law to N (0, 1), as n→ +∞.

A standard proof consists of using the Fourier transform so as to establish the convergence

of characteristic functions. However, this analytic proof strongly relies on the independence

and leaves us no clue about how fast this distributional convergence happens. Moreover, this

Fourier-based approach, in general, can not be applied to situations, where some dependence

arises. The Stein’s method is a very powerful toolbox of techniques that can be used not only

to prove limit theorems, but also to provide rates of convergence in some chosen metrics, for

instance, the Berry-Esséen bound in the Kolmogorov distance; see, e.g., [NP12, Theorem 3.7.1].

The Stein’s method is named after Charles Stein, one of the greatest statisticians in the

last century. In 1972, Charles Stein published his method concerning normal approximation in

[St72], and after its first appearance, this method has been modified and further developed by

Stein himself as well as many other mathematicians. We refer interested readers to the treatise

[CGS11] and the lecture notes [Ros11].

3.2. Basics on Stein’s method. We know from Lemma 1.6 that if Z ∼ N (0, 1), f ∈ C∞b (R),

then E
[
Zf(Z)

]
= E

[
f ′(Z)

]
. The converse statement is also true: if Z is integrable and

E
[
f ′(Z)

]
= E

[
Zf(Z)

]
for all f ∈ C∞b (R), then Z must be distributed as the standard

Gaussian. Indeed, considering f(x) = sin(λx) and f(x) = cos(λx), λ ∈ R, we have

E
[
Z sin(λZ)

]
= λE

[
cos(λZ)

]
and E

[
Z cos(λZ)

]
= −λE

[
sin(λZ)

]
, from which we deduce that

E
[
ZeiλZ

]
= iλE

[
eiλZ

]
for any λ ∈ R. Recognize that ϕZ(λ) = E

[
eiλZ

]
is the characteris-

tic function of Z and iE
[
ZeiλZ

]
= ϕ′Z(λ), which gives us an ordinary differential equation

ϕ′Z(λ)+λϕZ(λ) = 0 subject to ϕZ(0) = 1. This ODE has a unique solution ϕZ(λ) = exp(−λ2/2),

which is the characteristic function of N (0, 1).

The following result, known as Stein’s lemma, summarizes the above discussion.

Lemma 3.1 (Stein’s lemma). Let Z be an integrable random variable, then Z ∼ N (0, 1) if and

only if E
[
f ′(Z)

]
= E

[
Zf(Z)

]
for any continuously differentiable function f : R → R such that

f ′(Z), Zf(Z) ∈ L1(P), and f , f ′ have at most polynomial growth at infinity16.

Heuristically speaking, the above characterization hints that a real random variable Z is close

to a standard Gaussian, whenever E
[
f ′(Z)− Zf(Z)

]
is close to zero for every f ∈H , with H

being some rich enough class of functions.

Then how to quantify the distance between two probability distributions?

Let H be a separating class17 of real bounded measurable functions and we define, for two

probability measures µ, ν, that dH (µ, ν) := suph∈H

∣∣ ´
R h dν −

´
R h dµ

∣∣. It is trivial that dH

is a metric on the set of probability distributions on R and we also write dH (X,Y ) = dH (µ, ν)

16We say F has at most polynomial growth at infinity, if there are some universal constants C > 0 and d ∈ N∗
such that |F (x)| ≤ C + C|x|d for each x ∈ R. The proof of Lemma 3.1 is omitted here, for it is exactly the same
as in previous discussion.

17that is, for any two different probability measures µ, ν on R, there exists f ∈H such that
´
R f dν 6=

´
R f dµ.



34 MA884: GAUSSIAN ANALYSIS (2025 FALL @ BU)

if X ∼ µ, Y ∼ ν. For example, H1 :=
{
1A : A ∈ B(R)

}
, H2 :=

{
1(−∞,x] : x ∈ R

}
and

H3 :=
{
f : ‖f‖∞ + ‖f ′‖∞ ≤ 1

}
are three separating classes; dH1 , dH2 , dH3 are known as

the total-variation distance dTV, the Kolmogorov distance dKol and the Fortet-Mourier distance dFM

respectively. It is known from [Dud10, Section 11.3] that dFM induces the same topology as the

weak convergence of probability measures. It is clear that if µn, µ are probability measures on

R, then the following implications hold in view of the Portemanteau’s theorem:

lim
n→+∞

dTV(µn, µ) = 0 =⇒ lim
n→+∞

dKol(µn, µ) = 0 =⇒ lim
n→+∞

dFM(µn, µ) = 0.

Another important distance that we will use is the Wasserstein distance dW, defined by

dW(µ, ν) := sup
{ ´

R h dν −
´
R h dµ : ‖h′‖∞ ≤ 1

}
for two probability measures µ and ν on

R. Note that dFM is sometimes called the “bounded Wasserstein distance”.

Ingeniously, Charles Stein introduced the following equation:

f ′(x)− xf(x) = h(x)− E
[
h(N)

]
, (3.1)

where N ∼ N (0, 1) and h : R → R is a measurable function satisfying h(N) ∈ L1(P). The

equation (3.1) is known as the Stein’s equation with unknown h. We call f a solution to (3.1),

if it is absolutely continuous and one version of f ′ satisfies (3.1) everywhere.

Let us now stop to digest the ingenuity of (3.1): suppose that we can solve (3.1) and get nice

properties of f in terms of those of h, then we replace the dummy variable x in (3.1) by the

random variable Z, so that after taking expectation on both sides, we get

E
[
f ′(Z)− Zf(Z)

]
= E

[
h(Z)− h(N)

]
. (3.2)

That is to say, in order to get uniform control of the right-hand side, one can instead try to

uniformly control the left-hand side, which fits the heuristic after Stein’s lemma. In essence,

Stein’s method replaces the complex-valued characteristic function by the above real character-

izing equation, and many coupling methods have been developed so far to deal with the left-hand

side of (3.2); see aforementioned references.

The following lemma gives an explicit form for solutions to Stein’s equation (3.1).

Lemma 3.2 (Stein’s solution). Let N,h be given as before, the solutions f to (3.1) are given by

f(x) = cex
2/2 + ex

2/2

ˆ x

−∞

[
h(y)− E

(
h(N)

)]
e−y

2/2 dy , x ∈ R ,

where c ∈ R. In particular, the function

fh(x) := ex
2/2

ˆ x

−∞

[
h(y)− E

(
h(N)

)]
e−y

2/2 dy , x ∈ R (3.3)

is the unique solution to (3.1) verifying lim|x|→+∞ exp(−x2/2)f(x) = 0. We call fh the Stein’s

solution to (3.1).

Proof. Noticing that ex
2/2 d

dx

(
f(x)e−x

2/2
)

= f ′(x)− xf(x) = h(x)− E
[
h(N)

]
, we have18

f(x)e−x
2/2 − f(0) =

ˆ x

0

[
h(y)− E

[
h(N)

]]
e−y

2/2 dy .

18We follow the convention
´ x

0
= −

´ 0

x
if x < 0
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By the dominated convergence theorem andˆ
R

(
h(y)− E

[
h(N)

])
e−y

2/2 dy = 0 , (3.4)

we have c := limx→−∞ e
−x2/2f(x) = − limx→+∞ e

−x2/2f(x). Thus, for any x ∈ R,

f(x)e−x
2/2 − c =

ˆ x

−∞

[
h(y)− E

[
h(N)

]]
e−y

2/2 dy ,

which gives us the desired form for the solutions to (3.1). And the rest is trivial. �

Now starting with the expression in (3.3), we study the properties of the Stein’s solution fh
when h is 1-Lipschitz function or h is merely bounded measurable:

(i) Suppose that h : R→ [0, 1] is measurable, then it follows from Stein’s equation that

|f ′h(x)| ≤ |h(x)− E[h(N)]|+ |xfh(x)| ≤ 1 + |xfh(x)|

and from (3.4) that
´ x
−∞

(
h(y) − E[h(N)]

)
e−y

2/2dy = −
´∞
x

(
h(y) − E[h(N)]

)
e−y

2/2dy.

Thus,

|fh(x)| ≤ ex2/2
´∞
|x| e

−y2/2 dy ≤
√
π/2 , and |xfh(x)| ≤ |x| · ex2/2 ·

´∞
|x| e

−y2/2 dy ≤ 1. So

we can conclude that fh is 2-Lipschitz and uniformly bounded by
√
π/2.

(ii) Suppose that h : R → R is K-Lipschitz for some K ∈ (0,+∞), then ‖fh‖∞ ≤ 2K,

‖f ′h‖∞ ≤
√

2/πK and ‖f ′′h‖∞ ≤ 2K. The proof for these bounds involves a careful

analysis, here we just give a very sketchy one and refer interested readers to [CGS11,

Lemma 2.4]: first denote the standard Gaussian density, distributional functions by φ,Φ

respectively, one starts with h(x)−E[h(N)] =
´
R[h(x)−h(u)]φ(u) du, then it follows from

an application of Fubini’s theorem that h(x)−E
[
h(N)

]
=
´ x
−∞ h

′(t)Φ(t) dt−
´∞
x h′(t)[1−

Φ(t)] dt , together with which (3.3) implies

fh(w) = ew2/2

ˆ w

−∞

(ˆ x

−∞
h′(t)Φ(t) dt−

ˆ ∞
x

h′(t)[1− Φ(t)] dt

)
e−x

2/2 dx

= −
√

2πew2/2
(
1− Φ(w)

) ˆ w

−∞
h′(t)Φ(t) dt

−
√

2πew2/2Φ(w)

ˆ ∞
w

h′(t)[1− Φ(t)] dt

and

f ′h(w) = wfh(w) + h(w)− E[h(N)]

=
{

1−
√

2πwew2/2[1− Φ(w)]
} ˆ w

−∞
h′(t)Φ(t) dt

−
{

1 +
√

2πwew2/2Φ(w)
} ˆ ∞

w
h′(t)[1− Φ(t)] dt.

So the first two bounds follow from some standard Gaussian computations. Similar

computations can be done for ‖f ′′h‖∞ once we derive f ′′h (w) = (1 + w2)fh(w) + w(h(w)−
E[h(N)]) + h′(w) using (3.1).

(iii) Combining the above two points, we can also assert that if h ∈ C∞b (R) satisfies 0 ≤ h ≤ 1,

then ‖fh‖∞ ≤
√
π/2, ‖f ′h‖∞ ≤ 2 and ‖f ′′h‖∞ ≤ 2‖h′‖∞ < +∞.

Now we give Stein’s bounds based on the above discussions.

Proposition 3.3. Let F be a real integrable random variable and N ∼ N (0, 1), then
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(1) dTV(F,N) ≤ sup
∣∣E[ϕ′(F )−Fϕ(F )]

∣∣, where the supremum runs over all ϕ ∈ C2(R) with

‖ϕ‖∞ ≤
√
π/2, ‖ϕ′‖∞ ≤ 2 and ‖ϕ′′‖∞ < +∞.

(2) dW(F,N) ≤ sup
∣∣E[ϕ′(F )−Fϕ(F )]

∣∣, where the supremum runs over all ϕ ∈ C2(R) with

‖ϕ‖∞ ≤ 2, ‖ϕ′‖∞ ≤
√

2/π and ‖ϕ′′‖∞ ≤ 2.

Proof. It follows first from Lusin’s theorem19 that

sup
h measurable

0≤h≤1

∣∣E(h(N)− h(F )
)∣∣ = sup

h∈C(R)
0≤h≤1

∣∣E(h(N)− h(F )
)∣∣.

And for h : R → [0, 1] continuous, by standard mollification procedure, one can construct

hε ∈ C∞b (R) such that 0 ≤ hε ≤ 1 and hε → h pointwise, as ε ↓ 0. So

dTV(F,N) = sup
h∈C∞b (R)

0≤h≤1

∣∣E(h(N)− h(F )
)∣∣ ≤ sup

‖ϕ‖∞≤
√
π/2

‖ϕ′‖∞≤2
‖ϕ′′‖∞<+∞

∣∣E[ϕ′(F )− Fϕ(F )]
∣∣,

where the last inequality follows from point (iii) on last page and (3.2), this proves (1) while (2)

follows from point (ii) on last page and (3.2). �

Let us now look at an easy example.

Example 1. Let Y = (Yi, i ∈ N) be i.i.d symmetric Bernoulli random variables, then Fn :=

n−1/2(Y1 + . . .+ Yn) converges in law to the standard Gaussian, according to the classic central

limit theorem. Now fix ϕ ∈ C2(R) with ‖ϕ‖∞ ≤ 2, ‖ϕ′‖∞ ≤
√

2/π and ‖ϕ′′‖∞ ≤ 2, then we

have

E
[
Fnϕ(Fn)

]
=
√
nE
[
Y1ϕ(Fn)

]
using symmetry

=

√
n

2
E
[
ϕ
(1 + Y2 + . . .+ Yn√

n

)
− ϕ

(−1 + Y2 + . . .+ Yn√
n

)]
using independence

=

√
n

2
E
[
ϕ
(1 + Y2 + . . .+ Yn√

n

)
− ϕ(Fn) + ϕ(Fn)− ϕ

(−1 + Y2 + . . .+ Yn√
n

)]
= E

[
ϕ′(Fn)

]
+

√
n

2
Rn with |Rn| ≤ 2‖ϕ′′‖∞n−1, (3.5)

where the last line follows from the usual Taylor expansion. Thus, it follows from Proposition

3.3 that20 dW(Fn,N (0, 1)) ≤ 2n−1/2. Exercise: work out the details for (3.5).

In the above toy-example, independence and symmetry within the structure contribute to

the easy proof. Nevertheless, the strategy of combining an application of Taylor expansion with

Stein’s equation is usually effective in practice; see, e.g., our Proposition 3.4 and Theorem 3.10.

Stein’s ideas have contributed to many excellent results and solutions to numerous problems,

such as local dependence, minimal spanning trees, concentration inequalities, machine learning,

and many others; see, e.g., Barbour and Chen’s Volumes [BC04, BC05] and S. Chatterjee’s ICM

survey [Cha14a].

∝∝∝∝∝∝ End of Lecture 7 (Sept. 23, 2025) ∞∞∞∞∞∞

19Let µ = (P ◦ F−1 + P ◦ N−1)/2, then for h measurable with values in [0, 1], by appropriate application of
Lusin’s Theorem (e.g. see the Red Rudin) one can find a sequence of continuous functions hn such that 0 ≤ hn ≤ 1
and hn → h µ-a.s., thus hn → h P ◦ F−1-a.s. and P ◦N−1−a.s..

20By explicit calculation, E[F 4
n ] − 3 = −2n−1, so we obtain the fourth moment bound dW(Fn,N (0, 1)) ≤√

2(3− E[F 4
n ]).
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Lecture 8.

3.3. Stein’s method of exchangeable pairs. The exchangeable pairs approach within Stein’s

method was first used in the paper [Dia77] which, however, attributed the method to Charles

Stein. Later, this technique was presented in a systematic way in Stein’s monograph [St86].

We recall that a pair (X,X ′) of random elements on a common probability space is said to be

exchangeable, if (X,X ′) has the same distribution as (X ′, X). In the book [St86, Lecture III], it

is highlighted that a given real random variable W is close in distribution to a standard normal

variable N , whenever one can construct an exchangeable pair (W,W ′) such that W ′ is close to

W in some sense and such that the linear regression property

E
[
W ′ −W

∣∣G] = −λW (3.6)

is satisfied for some small λ > 0 and Var
(

1
2λE[(W ′ −W )2|G]

)
is small, where G is a σ-algebra

that contains σ{W}. Note the relation (3.6) forces W to be centered.

Theorem 3.4 (C. Stein, 1986). Let (W,W ′) be an exchangeable pair of random variables defined

on a common probability space
(
Ω,F ,P

)
such that Var(W ) = 1, (3.6) holds for some λ > 0 and

W ∈ L3(P), then we have

dW

(
W,N) ≤

√
2/π

√
Var

(
1

2λ
E
[
(W −W ′)2|G

])
+

1

2λ
E
[
|W −W ′|3

]
,

where N ∼ N (0, 1).

Proof. Let f : R → R belong to C2(R) with ‖f‖∞ ≤ 2, ‖f ′‖∞ ≤
√

2/π and ‖f ′′‖∞ ≤ 2, then

it is clear that f(W ′)W and f(W )W are integrable. It follows from the exchangeability that

E
[
(W −W ′)f(W )

]
= E

[
(W ′−W )f(W ′)

]
, from which we get E

[
(W −W ′)[f(W ) + f(W ′)]

]
= 0.

So

0 = E
[
(W −W ′)[−f(W ) + f(W ′)]

]
+ 2E

[
(W −W ′)f(W )

]
= E

[
(W −W ′)[−f(W ) + f(W ′)]

]
+ 2E

[
f(W )E(W −W ′|G)

]
= E

[
(W −W ′)[−f(W ) + f(W ′)]

]
+ 2λE

[
f(W )W

]
by (3.6)

that is, E
[
(W ′ −W )[f(W ′) − f(W )]

]
= 2λE

[
f(W )W

]
; and particularly, E[(W ′ −W )2] = 2λ.

Therefore,

2λE
[
f(W )W − f ′(W )

]
= E

(
(W ′ −W )[f(W ′)− f(W )]− 2λf ′(W )

)
= E

(
f ′(W )

[
(W ′ −W )2 − 2λ

])
+ E

[
(W ′ −W )3

ˆ 1

0
(1− t)f ′′(W + t(W ′ −W )) dt

]
= E

[
f ′(W )

(
E
[
(W ′ −W )2|G

]
− 2λ

)]
+ E

[
(W ′ −W )3

ˆ 1

0
(1− t)f ′′(W + t(W ′ −W )) dt

]
,

which together with Proposition 3.3 gives us the desired bound. �

In the following, we will apply Stein’s bound of exchangeable pairs to obtain a rate of con-

vergence for the CLT under the assumption of finite fourth moment.

Proposition 3.5 (Quantitative CLT via exchangeable pairs). Let {Xi}i be i.i.d. with mean zero

and variance one such that E[|X1|4] <∞ Then with Vn = 1√
n

(X1 + ...+Xn),

dW(Vn,N (0, 1)) ≤ C√
n
,
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where C =
(E[X4

1 ]−1
2π

) 1
2 + 4E[|X1|3].

Proof. Let us first construct the exchangeable pair:

V ′n = Vn +
X ′I −XI√

n
,

where {X ′i}i is an independent copy of {Xi}i, and I is a uniform random variable with values

in {1, ..., n} such that I is independent from {Xi}i and {X ′i}i. We claim that Vn and V ′n are

exchangeable. Indeed, for any t, s ∈ R, we have

P(Vn ≤ t, V ′n ≤ s) =
n∑
k=1

P(Vn ≤ t, V ′n ≤ s, I = k)

=
n∑
k=1

P
(
Uk +

Xk√
n
≤ t, Uk +

X ′k√
n
≤ s, I = k

)
with Uk = Vn −

Xk√
n

=
n∑
k=1

1

n
P
(
Uk +

Xk√
n
≤ t, Uk +

X ′k√
n
≤ s
)

=
n∑
k=1

1

n
P
(
Uk +

X ′k√
n
≤ t, Uk +

Xk√
n
≤ s
)

by the independence among Uk, Xk, X
′
k. Then, we have

P(Vn ≤ t, V ′n ≤ s) =
n∑
k=1

P
(
Uk +

X ′k√
n
≤ t, Uk +

Xk√
n
≤ s, I = k

)
= P(V ′n ≤ t, Vn ≤ s).

That is, (Vn, V
′
n)

(law)
= (V ′n, Vn). Next, we write, with G = σ{X1, ..., Xn},

E[V ′n − Vn|G] =
1√
n
E[X ′I −XI |G] =

1√
n

n∑
k=1

E[(X ′k −Xk)1{I=k}|G]

=
1√
n

1

n

n∑
k=1

E[X ′k −Xk|G] as I is independent from G

= − 1

n

1√
n

n∑
k=1

Xk since E[X ′k|G] = 0

= − 1

n
Vn.

That is, (3.6) holds true with (W,W ′, λ) = (Vn, V
′
n,

1
n).

Next, by similar arguments, we can have

E
[
(Vn − V ′n)2|G

]
=

1

n
E
[
(XI −X ′I)2|G

]
=

1

n2

n∑
k=1

E
[
(Xk −X ′k)2|G

]
=

1

n2

n∑
k=1

E
[
|Xk|2 − 2XkX

′
k + |X ′k|2|G

]
=

1

n2

n∑
k=1

(X2
k + 1).

Thus,

Var

(
1

2λ
E
[
(Vn − V ′n)2|G

])
= Var

(
1

2n

n∑
k=1

(1 +X2
k)

)
=

1

4n

(
E[X4

1 ]− 1
)
.
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Finally, let us look at the third moment of the difference V ′n − Vn:

1

2λ
E[|V ′n − Vn|3] =

1

2
√
n
E[|XI −X ′I |3] =

1

2
√
n

n∑
k=1

1

n
E[|Xk −X ′k|3]

=
1

2
√
n
E[|X1 −X ′1|3] ≤ 1

2
√
n
E
[
4|X1|3 + 4|X ′1|3

]
=

4√
n
E[|X1|3].

Combining the above bounds, we can get

dW(Vn,N (0, 1)) ≤
{(E[X4

1 ]− 1

2π

) 1
2 + 4E[|X1|3]

}
n−

1
2 .

Hence, the proof is completed. �

3.4. 2nd-order Gaussian Poincaré inequality. The Gaussian Poincaré inequality (Propo-

sition 2.5) indicates that the variance of F = f(G), with f ∈ D1,2(Rd) and G ∼ Nd(0, I), is

controlled by the average magnitude of DF (i.e., E[‖DF‖2Rd ]). That is, when the latter is small,

the random variable F has small variance, i.e., small fluctuation from its mean. The bound in

Proposition 2.5) becomes an exact equality only when F = f(G) is a linear combination of the

components G1, ..., Gd, that is, when F is a Gaussian random variable. Naively, if f is close to an

affine function, then F would be expected to be close to a Gaussian distribution (with matched

mean and variance). Then, if we have a good control over the “second-order” derivatives of f

(i.e., Hessf(G)), we should have a proximity of F to a Gaussian. It is S. Chatterjee who first

came up with this idea and made it rigorous via Stein’s method; see [Cha09]. Let us illustrate

this idea more with the quadratic form. Let

F = 〈G, AG〉Rd =
d∑

i,j=1

AijGiGj ,

where A = (Aij) is a symmetric d × d matrix. By the orthogonal decomposition of a real

symmetric matrix, we can write

A = QTΛQ,

where Λ = diag(λ1, ..., λd) is the diagonal matrix with entries being the eigenvalues of A, Q is

an orthogonal matrix (i.e., QQT = I). Then, we can rewrite F =
∑d

i=1 λiY
2
i , with (Y1, ..., Yd) =

QG again a standard Gaussian vector. By the CLT heuristic, F is approximately Gaussian

if no eigenvalue dominates in the sum, or maxλ2
i is much smaller than

∑
i λ

2
i . Note that for

f(x) = 〈x,Ax〉Rd , we have the Hessian matrix

Hessf(x) = 2A so that the operator norm ‖Hessf(x)‖op = 2 max
i
|λi|,

while Var(F ) = 2
∑d

i=1 λ
2
i . This leads to the heuristic that F is approximately Gaussian if the

typical value of ‖Hessf(x)‖2op is much smaller than the variance of F .

Theorem 3.6 (2nd-order GPI, [Cha09]). Suppose f ∈ C2(Rd) and F = f(G) with G ∼ Nd(0, I).

Suppose F has zero mean and variance σ2 ∈ (0,∞). Then, we have

dTV

(
F,N (0, σ2)

)
≤ 3

σ2
E
[
‖Hessf(G)‖4op

] 1
4E
[
‖∇f(G)‖4Rd

] 1
4
. (3.7)

Proof. By the definition of total-variation distance, we have dTV(F,N (0, σ2)) = dTV(Fσ ,N (0, 1)).

Then, it is enough to consider the case where Var(F ) = σ2 = 1. According to Stein’s method,

it suffices to prove a uniform bound for the expectation

E[Fϕ(F )]− E[ϕ′(F )] with ‖ϕ′‖∞ ≤ 2.



40 MA884: GAUSSIAN ANALYSIS (2025 FALL @ BU)

In the rest of the proof, we assume that the RHS of (3.7) is finite, otherwise the proof is trivial.

With F centered, we can write F = LL−1F , and therefore with L = −δ∇ (∇ = D),

E[Fϕ(F )] = E[−δ∇L−1Fϕ(F )] = E[〈−∇L−1F,∇ϕ(F )〉Rd ] by duality relation

= E[〈−∇L−1F,∇F 〉Rdϕ′(F )] by chain rule,

and in particular, we have 1 = E[F 2] = E[〈−∇L−1F,∇F 〉Rd ]. Thus, the expression E[Fϕ(F )]−
E[ϕ′(F )] is uniformly bounded by 2

√
Var(〈−∇L−1F,∇F 〉Rd). From previous sections, we know

that

−∇L−1F =

ˆ ∞
0

e−tPt∇Fdt and A · (−∇L−1F ) =

ˆ ∞
0

e−tA · (Pt∇F )dt; (3.8)

by the same arguments, we can get (with ∇2f = Hessf ∈ Rd×d)

−∇2L−1F =

ˆ ∞
0

e−2tPt∇2Fdt and (−∇2L−1F ) · y =

ˆ ∞
0

e−2t(Pt∇2F ) · y dt, (3.9)

where A · y means that the matrix A ∈ Rd×d acts on the vector y ∈ Rd,
Applying the Gaussian Poincaré inequality, we have√

Var(〈−∇L−1F,∇F 〉Rd) ≤
√
E
[
‖∇〈−∇L−1F,∇F 〉Rd‖2Rd

]
≤
√
E
[
‖(−∇2L−1F ) · (∇F )‖2Rd

]
+
√
E
[
‖(∇2F ) · (−∇L−1F )‖2Rd

]
,

(3.10)

where in the last step, we applied Minkowski’s inequality. Now let us deal with the first term

in (3.10): using (3.9) with Minkowski’s inequality, we write∥∥∥‖(−∇2L−1F ) · (∇F )‖Rd
∥∥∥
L2(P)

≤
∥∥∥ˆ ∞

0
e−2t‖Pt∇2F‖op‖∇F‖Rddt

∥∥∥
L2(P)

≤
ˆ ∞

0
e−2t

∥∥∥‖Pt∇2F‖op‖∇F‖Rd
∥∥∥
L2(P)

dt

≤
ˆ ∞

0
e−2t

∥∥‖Pt∇2F‖op

∥∥
L4(P)

∥∥‖∇F‖Rd∥∥L4(P)
dt

≤
ˆ ∞

0
e−2t

∥∥‖∇2F‖op

∥∥
L4(P)

∥∥‖∇F‖Rd∥∥L4(P)
dt (∗)

=
1

2

∥∥‖∇2F‖op

∥∥
L4(P)

∥∥‖∇F‖Rd∥∥L4(P)
,

where we used the contraction property of the O-U semigroup in the step (∗). The second term

in (3.10) can be dealt with in the same way, so that the proof is concluded. �

Exercise 3.7. Work out the details for the step (∗) and the details for the second term in (3.10).

∝∝∝∝∝∝ End of Lecture 8 (Sept. 25, 2025) ∞∞∞∞∞∞
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Lecture 9. A guest lecture by Nathan Ross

3.5. Stein’s method via local dependency. In the last two lectures, we learned the basics

of Stein’s method, which is a powerful toolbox of establishing central limit theorems with rate

of convergence. Let F be a real-valued random variable of interest, which is expected to be

approximately normal with matched mean and matched variance. Say, E[F ] = 0 and Var(F ) = 1.

The fundamental Stein’s bounds (see, e.g., Proposition 3.3) tell us that in order to bound the

distributional distance between F and a standard normal Z ∼ N (0, 1), it is enough for us to

control the expectation E[f(F )F ] − E[f ′(F )] with f in a suitable family of test functions. To

achieve this goal, one often requires to utilize the particular structure of the random variable

F , for example, independence and symmetry inherited from the construction of the statistic F

(see Example 1), and the exchangeable pairs structure as in Theorem 3.4. As we have seen in

Proposition 3.5, the construction of an exchangeable pair approach requires one to introduce

the auxiliary randomness, which is quite standard within the Stein’s method.

In what follows, we will introduce a notion of local dependency, with which we can combine the

Stein’s bounds as well. This notion goes back to Charles Stein and Louis H.Y. Chen [St72, Cha75]

in the 70s, and it was extensively studied in the paper [CS04] by Chen and Shao under various

dependence settings. See also [BR89, CR10] for more details. Let us start with a simple

definition.

Definition 3.8. Given a collection of random variables X = {Xi}i∈V and a graph G with vertex

set V, we say G is a dependency graph for X if the following property holds:

whenever I, J ⊂ V are disjoint with no edge between them,

{Xi}i∈I and {Xj}j∈J are independent.

In particular, if there is no edge between i, j ∈ V, then Xi is independent from Xj ; in other

words, the neighbors of the vertex i, together with i itself, form a dependency neighborhood.

Here are a few examples of dependency graphs.

Example 2. (i) If X = {X1, ..., Xn} is a family of independent random variables, any graph on

[n] is a dependency graph for X. For example, the empty graph (i.e., empty edge set) and the

complete graph (i.e., every two vertices are connected by an edge) are dependency graphs for

X. (Which one is better?)

(ii) [Sliding window statistics] Fix an integer k ≥ 1. Let Y1, ..., Yn+k−1 be independent random

variables with values in some measure space (E, E , µ), and ϕi : Ek → R be measurable. Define

Xi = ϕi(Yi, Yi+1, ..., Yi+k−1), i = 1, ..., n.

When k = 1, we are back to the independent case as in (i). When (k, n) = (3, 10), we have an

example of dependency graph:

X1 X2 X3 X4 X5 X6 X7 X8 X9 X10

(edges connect variables with |i− j| < 3])

One can see that the maximum degree is 4 in the above picture.21 The above is the smallest

possible dependency graph.

21We write i ∼ j if the two (distinct) vertices i, j ∈ [n] are directly connected by an edge. The degree of a
vertex i is defined by deg(i) = card{j : j ∼ i}, the number of vertices that are directly connected to i via an edge.
The maximum degree is max{deg(i) : i ∈ [n]}.
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Lemma 3.9. Suppose {Zv}v∈V is a family of square-integrable random variables admitting a

dependency graph with maximum degree D. Then,

Var

(∑
v∈V

Zv

)
≤ (D + 1)

∑
v∈V

E[Z2
v ].

Proof. We begin with

Var

(∑
v∈V

Zv

)
=
∑
u,v∈V

Cov(Zu, Zv),

and note that for each u, there are at most (D+ 1) vertices v such that Cov(Zu, Zv) 6= 0. Using

|Cov(Zu, Zv)| ≤ ‖Zu‖2‖Zv‖2 ≤ 1
2

(
E[Z2

v ] + E[Z2
u]
)
, we get

Var

(∑
v∈V

Zv

)
≤ 1

2

∑
u,v∈V

(
E[Z2

v ] + E[Z2
u]
)
1{Cov(Zu,Zv)6=0}

=
∑
u,v∈V

E[Z2
v ]1{Cov(Zu,Zv)6=0} by symmetry

≤ (D + 1)
∑
v∈V

E[Z2
v ].

Hence, the proof is completed. �

In the following, we present a central limit theorem in case of the local dependency.

Theorem 3.10. Let {Xi}1≤i≤n be a family of centered random variables with E[X4
i ] < ∞ for

each i. Assume that the associated dependency graph has maximum degree m, and

σ :=

√√√√Var
( n∑
i=1

Xi

)
> 0.

Then, with F :=
1

σ

n∑
i=1

Xi, we have

dW(F,N (0, 1)) ≤ (m + 1)2

(
σ−3

n∑
i=1

E[|Xi|3]︸ ︷︷ ︸
1st term

)
+

2
√

2/π

σ2
(m + 1)3/2

√√√√ n∑
i=1

E[|Xi|4]. (3.11)

The first term in (3.11) appears in the usual CLT, and the second term is often of comparable

order. It is easy to see that when {Xi} are i.i.d., then the above bound (3.11) is consistent with

the one in Proposition 3.5.

Proof of Theorem 3.10. In view of Proposition 3.3, it suffices to bound the following expectation

E[ϕ′(F )− Fϕ(F )]

for ϕ ∈ C2(R) with ‖ϕ‖∞ ≤ 2, ‖ϕ′‖∞ ≤
√

2/π, and ‖ϕ′′‖∞ ≤ 2.

Let {Ni : i ∈ [n]} be the dependency neighborhood, i.e., Ni = {j : j ! i}, where j ! i

means j = i or j, i are distinct and connected by an edge (denoted by i ∼ j). Then, the

cardinality card(Ni) of Ni is bounded by m + 1, and we also have the following equivalence:

j ∈ Ni ⇐⇒ i! j ⇐⇒ i ∈ Nj . (3.12)
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Put

Fi = F − 1

σ

∑
j∈Ni

Xj

for i ∈ [n]. Then, Fi is independent from Xi. In particular, we have

E[ϕ(Fi)Xi] = 0. (3.13)

Now let us deal with the expectation E[Fϕ(F )] to derive some expression like E[ϕ′(F )η]:

E[Fϕ(F )] =
1

σ

n∑
i=1

E[Xiϕ(F )]

=
1

σ

n∑
i=1

E
[
Xi

(
ϕ(F )− ϕ(Fi)

)]
by (3.13)

=

(
1

σ

n∑
i=1

E
[
Xiϕ

′(F )(F − Fi)
])
− 1

2σ

n∑
i=1

E
[
Xiϕ

′′(F̂i)(F − Fi)2
]
,

(3.14)

where in the last step, we did Taylor expansion for ϕ around F with F̂i some random variable

with values between F and Fi. Let us first do some algebra and deduce from (3.14), with

‖ϕ′‖∞ ≤
√

2/π, and ‖ϕ′′‖∞ ≤ 2, that

∣∣E[Fϕ(F )]− E[ϕ′(F )]
∣∣ ≤ ∣∣∣∣E[ϕ′(F )

(
− 1 +

1

σ2

n∑
i=1

∑
j∈Ni

XjXi

)]∣∣∣∣+
‖ϕ′′‖∞

2σ3

n∑
i=1

E
∣∣∣Xi

( ∑
j∈Ni

Xj

)2∣∣∣
≤
√

2/π

σ2
E
∣∣∣− σ2 +

n∑
i=1

∑
j∈Ni

XjXi

∣∣∣+
1

σ3

n∑
i=1

E
∣∣∣Xi

( ∑
j∈Ni

Xj

)2∣∣∣
=:

√
2/π

σ2
T1 +

1

σ3
T2. (3.15)

• bounding T1. First we can deduce from (3.14) with ϕ(x) = x that

E
( n∑
i=1

∑
j∈Ni

XjXi

)
= σ2.

For simplicity, we write
∑n

i=1

∑
j∈Ni =

∑
i!j in view of the equivalence (3.12). Next, by

Cauchy-Schwarz, we get(
T1

)2 ≤ Var

(∑
i!j

XiXj

)
=
∑
i!j

∑
k!`

Cov(XiXj , XkX`). (3.16)

The above covariance is nonzero only when k ∈ Ni ∪Nj or ` ∈ Ni ∪Nj for any given (i, j) with

i! j. The number of pairs (k, `) with the above conditions and subject to k ! ` can be

bounded as follows:

(1) given (i, j), the cardinality of Ni ∪ Nj is bounded by 2(m + 1), then there are at most

2(m + 1) vertices k in Ni ∪Nj ;
(2) given (i, j) and fixing k ∈ Ni ∪Nj , we have at most (m + 1) vertices `! k

(3) given (i, j), if k /∈ Ni ∪ Nj , then we must have ` ∈ Ni ∪ Nj , there are at most 2(m + 1)

such vertices `, and we have at most (m + 1) vertices k! `;

(4) thus, given (i, j) with i! j, there are at most 4(m + 1)2 nonzero terms in (3.16).
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Therefore, if we view {XiXj}i∈[n],j∈Ni as a new family of random variables with a dependency

graph, then the graph has maximum degree ≤ 4(m + 1)2 − 1.22 Thus, we deduce from Lemma

3.9 with (3.16), ab ≤ 1
2(a2 + b2), and (3.12) that

(
T1

)2 ≤ 4(m + 1)2
n∑
i=1

∑
j∈Ni

E[X2
iX

2
j ]

≤ 4(m + 1)2
n∑
i=1

∑
j∈Ni

1

2
E[X4

i +X4
j ]

≤ 4(m + 1)3
n∑
i=1

E[X4
i ].

(3.17)

• bounding T2. Using the inequality of arithmetic and geometric means, we have

E|XiXjXk| ≤
1

3
E
(
|Xi|3 + |Xj |3 + |Xk|3

)
.

Thus,

T2 ≤
n∑
i=1

∑
k,j∈Ni

E|XiXjXk| ≤
1

3

n∑
i=1

∑
k,j∈Ni

E
(
|Xi|3 + |Xj |3 + |Xk|3

)
=

(
1

3

n∑
i=1

E
(
|Xi|3

) ∑
k,j∈Ni

1

)
+

2

3

n∑
i=1

∑
k,j∈Ni

E
(
|Xk|3

)
≤
(

(m + 1)2

3

n∑
i=1

E
(
|Xi|3

))
+

2(m + 1)

3

n∑
i=1

∑
k∈Ni

E
(
|Xk|3

)
≤ (m + 1)2

n∑
i=1

E
(
|Xi|3

)
.

Together with (3.17) and (3.15), it leads to the desired conclusion (3.11). �

• Application I : Headruns. Fix an integer k ≥ 1. Let Y1, ..., Yn+k−1 be i.i.d. Bernoulli

random variables with success probability p ∈ (0, 1). Then

i+k−1∏
j=i

Yj (3.18)

is equal to one if there is a run of ones of length k starting at the position i. The k-run

statistic is a classical concept in probability and combinatorial statistics that counts the number

of consecutive sequences (runs) of length k in a binary or categorical sequence. It has powerful

applications in DNA sequence analysis, where nucleotides (A, C, G, T) form a symbolic sequence

that can be modeled as a random string. Here is a short example of a DNA sequence – a real-like

but synthetic one (not from any specific organism):

ATGCGTACCGTTAGCTGACCTGAAATTTGCGCGGCTAA,

where each letter represents one nucleotide base: A = Adenine, T = Thymine, C = Cytosine, and

G = Guanine. In the above sequence (length =38), there are only two 3-runs. The statistics in

22−1 comes from the exclusion of a vertex itself when counting its degree.
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(3.18) can model, for instance, the similarity between two DNA sequences. Here is an example:

sequence 1: ATGCGTACCGTTAGCTGACCTGAAATTTGCGCGGCTAA

sequence 2: GATCGGTAACCTTGCAGGATTAAGCGTCCGATGCAAGC

matched? : XX X XX X X X X X

we see that there are only two 2-runs of consecutive matches.

It is a natural question to ask about how many k-runs there are, and what is its asymptotic

behavior as the number of observations tends to infinity. That is, letting

Wn =
n∑
i=1

i+k−1∏
j=i

Yj , (3.19)

we are interested at the fluctuation of properly scaled Wn as n→ +∞.

Proposition 3.11. Let Wn be given as in (3.19). Then,

dW

(
1
σn

(Wn − E[Wn]),N (0, 1)
)
.

k2

√
n
, (3.20)

where the above implicit constant depends on (p, k) but not on n.

Proof. Let Xi =
∏i+k−1
j=i Yj . Then, we are in the setting of Example 2-(ii). It is not difficult to

see that the corresponding dependency graph for {X1, ..., Xn} has maximum degree m ≤ 2(k−1).

Then, it is enough to apply Theorem 3.10. Let us first do some moment estimates.

• Basic moments. Since Xi :=
∏i+k−1
j=i Yj = 1{Yi=···=Yi+k−1=1}, we have

E[Xi] = pk and Var(Xi) = pk(1− pk).

It is also easy to verify that for j ≥ 1, E[XiXi+j ] = pk+j1{1≤j≤k−1} + p2k1{j≥k}. Therefore,

σ2
n := Var(Wn) =

n∑
i,j=1

(
pk+|j−i| − p2k

)
1{|j−i|≤k}

= npk(1− pk) + 2
∑

1≤i<j≤n

(
pk+|j−i| − p2k

)
1{|j−i|≤k} (3.21)

≥ npk(1− pk),

where the second term in (3.21) is clearly strictly positive and of order n as n → ∞ (for fixed

p, k). That is, we have σn �
√
n, although the above lower bound suffices for our purpose.

• Dependency graph bound. Set ξi = Xi − EXi. Then, {ξi} satisfy the dependency graph

condition with m ≤ 2(k − 1). Then, it follows from Theorem 3.10 that

dW

( 1

σn

n∑
i=1

ξi,N (0, 1)
)
≤ (m + 1)2

(
σ−3
n

n∑
i=1

E[|ξi|3]

)
+

2
√

2/π

σ2
n

(m + 1)3/2

√√√√ n∑
i=1

E[|ξi|4].

Since |ξi| ≤ 1, we have the trivial bounds: E|ξi|3 ≤ 1 and E|ξi|4 ≤ 1. Thus, the desired bound

(3.20) follows immediately from (3.21). �

Remark 3.12. The bound in (3.20) holds for fixed (p, k), while as one can see from our proof,

a finer estimate of the variance σ2
n could lead to an asymptotically negligible rate of convergence

when k, p, n vary together in a certain way.
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• Application II: Triangles in Erdős-Rényi random graphs. Erdős-Rényi random graphs

mark the birth of modern random graph theory (1959-1961); see, e.g., the book [vdH17] for

more details. An Erdős-Rényi random graph can be constructed as follows:

(i) Let Kn be a complete graph on the vertex set [n], i.e., every two distinct vertices are

connected by an edge;

(ii) let En be the edge set of Kn, and let {Ye}e∈En be a sequence of i.i.d. Bernoulli random

variables with P(Ye = 1) = 1− P(Ye = 0) = p ∈ (0, 1);

(iii) when Ye = 1, we say the edge e is open; the subgraph of Kn with the vertex set [n] and

the open edges is called an Erdős-Rényi random graph, denoted by G(n, p).

Let T be the number of triangles formed in the Erdős-Rényi random graph G(n, p). The

following result suggests that T is asymptotically normal in some regime where p → 0 along

n→∞; see, e.g., [BKR89, Rol22] for more results.

Proposition 3.13. Let the above notations prevail. It holds for any n ≥ 3 and p ∈ (0, 1) that

σ2 := Var(T ) =

(
n

3

)
p3[1− p3 + 3(n− 3)p2(1− p)]

and

dW

( 1

σ

(
T − E[T ]

)
, N (0, 1)

)
≤ (3n− 8)2

σ3

(
n

3

)
p3(1− p3)[(1− p3)2 + p6]

+

√
26(3n− 8)

3
2

σ2
√
π

√(
n

3

)
p3(1− p3)[(1− p3)3 + p9].

(3.22)

In particular, if p ∼ n−α with α ∈ [0, 2
9), the bound in (3.22) tends to zero.

Proof. to be added later (not very soon). Or you can try to fill in the details. �

∝∝∝∝∝∝ End of Lecture 9 (Sept. 30, 2025) ∞∞∞∞∞∞
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Lecture 10.

4. Redo the analysis in an isonormal framework

Previously, we have developed basic Gaussian analysis with finitely many Gaussian random

variables. From now on, we will develop relevant stochastic analysis on infinitely many Gaussian

random variables or a Gaussian process (e.g., Brownian motion, white noises). We will work on

the isonormal framework.

Definition 4.1 (Isonormal Gaussian process). Let H be a real separable Hilbert space23. We say

W = {W (h)}h∈H is an isonormal Gaussian process indexed by H if W is a centered Gaussian

family with E[W (f)W (g)] = 〈f, g〉H, ∀f, g ∈ H.

Remark 4.2. The mapping W : H→ L2(Ω,P) is a bounded linear map: for any α, β ∈ R and

f, g ∈ H, we have

W (αf + βg) = αW (f) + βW (g) in L2(P) and almost surely.

Indeed, it is easy to verify by using the covariance structure of W that

‖W (αf + βg)− αW (f)− βW (g)‖2L2(P) = 0,

which concludes the desired linearity. The operator norm of W is clearly one, since ‖W (h)‖2 =

‖h‖H for any h ∈ H.

Proposition 4.3 (Existence of isonormal Gaussian process). Let {ei}i≥1 be an orthonormal basis

of H. Let {Gi}i≥1 be i.i.d. standard normal random variables. Define

W (h) =
∞∑
i=1

〈h, ei〉HGi,

where the above series converges in L2(P). Then, W is an isonormal Gaussian process indexed

by H.

Proof. From the orthonormality of {ei}, we have
∞∑
i=1

〈h, ei〉2H = ‖h‖2H.

In particular, we can see W (h) as a L2(Ω)-limit of
∑N

i=1〈h, ei〉HGi as N → +∞. Therefore, for

any h, g ∈ H, we have

E[W (h)W (g)] = lim
N→+∞

E
( ∑
i,j≤N

〈h, ei〉HGi〈g, ej〉HGj
)

= lim
N→+∞

∑
i,j≤N

〈h, ei〉H〈g, ej〉HE[GiGj ]

= lim
N→+∞

∑
i≤N
〈h, ei〉H〈g, ei〉H = 〈h, g〉H.

Hence, the covariance structure holds and the proof is completed. �

In the following, we present a few examples of isonormal processes.

23By the basic Hilbert space theory, H is isometric to the sequence space `2(N), which is the set of square-
summable sequences of real numbers a = {aj}j∈N with

∑
i∈N a

2
i <∞.
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Example 3. (i) [Standard Gaussian vector on Rd] Let G = (G1, . . . , Gd) ∼ Nd(0, I) be a standard

d-dimensional Gaussian vector, and take H = Rd equipped with the standard Euclidean inner

product

〈h, k〉Rd =
d∑
i=1

hiki.

With {ej}j=1,...,d the canonical basis of Rd, we can realize G as an isonormal process indexed

by H = Rd:
Gj := W (ej)

for j = 1, ..., d.

(ii) [General Gaussian vector on Rd] Let Z ∼ Nd(0, C) be a centered Gaussian vector on Rd with

covariance matrix C. With the decomposition C = Q2 for some symmetric positive-definite

matrix Q, we can write Z = QG. Using (i) and with

hi :=

d∑
j=1

Qijej ∈ Rd,

we have Zi = W (hi) for every i ∈ {1, ..., d}.
(iii) [Continuous Gaussian process] Let (Gt)t≥0 be a real-valued centered Gaussian process that

is continuous in time almost surely. Define the following L2-Gaussian Hilbert space

HG := L2(P)-closure of

{
m∑
i=1

αiGti : αi ∈ Q, ti ∈ Q+,m ∈ N

}
.

By continuity, it is clear that Gt is contained in HG for any t ∈ R+. By construction, HG is

a real separable Hilbert space, and thus isometric to some real separable Hilbert space H (this

is an existence argument, without further information on G, we can not really say more on H).

Let W be the isometry mapping from H to HG:

h ∈ H 7→W (h) ∈ HG ⊂ L2(Ω, σ{G},P),

which is the (abstract) isonormal Gaussian process generated by the Gaussian process G. More-

over, there exist a family {et}t≥0 ⊂ H such that Gt = W (et), t ≥ 0. It is clear that

E[W (es)W (et)] = 〈es, et〉H.

Once we know more information on the covariance structure of G, we can say more on the

associated inner product 〈•, •〉H, with H known as the reproducing kernel Hilbert space of G.

(iv) [Brownian motion] Let (Bt)t∈R+ be a standard real Brownian motion on [0,∞). It is a

real-valued, centered continuous Gaussian process with

E[BtBs] = t ∧ s, ∀t, s ∈ R+.

For f ∈ L2(R+) (i.e.,
´∞

0 f(s)2ds <∞), we can define the Wiener integral

W (f) :=

ˆ ∞
0

f(s)dBs,

which is a centered Gaussian random variable with variance ‖f‖2L2(R+). It is easy to see that

W = {W (f)}f∈L2(R+) is an isonormal process indexed by H = L2(R+). For any t ∈ R+, we have

Bt = W (1[0,t]) =

ˆ ∞
0

1[0,t](s)dBs.

That is, the reproducing kernel Hilbert space for the Brownian motion is given by H = L2(R+).
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(v) [white noise as derivative of Brownian motion] If we take the formal derivative of Brownian

motion ξ(t) := d
dtBt, we can write

W (f) =

ˆ ∞
0

f(s)ξ(s)ds

and the (generalized) correlation kernel of ξ is given by

E[ξ(t)ξ(s)] = δ0(t− s),

where δ0 is the Dirac-delta function at zero.24 Indeed, via a formal calculation, we have

E[W (f)W (g)] =

ˆ ∞
0

ˆ ∞
0

g(t)f(s)E[ξ(t)ξ(s)]dsdt

=

ˆ ∞
0

ˆ ∞
0

g(t)f(s)δ0(t− s)dsdt = 〈f, g〉L2(R+),

(4.1)

and confirms the heuristic that the white noise on R+ is the formal derivative of the Brownian

motion. Moreover, the generalized function δ0 is the Fourier transform of constant power spectral

density, and thus bears the name “white” noise:

δ0(x) =
1

2π

ˆ
R
e−ixξdx (4.2)

That is, the corresponding spectral measure is a multiple of Lebesgue measure.

(vi) [Space-time white noise] The space-time white noise on R+ × Rd generalizes the idea in (v)

to generalized random fields indexed by both time and space. Formally, a space-time white

noise ξ is a centered Gaussian family ξ = {ξ(t, x) : (t, x) ∈ R+×Rd} with correlation structure

E[ξ(t, x)ξ(s, y)] = δ0(t− s)δ0(x− y),

where the above two Dirac delta functions are defined on R+ and Rd respectively. Heuristically

speaking, ξ is “very rough/irregular” and should be interpreted as a random generalized function,

and thus it is only defined by paring with a nice test function: given any f ∈ C∞c (R+×Rd), the

pairing

〈f, ξ〉 :=

ˆ
R+

ˆ
Rd
f(t, x)ξ(t, x)dtdx

is expected to a centered Gaussian random variable. Performing the same formal calculation as

in (4.1), we have for any f, g ∈ C∞c (R+ × Rd),

E[〈f, ξ〉〈g, ξ〉] = E
[(ˆ

f(t, x)ξ(t, x)dtdx

)(ˆ
g(s, y)ξ(s, y)dsdy

)]
= E

[ˆ
R+×Rd

ˆ
R+×Rd

f(t, x)g(s, y)ξ(t, x)ξ(s, y)dtdxdsdy

]
=

ˆ
R+×Rd

ˆ
R+×Rd

f(t, x)g(s, y)E[ξ(t, x)ξ(s, y)]

δ0(t−s)δ0(x−y)

dtdxdsdy

= ......

= 〈f, g〉L2(R+×Rd).

That is, we have defined a centered Gaussian family {W (f) : f ∈ C∞c (R+×Rd)}, whose existence

is guaranteed by Kolmogorov’s theorem. Then, by a standard density argument, we can extend

the definition to the whole space L2(R+ × Rd). In this way, we have realized the space-time

24δ0 is a generalized function defined by testing it with test functions in C∞poly(R): 〈δ0, ϕ〉 = ϕ(0) for any

ϕ ∈ C∞poly(R).
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white noise ξ = {ξ(f) = 〈f, ξ〉 : f ∈ L2(R+×Rd)} as an isonormal Gaussian process indexed by

the Hilbert space H = L2(R+ × Rd). The space-time white noise often appears as the natural

driving noise in stochastic partial differential equations (SPDEs). For example, the following

stochastic heat equation with multiplicative white noise

∂tu(t, x)− 1

2
∆u(t, x)︸ ︷︷ ︸

heat equation

= u(t, x)ξ(t, x)

random potential

is the well-known parabolic Anderson model (PAM). We will study the well-posedness of

this PAM in a later section.

(vii) [Colored noise] As opposed to the white noise in (vi), the correlation kernel of a Gaussian

colored noise is not Dirac delta, or equivalently, the corresponding spectral density is not con-

stant. One popular family of Gaussian colored noises are the fractional Gaussian noises with

Hurst index H. Formally, ẆH is a fractional Gaussian noise on R with Hurst index H if

4.1. Chaos expansion.

Theorem 4.4 (Wiener–Itô chaos decomposition). Let W = {W (h)}h∈H be an isonormal Gaussian

process. Then, the space L2(Ω, σ(W ),P) admits an orthogonal decomposition:

L2(Ω, σ(W ),P) =

∞⊕
n=0

CWn , (4.3)

where CW0 is the set of constant random variables, CWk is called the k-th Wiener chaos and

defined as

CWk = L2(P)-closure of span


∞∏
j=1

Hqj (W (ej)) :

∞∑
j=1

qj = k

 (4.4)

with Hq the q-th Hermite polynomial and {ej}j≥1 an orthonormal basis of H.25 Moreover, we

can further represent CWk as

CWk = L2(P)-closure of span
{
Hk(W (h)) : ‖h‖H = 1

}
. (4.5)

Proof. The k-th chaos CWk is a closed subspace of L2(Ω, σ{W},P), then we define Jk to be the

projection operator onto CWk . Then, it suffices to show that for all F ∈ L2(Ω, σ(W ),P), we can

write

F =
∑
k≥0

JkF.

Now let us fix an orthonormal basis {ej}j≥1 of H and set Gj = W (ej). Then {Gj}j≥1 are i.i.d.

standard normal random variables and we can view F as an element in L2(Ω, σ{Gj : j ≥ 1},P).

For any m ≥ 1, we define

Fm = σ{Gj : j ≤ m}, m ≥ 1,

which is a filtration on (Ω, σ{W},P) with F∞ = σ{W}. For each m ≥ 1, we define

Fm = E[F |Fm].

Therefore, we deduce from the martingale convergence theorem (Proposition B.6) that

Fm
a.s. and in L2(P)−−−−−−−−−−−→

m→+∞
F.

25It is routine to check that the choice of the orthonormal basis is immaterial.



MA884: GAUSSIAN ANALYSIS (2025 FALL @ BU) 51

Since Fm is measurable with respect to σ{G1, . . . , Gm}, there exists a measurable function

ϕm : Rm → R such that

Fm = ϕm(G1, . . . , Gm) ∈ L2(P)

as a consequence of Doob-Dynkin’s lemma. Next, using the chaos expansion for finitely many

Gaussian random variables (Proposition 2.3), we can write

Fm =
∑
k≥0

JkFm

with Jk the projection operator as in (2.8). Note that this argument also yields the orthogonality

between different chaoses: suppose U ∈ CWp and V ∈ CWq with p 6= q, we define

Um = E[U |Fm] and Vm = E[V |Fm],

which live in the p-th and q-th chaoses (respectively) generated by G1, ..., Gm. Then, the or-

thogonality between Um and Vm can be preserved in passing m → +∞. That is, CWp and CWq
are mutually orthogonal for p 6= q. Finally, to conclude the orthogonal decomposition in (4.3),

it suffices to pass m→∞ to obtain

F =
∑
k≥0

JkF in L2(P)

with JkF being the L2(P)-limit of JkFm as m→∞.

It is clear that Jk is a bounded linear operator on L2(P). Then,

‖JkFm − JkFn‖L2(P) ≤ ‖Fm − Fn‖L2(P),

that is, {JkFm}m≥1 is Cauchy for each fixed k. Since CWk is a closed subspace of L2(Ω, σ{W},P),

JkFm converges in L2(P) to some Hk ∈ CWk . We claim that

(i) the seires
∑

k≥0Hk converge in L2(P),

(ii) as m→∞, Fm converges in L2(P) to
∑

k≥0Hk.

First we write
∞∑
k=0

E[H2
k ] =

∞∑
k=0

lim
m→∞

E[(JkFm)2]
Fatou
≤ lim inf

m→∞

∞∑
k=0

E[(JkFm)2] = lim inf
m→∞

E[F 2
m] = E[F 2] <∞,

which together with the orthogonality verifies the claim (i). To see the claim (ii), we can write∥∥∥Fm − ∞∑
k=0

Hk

∥∥∥2

L2(P)
=

∞∑
k=0

‖JkFm −Hk‖2L2(P)

=:ak,m

. (4.6)

This is of the form
∑∞

k=0 ak,m, where

• 0 ≤ ak,m
m→∞−−−−→ 0 for each k ≥ 0;

• ak,m ≤ bk,m with bk,m = 2‖JkFm‖22 + 2‖Hk‖2L2(P);

•
∑

k≥0 bk,m = 2E[F 2
m] + 2

∑∞
k=0 E[H2

k ]
m→∞−−−−→ 2E[F 2] + 2

∑∞
k=0 E[H2

k ] <∞.

By the generalized dominated convergence theorem (Proposition A.3), we see that the expression

in (4.6) converges to zero as m→ +∞. Hence, the proof of (4.3) is completed.

Next, we prove (4.5). Denote the RHS of (4.5) by Ck. Then, we have⊕
k≥0

Ck ⊂
⊕
k≥0

CWk = L2(Ω, σ{W},P).

Due to the orthogonality, it suffices to show that
⋃
k≥0 Ck is dense in L2(Ω, σ{W},P). That is,

if V ∈ L2(Ω, σ{W},P) satisfies
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E
[
V Hk(W (h))

]
= 0 (4.7)

for any unit vector h ∈ H (i.e., ‖h‖H = 1) and for any k ≥ 0, we must show that V = 0 almost

surely.

Assume (4.7) holds for any unit vector h ∈ H and for any k ≥ 0. Since every monomial is a

linear combination of Hermite polynomials, we have

E
[
VW (h)k

]
= 0,

and thus

E

[
V
∞∑
k=0

(it)kW (h)k

k!

]
= 0, i.e., E

[
V eitW (h)

]
= 0.

Therefore, with the orthonormal basis {ej}j≥1 of H, we can get

E
[
V ei

∑m
j=1 λjW (ej)

]
= 0

for any λj ∈ R and m ≥ 1. Taking conditional expectation with respect to Fm, we get

E[Vme
i
∑m
j=1 λjW (ej)

]
= 0

with Vm = E[V |Fm] = ϕm(W (e1), ...,W (em)) for some ϕm ∈ L2(γm). By the same argument as

in the proof of Proposition 1.11, we can conclude that ϕm = 0 almost everywhere, i.e., Vm = 0

almost surely. Then, another application of martingale convergence theorem yields V = 0 almost

surely.

Hence, the proof of Theorem 4.4 is completed. �

Let Sc be the set of random variables of the form f(W (h1), ...,W (hm)) for some f ∈ C∞c (Rm),

hi ∈ H, and m ≥ 1. Similarly, we define Sb,Spoly with C∞c replaced by C∞b and C∞poly respec-

tively. We also define S0 to be the set of random variables with finitely many chaos, i.e.,

S0 =
⋃
k≥1

⊕
j≤k CWj .

Corollary 4.5. It holds that Sc ⊂ Sb ⊂ Spoly are dense in Lq(Ω, σ{W},P) for any q ∈ [1,∞).

As a consequence, Sc(H) := span{Gh : G ∈ Sc, h ∈ H} is dense in L2(Ω;H).

Proof. Given F ∈ Lq(Ω, σ{W},P), we can proceed with the martingale convergence argument

as in the proof of Theorem 4.4. For any ε > 0, there is some m ≥ 1 such that

‖E[F |Fm]− F‖q ≤ ε/2.
Representing E[F |Fm] = ϕm(W (e1), ...,W (em)) for some ϕm ∈ Lq(γm) with γm the standard

Gaussian measure on Rm, one can then find some ϕm,c ∈ C∞c (Rm) such that26

‖ϕm − ϕm,c‖Lq(γm) ≤ ε/2. (4.8)

It follows that ‖ϕm,c(W (e1), ...,W (em)) − F‖q ≤ ε with ϕm,c(W (e1), ...,W (em)) ∈ Sc. This

proves the density of Sc in Lq(Ω, σ{W},P) for any q ∈ [1,∞).

Next, we prove the density of Sc(H) in L2(Ω;H). Let V ∈ L2(Ω;H) satisfy E[G〈h, V 〉H] = 0

for all G ∈ Sc and for all h ∈ H. Then, by density of Sc in L2(Ω, σ{W},P), we get 〈h, V 〉H = 0

almost surely for all h ∈ H. Then, V =
∑∞

j=1〈V, ej〉Hej = 0 almost surely, where {ej}j≥1 is an

orthonormal basis of H. Hence, the proof is completed. �

∝∝∝∝∝∝ End of Lecture 10 (Oct.2, 2025) ∞∞∞∞∞∞

26The bound (4.8) is due to the density of C∞c (Rm) in Lq(γm). Can you write down a quick student-proof?
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Lecture 11.

4.2. Malliavin operators I : D & δ. In this section, we will introduce several important

operators in Malliavin calculus, which we have already studied in Section 2 with finitely many

Gaussian random variables.

• Malliavin derivative. Recall that for a random variable F = f(G1, ..., Gd) for some f ∈
C∞poly(Rd) and (G1, ..., Gd) ∈ Nd(0, I), we have

∇f(G1, ..., Gd) =
d∑
j=1

∂jf(G1, ..., Gd)ej (4.9)

with {ej : j = 1, ..., d} denoting the canonical basis of Rd.27 In particular, we can realize the

standard Gaussian vector in the isonormal framework as in Example 3. Putting Gj = W (ej)

with {ej}j≥1 orthonormal basis of H, we can rewrite (4.9) as

DF = Df(W (e1), ...,W (ed)) =

d∑
j=1

∂jf(W (e1), ...,W (ed))ej ∈ H.

This gives us the Malliavin derivative of F = f(W (e1), ...,W (ed)), which is a H-valued random

variable (indeed, DF ∈ L2(Ω;H)).

Now let us consider the case where F ′ = g(W (h1), ...,W (hm)) for some g ∈ C∞poly(Rm) and

h1, ..., hm ∈ H. Then, X = (W (h1), ...,W (hm)) is am-dimensional centered Gaussian vector with

covariance matrix C = QQ for some symmetric positive-definite matrix Q ∈ Rm×m. Assume

X = QG with G = (W (e1), ...,W (em)) a standard Gaussian vector. Then, we have

DF ′ = Dg(QG) =
m∑
j=1

( m∑
i=1

∂ig(QG)Qij

)
ej

=
m∑
i=1

∂ig
(
W (h1), ...,W (hm)

) m∑
j=1

Qijej

=
m∑
i=1

∂ig
(
W (h1), ...,W (hm)

)
hi,

where the last equality follows from W (hj) = (QG)j =
∑m

j=1QijW (ej) = W
(∑m

j=1Qijej
)
.

This discussion suggests the following definition.

Definition 4.6. (i) Suppose F ∈ Spoly can be expressed as F = f(W (h1), ...,W (hm)) with

f ∈ C∞poly(Rm), h1, ..., hm ∈ H, and m ∈ N≥1. The Malliavin derivative DF of F is defined by

DF =
m∑
i=1

∂if
(
W (h1), ...,W (hm)

)
hi. (4.10)

In particular, DW (h) = h.

(ii) Let D1,2 be the closure of Spoly with respect to the following inner product

〈F,G〉D1,2 := E[FG] + 〈DF,DG〉L2(Ω;H).

In particular, D1,2 is a Hilbert space.

27ej ∈ Rd is a unit vector with only one nonzero entry (i.e., +1) in the j-th coordinate.
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The following question indicates that the definition (4.10) of Malliavin derivative DF is in-

dependent of the choices of representations.

Question 4.7. (i) Given two representations of F = f(W (h1), ...,W (hm)) =

g(W (f1), ...,W (fn)), prove that the following expressions are identical:
m∑
i=1

∂if
(
W (h1), ...,W (hm)

)
hi =

n∑
j=1

∂jg
(
W (f1), ...,W (fn)

)
fj .

(ii) [Directional derivative] Given F = f(W (h1), ...,W (hm)) and h ∈ H. Verify that

〈DF, h〉H = lim
ε→0

1

ε

[
− F + f

(
W (h1) + ε〈h1, h〉H, ...,W (hm) + ε〈hm, h〉H

)]
.

The quantity 〈DF, h〉H is called the directional derivative of F in the direction h, which measures

the sensitivity of the random variable F to the “small” amount of perturbations from W to

W + εh.

Let us now recall a few basic properties of the Malliavin derivative operator.

Proposition 4.8. (i) The derivative operator D is closable: if Fn ∈ D1,2 with DFn → V in

L2(Ω;H) for some V and Fn → 0 in L2(P) as n→ +∞, then V = 0.

(ii) Let CWk denote the k-Wiener chaos as in Theorem 4.4. Then, CWk ⊂ D1,2 and

‖DJkF‖2L2(Ω;H) = k‖JkF‖22 (4.11)

for any F ∈ L2(Ω, σ{W},P).

(iii) Given G ∈ L2(Ω, σ{W},P), we have G ∈ D1,2 if and only if
∑

k≥1 k‖JkG‖22 < ∞. In each

case, we have E[‖DG‖2H] =
∑

k≥1 k‖JkG‖22. Here, Jk denotes the projection operator onto CWk .

(iv) [Gaussian Poincaré inequality] For any F ∈ D1,2, we have

Var(F ) ≤ E[‖DF‖2H],

where the equality holds only when F ∈ CW0 ⊕ CW1 .

Proof. Given any G ∈ Sc, h ∈ H, we can write

E[〈V, h〉HG] = lim
n→+∞

E[〈DFn, h〉HG]

= lim
n→+∞

E[〈D(FnG)− FnDG,h〉H]

= lim
n→+∞

E[〈FnGW (h)] + lim
n→+∞

E[Fn〈DG,h〉H]

= 0,

(4.12)

where the second equality follows from the usual product rule D(FG) = FDG+GDF for smooth

random variables F,G ∈ Spoly,28, the third equality follows from the Gaussian integration by

parts formula in Proposition 2.11, and the last equality is due to the L2-convergence of Fn → 0

with GW (h), DG, h〉H ∈ L2(Ω). Recall from Corollary 4.5 that Sc(H) = {Gh : G ∈ Sc, h ∈ H} is

dense in L2(Ω;H). This implies that V = 0. That is, part (i) is proved.

Now let us prove (ii). Suppose F ∈ CWk has the following form

F =
∑

q∈N∞
1{|q|=

∑
j≥1 qj=k}cq

∞∏
j=1

Hqj (W (ej))

28In view of Question (4.7), we can express F and G as two functions of a common Gaussian vector, so that
the desired product rule is simply the usual product rule in calculus.
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with {ej}j≥1 orthonormal basis of H. As in the proof of Theorem 4.4, we define

Fm =
∑

q1,...,qm≥0

1{
∑m
j=1 qj=k}cq1,...,qm

m∏
j=1

Hqj (W (ej)),

which converges to F in L2(Ω). Then, Fm is indeed a polynomial in independent Gaussians and

belongs to Spoly with

DFm =
∑

q1,...,qm≥0

1{
∑m
j=1 qj=k}cq1,...,qm

m∑
i=1

qiHqi−1(W (ei))

(∏
j 6=i

Hqj (W (ej))

)
ei.

It follows from the results in Section 2 that

E
[
‖DFm‖2H

]
= kE[F 2

m] and E
[
‖D(Fm − Fn)‖2H

]
= kE[(Fm − Fn)2], (4.13)

where we also used E[FmFn] = E[F 2
m] and E[〈DFm, DFn〉H] = E[‖DFm‖2H] for m ≤ n to obtain

the second equality. In particular, {DFm}m is Cauchy in L2(Ω;H) with limit

DF =
∑

q∈N∞
1{|q|=k}cq

∞∑
i=1

qiHqi−1(W (ei))

(∏
j 6=i

Hqj (W (ej))

)
ei.

It is clear that DF ∈ L2(Ω;H) and passing m→ +∞ in (4.13) yields (4.11).

Next, we prove (iii). Given G ∈ L2(Ω, σ{W},P), we define

GN =
∑
k≤N

JkG.

Then, by orthogonality relation and part (ii), we get

‖DGN‖2L2(Ω;H) =
∑
k≤N

k‖JkG‖22.

If G ∈ D1,2, then due to (i) with GN
N→+∞−−−−−→
L2(Ω)

G, we have DGN → DG in L2(Ω;H). Therefore,∑
k≥1

k‖JkG‖22 = lim
N→+∞

‖DGN‖2L2(Ω;H) = ‖DG‖2L2(Ω;H) <∞.

Suppose
∑

k≥1 k‖JkG‖22 < ∞. Then, {DGN}N is Cauchy in L2(Ω;H), which together with

GN
N→+∞−−−−−→
L2(Ω)

G, implies that G ∈ D1,2 with DG the limit of DGN in L2(Ω;H).

Finally, it is easy to see that part (iv) is an immediate consequence of part (iii). �

Remark 4.9. For F ∈ Spoly, the definition of DF is independent of its representation; see

Question 4.7-(i). The space D1,2 is defined by closing Spoly under the D1,2-norm, and the

closability of D ensures that the definition of DF does not depend on the particular choice of

approximating sequence Fn ∈ Spoly. Part (iii) of Proposition 4.8 gives an equivalent definition

of the space D1,2 using the projection operators.

In (4.12), we used the product rule for smooth random variables. It is not difficult to generalize

it for more general random variables; see also [NP12, Exercise 2.3.10].

Proposition 4.10 (Product rule). Suppose F ∈ D1,2 and G ∈ Sb. Then, FG ∈ D1,2 and

D(FG) = FDG+GDF. (4.14)
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Proof. Due to F ∈ D1,2 and G ∈ Sb, we have the RHS of (4.14) belongs to L2(Ω;H) and can be

represented as a limit of

FnDG+GDFn

with Fn ∈ Spoly. For each n, by the usual product rule in calculus, we have FnDG + GDFn =

D(FnG). Since FnG ∈ Spoly converges to FG in L2(Ω), we can conclude that its limit FG

belongs to D1,2 and the equality (4.14) holds. �

• Higher-order Malliavin derivatives. For k ∈ N≥2, we can define the k-th Malliavin

derivative Dk in a similar way.

(i) For F ∈ Spoly given by F = f(W (h1), ...,W (hm)), we define

DkF =

m∑
i1,...,ik=1

∂i1...ikf(W (h1), ...,W (hm))hi1 ⊗ · · · ⊗ hik ,

which is clearly a random element in H�k; here H�k denotes the k-th symmetric tensor

product of H (see Appendix (A) for more details).

(ii) Suppose Dk−1 and its domain Dk−1,2 have been defined. We define Dk,2 to be the closure

of Spoly under the following inner product

〈F,G〉Dk,2 = 〈F,G〉Dk−1,2 + 〈DkF,DkG〉L2(Ω;H⊗k)

=

k∑
i=0

E
[
〈DiF,DiG〉H⊗i

]
with D0F = F .

(iii) As in Proposition 4.8, one can show that Dk is closable and the following equivalence

holds:

F ∈ Dk,2 if and only if
∞∑
p=1

pk‖JpF‖22 <∞. (4.15)

We leave this as an exercise to interested students.

• Divergence operator. The divergence operator δ is the adjoint operator of D, which is

characterized by the duality relation

E[〈DF, V 〉H] = E[Fδ(V )]. (4.16)

Let dom(δ) be the set of random vectors V ∈ L2(Ω;H) such that there is some finite constant

C = CV such that |E[〈DF, V 〉H]| ≤ C‖F‖2 for any F ∈ Spoly. In particular, the functional

F 7→ Ψ(F ) := E[〈DF, V 〉H] is bounded linear on Spoly. Then, due to density of Spoly, one

can extend Ψ to a bounded linear function on the Hilbert space L2(Ω, σ{W},P), and thus

Riesz’s representation theorem indicates that there exists a unique element (denoted by δ(V ))

in L2(Ω, σ{W},P) such that (4.16) holds true. One can proceed in the same way to define

the iterated divergence operator δk as the adjoint operator of Dk. We summarize the above

discussion in the following.

Lemma 4.11. For any F ∈ Dk,2 and V ∈ dom(δk), we have

E[〈DkF, V 〉H⊗k ] = E[Fδk(V )].

Question 4.12. Given a unit vector h ∈ H. Show that δk(h⊗k) = Hk(W (h)).

We conclude this section with a few properties of the divergence operator and its domain

dom(δ).
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Proposition 4.13. (i) Recall Sc(H) from Corollary 4.5 and define similarly S0(H) = span{Gh :

h ∈ H, G ∈ S0}. Then, both S0(H) and Sc(H) are contained in dom(δ). In particular, dom(δ) is

dense in L2(Ω;H).

(ii) Assume G ∈ D1,2 and V ∈ dom(δ) satisfy

E
[
G2‖V ‖2H

]
+ E

[
G2δ(V )2

]
+ E

[
〈DG,V 〉2H

]
<∞. (4.17)

Then, GV ∈ dom(δ) with

δ(GV ) = Gδ(V )− 〈DG,V 〉H.

Proof. Suppose F,G ∈ Spoly and h ∈ H. Then, we can proceed as in (4.12)

E
[
〈DF, h〉HG

]
= E

[
〈D(FG), h〉H

]
− E

[
F 〈DG,h〉H

]
= E[FGW (h)]− E

[
F 〈DG,h〉H

] (4.18)

using the product rule. Therefore, we deduce from Cauchy-Schwarz that∣∣E[〈DF, h〉HG]∣∣ ≤ ‖F‖2(‖GW (h)‖2 + ‖DG‖L2(Ω;H)‖h‖H
)
. (4.19)

Due to Sc ∪ S0 ⊂ D1,2, we can approximate any element in Sc ∪ S0 by a sequence of random

variables in Spoly with respect to the norm ‖ • ‖D1,2 . That is, via a limiting argument (if

necessary), we can obtain the bound (4.19) for any G ∈ Sc∪S0. This implies that S0(H)∪Sc(H) ⊂
dom(δ) with

δ(Gh) = GW (h)− 〈DG,h〉H (4.20)

for any G ∈ Spoly ∪ S0 in view of (4.18). Thus, the proof of part (i) is concluded by invoking

Corollary 4.5.

Next, we prove part (ii), which generalizes (4.20). Let F ∈ Sb, then we can deduce from the

product rule (Proposition 4.10) and duality relation that

E
[
〈DF,GV 〉H

]
= E

[
〈D(FG)− FDG, V 〉H

]
= E

[
〈D(FG), V 〉H

]
− E

[
F 〈DG,V 〉H

]
= E

[
FGδ(V )

]
− E

[
F 〈DG,V 〉H

]
due to (4.17)

and thus, we get GV dom(δ) and δ(GV ) = Gδ(V ) − 〈DG,V 〉H. Note that we used the density

of Sb in L2(Ω, σ{W},P) and FG ∈ D1,2 (a consequence of Proposition 4.10).

Hence, the proof of Proposition 4.13 is completed. �

∝∝∝∝∝∝ End of Lecture 11 (Oct.7, 2025) ∞∞∞∞∞∞



58 MA884: GAUSSIAN ANALYSIS (2025 FALL @ BU)

Lecture 12.

4.3. (Generalized) chain rule. XXX

• Application: (local) Bouleau-Hirsch’s criterion.

Example 4 (Nonzero V with δ(V ) = 0). Let {e1, e2} be an orthonormal system in H and define

f = e1 ⊗ e2 − e2 ⊗ e1 ∈ H⊗2.

Then, V := I1(f) = W (e1) e2 − W (e2) e1 is nonzero almost surely and

δ(V ) = I2

(
f̃
)

= 0.

∝∝∝∝∝∝ End of Lecture 12 (Oct.9, 2025) ∞∞∞∞∞∞
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Lecture 13.

4.4. Malliavin operators II: divergence operator and Itô v.s. Skorohod.

∝∝∝∝∝∝ End of Lecture 13 (Oct.16, 2025) ∞∞∞∞∞∞
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4.5. Ito v.s. Skorohod.

4.6. Application: linear/NL SPDEs. optimal well-posedness for Anderson models with frac-

tional rough noises.
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5. Fourth moment theorems and Nourdin-Peccati analysis

Let us start with an example from Peccati and Yor’s work [?] : let W be a standard real

Brownian motion, then according to Jeulin’s lemma29,ˆ 1

0
t−2W 2

t dt = +∞ almost surely.

The authors of [?] studied the fluctuation of Fε =
´ 1
ε W

2
t t
−2 dt, after normalization, as ε goes to

zero. And they obtained that

F̃ε :=
Fε − E[Fε]√

VarFε

law−−−→
ε→0

N (0, 1) . (5.1)

The proof is roughly sketched as follows:

• It is easy to compute that σε :=
√

VarFε =
√

4 log(1/ε) + 4ε− 4.

• Using Itô’s formula and stochastic Fubini’s theorem (see e.g. [?]), one can rewrite F̃ε as

follows:

F̃ε =
2

σε

ˆ 1

ε

(ˆ 1

0
t−21(s≤t)WsdWs

)
dt =

2

σε

ˆ 1

0

(ˆ 1

ε
t−21(s≤t) dt

)
WsdWs

=
2

σε

ˆ 1

0

(
1

ε ∨ s
− 1

)
Ws dWs =

ˆ 1

0
ϕεs dWs ,

with ϕεs := 2σ−1
ε

[
(ε ∨ s)−1 − 1

]
Ws, s ∈ [0, 1]. It is also clear that M ε

t :=
´ t

0 ϕ
ε
s dWs,

t ∈ R+, is a square-integrable continuous martingale such that its quadratic variation

(at infinity) 〈M ε〉∞ = +∞ almost surely30.

• According to the theorem of Dambis and Dubins-Schwarz (see e.g. [?, Chapter V]),

there exists a standard real Brownian motion βε such that M ε
t = βε〈Mε〉t , t ∈ R+. As βε1

is a standard Gaussian random variable, in order to show the asymptotic normality of

F̃ε = M ε
1 , it is enough to prove 〈M ε〉1 is close to 1 in L2(¶), in view of the Burkholder-

Davis-Gundy inequality (see e.g. [?, Chapter IV]).

• It is easy to obtain ‖〈M ε〉1 − 1‖L2(¶) = O(1/σε), as ε ↓ 0. This finishes our sketchy

proof.

For more details, one can refer to the original paper [?] as well as the recent survey [?].

Later, Nualart and Peccati studied another Gaussian functional

FH,ε :=

ˆ 1

ε

(WH
t )2

t1+2H
dt , (0 < ε < 1) (5.2)

where WH is a fractional Brownian motion with Hurst parameter H ∈ (0, 1). The Fε above

corresponds to the case where H = 1/2, that is, when WH is a standard Brownian motion.

According to Jeulin’s lemma, FH,0 = +∞ a.s., so it is natural to see whether the Gaussian

fluctuation of the renormalized FH,ε occurs for generalH. Starting from this motivating example,

29Here is a simple version from the exercise book [?] by Chaumont and Yor: let {Rt, t ∈ (0, 1]} be a jointly

measurable process with values in R+ such that 0 < E[R1] < +∞ and Rt
(law)
= R1 for any t ∈ (0, 1], and let µ be

a σ-finite measure on (0, 1]. Then the following equivalence holds true:
´

(0,1]
Rt µ(dt) < +∞ almost surely if and

only if
´

(0,1]
µ(dt) < +∞.

30One can first compute directly that σ2
ε〈Mε〉∞ = 4

´∞
0

[
(ε∨ s)−1− 1

]2
W 2
s ds ≥

´∞
2
W 2
s s
−2 ds, while applying

Jeulin’s lemma to the inverse-time Brownian motion, we get
´∞

1
W 2
s s
−2 ds = +∞ a.s., so we can conclude that

〈Mε〉∞ = +∞ almost surely.
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Nualart and Peccati published a very surprising result [?] in 2005, which is known as the “fourth

moment theorem” nowadays.

Theorem 5.1 (D. Nualart and G. Peccati, 2005). Fix an integer p ≥ 2. Let

Fn ≡ IWp (fn) := p!

ˆ 1

0

ˆ t1

0
· · ·
ˆ tp−1

0
fn(t1, . . . , tp) dWtp · · · dWt1 (5.3)

be a sequence of pth-order multiple Wiener-Itô integrals. Assume that the kernel fn ∈
L2
(
[0, 1]p, dx

)
is symmetric almost everywhere such that p!‖fn‖2L2([0,1]p) → 1, as n → +∞.

Then the following statements are equivalent:

(i) Fn converges in law to a standard Gaussian, as n→ +∞.

(ii) E
[
F 4
n

]
converges to 3, as n→ +∞.

(iii) For each r ∈ {1, . . . , p − 1}, ‖fn ⊗r fn‖L2([0,1]2p−2r) converges to 0, as n → +∞, where

the r-contraction ⊗r is defined as follows:(
f ⊗r g

)
(x1, . . . , xp+q−2r)

=

ˆ
[0,1]r

f(x1, . . . , xp−r, s1, . . . , sr)g(xp−r+1, . . . , xp+q−2r, s1, . . . , sr)ds1 . . . dsr , (5.4)

for f ∈ L2([0, 1]p, dx), g ∈ L2([0, 1]q, dx) and31 0 ≤ r ≤ p ∧ q, see also (??).

The name “fourth moment theorem” comes from the equivalence between (i) and (ii). The

implication “(ii) ⇒ (i)” is particularly surprising, as it simplifies to a great extent the usual way

of proving the central limit theorem through the so-called method of moments and cumulants32.

The original proof of FMT follows essentially the same arguments as for (5.1), that is, one

sees Fn as the value of some continuous martingale M (n) at t = 1 and applies the random-time

change:

M
(n)
t := p!

ˆ t

0

(ˆ t1

0
· · ·
ˆ tp−1

0
fn(t1, . . . , tp) dWtp · · · dWt2

)
dWt1 = β

(n)

〈M(n)〉t
,

where β(n) is some standard Brownian motion and 〈M (n)〉• denotes the quadratic variation

process associated to M (n). At a handwaving level, if 〈M (n)〉1 is close to 1 in L2(¶), then

by Burkholder-Davis-Gundy inequality, Fn = M
(n)
1 is close to β

(n)
1 , which is standard Gauss-

ian. Computing E
[
〈M (n)〉21

]
involves an extensive use of the product formula (??) for multiple

Wiener-Itô integrals and this is where the contractions in (iii) come into the play, while after a

lengthy computation of the fourth moment E
[
F 4
n

]
using the product formula (??), one gets the

equivalence between (ii) and (iii). Making these arguments rigorous is essentially what was done

in the original article.

By the isometry between any two real separable Hilbert spaces, the above FMT holds inside a

general Gaussian Wiener chaos associated to an isonormal process, see [?]. Back to the Gaussian

functional (5.2), one can treat FH,ε − E[FH,ε] as an element in the second Gaussian Wiener

chaos; and according to the FMT, checking the Gaussian fluctuation reduces to computing the

related contraction-norms, see [?, Section 3.1]. This application is just a tip of the iceberg. This

univariate FMT together with its multivariate extension has produced a very efficient strategy

for proving Gaussian limits on the Wiener space.

Let us first recall the multivariate FMT [?], established by Peccati and Tudor.

31Note f ⊗0 g = f ⊗ g is the usual tensor product of two functions.
32See e.g. Section 30 in Billingsley’s book [?].
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Theorem 5.2 (G. Peccati and C. A. Tudor, 2005). Fix integers d ≥ 2 and 1 ≤ q1 ≤ . . . ≤ qd.

Let C =
(
Ci,j , 1 ≤ i, j ≤ d

)
be a d × d symmetric nonnegative definite matrix and fn,i ∈

L2([0, 1]qi , dx) be symmetric for any n ≥ 1 and every i ∈ [d] := {1, . . . , d}. Assume that the

d-dimensional random vectors

F (n) =
(
F

(n)
1 , . . . , F

(n)
d

)T
:=
(
IWq1 (fn,1), . . . , IWqd (fn,d)

)T
satisfy

lim
n→+∞

E
[
F

(n)
i F

(n)
j

]
= Ci,j for every i, j ∈ [d].

Then, as n→ +∞, the following assertions are equivalent:

(1) The vector F (n) converges in law to a d-dimensional Gaussian vector N (0, C);

(2) for every i ∈ [d], F
(n)
i converges in law to a Gaussian random variable N

(
0, Ci,i

)
;

(3) for every i ∈ [d], E
[
(F

(n)
i )4

]
→ 3C2

i,i;

(4) for every i ∈ [d] and each 1 ≤ r ≤ qi − 1, ‖fn,i ⊗r fn,i‖L2([0,1]2qi−2r) → 0.

In fact, soon after the appearance of [?], Peccati and Tudor attempted to obtain the FMT for a

sequence of random variables belonging to finitely many chaoses. Surprisingly, they obtained the

above more interesting result: for random vectors with components in the fixed Gaussian Wiener

chaos, the joint convergence to Gaussian (1) is equivalent to the component-wise convergence (2),

and the latter is reduced to verifying (3) or (4) in view of Nualart and Peccati’s univariate FMT.

This observation provides practitioners with an alternative to the semimartingale approach

(see e.g. [?]) to prove the central limit theorems on the Wiener space; roughly speaking, one

can first decompose the random variable into Gaussian Wiener chaoses and then prove central

convergence on each chaos. See, for example, [?, ?, ?] for applications to zeros of random

polynomials; [?, ?, ?, ?, ?] for applications to statistical physics. Again, we invite interested

readers to visit the website [?] for many more works around the FMTs.

Besides Peccati-Tudor’s theorem, there have been several important inputs around the FMTs,

notably

(i) Nualart and Ortiz-Latorre [?] gave another proof of FMT based on Malliavin calculus, which

paved the road for Stein to meet Malliavin [?], see Section 6;

(ii) Ledoux took another insightful point-of-view for the FMT in [?] and he treated the Gaussian

Wiener chaos as an eigenspace of a symmetric self-adjoint Markov diffusion operator, and then

he employed Gamma calculus to derive the FMT in this setting. Such a direction has been

further enriched in the papers [?, ?, ?]. Originally Ledoux’s spectral viewpoint was taken in the

diffusive setting and unexpectedly, after slight adjustment to the discrete case, it turns out to be

a crucial ingredient for the obtention of the FMTs on the Poisson space and in the Rademacher

setting, see Section ??.

6. How Stein meets Malliavin?

This section tells the story of how Malliavin calculus was first combined with Stein’s method. As

mentioned before, we will first sketch Nualart and Ortiz-Latorre’s methodological breakthrough,

namely, linking the Malliavin operators to the study of limit theorems on the Wiener space. To

illustrate better the ideas and also for the sake of later reference, let us now introduce some

basics of Malliavin calculus and define the central object in this thesis, Wiener chaos. Readers,

who have already been familiar with Malliavin calculus, could jump to Section 6.1.
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The concept of chaos that we consider dates back to Norbert Wiener’s 1938 paper [?], in which

Wiener first introduced the notion of multiple Wiener integral calling it polynomial chaos. In

1947, Cameron and Martin [?] obtained the orthogonal development of nonlinear Brownian

functionals in terms of Hermite polynomials33, which motivated Itô’s 1951 work [?].

In 1951, Itô modified the definition of multiple Wiener integral and made it more convenient

for analysis in the point that the multiple Wiener integrals of different orders are orthogonal to

each other, while Wiener’s polynomial chaos does not possess such a property. Later in 1956,

Itô generalized ideas from his previous paper and defined the multiple Wiener integral based

on an independently scattered random measure. Note that the class of independently scattered

random measures includes Gaussian and Poisson random measures. In the following section, we

will define the Gaussian and Poisson Wiener chaoses in an unified manner.

From now on, we fix a σ-finite measure space
(
Z,Z , µ

)
such that {x} ∈ Z with µ({x}) = 0

for any x ∈ Z, that is, µ is nonatomic. And we define Zµ := {B ∈ Z : µ(B) < ∞}. All

random objects in this thesis are defined on a common probability space
(
Ω,F ,¶

)
.

The measure µ, appearing in Definition ??, is called the intensity measure. The introduction of

Gaussian and Poisson random measures can be treated as the randomization of the underlying

intensity measure space
(
Z,Z , µ

)
, and they constitute the basic building blocks of modern

probability theory.

6.1. A methodological breakthrough by Nualart and Ortiz-Latorre. In 2008, Nualart

and Ortiz-Latorre provided in [?] another equivalent condition for the FMT. More importantly,

this paper contains a methodological breakthrough: the authors used Malliavin calculus tools,

in particular the integration by parts formula on the Wiener space.

Theorem 6.1 (D. Nualart and S. Ortiz-Latorre, 2008). Let Fn be given as in (5.3) and have

unit variance, then Fn converges in law to N (0, 1) if and only if

(iv) ‖DFn‖2 converges in L2(¶) to p, as n→ +∞.

Note ‖DFn‖2 is somehow a reminiscence of the quadratic variation 〈M (n)〉1 from the random-

time change, see page 4. Here we will just sketch the argument for the “if-part”:

By assumption, Fn = p−1δDFn is bounded in L2(¶), hence admitting a subsequence

Fnk that converges in law to some random variable Z. It follows that E
[
eitFnkFnk

]
=

p−1E
[
eitFnk δDFnk

]
= p−1E

[
〈DeitFnk , DFnk〉

]
= p−1E

[
iteitFnk 〈DFnk , DFnk〉

]
. If (iv)

holds, then we have E
[
eitZZ

]
= E

[
iteitZ

]
. Denote by φZ the characteristic function

of Z, then the previous equality suggests that φ′Z(t) = −tφZ(t), subject to the boundary

condition φZ(0) = 1. Solving this ODE gives us Z ∼ N (0, 1). This argument can be

applied to any subsequence of (Fn), hence the original sequence indeed converges in law

to N (0, 1).

For the “only-if” part, one can first rewrite E
[(
‖DFn‖2− p

)2]
= E

[
‖DFn‖4

]
− p2, which can be

further expressed in terms of contractions, using the product formula (??). By condition (iii)

in Nualart-Peccati’s FMT, these contractions vanish asymptotically so that one can obtain the

desired L2(¶)-convergence.

33Hermite polynomials are orthogonal polynomials with respect to the Gaussian measure and it is one of
the central ingredients in the Gaussian analysis. The first few Hermite polynomials are given by H0(x) = 1,
H1(x) = x, H2(x) = x2 − 1, and recursively, Hp+1(x) := xHp(x)− pHp−1(x). Alternatively, one can define them

via the Rodrigues’ formula Hp(x) = (−1)p exp(x2/2) dp

dxp
exp(−x2/2), p ∈ N. See e.g. Section 1.4 in [?].
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Remark 6.2. In 2009, Nourdin and Peccati [?] used exclusively results from Malliavin calculus

to derive non-central extensions of the FMT. One of their main results states that for any

sequence {fk, k ≥ 1} ⊂ L2
s(µ

p) (p ≥ 2 even) verifying limk→+∞ p!‖fk‖2 = 2ν > 0, the following

statements are equivalent, as k → +∞:

(a) IWp (fk) converges in law to F (ν), centered Gamma distribution34 with parameter ν;

(b) E
[
IWp (fk)

4
]
− 12E

[
IWp (fk)

3
]
−→ 12ν2 − 48ν;

(c) ‖DIWp (fk)‖2 − 2pIWp (fk) converges in L2(P) to 2pv.

This work exhibits again the power of Malliavin calculus.

A digression. The readers may have wondered “why the fourth moment is so special for the

asymptotic normality inside a fixed Gaussian Wiener chaos”. One immediate answer could be

Theorem 6.1 and the following consequence of the product formula (??): for F ∈ CWq ,

Var
(
q−1‖DF‖2

)
≤ q − 1

3q

(
E[F 4]− 3E[F 2]2

)
≤ (q − 1)Var

(
q−1‖DF‖2

)
, (6.1)

see equation (5.2.7) in [?].

One can also answer this question using the classic method of moments and cumulants, as

Nourdin explained in the short note [?]: for a normalized sequence {Fn, n ≥ 1} ⊂ CWp such

that E[F 4
n ] → 3, one can prove, with some soft combinatorial arguments and the product for-

mula, that every moment of Fn converges to the corresponding Gaussian moment. Here, let

us provide a slightly different argument: as every monomial is a finite linear combination of

Hermite polynomials35, it suffices instead to show that E
[
Hk(Fn)

]
→ E

[
Hk(Z)

]
= 0 for36 every

k ∈ N, Z ∼ N (0, 1). Note the expression E
[
Hk(X)

]
bears the particular name “kth normal

moment of X” and is closely related to the χ2-distance of Pearson, see [?, Proposition 8.2].

The first few normal moments of Fn are E[H1(Fn)] = E[Fn] = 0, E[H2(Fn)] = E[F 2
n ] − 1 = 0,

E[H4(Fn)] = E[F 4
n − 6F 2

n + 3] = E[F 4
n ] − 3; for a generic k ∈ N, we write E[Hk+1(Fn)] =

E[FnHk(Fn)]− E[kHk−1(Fn)] using the recursive relation of Hermite polynomials, and then we

apply the integration by parts formula and chain rule as follows:

E
[
FnHk(Fn)

]
= p−1E

[
δDFnHk(Fn)

]
= p−1E

[
〈DFn, DHk(Fn)〉

]
= E

[
p−1‖DFn‖2kHk−1(Fn)

]
,

thus,∣∣E[Hk+1(Fn)]
∣∣ =

∣∣E[(p−1‖DFn‖2 − 1)kHk−1(Fn)]
∣∣ ≤ k√Var

(
p−1‖DFn‖2

)√
E
[
Hk−1(Fn)2

]
;

see also (??) for similar computations. The above inequality, together with (6.1), implies that

the fourth moment controls other moments asymptotically.

Lastly, let us mention Rosiński’s intuitive explanation [?] based on the independence on

Wiener space. Let us first recall the seminal result of Üstünel and Zakai [?] that provides the

necessary and sufficient condition for independence of two multiple Wiener-Itô integrals with

respect to the same Gaussian random measure.

34i.e. F (v) = 2γν/2 − ν, where γν/2 has a Gamma law with parameter ν/2.
35By definition (see footnote 8), Hermite polynomial is a finite linear combination of monomials, then in-

ductively, one can easily verify that every monomial can be expressed as a finite linear combination of Hermite
polynomials.

36Like to crack a walnut with a sledgehammer: Z is equal in law to W (h) for some unit vector h ∈ L2(µ), and
Cameron-Martin’s result [?] suggests that Hk(W (h)) = IWk (h⊗k), which is an element of kth Gaussian Wiener
chaos, and this explains E[Hk(Z)] = 0 for every k ∈ N.
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Theorem 6.3 (A.S. Üstünel and M. Zakai, 1989). Fix p, q ∈ N and f ∈ L2
s(µ

p), g ∈ L2
s(µ

q), we

set F = IWp (f), G = IWq (g). Then F,G are independent if and only if f ⊗1 g = 0.

Later, Rosiński and Samorodnitsky [?] made another interesting observation.

Proposition 6.4 (J. Rosiński and G. Samorodnitsky, 1999). Fix p, q ∈ N, then Cov(F 2, G2) ≥ 0

for any F ∈ CWp , G ∈ CWq , with equality only when F and G are independent.

Here comes Rosiński’s nice heuristic arguments: suppose that F ∈ CWp satisfies E[F 2] = 1

and37 E[F 4] = 3, let G be an independent copy of F , then Cov
(
(F +G)2, (F −G)2

)
= 2E[F 4]−

6E[F 2]2 = 0, so it follows from Proposition 6.4 that F + G is independent of F −G. Thus, by

Bernstein’s theorem, F ∼ N (0, 1). In the statement of the FMT, E[F 4
n ] = 3 only asymptotically,

it is natural to expect Fn → N (0, 1). Such heuristics have led to several papers on asymptotic

independence on the Wiener space [?, ?], with applications to time series analysis [?].

The above digression around the importance of the fourth moment may also trigger one’s desire

of quantifying the CLT on Wiener chaos in terms of the fourth moment. It is known, for

example from [?, Proposition C.3.2], that a sequence of random variables Xn converges in law

to the standard Gaussian N if and only if dKol(Xn, N)→ 0, where dKol denotes the Kolmogorov

distance38 appearing in the celebrated Berry-Esséen bound. So is it true that

(#) dKol

(
F,N (0,Var(F )

)
≤ Constant×

√
E[F 4]− 3E[F 2]2 for any F ∈ CWp ?

The answer is indeed positive and will be the highlight of the story told in the next section. It

is also worth pointing out the paper [?] by Azmoodeh, Malicet, Mijoule and Poly, who provided

a generalization of FMT by establishing the equivalence between asymptotic normality and

convergence of even moments on the Gaussian Wiener chaos; see also (??).

6.2. Application: parameter estimation.

6.3. Application: GOE approximation of Wishart matrices.

6.4. Application: zeros of random polynomials.

7. Regularity of Gaussian objects

1. Kolmogorov theorems

2. analysis of PDEs.

37In fact, if p ≥ 2, E[F 4] > 3, see e.g. [?, Corollary 2] or our Chapter 3. So we view E[F 4] = 3 as an asymptotic
relation.

38dKol(X,N) := sup{|¶(X ≤ t)− ¶(N ≤ t)| : t ∈ R}, see also Section 2.1.1.
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Appendix A. Basic results in analysis

• Given an interval (a, b) with a < b. We say a function f : (a, b)→ R is absolutely continuous

if for any ε > 0, there exists δ > 0 such that whenever a finite sequence of pairwise disjoint

sub-intervals (ak, bk) of (a, b) with ak < bk and∑
k

(bk − ak) < ε,

we have ∑
k

|f(bk)− f(ak)| < ε.

In particular, an absolutely continuous function is uniformly continuous. Note that an Hölder

continuous function is uniformly continuous but in general not absolutely continuous.39 More-

over, an absolutely continuous function is almost everywhere differentiable. This fact is contained

in the following fundamental theorem of (Lebesgue integral) calculus.

Theorem A.1. Let a < b be two real numbers. Suppose f : [a, b]→ R is a continuous function.

Then, the following statements are equivalent:

(i) f is absolutely continuous;

(ii) f has a derivative f ′ almost everywhere that is Lebesgue integrable, and

f(x) = f(a) +

ˆ x

a
f ′(t)dt

for all x ∈ [a, b]; (the above integral is defined in Lebesgue’s sense)

(iii) there exists a real-valued and Lebesgue integrable function g on [a, b] such that

f(x) = f(a) +

ˆ x

a
g(t)dt

for all x ∈ [a, b].

If these equivalent conditions are satisfied, then necessarily any function g as in (iii) satisfies

g = f ′ almost everywhere.

As a consequence of Theorem A.1, one can easily derive the chain rule for absolutely contin-

uous functions:

d

dx
(f ◦ h)(x) = f ′(h(x))h′(x) a.e. (A.1)

for any absolutely continuous functions f, g : R→ R.

Theorem A.2 (Integration by parts). Let f, g : [a, b]→ R be absolutely continuous with < −∞ <

a < b <∞. Then, fg is absolutely continuous and
ˆ b

a
f(t)g′(t)dt =

[
f(b)g(b)− f(a)g(a)

]
−
ˆ b

a
f ′(t)g(t)dt.

39We say h : R→ R is Hölder continuous with exponent β ∈ (0, 1] if there is some Cβ ∈ (0,∞) such that

|h(x)− h(y)| ≤ Cβ |x− y|β (∗)

for any x, y ∈ R. When β = 1, we call h a Lipschitz function and in this case, h is clearly absolutely continuous
with f ′ uniformly bounded by the constant C1 in (∗).
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• Cauchy-Schwarz inequality:∣∣∣∣∣∑
n

anbn

∣∣∣∣∣ ≤
(∑

n

a2
n

)1/2(∑
n

b2n

)1/2

∣∣∣∣ˆ
X
f(x)g(x)µ(dx)

∣∣∣∣ ≤ ( ˆ
X
f(x)2µ(dx)

)1/2(ˆ
X
g(x)2µ(dx)

)1/2

• Hölder inequality, Jensen’s inequality, Minkowski inequality, Young’s inequality, XXX

Proposition A.3. (1) [Generalized dominated convergence] Suppose fn, gn, f , and g are real

integrable functions defined on some measure space (E, E , µ) such that

(i) for µ-almost every x ∈ E, fn(x)→ f(x) as n→ +∞;

(ii) for µ-almost every x ∈ E, gn(x)→ g(x) as n→ +∞;

(iii) |fn| ≤ gn for each n ≥ 1;

(iv)
´
E gndµ→

´
E gdµ as n→ +∞.

Then,
´
E fndµ→

´
E fdµ as n→ +∞. See, e.g., [Bas24, Exercise 7.5, p. 64].

(2) [Vitalli convergence theorem] Let (E, E , µ) be a finite measure space and p ∈ [1,∞). Let {fn}
be a sequence of functions in Lp(E, E , µ) and let f be a real-valued and E-measurable function.

Then the following statements are equivalent:

(a) f ∈ Lp(E, E , µ) and fn converges to f in Lp(E, E , µ).

(b) fn converges in µ-measure to f and {|fn|p}n≥1 is uniformly integrable.

• Basic Hilbert space notations.
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Appendix B. Basic results in probability

Definition B.1. Given a nonempty index set J , we say {Xj}j∈J is a real Gaussian family (or

jointly Gaussian) if any finite linear combination∑
j∈J0

ajXj

with aj ∈ R and J0 any finite subset of J , is a real Gaussian random variable.40 When J is a finite

set with cardinality d, we view {Xj}j∈J as a random vector in Rd and call it a d-dimensional

Gaussian vector.

It is well known in undergraduate probability that the law of a Gaussian family {Xj}j∈J can

be uniquely determined by the mean function and covariance structure:

mean mj = E[Xj ] and covariance Cij = E[XiXj ]−mimj

for any i, j ∈ J . When mj = 0 for all j, we call {Xj}j∈J a center Gaussian family. In general,

the family {Xj −mj}j∈J is always centered.

In Section 2, we work with n-dimensional Gaussian vectors G ∼ Nd(0, C) i.e., G = (G1, ..., Gd)

is a centered Gaussian family with covariance matrix

E[GiGj ] = Cij .

When C = I is the d × d identity matrix, G is known as the standard Gaussian vector on Rd,
whose law is called the standard Gaussian measure on Rn:

γd(dx) = (2π)−
d
2 e−

1
2
|x|2dx.

Here, we record a few fundamental results on Gaussian vectors. For X ∼ Nn(µ,C), by

definition, we have a ·X =
∑n

i=1 aiXi is a real Gaussian random variable with mean a · µ and

variance a · (Ca) =
∑

i,j aiCijaj . Thus,

E[eia·X ] = eia·µ−
1
2
a·Ca

for any a ∈ Rn. This indeed tells us that the law of X is characterized by its mean and covariance

matrix. Moreover, the following results follow immediately.

Lemma B.2. (i) If X ∼ Nn(µ,C), then AX + b ∼ Nm(Aµ + b, ACAt) for any b ∈ Rm and A

a m× n matrix.

(ii) Suppose X ∼ Nn(µ,C) and k ∈ {1, ..., n}. Assume that I1, ..., Ik are k disjoint subsets of

{1, ..., n} such that

Cov(Xi, Xj) = 0 whenever i, j are in distinct I`’s.

Then, the k families {Xi}i∈I1, ..., {Xi}i∈Ik are independent.

(iii) Suppose X ∼ Nn(0, C) with C invertible. Then, C−
1
2X ∼ Nn(0, In).

Lemma B.3 (Wick-Isserlis formula). Let X ∼ Nn(0, C). Then,

E
( n∏
i=1

Xi

)
=
∑
π

∏
{i,j}∈π

Cij , (B.1)

40Let X be a standard normal and B be a symmetric Bernoulli random variable (i.e., P(B = +1) = P(B =
−1) = 1/2) such that B is independent of X, then BX is a standard normal but X and BX are not jointly
Gaussian.
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where the sum runs over all pair partitions of {1, ..., n}. In particular, the above expectation

vanishes when n is odd.

Let us first explain the notion of pair partition of an even number of objects or essentially of

the set [2m] = {1, ..., 2m} for m ∈ N0. We say π is a pair partition of {1, ..., 2m}, denoted by

π ∈P2([2m]), if

π = {{i1, i2}, ..., {i2m−1, i2m}} ⊂ 2[2m]

with i1, ..., i2m mutually distinct. For example, {{1, 3}, {2, 4}} is a pair partition of [4] but not

a pair partition of [6].

Exercise B.4. Prove Lemma B.3 using the following identity at t = 0:

E
[
et·X

n∏
j=1

Xj

]
=

∂n

∂t1 · · · ∂tn
E
[
et·X

]
=

∂n

∂t1 · · · ∂tn
exp

( n∑
i,j=1

titjCij

)
.

Exercise B.5. Let X ∼ N2(0, C) and (m1,m2) ∈ N2
0. Show that

E[X2m1
1 X2m2

2 ] ≥ E[X2m1
1 ]E[X2m2

2 ].

Proposition B.6. Let (Ω,F , (Fm)m≥0,P) be a filtered probability space with F = σ{Fm : m ≥
0}. Given G ∈ Lp(Ω,F ,P) for some p ∈ [1,∞), we define Gm = E[G|Fm] for m ≥ 1. Then, Gm
converges almost surely and in Lp(Ω) to G as m→ +∞.

Proof. The statement for p = 1 can be found, e.g., on page 264 in [LeG16]. The general case

follows immediately from Vitalli’s convergence theorem (Proposition A.3-(2)). �

Appendix C. Answers to Questions

• Answer to Question 1.2
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