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Lecture 8.

3.3. Stein’s method of exchangeable pairs. The exchangeable pairs approach within Stein’s
method was first used in the paper [Dia77] which, however, attributed the method to Charles
Stein. Later, this technique was presented in a systematic way in Stein’s monograph [St86].
We recall that a pair (X, X’) of random elements on a common probability space is said to be
exchangeable, if (X, X') has the same distribution as (X', X). In the book [St86, Lecture III], it
is highlighted that a given real random variable W is close in distribution to a standard normal
variable N, whenever one can construct an exchangeable pair (W, W') such that W’ is close to
W in some sense and such that the linear regression property

E[W =W |G] = AW (3.6)
is satisfied for some small A > 0 and Var(5xE[(W' — W)?|G]) is small, where G is a o-algebra
that contains o{W}. Note the relation (3.6)) forces W to be centered.

Theorem 3.4 (C. Stein, 1986). Let (W, W') be an exchangeable pair of random variables defined
on a common probability space (Q,f, IP) such that Var(W) = 1, (3.6) holds for some A > 0 and
W € L3(P), then we have

dw (W,N) < \/2/n Var (W —W)2 |g]> )\E[|W—W’I3]7

where N ~ N(0,1).

Proof. Let f : R — R belong to C*(R) with ||fllec <2, [[F'llc < /2/7 and || f"||oc < 2, then
it is clear that f(W')W and f(W)W are integrable. It follows from the exchangeability that
E[(W —-W')f(W)] = E[(W'—W)f(W’)], from which we get E[(W — W')[f(W)+ f(W')]] = 0.
So

0=E[(W — W) [—f(W) + fF(W)]] +2E[(W — W) f(W)]
=E[(W = W)[=f(W) + f(W')]] + 2E[f(W)E(W — W'|G)]
=E[(W = W')[=f(W)+ fF(W)]] + 2XE[f(W)W] by
that is, E[(W' — W)[f(W') — f(W)]] = 2XE[f(W)W]; and particularly, E[(W’ — W)?] = 2.

Therefore,

2NE[f (W)W = J'(W)] = E((W = W)[F (W) = f(W)] = 205 (W)

1
_ E[f’(W) (E[(W’ ~W)2G] - 2)\)] +E [(W’ - W)3/ (1= ) f"(W +t(W' —W)) dt] ,
0
which together with Proposition [3.3| gives us the desired bound. O

In the following, we will apply Stein’s bound of exchangeable pairs to obtain a rate of con-
vergence for the CLT under the assumption of finite fourth moment.

Proposition 3.5 (Quantitative CLT via exchangeable pairs). Let {X;}; be i.i.d. with mean zero
and variance one such that E[|X1|*] < oo Then with V,, = ﬁ(Xl + ...+ Xn),

d (V, N0, 1)) < ?
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where C' = (w) +4E[| X1 [3].

Proof. Let us first construct the exchangeable pair:
X5 — Xy
Vo
where {X/}; is an independent copy of {X;};, and I is a uniform random variable with values

in {1,...,n} such that I is independent from {X;};, and {X/};. We claim that V,, and V are
exchangeable. Indeed, for any t,s € R, we have

P(V, <t,Vp<s)=)>» PV, <t V) <s,I=k)

M= T1-

Xk
NG

X X!
P(Uk+f<t Uk+\/—ﬁ<sl_k> with U, = V,, —

i
I

I
NE

1 X X!
EIP)(Uk—I——kgt Uk+—k<s)

vn T vn T
1 X! X,

— k< — <
;nP(Uk—F n_t,Uk—i-\/ﬁ_S)

by the independence among Uy, X, X}.. Then, we have

o

3 |l

[y

P(V, <t, V! <s)= ZIP(Uk+ <tUk+f/(ﬁ<sI—k:>

= ]P)(V,; <t,V,<s).

That is, (V, V) ‘2"

ny ¥n

(V) Vi,). Next, we write, with G = o{X1, ..., Xp, },

B[V, = ValG] = \f E[X; — X/|9] = fZE — Xi)1{r=i}|9]

11
\F ZIE (X} — Xk|G] as I is independent from G

L1 f:X ince E[X/|G] = 0
=——— since =
n\/ﬁk_l F k

1
=——V,.
n

That is, (3.6) holds true with (W, W’,\) = (V,,, V/, 1).

mny n’n
Next, by similar arguments, we can have

n

!/ 1 /
E[(V, — Vi)?l9] = [(XI—X» 9] = 5 > _E[(Xx — X3)°(d]
k=1
1 n
= 5 D E[Xf® — 2X0X + [ X[ (0]
k=1

1 n
=— D (XE+1).
k=1



MAS884: GAUSSIAN ANALYSIS (2025 FALL @ BU) 39

Thus,

n

Var <21>\ (Vi — V)2 |g]> = Var (;nDHXf?)) :%(E[Xﬂ‘l)'

k=1
Finally, let us look at the third moment of the difference V) — V;:

iEHV’ Vol = \1f (1X7 — X5P] = Q%ZiEHXk—XU?’}

E[|IX: — X{°] < 5=E[41X1]° + 4| X7 ]

2f

- ﬁﬁnxlm.

Combining the above bounds, we can get

2f

1

4] _ 1
(Vo N (0,1) < {(CFE=) E a3

Hence, the proof is completed. ([l

3.4. 2nd-order Gaussian Poincaré inequality. The Gaussian Poincaré inequality (Propo-
sition indicates that the variance of F' = f(G), with f € D"2(RY) and G ~ Ny(0,T), is
controlled by the average magnitude of DF (i.e., E[| DF||2,]). That is, when the latter is small,
the random variable F' has small variance, i.e., small fluctuation from its mean. The bound in
Proposition becomes an exact equality only when F' = f(G) is a linear combination of the
components G, ..., Gg, that is, when F' is a Gaussian random variable. Naively, if f is close to an
affine function, then F' would be expected to be close to a Gaussian distribution (with matched
mean and variance). Then, if we have a good control over the “second-order” derivatives of f
(i.e., Hessf(G)), we should have a proximity of F' to a Gaussian. It is S. Chatterjee who first
came up with this idea and made it rigorous via Stein’s method; see |[Cha09]. Let us illustrate
this idea more with the quadratic form. Let

= (G, AG)pa = Z Ai;GiGj,

2,7=1
where A = (A;;) is a symmetric d x d matrix. By the orthogonal decomposition of a real
symmetric matrix, we can write
= Q"AQ,

where A = diag(\1, ..., \g) is the diagonal matrix with entries being the eigenvalues of A, @ is
an orthogonal matrix (i.e., QQT = I). Then, we can rewrite F = Zle \Y?2, with (Y1, ..., Yy) =
QG again a standard Gaussian vector. By the CLT heuristic, F' is approximately Gaussian
if no eigenvalue dominates in the sum, or maxA? is much smaller than >, A\?. Note that for
f(z) = (x, Az)Ra, we have the Hessian matrix

Hessf(z) = 2A so that the operator norm |[Hessf(z)|op = 2max |,
(2

while Var(F') = 2 Eglzl A?. This leads to the heuristic that F is approximately Gaussian if the
typical value of ||Hessf (:U)ng is much smaller than the variance of F'.
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Theorem 3.6 (2nd-order GPI, [Cha09]). Suppose f € C2(R?) and F = f(G) with G ~ Ny(0,T).

Suppose F' has zero mean and variance o € (0,00). Then, we have
3 1
drv (FLN(0,0%) < SSE||[Hessf(G)lld | “E[IVAGIIE] " (3.7)

Proof. By the definition of total-variation distance, we have drv (F, N'(0,02)) = drv(£,N(0,1)).
Then, it is enough to consider the case where Var(F) = 02 = 1. According to Stein’s method,
it suffices to prove a uniform bound for the expectation

E[Fo(F)] — E[¢'(F)] with [|¢[|e < 2.

N

In the rest of the proof, we assume that the RHS of (3.7) is finite, otherwise the proof is trivial.
With F centered, we can write F' = LL!F | and therefore with £ = -0V (V = D),

E[F(F)] = E[-0VL ' Fo(F)] = E(=VL'F,Vy(F))ga] by duality relation
=E[(-VL 'F,VF)ga¢' (F)] by chain rule,

and in particular, we have 1 = E[F?] = E[(—~VLF, VF)ga]. Thus, the expression E[F¢(F)] —
E[¢/(F)] is uniformly bounded by 2+/Var((—VL1F, VF)pa). From previous sections, we know
that

~VL'F = / e 'PVFdt and A.-(-VL'F)= / e tA- (P,VF)dt; (3.8)
0 0

by the same arguments, we can get (with V2f = Hessf € R*9)

—V2LTF = / e 2P V?Fdt and (—V?L7'F).y= e 2H(P,V2F) -y dt, (3.9)
0 0

where A -y means that the matrix A € R%%? acts on the vector y € R%,
Applying the Gaussian Poincaré inequality, we have

VVar((—VL1E, Y F)ga) \/IE [V (~VLF, VF)gall2,]

< VE[I(-V2L71F) - (VF)|%] +/E[I(V2F) - (-VLLF) 2], (3.10)

where in the last step, we applied Minkowski’s inequality. Now let us deal with the first term

in (3.10): using (3.9) with Minkowski’s inequality, we write
2 -1 —2t 2

V4L F) - a < H / P,
=52 p) - 9Pl <[ [ IR

oo
§/ 6_2tH||PtV2F||op||VFHRd
0 L

dt
P)
oo
< [ TP ool oy 19 P s .

< [ TPl oy 19 Pl eyt 9

1
= SV Ellop| ey 1V Fllre | s e

where we used the contraction property of the O-U semigroup in the step (x). The second term
in can be dealt with in the same way, so that the proof is concluded. O

Exercise 3.7. Work out the details for the step (x) and the details for the second term in (3.10).

xxoxoxxx End of Lecture 8 (Sept. 25, 2025) 000000000000



