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Lecture 8.

3.3. Stein’s method of exchangeable pairs. The exchangeable pairs approach within Stein’s
method was first used in the paper [Dia77] which, however, attributed the method to Charles
Stein. Later, this technique was presented in a systematic way in Stein’s monograph [St86].
We recall that a pair (X,X

0) of random elements on a common probability space is said to be
exchangeable, if (X,X

0) has the same distribution as (X 0
, X). In the book [St86, Lecture III], it

is highlighted that a given real random variable W is close in distribution to a standard normal
variable N , whenever one can construct an exchangeable pair (W,W

0) such that W 0 is close to
W in some sense and such that the linear regression property
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where N ⇠ N (0, 1).
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which together with Proposition 3.3 gives us the desired bound. ⇤

In the following, we will apply Stein’s bound of exchangeable pairs to obtain a rate of con-
vergence for the CLT under the assumption of finite fourth moment.

Proposition 3.5 (Quantitative CLT via exchangeable pairs). Let {Xi}i be i.i.d. with mean zero

and variance one such that E[|X1|4] < 1 Then with Vn = 1p
n
(X1 + ...+Xn),

dW(Vn,N (0, 1))  Cp
n
,
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where C =
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Proof. Let us first construct the exchangeable pair:
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}i is an independent copy of {Xi}i, and I is a uniform random variable with values
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Finally, let us look at the third moment of the di↵erence V
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Combining the above bounds, we can get
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Hence, the proof is completed. ⇤

3.4. 2nd-order Gaussian Poincaré inequality. The Gaussian Poincaré inequality (Propo-
sition 2.5) indicates that the variance of F = f(G), with f 2 D1,2(Rd) and G ⇠ Nd(0, I), is
controlled by the average magnitude of DF (i.e., E[kDFk2Rd ]). That is, when the latter is small,
the random variable F has small variance, i.e., small fluctuation from its mean. The bound in
Proposition 2.5) becomes an exact equality only when F = f(G) is a linear combination of the
components G1, ..., Gd, that is, when F is a Gaussian random variable. Naively, if f is close to an
a�ne function, then F would be expected to be close to a Gaussian distribution (with matched
mean and variance). Then, if we have a good control over the “second-order” derivatives of f
(i.e., Hessf(G)), we should have a proximity of F to a Gaussian. It is S. Chatterjee who first
came up with this idea and made it rigorous via Stein’s method; see [Cha09]. Let us illustrate
this idea more with the quadratic form. Let

F = hG, AGiRd =
dX

i,j=1

AijGiGj ,

where A = (Aij) is a symmetric d ⇥ d matrix. By the orthogonal decomposition of a real
symmetric matrix, we can write

A = Q
T⇤Q,

where ⇤ = diag(�1, ...,�d) is the diagonal matrix with entries being the eigenvalues of A, Q is
an orthogonal matrix (i.e., QQ

T = I). Then, we can rewrite F =
P
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i
, with (Y1, ..., Yd) =

QG again a standard Gaussian vector. By the CLT heuristic, F is approximately Gaussian
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. This leads to the heuristic that F is approximately Gaussian if the

typical value of kHessf(x)k2op is much smaller than the variance of F .
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Theorem 3.6 (2nd-order GPI, [Cha09]). Suppose f 2 C
2(Rd) and F = f(G) with G ⇠ Nd(0, I).

Suppose F has zero mean and variance �
2 2 (0,1). Then, we have
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Proof. By the definition of total-variation distance, we have dTV(F,N (0,�2)) = dTV(
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Then, it is enough to consider the case where Var(F ) = �
2 = 1. According to Stein’s method,

it su�ces to prove a uniform bound for the expectation
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In the rest of the proof, we assume that the RHS of (3.7) is finite, otherwise the proof is trivial.
With F centered, we can write F = LL�1

F , and therefore with L = ��r (r = D),

E[F'(F )] = E[��rL�1
F'(F )] = E[h�rL�1

F,r'(F )iRd ] by duality relation

= E[h�rL�1
F,rF iRd'

0(F )] by chain rule,

and in particular, we have 1 = E[F 2] = E[h�rL�1
F,rF iRd ]. Thus, the expression E[F'(F )]�

E['0(F )] is uniformly bounded by 2
p
Var(h�rL�1F,rF iRd). From previous sections, we know

that

�rL�1
F =

ˆ 1

0

e
�t
PtrFdt and A · (�rL�1

F ) =

ˆ 1

0

e
�t
A · (PtrF )dt; (3.8)

by the same arguments, we can get (with r2
f = Hessf 2 Rd⇥d)

�r2L�1
F =

ˆ 1

0

e
�2t

Ptr2
Fdt and (�r2L�1

F ) · y =

ˆ 1

0

e
�2t(Ptr2

F ) · y dt, (3.9)

where A · y means that the matrix A 2 Rd⇥d acts on the vector y 2 Rd,
Applying the Gaussian Poincaré inequality, we have
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where in the last step, we applied Minkowski’s inequality. Now let us deal with the first term
in (3.10): using (3.9) with Minkowski’s inequality, we write
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where we used the contraction property of the O-U semigroup in the step (⇤). The second term
in (3.10) can be dealt with in the same way, so that the proof is concluded. ⇤

Exercise 3.7. Work out the details for the step (⇤) and the details for the second term in (3.10).
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