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Lecture 6.

2.6. More on Ornstein-Uhlenbeck. Recall that we can define the OU operator £ by using
the projection operators J:

Lf=Y —kJpf

k=1

for any f € dom(£L), i.e., for f € L?(v4) with Y72, I<:2|]ka||L2 ) < 0o. Similarly,

Ptfzetﬂf:iefktt]kf

for f € L%(vy).

¢ Pseudo-inverse of the O-U operator. For f € L?(v4) with zero mean (i.e., (f, Dr2(yy) = 0),
we define

= 1
L= ;::1 — Ikl
It is clear that £71f € dom(£) with
LLTVf=f
and

L7Lg =99, 1)2(r)

for any g € dom(L£). Here we record a few facts of the operator £,

Lemma 2.19. For any f € L*(yq) with zero mean and g € DY2(R?) with zero mean, we have
o0
L7 = / P, fdt, (2.30)
0
o
-DL g = / e 'P,Dgdt. (2.31)
0

Proof. By writing f =3~ Jkf, we get (with probability one)

/Ptfdt /Ze R fdt = Z/ e Rt T fdt = Z Juf = L7,
0

k>1 k>1

where the second equality follows from Fubini together with

| e i =3 [T e sl =3 s

k>1 k=1 k=1
1 1
1\2 2
< <Zk2> (Z|ka|2>
k>1 k>1

which is finite almost surely. This proves the formula (2.30).
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Let v € dom(d), then we get

(v, =DL™ ) 120 <(5(v / Ptgdt porsyy Dy cuality and @30

(va

/ ), Prg) L2(yy)dt by Fubini
0

8

/ v, DP.g) L2(yg)dt by duality
0

/ (v Pth>L2( )dt
0

<v’/ “'PDgdt) 12(1)

where in (2.32) we used [|Pgllr2(,,) < e “llgllr2(5,) and thus

o
/0 16(0) 2 (va) 1 Peg | L2y dE < N10(0) [ L2070 191 22070y < 005

31

(2.32)

(2.33)

and similarly in the last step, we applied Fubini. Note that the above equality holds true for

any v € dom(48) and our proof is concluded by the density of dom(§) in L?(R% — R%; v,).

Exercise 2.20. (i) Justify the application of Fubini in the step (2.33)).

(i) L*(R? — R% 4) is the space of functions f from R? to R? such that [p, || f(2)[|2.7a(dx)

Show that dom(d) is dense in L2(R? — R%;~,).

e A useful covariance formula.

Proposition 2.21. Let f,g € DV2(R?). Then,

o0
COV’Yd(fag) = /0 €_t<Df, Pth>L2('Yd)dt'
Proof. Without losing any generality, we can assume g has zero mean. Then,

COV’Yd(fa ) <f7 >L2 (va) <f7 ‘Cﬁ_lg)LQ(wd)
= <f7_5D£ g>L2('yd) = <Df7 _D£_19>L2(~/d)'
Using (2.31]), we continue to write

Covy,(f,9) = <Df, /000 e_tPthdt>

L?(va)
= /0 67t<Df, Pth>L2('yd)dt)

where the last step follows from (2.33) with v = Df € L2(R% — R% ~y).

0

< Q.

0

e Hypercontractivity. The contraction property of the Ornstein-Uhlenbeck semigroup ensures

that for any p € [1,00] and any f € LP(vy),
”PtfHLp('yd) < ”f”LP(»yd)7Vt € R+,

which easily follows from the Mehler formula (Proposition . In fact, when the function f
evolves along the O-U semigroup, more integrability can be gained. Such an improvement is

known as the hypercontractivity property of the O-U semigroups.
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Theorem 2.22 (Hypercontractivity). Let f € LP(yy) for p € [1,00) and gt = 1+ (p — 1)e? for
somet € Ry. Then,

1P fll ot () < W F e vy (2.34)

Let us first state a corollary of Theorem [2.22 which is very useful in practice.

Corollary 2.23 (Wiener chaos estimate). Let f € @<y Ck, i.e., f lives in the sum of first M
chaoses. Then the following statements hold true.

(i) for any ¢ > p > 1, and for f € Cyps, we get
M
1 lzat) < (555) 2 1 2o ray- (2.35)

(ii) for any q > 2 > p > 1, the inequality (2.35) holds for f € @kgM Ci. As a consequence,
[ € LU(va) for any q € [2,00).

In particular, the inequality in Question holds true. Do you have any other proof (direct

ones) to solve Question
Let us first prove Corollary and then conclude this section with the proof of Theorem

2.22
Proof of Corollary[2.23. e case (i): Suppose f € Cyy, then Pif = e~M!f so that

M M
2o = 1P Fllzatray < e Fllzotra)
M
with Z%i = e2t. Then, with et = (%) 2 we get (2.35).

e case (ii): For f =3 -y Jif, we define

M
n=> e"Jf
k=0
so that P,y = f. Then, with % = ¢!, we have

£l zatra) = 1P| 2ara)

[N

M
< nlle2ey) = (Z 62“”ka”%2(%)> by L?*-orthogonality (2.36)
k=0

M
< M2t = (@ = D7 1 l260-

In particular, this implies that @<, Cx C L9(ya) for any finite M and g.
For p € (1,2], we put €2* = zﬁ’ then by hypercontractivity and L2-orthogonality, we can
write

12t < €I Pf L2y < €M o)
_M
=@—=1)"2fllzr(ry)-
Therefore, (2.35) follows by combining (2.36) and (2.37). O
Question 2.24. What about the inequality (2.35) for (i) ¢ > p > 2 and (ii)) 1 <p < ¢ < 27

e Proof of Theorem |2.22. to be added later.

(2.37)



