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Lecture 6.

2.6. More on Ornstein-Uhlenbeck. Recall that we can define the OU operator L by using
the projection operators Jk:

Lf =
1X

k=1

�kJkf

for any f 2 dom(L), i.e., for f 2 L
2(�d) with

P1
k=1

k
2kJkfk2L2(�d)

< 1. Similarly,

Ptf = e
tL
f =

1X

k=0

e
�kt

Jkf

for f 2 L
2(�d).

•Pseudo-inverse of the O-U operator. For f 2 L
2(�d) with zero mean (i.e., hf, 1iL2(�d)

= 0),
we define

L�1
f =

1X

k=1

�1

k
Jkf.

It is clear that L�1
f 2 dom(L) with

LL�1
f = f

and

L�1Lg = g � hg, 1iL2(�d)

for any g 2 dom(L). Here we record a few facts of the operator L�1.

Lemma 2.19. For any f 2 L
2(�d) with zero mean and g 2 D1,2(Rd) with zero mean, we have

�L�1
f =

ˆ 1

0

Ptfdt, (2.30)

�DL�1
g =

ˆ 1

0

e
�t
PtDgdt. (2.31)

Proof. By writing f =
P

k�1
Jkf , we get (with probability one)

ˆ 1

0

Ptfdt =

ˆ 1

0

X

k�1

e
�kt

Jkfdt =
X

k�1

ˆ 1

0

e
�kt

Jkfdt =
1X

k=1

1

k
Jkf = �L�1

f,

where the second equality follows from Fubini together with
ˆ 1

0

X

k�1

e
�kt|Jkf |dt =

X

k�1

ˆ 1

0

e
�kt|Jkf |dt =

X

k�1

1

k
|Jkf |


✓X

k�1

1

k2

◆ 1
2
✓X

k�1

|Jkf |2
◆ 1

2

,

which is finite almost surely. This proves the formula (2.30).
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Let v 2 dom(�), then we get

hv,�DL�1
giL2(�d)

=
D
�(v),

ˆ 1

0

Ptgdt

E

L2(�d)
by duality and (2.30)

=

ˆ 1

0

h�(v), PtgiL2(�d)
dt by Fubini (2.32)

=

ˆ 1

0

hv,DPtgiL2(�d)
dt by duality

=

ˆ 1

0

e
�thv, PtDgiL2(�d)

dt

=
D
v,

ˆ 1

0

e
�t
PtDgdt

E

L2(�d)
, (2.33)

where in (2.32) we used kPtgkL2(�d)
 e

�tkgkL2(�d)
and thusˆ 1

0

k�(v)kL2(�d)
kPtgkL2(�d)

dt  k�(v)kL2(�d)
kgkL2(�d)

< 1;

and similarly in the last step, we applied Fubini. Note that the above equality holds true for
any v 2 dom(�) and our proof is concluded by the density of dom(�) in L

2(Rd ! Rd; �d). ⇤

Exercise 2.20. (i) Justify the application of Fubini in the step (2.33).
(ii) L2(Rd ! Rd; �d) is the space of functions f from Rd to Rd such that

´
Rd kf(x)k2Rd�d(dx) < 1.

Show that dom(�) is dense in L
2(Rd ! Rd; �d).

• A useful covariance formula.

Proposition 2.21. Let f, g 2 D1,2(Rd). Then,

Cov�d(f, g) =

ˆ 1

0

e
�thDf, PtDgiL2(�d)

dt.

Proof. Without losing any generality, we can assume g has zero mean. Then,

Cov�d(f, g) = hf, giL2(�d)
= hf,LL�1

giL2(�d)

= hf,��DL�1
giL2(�d)

= hDf,�DL�1
giL2(�d)

.

Using (2.31), we continue to write

Cov�d(f, g) =
D
Df,

ˆ 1

0

e
�t
PtDgdt

E

L2(�d)

=

ˆ 1

0

e
�thDf, PtDgiL2(�d)

dt,

where the last step follows from (2.33) with v = Df 2 L
2(Rd ! Rd; �d). ⇤

•Hypercontractivity. The contraction property of the Ornstein-Uhlenbeck semigroup ensures
that for any p 2 [1,1] and any f 2 L

p(�d),

kPtfkLp(�d)
 kfkLp(�d)

, 8t 2 R+,

which easily follows from the Mehler formula (Proposition 2.9). In fact, when the function f

evolves along the O-U semigroup, more integrability can be gained. Such an improvement is
known as the hypercontractivity property of the O-U semigroups.
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Theorem 2.22 (Hypercontractivity). Let f 2 L
p(�d) for p 2 [1,1) and qt = 1 + (p � 1)e2t for

some t 2 R+. Then,

kPtfkLqt (�d)
 kfkLp(�d)

. (2.34)

Let us first state a corollary of Theorem 2.22, which is very useful in practice.

Corollary 2.23 (Wiener chaos estimate). Let f 2
L

kM
Ck, i.e., f lives in the sum of first M

chaoses. Then the following statements hold true.

(i) for any q > p > 1, and for f 2 CM , we get

kfkLq(�d)


�
q�1

p�1

�M
2 kfkLp(�d)

. (2.35)

(ii) for any q � 2 � p > 1, the inequality (2.35) holds for f 2
L

kM
Ck. As a consequence,

f 2 L
q(�d) for any q 2 [2,1).

In particular, the inequality in Question 1.3 holds true. Do you have any other proof (direct
ones) to solve Question 1.3?

Let us first prove Corollary 2.23 and then conclude this section with the proof of Theorem
2.22.

Proof of Corollary 2.23. • case (i): Suppose f 2 CM , then Ptf = e
�Mt

f so that

kfkLq(�d)
= kPte

Mt
fkLq(�d)

 keMt
fkLp(�d)

with q�1

p�1
= e

2t. Then, with e
Mt =

�
q�1

p�1

�M
2 , we get (2.35).

• case (ii): For f =
P

kM
Jkf , we define

⌘ =
MX

k=0

e
kt
Jkf

so that Pt⌘ = f . Then, with q�1

2�1
= e

2t, we have

kfkLq(�d)
= kPt⌘kLq(�d)

 k⌘kL2(�d)
=

✓ MX

k=0

e
2ktkJkfk2L2(�d)

◆ 1
2

by L
2-orthogonality

 e
MtkfkL2(�d)

= (q � 1)
M
2 kfkL2(�d)

.

(2.36)

In particular, this implies that
L

kM
Ck ⇢ L

q(�d) for any finite M and q.

For p 2 (1, 2], we put e
2s = 1

p�1
, then by hypercontractivity and L

2-orthogonality, we can
write

kfkL2(�d)
 e

MskPtfkL2(�d)
 e

MskfkLp(�d)

= (p� 1)�
M
2 kfkLp(�d)

.

(2.37)

Therefore, (2.35) follows by combining (2.36) and (2.37). ⇤

Question 2.24. What about the inequality (2.35) for (i) q � p � 2 and (ii) 1 < p  q  2?

• Proof of Theorem 2.22. to be added later.
⇤


