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Lecture 4.

¢ Ornstein-Uhlenbeck semigroups (F;)cr, -

© ik
P =¢l = tﬁk
t 7l
k=0

Let f € L*(vq), we deduce from Proposition 2.7 that

00 tk B
Pidyf = Z Lrhy,g - D0l = eyt
! — k!
Then, we have
Pf=> e, (2.11)
q=0

which is well defined for any f € L?(q4). It is also evident that

1P f 7200y = D € 2 Ml T2y < 11 7200):

q=0
which is known as the contraction property for the OU semigroup; see also Proposition
Exercise 2.8. (i) Show that for f € L?(v4), f € domL if and only if
o P =
im
t10 t

exists in L?(v4) and it is equal to Lf.

(ii) Verify that semigroup properties: Pof = f and Pyysf = PiPsf for any f € L?(y).

(iii) Show that DP,f = e 'P,Df for any f € DY2(R?) and 0,P; = LP; on L*(vq). Here, we
should understand P,Df as a vector (P01 f, ..., PiOgf).

Proposition 2.9. (i) [Mehler's formula] For any f € L?(v4), we have
(PS)(@) =E[f(e7'z+ V1 - e 2G)].
(ii) [contraction property| For any f € LP(v,4) with p € [2, 00], we have
1P fllLr(va) < N F1lLp(ya)-

Proof. To show Mehler’s formula, it suffices to prove it for f(z) = H;-lzl Hy;(x;). and then the
general result follows by linearity. In this case, Ppf = e~ (@ ++aa)t f and

d d
EJ] Hy (e 7'z + V1 — e 2G)) = [[ EHy, (e 'aj + V1 — e %G))
j=1 j=1

d
= H e_thHth (z)
j=1

which follows from the binomial formula (see Question |1.13). Therefore, part (i) is proved.
Now let f € LP(vy) for p € [2, oo)ﬂ Then, the result in (i) ensures that we can write

(Pf)(z) =E[f(e 'z + V1 —e2G)].

9The case p = oo is trivial by noting that | ]l oo (v,) coincides with the usual L*-norm of f.
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Let G’ be an independent copy of G, we can write ||P,5f||Lp(w as
IPAIRsy = E|[E[f(e7G + V1= e2G)|6] "]
E[E[‘f(e—tG/ + mg)|p|G/H
= E[\f(e’t(}’ + m(})‘p]7

where the last two steps follows from Jensen’s inequality and tower property for conditional
expectation. Note that e *G’ 4+ v/1 — e=2!G has the same law as G, so that we just proved

HPtf”Lp (vq) = HfHLp(M O]
Exercise 2.10. Prove that the Mehler formula also holds for f € L*(vg).

Proposition 2.11 (Gaussian integration by parts). (i) Let Y ~ A(0,02) and X ~ N3(0,C) be
jointly Gaussian. Then, for any h € C’I%f)ly(Rd), it holds that

d

E[YR(X)] =Y E[Y X;]E[9;(X)].

J=1

(if) For f € Cg,, (RY) and X ~ Ng(0,C), we have

E[X Vf(X Z Ci;E[0; f(X)] = E[(C, Hess f (X))us] - (2.12)

i,j=1
Proof. Let h be given as in the statement, and by scaling, we can assume Y ~ N (0, 1). Rewriting
X; =EYX;]Y +(X; —EYX,|Y) = p;Y + W;

as a sum of two independent Gaussians, we are able to transform our proof to the 1D case.
Applying the integration by parts for Y yields

E[Yh(X)] = E[Yh(p1Y + Wi, ..., paY + Wo)]

d
=EY pj0ih(;Y + Wi, ..., paY + Wy)]
j=1

d
= ZE[YXj]E[ajh(X)].

This proves (i). To prove (ii), it suffices to apply (i) to obtain

E[X;0;f(X ZEXX 8;0:f(X)]

and conclude by linearity. O

2.3. Application I: A gentle touch on GMC. For an in-depth introduction to the theory of
Gaussian multiplicative chaos (GMC), please refer to the survey [RV14] by Rhodes and Vargas.

Let D C R? be bounded and open and v be a finite Radon measure on D. A standard
Gaussian multiplicative chaos (GMC) is a random measure on D formally defined as

M(A) = /A (P @)= 5Vare(®) (). (2.13)
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where {¢(z) : x € D} is a centered Gaussian field with covariance kernel

C(x,y) = Elp(@)p(y)]-

The random measure in (2.13) is well defined when ¢ is a regular field meaning C(z,y) is finite
for every z,y € D, which excludes the case

C(x,y) = max{log |z — y| ™", 0} + g(z,y) (2.14)

with g a bounded continuous function on D x D. The corresponding Gaussian field (with
covariance kernel in ) can only be interpreted in a generalized sense, and ¢ can not be
defined pointwise. Hence, the exponential e#(*) does not make any sense. In 1985, J.-P. Kahane
introduced GMC in his paper [Kah85] to make Mandelbrot’s initial model of energy dissipation
in intermittent turbulence, the so-called Kolmogorov-Obukhov model [Man72].

Specifically, Kahane started from the covariance kernel C' of o-positive type, meaning

C(z,y) =) Cr(x,y), (2.15)
k=1

where {C} }k is a sequence of [0, co)-valued, continuous, positive-definite kernels:

- f(@)f () Cr(z, y)v(dr)v(dy) < oo

for any ‘test function’ f : D — R. Suppose we have a sequence of centered independent
continuous Gaussian fields {¢y }r with covariance kernels {Cy }r. Then,

n
(I)n:ZQOk

k=1

is a centered Gaussian field with covariance kernel » ), Cj. Kahane proved that the random
measure M, on D, with

A€ B(D) — My(A) := / 2 (@)= Var®n(@) (),
A

converges almost surely in the space of Radon measure (equipped with the topology of weak
convergence) towards a random measure M. This random measure M., formally written as

MOO(A):/GCI)‘”(‘”)évarq)w(z)l/(dx) or /e‘p(x)“ooﬂy(dm)
A A

is called Gaussian multiplicative chaos with kernel C' acting on v. Indeed, from the Doob’s
convergence theorem for positive martingale we can deduce that for any Borel set A C D,
as n — +o0o, My,(A) converges almost surely to some random variable My (A) with finite
expectation. Note that the construction of GMC seems to depend on the decomposition
of C. Kahane proved in his 1985 paper that this is not the case.

Theorem 2.12 (Uniqueness in law). Let {¢r} be another independent sequence of centered
continuous Gaussian field with nonnegative covariance kernels {Cy} such that

k=1 k=1

10vou can find this classic result in most books on Ito calculus.
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for any (z,y) € D x D. Let MOO be the GMC constructed in the same way as Ms,. Then,

My = My in law, meaning that for any f : D — R bounded continuous,
/ 9(2) Mo (dz) = / g(x)Mso(dz) in law. (2.17)
D D

We will prove Theorem by using the following convexity inequality (or Gaussian compar-
ison principle), which is a consequence of the Gaussian integration by parts formula (Proposition
2.11).

Proposition 2.13 (Kahane's convexity inequality). (i) Let (Xi,...,X,) and (Y1,...,Y,) be two
centered Gaussian vectors such that

E[X;X;] <E[Y;Y;], Vi,je{l,..,n}.

Then, for any (p1,...,pn) € R and for all convex functions F' : Ry — R twice differentiable
with at most polynomial growth at mﬁm'ty we have

N X E[XY) S YY)
E[F(;ple ; )]SE{F(;@@ : )} (2.18)

(ii) Let D be a bounded open subset of R® and v be a finite Radon measure on D Let {®(x) }zep,

{(AI;(CE)}xeD be real centered continuous Gaussian fields on D with covariance kernel K, K respec-
tively such that

K(z,y) < K(z,y),Yz,y € D.
Let F be as in (i). Then, we have for any compact A C D

E [F( / eq><m>éVarq’<w>y(dx))] <E {F( / e%)%Var‘f(x)y(dx))} . (2.19)
A A
We will postpone the proof of Proposition to the end of this section.

Proof of Theorem[2.12. To show , it suffices to consider the case where g is nonnegative
and continuous with compact support (say, supp(g) = A). In this case, the two random variables
in are nonnegative. Then, to show the equality in law, it suffices to show that they have
the same Laplace transform. That is, for any A € Ry,

E{exp ( — )\/Dg(az)Moo(dx))} = E[exp ( — A/Dg(x)Moo(da:))]. (2.20)

Note that from (2.16), we can claim that given a compact set A C D, for any € > 0 and for any
n € N, there exists some large m, . € N such that for any m > m,, .,

> Cr(zy) <e+ ) Crlz,y) (2.21)
k=1 k=1

for any z,y € A. Indeed, letting F, be the set of (x,y) € A x A such that fails, then
F,, is closed due to the continuity of C} and ék, and thus F;, is compact. It is also clear that
Fi1 C Fy, for each m and (),,,~; Frn = due to (2.16]). Therefore, we deduce from Heine-Borel
theorem that F,,, must be empty for all large m, that is, the desired claim is verified.

Hpe polynomial growth at infinity ensures that the expectations in are finite.

121 particular, v is inner regular meaning that for any open U C D, v(U) = sup{v(K) : K C U and K is
compact}. This ensures that the measure v can be approximated by weighted sum of Dirac masses of the form
> =1 Pinla; ., With p; € Ry and x;,, € D.
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~ Now let us pick m large enough such that (2.21) holds and let K(x,y) denote the LHS and
K(x,y) denote the RHS. Then K (z,y) is the covariance kernel of ®,, = ¢1(x)+...+¢n(z) and K

is the covariance kernel of \/2Z +®,, = /2Z+@1(x)+ ...+ Fn(z), with Z ~ N7 (0,1) independent
of ®,,. Therefore, it follows from Proposition (ii) (applied to the measure g(x)v(dz) with
compact support A) that

eXp )\/ } =E exp(—)\/ e(b"(z)_%V"“‘l’"(@g(m)u(dm))
L D
<B|exp (- [ 6(5”(9”)%Va@"‘(”‘“”ﬁz5€g<x)v<dw))}
L D

- E:exp ( ~NeVEZiE /D g(x)Mm(dx))} (2.22)

for any m > m,, .. Then, passing m — +oo and then € — 0, n — +o0 yields

exp )\/ so(dx) )} < ]E[exp )\/ oo(dx))} (2.23)

and by symmetry, the above inequality is indeed an equality, which is (2.20)). O

xoxoxoxxx End of Lecture 5 (Sept. 11, 2025) cocoo0000000

Lecture 5.
Proof of Proposition [2.15. Let us first prove (ii) by assuming (i).
Since v is a Radon measure on D, we can construct a sequence of measures v, of the form

n
Up = ijéxj with p; € Ry and z; € D

such that v,, weakly converges to v meaning that for any bounded continuous function h : D — R,

) = S 22 [ 3o
D

Note that part (i) implies that

IE[F( /A e@<w>—ém<w>yn<dx>)] gﬂz[p( /A é(r)—éwr&wmn(dx))]. (2.24)

Note that the two exponentials (as functions in z) in (2.24) are bounded continuous on the
compact set A, and thus we have the almost sure convergence of the two integrals over A to
the corresponding integrals with respect to v. In other words, passing n — oo in ([2.24) yields

[2-19)"% This proves (ii).
Now let us prove (i) via the smart-path method. The basic idea of comparing the terms in
(2.18) is to interpolate them via some “smart” path and then show certain monotonicity along

1?’Ac‘cually, a bit more work is needed. For example, we should also check the uniform integrability of
{F([, eq’(”)_%va@(”un(dm)}m which is ensured by the finiteness of sup, . 4 E[e?®®)] and v(A).



