
MA884: GAUSSIAN ANALYSIS (2025 FALL @ BU) 21

Lecture 4.

• Ornstein-Uhlenbeck semigroups (Pt)t2R+.

Pt = e
tL =

1X

k=0

t
k

k!
Lk

Let f 2 L
2(�d), we deduce from Proposition 2.7 that

PtJqf =
1X

k=0

t
k

k!
Lk

Jqf =
1X

k=0

t
k

k!
(�q)kJqf = e

�qt
Jqf.

Then, we have

Ptf =
1X

q=0

e
�qt

Jqf, (2.11)

which is well defined for any f 2 L
2(�d). It is also evident that

kPtfk2L2(�d)
=

1X

q=0

e
�2qtkJqfk2L2(�d)

 kfk2
L2(�d)

,

which is known as the contraction property for the OU semigroup; see also Proposition 2.9.

Exercise 2.8. (i) Show that for f 2 L
2(�d), f 2 domL if and only if

lim
t#0

Ptf � f

t

exists in L
2(�d) and it is equal to Lf .

(ii) Verify that semigroup properties: P0f = f and Pt+sf = PtPsf for any f 2 L
2(�d).

(iii) Show that DPtf = e
�t
PtDf for any f 2 D1,2(Rd) and @tPt = LPt on L

2(�d). Here, we

should understand PtDf as a vector (Pt@1f, ..., Pt@df).

Proposition 2.9. (i) [Mehler’s formula] For any f 2 L
2(�d), we have

(Ptf)(x) = E
⇥
f(e�t

x+
p

1� e�2tG)
⇤
.

(ii) [contraction property] For any f 2 L
p(�d) with p 2 [2,1], we have

kPtfkLp(�d)
 kfkLp(�d)

.

Proof. To show Mehler’s formula, it su�ces to prove it for f(x) =
Q

d

j=1
Hqj (xj). and then the

general result follows by linearity. In this case, Ptf = e
�(q1+...+qd)tf and

E
dY

j=1

Hqj (e
�t
xj +

p
1� e�2tGj) =

dY

j=1

EHqj (e
�t
xj +

p
1� e�2tGj)

=
dY

j=1

e
�qjtHqj (x),

which follows from the binomial formula (see Question 1.13). Therefore, part (i) is proved.
Now let f 2 L

p(�d) for p 2 [2,1).9 Then, the result in (i) ensures that we can write

(Ptf)(x) = E
⇥
f(e�t

x+
p
1� e�2tG)

⇤
.

9The case p = 1 is trivial by noting that kfkL1(�d) coincides with the usual L1-norm of f .
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Let G0 be an independent copy of G, we can write kPtfkpLp(�d)
as

kPtfkpLp(�d)
= E

h��E
⇥
f(e�tG0 +

p
1� e�2tG)|G0⇤��p

i

 E
h
E
⇥��f(e�tG0 +

p
1� e�2tG)|p|G0⇤

i

= E
h��f(e�tG0 +

p
1� e�2tG)|p

i
,

where the last two steps follows from Jensen’s inequality and tower property for conditional
expectation. Note that e

�tG0 +
p
1� e�2tG has the same law as G, so that we just proved

kPtfkpLp(�d)
 kfkp

Lp(�d)
. ⇤

Exercise 2.10. Prove that the Mehler formula also holds for f 2 L
1(�d).

Proposition 2.11 (Gaussian integration by parts). (i) Let Y ⇠ N (0,�2) and X ⇠ Nd(0, C) be
jointly Gaussian. Then, for any h 2 C

1
Poly

(Rd), it holds that

E[Y h(X)] =
dX

j=1

E[Y Xj ]E[@jh(X)].

(ii) For f 2 C
2

Poly
(Rd) and X ⇠ Nd(0, C), we have

E
⇥
X ·rf(X)

⇤
=

dX

i,j=1

CijE[@ijf(X)] = E
⇥
hC,Hessf(X)iHS

⇤
. (2.12)

Proof. Let h be given as in the statement, and by scaling, we can assume Y ⇠ N (0, 1). Rewriting

Xj = E[Y Xj ]Y + (Xj � E[Y Xj ]Y ) =: ⇢jY +Wj

as a sum of two independent Gaussians, we are able to transform our proof to the 1D case.
Applying the integration by parts for Y yields

E[Y h(X)] = E
⇥
Y h(⇢1Y +W1, ..., ⇢dY +Wd)

⇤

= E
dX

j=1

⇢j@jh(⇢1Y +W1, ..., ⇢dY +Wd)
⇤

=
dX

j=1

E[Y Xj ]E[@jh(X)].

This proves (i). To prove (ii), it su�ces to apply (i) to obtain

E
⇥
Xi@if(X)

⇤
=

dX

j=1

E[XiXj ]E
⇥
@j@if(X)

⇤

and conclude by linearity. ⇤

2.3. Application I : A gentle touch on GMC. For an in-depth introduction to the theory of
Gaussian multiplicative chaos (GMC), please refer to the survey [RV14] by Rhodes and Vargas.

Let D ⇢ Rd be bounded and open and ⌫ be a finite Radon measure on D. A standard
Gaussian multiplicative chaos (GMC) is a random measure on D formally defined as

M(A) =

ˆ
A

e
'(x)� 1

2Var'(x)⌫(dx), (2.13)
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where {'(x) : x 2 D} is a centered Gaussian field with covariance kernel

C(x, y) = E['(x)'(y)].

The random measure in (2.13) is well defined when ' is a regular field meaning C(x, y) is finite
for every x, y 2 D, which excludes the case

C(x, y) = max{log |x� y|�1
, 0}+ g(x, y) (2.14)

with g a bounded continuous function on D ⇥ D. The corresponding Gaussian field (with
covariance kernel in (2.14)) can only be interpreted in a generalized sense, and ' can not be
defined pointwise. Hence, the exponential e'(x) does not make any sense. In 1985, J.-P. Kahane
introduced GMC in his paper [Kah85] to make Mandelbrot’s initial model of energy dissipation
in intermittent turbulence, the so-called Kolmogorov-Obukhov model [Man72].

Specifically, Kahane started from the covariance kernel C of �-positive type, meaning

C(x, y) =
1X

k=1

Ck(x, y), (2.15)

where {Ck}k is a sequence of [0,1)-valued, continuous, positive-definite kernels:ˆ
D2

f(x)f(y)Ck(x, y)⌫(dx)⌫(dy) < 1

for any ‘test function’ f : D ! R. Suppose we have a sequence of centered independent
continuous Gaussian fields {'k}k with covariance kernels {Ck}k. Then,

�n =
nX

k=1

'k

is a centered Gaussian field with covariance kernel
P

n

k=1
Ck. Kahane proved that the random

measure Mn on D, with

A 2 B(D) 7! Mn(A) :=

ˆ
A

e
�n(x)� 1

2Var�n(x)⌫(dx),

converges almost surely in the space of Radon measure (equipped with the topology of weak
convergence) towards a random measure M1. This random measure M1, formally written as

M1(A) =

ˆ
A

e
�1(x)� 1

2Var�1(x)
⌫(dx) or

ˆ
A

e
'(x)�“1”

⌫(dx)

is called Gaussian multiplicative chaos with kernel C acting on ⌫. Indeed, from the Doob’s
convergence theorem for positive martingales10, we can deduce that for any Borel set A ⇢ D,
as n ! +1, Mn(A) converges almost surely to some random variable M1(A) with finite
expectation. Note that the construction of GMC seems to depend on the decomposition (2.15)
of C. Kahane proved in his 1985 paper that this is not the case.

Theorem 2.12 (Uniqueness in law). Let {e'k} be another independent sequence of centered

continuous Gaussian field with nonnegative covariance kernels { eCk} such that

C(x, y) =
1X

k=1

Ck(x, y) =
1X

k=1

eCk(x, y) (2.16)

10You can find this classic result in most books on Ito calculus.
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for any (x, y) 2 D ⇥ D. Let fM1 be the GMC constructed in the same way as M1. Then,

fM1 = M1 in law, meaning that for any f : D ! R bounded continuous,ˆ
D
g(x)fM1(dx) =

ˆ
D
g(x)M1(dx) in law. (2.17)

We will prove Theorem 2.12 by using the following convexity inequality (or Gaussian compar-
ison principle), which is a consequence of the Gaussian integration by parts formula (Proposition
2.11).

Proposition 2.13 (Kahane’s convexity inequality). (i) Let (X1, ..., Xn) and (Y1, ..., Yn) be two

centered Gaussian vectors such that

E[XiXj ]  E[YiYj ] , 8i, j 2 {1, ..., n}.

Then, for any (p1, ..., pn) 2 Rn
+ and for all convex functions F : R+ ! R twice di↵erentiable

with at most polynomial growth at infinity,
11

we have

E

F

⇣ nX

i=1

pie
Xi� 1

2E[X
2
i ]
⌘�

 E

F

⇣ nX

i=1

pie
Yi� 1

2E[Y
2
i ]

⌘�
. (2.18)

(ii) Let D be a bounded open subset of Rd
and ⌫ be a finite Radon measure on D.

12
Let {�(x)}x2D,

{e�(x)}x2D be real centered continuous Gaussian fields on D with covariance kernel K, eK respec-

tively such that

K(x, y)  eK(x, y), 8x, y 2 D.

Let F be as in (i). Then, we have for any compact A ⇢ D

E

F

⇣ ˆ
A

e
�(x)� 1

2Var�(x)
⌫(dx)

⌘�
 E


F

⇣ ˆ
A

e
e�(x)� 1

2Var
e�(x)

⌫(dx)
⌘�

. (2.19)

We will postpone the proof of Proposition 2.13 to the end of this section.

Proof of Theorem 2.12. To show (2.17), it su�ces to consider the case where g is nonnegative
and continuous with compact support (say, supp(g) = A). In this case, the two random variables
in (2.17) are nonnegative. Then, to show the equality in law, it su�ces to show that they have
the same Laplace transform. That is, for any � 2 R+,

E
h
exp

⇣
� �

ˆ
D
g(x)fM1(dx)

⌘i
= E

h
exp

⇣
� �

ˆ
D
g(x)M1(dx)

⌘i
. (2.20)

Note that from (2.16), we can claim that given a compact set A ⇢ D, for any " > 0 and for any
n 2 N, there exists some large mn," 2 N such that for any m � mn,",

nX

k=1

Ck(x, y) < "+
mX

k=1

eCk(x, y) (2.21)

for any x, y 2 A. Indeed, letting Fm be the set of (x, y) 2 A ⇥ A such that (2.21) fails, then
Fm is closed due to the continuity of Ck and eCk, and thus Fm is compact. It is also clear that
Fm+1 ⇢ Fm for each m and

T
m�1

Fm = due to (2.16). Therefore, we deduce from Heine-Borel
theorem that Fm must be empty for all large m, that is, the desired claim is verified.

11The polynomial growth at infinity ensures that the expectations in (2.18) are finite.
12In particular, ⌫ is inner regular meaning that for any open U ⇢ D, ⌫(U) = sup{⌫(K) : K ⇢ U and K is

compact}. This ensures that the measure ⌫ can be approximated by weighted sum of Dirac masses of the formPn
j=1 pj,n�xj,n , with pj 2 R+ and xj,n 2 D.
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Now let us pick m large enough such that (2.21) holds and let K(x, y) denote the LHS and
eK(x, y) denote the RHS. Then K(x, y) is the covariance kernel of �n = '1(x)+ ...+'n(x) and eK
is the covariance kernel of

p
"Z+e�m =

p
"Z+ e'1(x)+...+ e'n(x), with Z ⇠ N1(0, 1) independent

of e�m. Therefore, it follows from Proposition 2.13-(ii) (applied to the measure g(x)⌫(dx) with
compact support A) that

E
h
exp

⇣
� �

ˆ
D
g(x)Mn(dx)

⌘i
= E


exp

⇣
� �

ˆ
D
e
�n(x)� 1

2Var�n(x)g(x)⌫(dx)
⌘�

 E

exp

⇣
� �

ˆ
D
e
e�m(x)� 1

2Var
e�m(x)+

p
"Z� 1

2 "g(x)⌫(dx)
⌘�

= E
h
exp

⇣
� �e

p
"Z� 1

2 "

ˆ
D
g(x)fMm(dx)

⌘i
(2.22)

for any m � mn,". Then, passing m ! +1 and then " ! 0, n ! +1 yields

E
h
exp

⇣
� �

ˆ
D
g(x)M1(dx)

⌘i
 E

h
exp

⇣
� �

ˆ
D
g(x)fM1(dx)

⌘i
(2.23)

and by symmetry, the above inequality is indeed an equality, which is (2.20). ⇤

////// End of Lecture 5 (Sept. 11, 2025) 111111

Lecture 5.

Proof of Proposition 2.13. Let us first prove (ii) by assuming (i).
Since ⌫ is a Radon measure on D, we can construct a sequence of measures ⌫n of the form

⌫n =
nX

j=1

pj�xj with pj 2 R+ and xj 2 D

such that ⌫n weakly converges to ⌫ meaning that for any bounded continuous function h : D ! R,ˆ
D
h(x)⌫n(dx) =

nX

j=1

pjh(xj)
n!+1�����!

ˆ
D
h(x)⌫(dx).

Note that part (i) implies that

E

F

⇣ ˆ
A

e
�(x)� 1

2Var�(x)
⌫n(dx)

⌘�
 E


F

⇣ ˆ
A

e
e�(x)� 1

2Var
e�(x)

⌫n(dx)
⌘�

. (2.24)

Note that the two exponentials (as functions in x) in (2.24) are bounded continuous on the
compact set A, and thus we have the almost sure convergence of the two integrals over A to
the corresponding integrals with respect to ⌫. In other words, passing n ! 1 in (2.24) yields
(2.19).13 This proves (ii).

Now let us prove (i) via the smart-path method. The basic idea of comparing the terms in
(2.18) is to interpolate them via some “smart” path and then show certain monotonicity along

13Actually, a bit more work is needed. For example, we should also check the uniform integrability of

{F (
´
A
e�(x)� 1

2Var�(x)⌫n(dx)}n, which is ensured by the finiteness of supx2A E[ep�(x)] and ⌫(A).


