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2. Gaussian analysis on R?

CL1
In Section [T we studied some basic Gaussian analysis that is involved with a single Gaussian
random var%able. . . oLt . . . ‘

Let us briefly review Section |I while introducing a few new things. Throughout this sections,
we write
_d _ 12
va(dz) = (2m)"2e 217 gy
for the standard Gaussian measure on R%.
CL1

2.1. Refresh on week 1. In Section [I] we introduced D, with a common domain

DY23(R) := {f € L?(1) : f is absolutely continuous and f’ € L*(y;)}

The Gaussian Poincaré inequality (Proposition [I.14) ensures that f € L?(y;) whenever f’ €
L%(v1). We defined Hermite polynomials {H,, : p € N}, which are the orthogonal polynomials
for v1. More precisely, for any f € L?(v1), we can find {c, : ¢ > 0} such that

f= Zchq and chq! < 00.

qeN 920
With Df = f" and (0g)(z) = zg(x) — ¢'(x), we observe that
Lfi=—6Df = " — uf'(2),

which gives us the generator of the real Ornstein-Uhlenbeck process described by the following
stochastic differential equation (SDE)

dX; = —X;dt +/2dB;
Xo=z€eR

with B a standard real Brownian motion. One can easily solve the above SDE:
t
X, =xe t+ \/i/ e~ (t=9qB,.
0

It is easy to verify that X; ~ N (ze™, 1 — e~2!), which weakly converges (or converges in law)
to the standard Gaussian measure y; as ¢ — +o00, regardless of the initial value x € R. The
process (X; : t € Ry) is a Markov process and admits a semigroup (called Ornstein-Uhlenbeck
semigroup)

(Pif)(z) = E[f(Xy)| Xo = 2] = E[f(ze™" + V1 —e722)]
with Z ~ N (0,1), and the second representation is known as Mehler’s formula.
Exercise 2.1. (i) Show P = PP for any t,s € Ry, PbH, = e %H,, LH, = —qH,, and
DPt = e_tPtD.
(ii) Show that Lf = lim;_,o % for every f € dom(L) after you figure out dom(L).
(iii) Show that for every f,g € D?(R), with Z ~ N(0, 1), we have

Cov(f(2).9(2)) = /0 " \DI(Z), DPg(2)) 12y .

Hint for (iii): Hermite expansion.
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2.2. Week 1 extension to R%. Now let us (tjlpllgjz what we have learned to R%. We collect
a few facts on Gaussian vectors in Appendix EF and students could refer to it when the need
arises.

Definition 2.2. Let gf)ly(Rd) be the set of smooth functions f : R? — R such that f and all
its partial derivatives have at most polynomial growth at infinity.

Proposition 2.3 (chaos expansion). The Hilbert space L?(74) can be decomposed into mutually
orthogonal closed subspaces:
L2 (7(1) = @ (Cp7

peN
where C,, is the L?(74)-closure of the span oiﬂ

d d
{(.%'1, ...,.%'d) S Rd — Hqu(xj) : qu :p}'
j=1 j=1

That is, the following statements hold true.
(i) For any p;, ¢; € N, we have

d d
E(HH i<Gi>Hqi<Gi>) — 14y [0 (2.1)
=1

j=1
with G ~ Ny (0,T).
(ii) For any f € L?(7q), there exist a family of coefficients cg, _,4,’s such that

00 d d
f= Z Z Carrea H Hy(x;) and Z 0317._.7qd H g;! < oo. (2.2)

k=0 qi,...,qa€N Jj=1 q1,---,9d€EN Jj=1
q1+...+qa=k
N eCyp
Proof. First note that ollows from the independence of different Ga ssiagl entries and the

orthogonality between different Hermite polynomials. Now let us rove via an i d%ction
argument on d > 1. The 1D case is established in Proposition %_Sﬁppose that (%q"holds

true for any d < n with n € Ny, and we will show it for d =n + 1.
Let f € L?(yp41), i-e.,

[ 151 n ) Prutdoatdy) < oc. (23)
By Fubini’s theorem, for y;-almost every y € R, the mapping
(X1, ey ) ER" = f(a1,.c0ip,y) €R

is square-integrable with respect to 74. Then, the induction hypothesis ensures that one can
find a family of (y-dependent!) coefficients cq, .. 4,(y) such that

f(z1, ., xn,y) = Z Cqrrngn () H Hy (r;) in L*(R",v,) (2.4)
j=1

q1;-,qn €N
3
and the equation @‘18 equivalent to

Z (ﬁqﬂ) ACQ17--.,qn(y)271(dy) < 0.

q1,-qn €N =1

7(C0 ~ R is the set of constant random variables.



18 MAS884: GAUSSIAN ANALYSIS (2025 FALL @ BU)

Then, applying induction hypothesis again (for d = 1), we can expand the function y € R
Cqrenngn (Y) BS
Cqtan (Y) = Z Cat st Hanir (Y)-

" In+120
Plugging it into @‘ yields
n+1
flx1, oy @y, Tpy1) = Z Car,oersing L H Hy,(r;) in L*(ny1).
q15e-3qn+1€N 7j=1
As a result, we can conclude our proof by induction. O

2
Remark 2.4. The space Cf,f)ly(Rd) is dense in L?(v,4). Indeed, for any f € L?(74) as in @T

we have
d

N
In = Z Z €q1,.,qd H HQj (x]) € Cg?)ly(Rd) (2.5)

k=0 q1,...,qa€N Jj=1
q1+...+qa=k

converges in L?(v4) to f.
e Derivative operator D = V. When f € gf’jly(Rd),
Df =Vf=(01f,....00f) : R = R
N
is well defined. For fy as in @T we have

N d
Oifn@) =" Y cqq@iHg () [ [ 10 Hy (5)
k=1 q1,...,q4€N Jj=1
@1+ +qa=k

with the convention H_1(z;) = 0. This implies that

N d
2 2
HaifN”LQ(w) = Z Z 6417---7qdquqj!
Jj=1

k=1 q17"'7qd€N
q1+...+q4=k

and thus

d d
L0 @Iutde) = Y 1ol = ok 3 g Lot
i=1 k j=1

=1 q,..,94€N

q1+...+qa=k

The domain of D, denoted by DV2(R9), should be the set of f € L?(y4) absolutely continuous
with | L?(74). Then the above discussion suggests an equivalent definition, that is, for f
as in . it belongs to DV2(R?) if and only if

[e'e) d

koY I at <o (2.6)
k=1 q1,--,94€EN j=1
q1+...+q4=k

e Orthogonal projections. Leg Ji, denote the orthogonal projection operator onto the k-th
chaos Ci. Then, for f as in , we can write f =Y 7 Ji f, with

d
Tef = > Canaa | [ Hoy(): (2.7)
q1,---,9d€EN j=1
qQ+...+qs=k
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Then, we have f € DV2(R?) if and only if D k1 kHkaH%Q(Wd) < 00.

Proposition 2.5 (Gaussian Poincaré inequality). Let f € D¥2(RY) and G ~ Ny(0,1). Then,
Var(f(G)) < E[[Vf(G)P]
with equality only when f(G) = ag + Zle a;G; 18 a linear combination of the components, i.e.,

only when f(G) is Gaussian.

Proof. First, we write f = > 7 Jif, then

Var(f ZHkaHLzm <ZkHkaHLzm E[[V£(G)P).

It is clear that the above inequality becomes an equality only when J f = 0 for any £ > 2. That
is, f(x) = ag + a - = for some ap € R and a € R?, O

e Divergence operator §. Let us now introduce the adjoint operator of D. Let dom(d) be
the set of functions g = (g1, ..., gq) : R? — R% such that

d

Hg”%%w) = Z HQJ’H%%W) <0
j=1

and for any f € Cff,ly(Rd),

[E(VS(G),9(G))pe| < Collfllr2¢r),

where G ~ Ny(0,I) and C, € (0,00) is a constant that depends only on g.

Note that f € Oy, — E(Vf(G),g(G))re defines bounded linear functional on Cgg
thus extends to L?(4) by density. Therefore, by Riesz’s representation theorem (see Rudin’s
book), there exists a unique element in L?(v,4), denoted by §(g), such that

(V19 120 = BVI(G), 9(G))ra = (,6(9)) £2(70) (2.8)
for every f € DLH2(RY).

oly and

Remark 2.6. For g = (g1, ...,9a) : R — R? with g; € Cpoy (R 4), we have the following explicit
expression

6(9)(xz) =z - g —divg (2.9)
X d dual
where divg = > 7 0;9;. Indeed, the LHS of is equal to

d
> Elg; (G)0; f ZE[ 195(G) - 9j95(G)) (G
j=1
2 1
where the last equality follows from the 1D duality relation @’ This implies @L

e Ornstein-Uhlenbeck generator L. For f € Poly(Rd)
Lf=Af—x-Vf.
Note that L= —6Df for f € Poly(]Rd) This suggests that the domain of L is
dom(L) = {f € DY2(RY) : Df € dom(é)}.
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Proposition 2.7. (i) For f € Cy, we have Lf = —kf.
(ii) f € dom(L) if and only if N
D Rk f 120y < o0
where Ji, denotes the projection opevlf(;flor onto Cy, as in @&
Proof. Tt suffices to consider f(z1,...,z4) = H;i 1 HQi (z;) with ¢1 + ... + q¢ = k. Then
d

Lf=) (0 —x;05)f = Za—x]

7j=1
d d
= 4; (0 — ) Hyy—1(x5) [ [ Linsy Has ()

= =—Hg; (z5) =
d d

()i
7j=1 =1

where we noticed that 0;g(z;) — z;9(x;) = —(g)(z;) for g : R — R. This proves (i).

Suppose f € dom(L), i.e., f € DV2(R?) and Df € dom(d). In particular, we have £f =
—6(Df) € L?(v4). Therefore, it follows from part (i) that

”EfH%?(’yd) = ||EZka||i2(w) = |l ZﬁkaH%%W) = ZkQHka”%%W) <00
k=0 =0 k=1

Now let us assume that y oo, k‘QHkaHLQ(7 < oo and we need to prove f € dom(L). It is clear
that f € DY2(RY) and

No+t
IDfx = DflZ2( —=0,

where fx = >,y Jif. It remains to show that Df € dom(d). Given h € Cl?,f’jly(Rd), we can
write

{Dh, Df>L2(’Yd) - NEToo<Dh7 DfN>L2(’Yd)
= Nlirf@(h, —LfN)12(v,) by duality,

which is bounded by

1Pllz2 oy sUP 125N 220 = Il 220 Z K2 Tk f 172 (-

This shows D f € dom(d). Hence, f € dom(£L) and our proof is completed. O

xxxoxxx End of Lecture 3 (Sept. 9, 2025) cocoooooo000

82, f(x) is viewed as the multiplication operator.



