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ARTICLE INFO ABSTRACT

First-order turbulence closure schemes continue to be work-horse models for weather and climate simulations.
The turbulent Prandtl number, which represents the dissimilarity between turbulent transport of momentum and
heat, is a key parameter in such schemes. This paper reviews recent advances in our understanding and modeling
of the turbulent Prandtl number in high-Reynolds number and thermally stratified atmospheric boundary layer
(ABL) flows. Multiple lines of evidence suggest that there are strong linkages between the mean flow properties
such as the turbulent Prandtl number in the atmospheric surface layer (ASL) and the energy spectra in the
inertial subrange governed by the Kolmogorov theory. Such linkages are formalized by a recently developed
cospectral budget model, which provides a unifying framework for the turbulent Prandtl number in the ASL. The
model demonstrates that the stability-dependence of the turbulent Prandtl number can be essentially captured
with only two phenomenological constants. The model further explains the stability- and scale-dependences of
the subgrid-scale Prandtl number in large-eddy simulation. The connections between mean flow properties and
microscale energy distributions shed novel insights into the breakdown of Monin-Obukhov similarity theory
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under strongly stable conditions.

1. Introduction

The title of this review is inspired by the classic review by Kays
published more than twenty years ago titled “Turbulent Prandtl Number -
Where Are We?” (Kays, 1994). The similarity between the two titles,
both in the form of a question, is meant to provoke discussions about
advances in our understanding of the turbulent Prandtl number, and
more broadly turbulent momentum and heat transfer, over the last two
decades. This review nonetheless has a different focus compared to the
review by Kays, which primarily addressed the turbulent Prandtl
number in engineering flows (Kays, 1994). This review is dedicated to
the turbulent Prandtl number in the atmospheric boundary layer (ABL),
which is the lowest 1-2 km of the atmosphere directly influenced by the
Earth's surface and is the home for most human activities and biological
processes (Stull, 1988).

The study of turbulent momentum and heat transfer in the atmo-
sphere has a long history. In fact, the origin of the turbulent Prandtl
number concept is rooted in early studies of heat transfer in the at-
mosphere. In his seminal paper “Eddy Motion in the Atmosphere”, Taylor
(1915) proposed the concept of ‘eddy diffusivity’ for describing heat
transfer by the turbulent wind field in analogy of ‘thermal diffusivity’
for describing molecular diffusion of heat. This, along with Boussinesq's
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‘eddy viscosity’ hypothesis in analogy of ‘molecular viscosity’ (see dis-
cussions in Frisch (1995)), forms the basis of so-called first-order tur-
bulence closures to the Reynolds-averaged Navier-Stokes (RANS)
equations and gives rise to the turbulent Prandtl number (Pr,), which is
simply the ratio of the eddy viscosity (K,,) to the eddy diffusivity for
heat (Kp). Nowadays nearly all atmospheric models for weather and
climate simulations are based on RANS equations and many of them are
still employing first-order turbulence closures (Stensrud, 2007), where
Pr, can be viewed as a key input linking the eddy diffusivity for heat
(Kp) to the eddy viscosity (K,,). Even in large-eddy simulations (LES)
that are becoming increasingly popular in atmospheric research, a
subgrid-scale Prandtl number (Prsgs) is needed and is often para-
meterized, although the role of subgrid-scale Prandtl number (Prsgs) is
less significant than that of turbulent Prandtl number (Pr,) due to the
fact that the large-scale fluxes are resolved in LES.

Strictly speaking the turbulent Prandtl number is a concept perti-
nent to turbulent heat transfer. However, the significance of turbulent
Prandtl number in atmospheric research often goes beyond that. This is
because atmospheric models tend to assume that the turbulent wind
field transports all scalars such as water vapor, CO,, CH4 and NH3 in a
similar way as heat, despite that temperature is an active scalar that can
alter the flow field and has a feedback impact on heat flux while the
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other scalars are passive scalars that do not alter the flow field. In other
words, the turbulent Schmidt number, which is the counterpart of the
turbulent Prandtl number for mass transfer (Gualtieri et al., 2017), is
often assumed to be identical to the turbulent Prandtl number in at-
mospheric models. As a result, a better understanding and para-
meterization of the turbulent Prandtl number in the atmosphere is not
only helpful for improving weather and climate predictions and appli-
cations related to heat transfer, but also has significant implications for
air quality, agricultural management, ecosystem services, to name a
few. In particular, the importance of turbulent Prandtl/Schmidt number
in atmospheric dispersion modeling with Computational Fluid Dy-
namics (CFD) tools has been widely recognized (see a recent review by
Tominaga and Stathopoulos (2013)).

To start, it is essential to highlight a number of unique features of
the ABL flow. First of all, the horizontal scale of the ABL is usually
orders of magnitude larger than the vertical scale. In this sense, the ABL
resembles a two-dimensional, wall-bounded turbulent boundary layer.
This feature of the ABL provides a good justification to the use of first-
order turbulence closure schemes in atmospheric models, except in
regions where non-local transport becomes important including the
mixed layer under strongly unstable conditions, the canopy layer, and
the roughness sublayer (see Fig. 1 for a schematic of the ABL structure
over a canopy). These regions will be excluded from this review, despite
that in practice first-order turbulence closure schemes with some
modifications (e.g., adding non-local terms, see Holtslag and Moeng
(1991) for an example) continue to be used in these regions. Second,
the Reynolds number and turbulent Peclet number of the ABL are ty-
pically very large (on the order of 10%). A direct consequence is that the
effects of molecular viscosity and thermal diffusivity are confined
within an extremely thin (=1 mm) layer at the interface between the
Earth's surface and the atmosphere (i.e., the viscous sublayer). As a
result, the dependence of turbulent Prandtl number on molecular
viscosity and thermal diffusivity in the near-wall region, a topic ex-
tensively studied in laboratory experiments and with direct numerical
simulations (DNS) (Kays, 1994), is typically not a concern for the ABL
flow. Lastly, while the Reynolds analogy (i.e., Pr, = 1) or a constant but
smaller than unity value of Pr, continues to find its way in engineering
applications, atmospheric scientists discovered the role of thermal
stratification in inducing dissimilarity between turbulent transport of
momentum and heat as early as 1940s (Ertel, 1942; Priestley and
Swinbank, 1947). The significance of thermal stratification in the ABL is
now well recognized, especially in the atmospheric surface layer (ASL,
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see Fig. 1) where Monin-Obukhov Similarity Theory (MOST) provides a
theoretical framework for parameterizing turbulent fluxes under the
influence of thermal stratification.

With these features of the ABL flow in mind, this paper reviews
recent advances in our understanding and parameterization of turbu-
lent Prandtl number in the ABL since 1990s. Before discussing the scope
and organization of this review, the definition of the turbulent Prandtl
number and the necessary background are provided.

2. The turbulent Prandtl number

In this section, the definition and the significance of turbulent
Prandtl number are discussed within the framework of RANS modeling.
For the purpose of illustration, a horizontally homogeneous, two-di-
mensional (x-z) dry ABL that satisfies the Boussinesq approximation is
considered. The budget equations for the mean longitudinal velocity
and potential temperature are as follows
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where u, w, and 0 are the longitudinal velocity, vertical velocity, and
potential temperature, respectively; p is the pressure; p is the air den-
sity; v and D are the molecular viscosity and thermal diffusivity, re-
spectively. The overbar indicates the Reynolds average and the prime
indicates turbulent excursions from the averaged state. Here u'w’ is the
vertical turbulent momentum flux and w'@’ is the vertical turbulent heat
flux. Note that the Coriolis force is not included due to the assumption
of two-dimensional ABL.

In first-order turbulence closure schemes, turbulent fluxes are re-
lated to the local gradients of the mean variables:

J— ou

"w = -K,— = —K,,S,

o "oz " 3)
_ P

60’ = —K;,— = —K,,,T,

v "3z " )

where S = di1/dz and T = 00/dz are the vertical gradients of mean
longitudinal velocity and potential temperature, respectively; K,, and
K}, are the eddy viscosity and eddy diffusivity for heat, respectively. The

Fig. 1. A schematic of the structure of ABL of height z; over an urban canopy of averaged height h, (do not scale). Only unstable conditions with strong turbulent

mixing are shown.
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Fig. 2. The relation between turbulent Prandtl

\\\ number (Pr) and turbulent Peclet number (Pe,) for
TSl air flows (Pr, = 0.72, red line) from the RNG
0.9 - T | method (Yakhot et al., 1987). Also shown are the
____________________ results with Pr,, = 0.5 and Pr,, = 1.5. The bar in-
_______________ dicates the range of experimentally determined Pr,
08 - - | in the laboratory for air flows (Kays, 1994).
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ratio of K, to K}, is the turbulent Prandtl number logarithmic. In this logarithmic region, the Pr, should be independent of
e the distance from the wall and can be inferred from the slopes of the
Pr = ?m ) normalized mean velocity and temperature profiles (Kays, 1994). For
h

It is clear that the turbulent Prandtl number is essentially an in-
dication of dissimilarity between turbulent transport of momentum and
heat. The assumption that heat is transported in a similar way as mo-
mentum in turbulent flows, namely Pr, =1, is called the Reynolds
analogy. These first-order turbulence closure schemes are also called
flux-gradient relations, eddy-diffusivity models, or simply K-theory in
the literature (Stull, 1988). Throughout the article, they will be used
interchangeably and they all refer to the relations between turbulent
fluxes and local gradients.

The turbulent Prandtl number Pr; is a function of the flow and thus
is fundamentally different from its molecular counterpart (hereafter
called the molecular Prandtl number Pt,,)

Pr, = —,

D (6)

which is a function of the fluid (Tennekes and Lumley, 1972). The value
of Pry,, is about 0.72 for air mixture under typical atmospheric condi-
tions. In fact most gases (e.g., methane, oxygen, CO,) under typical
atmospheric conditions have Pr,, values on the order of unity
(Rohsenow et al., 1998).

Substituting the above equations into Egs. (1) and (2) and ne-
glecting the molecular effects (i.e., assuming sufficiently high Reynolds
and turbulent Peclet numbers) yield
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It is clear that K, and Pr, (or equivalently K;, and Kj) are two critical
inputs for predicting the mean flow properties such as  and 8.

3. Background

3.1. High-Reynolds number, neutrally stratified turbulent boundary layers
and the logarithmic region

In classic boundary layer theory, a wall-bounded turbulent
boundary layer that does not experience any buoyancy effect (i.e.,
neutrally stratified) is often described by a two-layer structure: an inner
layer and an outer layer (Tennekes and Lumley, 1972). When the
Reynolds number is large enough, there exits an overlap or matched
layer in which both mean velocity and temperature profiles are
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air flows, the Pr, determined this way in laboratory experiments ranges
from 0.73 to 0.92 (Kays, 1994).

Many analytical and empirical formulations for Pr, derived from a
variety of models exist in the literature as reviewed elsewhere
(Reynolds, 1975; Kays, 1994). Here only one notable example, which is
the result from the renormalization group (RNG) method (Yakhot et al.,
1987), is discussed. The Pr, from the RNG method is determined using
the following formulation:

Pet 0.65 Pet 0.35

1+ 143
Tt Tt
Pt pa T 1.1793 Pt Par + 2.1793 B 1

1 1 - Pe; ’

v 1.1793 P + 2.1793 1+ P
(C)]

where

Pe; = (Kn/v)Pry, (10)

is the turbulent Peclet number indicating the relative importance of
advective transport and diffusive transport (Kays, 1994). Note that (K,,,/
v) can be interpreted as the Reynolds number and hence a high Rey-
nolds number always indicates a high turbulent Peclet number for air
flows with Pr,, = 0.72. The reason that Pe, defined based on K,, is used
is because Pr, is also related to K, so that Pr; could be linked to Pe, once
Pry, is known.

It is clear from Eq. (9) that if Pr,,, was known (i.e., for a given fluid),
the RNG method would provide a relation between Pr, and Pe,, as
shown in Fig. 2, which presents the relations between Pr, and Pe, for air
flows (red line, Pr,, = 0.72) and two other fluids with Pr,, = 0.5 and
Pr,, = 1.5 in order to cover a range of gases of interest to atmospheric
scientists. It can be seen that at sufficiently large values of Pe, (e.g., in
the ABL), the Pr, approaches a value of about 0.85 (Yakhot et al., 1987),
which is within the range of laboratory results (Kays, 1994). More
importantly, the asymptotic behavior of Pr, at large values of Pe, is
independent of the value of Pr,, (at least for the range of Pr,, considered
here), suggesting that the turbulent Prandtl number in the ABL is hardly
controlled by its molecular counterpart.

The exact value of Pr, in the logarithmic region of high-Reynolds
number, neutrally stratified turbulent boundary layers (and also other
wall-bounded turbulent flows such as pipe and channel flows) con-
tinues to be debated. With fast growing computational resources, DNS
may be a promising tool to address this question (Kasagi et al., 1992;
Kawamura et al., 1998, 1999; Kong et al., 2000; Abe et al., 2004;
Redjem-Saad et al., 2007) as it does not require any turbulence model.
However, the Reynolds numbers of current DNS studies are fairly low
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(Kajishima and Taira, 2017) and fully resolving this issue awaits further
increases in computational resources to allow DNS of high-Reynolds
number turbulent flows.

3.2. Monin-Obukhov Similarity Theory (MOST)

In the ABL, the logarithmic region is often called the inertial sub-
layer or the atmospheric surface layer (ASL), which roughly corre-
sponds to the lowest 10% of the ABL that is also above the canopy layer
and roughness sublayer (see Fig. 1). The ASL is probably the most ex-
tensively studied part of the ABL both experimentally over short ca-
nopies (h. < 0.12;) and theoretically. Compared to the classic boundary
layers studied in the laboratory, the ASL is constantly affected by the
presence of thermal stratification or buoyancy resulting from surface
heating and cooling in a diurnal cycle. As a result of the buoyancy ef-
fect, the logarithmic profiles are modified and the turbulent Prandtl
number varies strongly with atmospheric stability.

Using only dimensional considerations, Monin and Obukhov (1954)
showed that distortions to the classical logarithmic profiles by buoy-
ancy can be accounted for by stability correction functions that are only
functions of the so-called stability parameter ({) (Obukhov, 1946;
Monin and Obukhov, 1954; Businger and Yaglom, 1971). For mean
horizontal velocity and potential temperature, the stability correction
functions are denoted as ¢, and ¢y, respectively, given as:

-x
¢, () = u*S, an

#u() = a2
where x = 0.4 is the von K&rman constant, z is height from the ground
surface or zero-plane displacement, u, = (—u'w’)"/2 is the friction ve-
locity, and 6, = —w’8'/u, is a temperature scaling parameter. The sta-
bility parameter ¢ = z/L where L = —u}/(xfw’0’) is the Obukhov length
(Obukhov, 1946), 8 = g/8 is the buoyancy parameter, g is the grav-
itational acceleration rate.

When ¢ < 0, which corresponds to w'&’ > 0, the ASL is unstable
(e.g, during daytime) and when ¢ > 0, which corresponds to w6’ < 0,
the ASL is stable (e.g, during nighttime). When ¢ = 0, the ASL is labeled
as neutrally buoyant (or neutral). Based on these definitions, the Pr, can
be related to the stability correction functions following

_5©
8.

Evidently, Pr, is also only a function of the stability parameter (¢) in
the MOST framework.

It is important to point out that MOST assumes that the ASL flow is
stationary, planar homogeneous and without subsidence, characterized
by sufficiently high Reynolds and turbulent Peclet numbers, and lacks
any strong horizontal pressure gradients. When these assumptions are
applied to the mean momentum (Eq. (1)) and mean potential tem-
perature (Eq. (2)) budgets, the outcome is that the turbulent mo-
mentum and heat fluxes (u'w’ and w'@’) become independent of z. It is
for this reason that the ASL is often labeled as the ‘constant-flux layer’.
In the following, the ASL that satisfies all the MOST assumptions will be
called an idealized ASL.

Another important indicator of atmospheric stability effect is the
Richardson number. In fact, there are two widely used Richardson
numbers: the gradient Richardson number (R,) and the flux Richardson
number (Ry), defined as,

13)

_Ar
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respectively. With these two Richardson numbers, it can be shown that

R
Pr, = £
Ry (16)

3.3. The role of buoyancy in heat transport

Before presenting the experimentally determined ¢,, and ¢ in the
ASL, it is enlightening to examine how buoyancy introduces dissim-
ilarity in turbulent transport of momentum and heat from the per-
spective of momentum and heat flux budgets. The role of buoyancy in
heat transport was recognized as early as 1940s by Ertel (1942) and
Priestley and Swinbank (1947). However, instead of presenting the
original arguments in Ertel (1942) and Priestley and Swinbank (1947),
a derivation based on the modern understanding of turbulent transport
in the ASL (Li et al., 2012b) is shown here to illustrate how buoyancy
enhances (suppresses) turbulent transport of heat under unstable
(stable) conditions.

With the same assumptions of MOST, the budget equations for
turbulent momentum and heat fluxes can be simplified into

6uw=0=_Ws_awwu_l,a + BT - 8ual’
ot 0z o 0z 0z 9z a7
w'e’ oww'e’ 1,0p ENEER
=0=-wwT - - —0== 4+ 00 —(v+ Dp)——
a v e o TROO DT
(18)

The terms on the right hand-side of the equations represent (in
order): production terms due to the presence of mean velocity and
potential temperature gradients, flux-transport terms that represent
turbulent transport of momentum and heat fluxes, pressure-decorrela-
tion terms due to interactions between pressure and velocity and
pressure and temperature, buoyancy terms arising from thermal stra-
tification, and molecular destruction terms. The molecular destruction
terms are usually much smaller than the pressure-decorrelation terms
and are often also neglected (Wyngaard, 2010). In addition, the tur-
bulent transport terms and the correlation between u and T are typically
small in an idealized ASL (Katul et al., 2014). With these additional
assumptions, the above budgets are further simplified into

16p
paz

0=-ww'S —

a9

0= —wwTl —e' +/3ee’

(20)
The Rotta model (Rotta, 1951) is further invoked for parametrizing
the pressure-decorrelation terms (Mellor and Yamada, 1974; Yamada,
1975; Mellor and Yamada, 1982; Moeng and Wyngaard, 1986; Pope,
2000). For illustration only the linear (or slow) component is retained,
as follows:
T i
_100 _ _ouw

= u >

p 0z T (21)
_ Lo _ o WO
p 0z T (22)

where 7 is the relaxation time scale that indicates how fast a turbulent
eddy dissipates its energy or loses its coherency and C is a coefficient.
Substituting the linear Rotta model into Egs. (19) and (20) produces

C o W), (23)

C_e( ww'T + 889) 24)

Eq. (24) recovers the results of Ertel (1942) and Priestley and
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Swinbank (1947) where the additional buoyancy term was first re-
cognized. It clearly shows how the so-called ‘convective turbulence’
(related to 6'6") modulates turbulent heat flux in a different way than
‘mechanical turbulence’ (related to w'w’).

Pr, can be readily determined from Egs. (23) and (24):

Pr, = Tugs 71/3@
T — F
o\l - r (25)

Under neutral conditions, Pr, ney = (7,Co)/(76C,), Where the sub-
script ‘neu’ indicates ‘neutral conditions’. Clearly, under unstable con-
ditions (I' < 0), Pry < Pr; ne, and under stable conditions (I' > 0),
Pr, > Pr ne. This suggests that compared to turbulent transport of
momentum, turbulent transport of heat is enhanced (suppressed) under
unstable (stable) conditions. Further relating Pr;, to atmospheric stabi-
lity indicators such as ¢ and Richardson numbers requires considera-
tions of the governing equations for ww’ and 6’6’ (for example in
second-order turbulence closure models), which will be discussed later.

It is important to stress that in this derivation the dissimilarity be-
tween turbulent transport of momentum and heat stems solely from the
buoyancy effect, while the non-stationary, advection, and third-order
flux-transport terms in the momentum and heat flux budgets have been
neglected. In the real atmosphere, these terms may also play a role in
inducing dissimilarity between turbulent transport of momentum and
heat.

3.4. The Businger-Dyer relations

The functional forms of ¢,, and ¢, have been the subject of field
experimental research in the 1960-1980s when the eddy covariance
technique started to become mature, enabling a direction quantification
of turbulent fluxes (Stull, 1988). The field experiments conducted in
this period, most notably the Kansas experiment in 1968, have shaped
our understanding of ¢, and ¢y and thus Pr, in the ASL to date. From
these field experiments dozens of functional forms for ¢,, and ¢y have
been proposed. Fig. 3 shows the Pr, determined from fitted functions for
¢m and ¢y, in two most influential studies during this period (Businger
et al., 1971; Dyer, 1974). Nowadays these functions are commonly
called the ‘Businger-Dyer relations’ (Businger, 1988). The functional
forms for Pr, from Businger et al. (1971) and Dyer (1974) are

0.74(1 93
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1
1—16¢)"
" %’ §’< 0
Pr=-"==101-160)"4 ,
"o, ¢>0
respectively.

It can be seen from Fig. 3 that both functions suggest that the Pr,
decreases as the atmosphere becomes more unstable. The major dif-
ference between the two functions is the Pr, under neutral conditions
(Pry, new), Which is 0.74 in the Businger relation but 1 in the Dyer re-
lation, and the behavior of Pr, under stable conditions. A review by
Hogstrom (1988), which compared the Businger-Dyer relations to a few
other experimental studies and used x = 0.4 consistently across data
sets, confirmed that the decrease of Pr, under unstable conditions is
very robust, while under neutral and stable conditions the scatter of
data is too large to determine whether Pr, is significantly different from
unity and whether Pr, continues to increase with increasing {. These
findings are anchored by other review articles (Hogstrom, 1996;
Andreas, 2002; Foken, 2006) and more recent experiments (Song et al.,
20105 Liu et al., 2016). One caveat of Fig. 3 is that the Businger-Dyer
relations, and many other empirical formulations, were proposed based
on data collected primarily in the range of —2 < ¢ < 2 but here the
results in the range of —10 < ¢ < 10 are shown for illustration pur-
poses.

4. Scope and organization

By the time Kays' review was published, it was already known, both
theoretically and experimentally, that turbulent transport of heat in the
ABL relative to turbulent transport of momentum is enhanced under
unstable conditions due to the role of buoyancy. However, the behavior
of Pr, in stable ABLs remains elusive. From the extensive laboratory and
field experiments and theoretical work such as the RNG method one
expects the neutral value of Pr; to range from 0.7 to 0.9 or so in the ABL.
All of these form the starting point of this review.

In the following, new developments in our understanding and
modeling of Pr, in the ABL since 1990s are reviewed, with a focus on
presenting a unifying framework for Pr, in the ASL based on a recently
developed cospectral budget model. Sections 5 and Section 6 examine
the Pr, in unstable and stable conditions, respectively. The cospectral
budget model that provides a unifying framework for Pr; in the ASL is
then reviewed in Section 7. Further application of the cospectral budget
model to studying the subgrid-scale Prandtl number (Prsgs) is discussed
in Section 8. Conclusions are presented in Section 9, which also dis-

> ¢<0
Pr, = ﬁ = (1-150)"4 s
0.74+4.7 iori
m 1+:,7g ¢ ¢>0 cusses future research priories.
2 : : : : :

Fig. 3. The Pr, from ‘Businger-Dyer’ relations for ¢y,

——Businger et al. (1971)

- = Dyer (1974)

—-=-The phenomenological model
-~ = The cospectral budget model
% RNG
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and ¢y determined by field experiments. The phe-
nomenological model (Li et al., 2012b) and the co-
spectral budget model (Li et al., 2015b) results are
also shown for unstable conditions. The neutral
value of Pr, from the RNG method (Yakhot et al.,
1987) is shown as a reference.

- (unstable)

10° 10!

¢ (stable)
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5. Pr. and coherent structures in unstable ABLs

As discussed earlier, nearly all field data and simplifications of the
flux budgets suggest that Pr, decreases as the atmosphere becomes more
unstable (see Fig. 3). New understanding of this well-established result
is generated by recent advances in our knowledge of coherent struc-
tures or organized motions in turbulent flows, which are broadly de-
fined as flow features that persist in space and time. Reviews of co-
herent structures in high-Reynolds number turbulent flows can be
found elsewhere (Cantwell, 1981; Robinson, 1991; Adrian, 2007;
Marusic et al., 2010; Smits et al., 2011). Here only a general picture is
presented to pave the way for discussing the linkage between the
phenomenology of turbulence and the dissimilarity between turbulent
transport of momentum and heat or Pr,.

5.1. The impact of atmospheric instability on coherent structures in the ABL

Coherent structures or organized motions in turbulent flows have
been the subject of active research over the past few decades (Cantwell,
1981; Robinson, 1991; Adrian, 2007; Marusic et al., 2010; Smits et al.,
2011). Various forms of coherent structures such as hairpin vortices,
large-scale and very large-scale motions have been discovered and ex-
tensively studied in pipe flows, channel flows and turbulent boundary
layers in laboratory settings. In the neutral ABL, studies also found
turbulent structures similar to those in the laboratory (see Hutchins
et al. (2012) for detailed discussions and comparisons, including the
nomenclature). In addition, recent review articles have indicated that
turbulence and the pressure field in the neutral ABL scale similarly as
canonical wall-bounded turbulent flows (Marusic et al., 2010), further
suggesting that coherent structures responsible for the scaling are si-
milar.

Under unstable conditions, it is expected that coherent structures
are strongly modified by the atmospheric instability. For example, in
the limit of free convection, the ABL is expected to resemble Rayleigh-
Bénard convection rather than wall-bounded turbulence (Wyngaard,
1985), as suggested by classic LES results (Schmidt and Schumann,
1989). In such a regime, the dominant coherent structures are expected
to be rising plumes and thermals (Stull, 1988), whose fingerprints can
be detected from the ramp structures in the measured time series of
scalar quantities such as temperature (Antonia et al., 1979; Brunet
et al., 1992; Zhang et al., 2011).

In studying the transition from a neutral to an unstable ABL,
Hommema and Adrian (2003), using smoke visualizations, found evi-
dence of hairpin packets under neutral conditions with inclination an-
gles similar to those observed in laboratory studies. They also observed
that under moderately unstable conditions the individual hairpins lifted
off the surface, leading to an increase in the inclination angle, which
was later confirmed by other field studies (Carper and Porté-Agel, 2004;
Chauhan et al., 2013; Liu et al., 2017). Under highly unstable condi-
tions, Hommema and Adrian (2003) could not detect any hairpins but
their visualizations clearly depict upward-moving plumes. Using eddy-
variance data collected over a uniform lake surface, Li and Bou-Zeid
(2011) found that the cross-stream vorticity decreases with increasing
instability (see Fig. 4a). They conjectured that as the instability in-
creases turbulent structures transition from roll-type structures, in-
cluding hairpin vortices attached to the surface that have strong cross-
stream vorticity, to cellular-type structures (e.g., plumes and thermals)
rotating mainly in the vertical direction. This hypothesis is corrobo-
rated by LES runs that span a wide range of instabilities (Shah and Bou-
Zeid, 2014a; Patton et al., 2016; Salesky et al., 2017).

While these studies presented ample evidence of coherent structures
in the ABL and how their topology changes with increasing instability,
they did not provide a direct linkage between changes in coherent
structures and the turbulent Prandtl number. The following subsection
discusses the implications of modifications on coherent structures by
the atmospheric instability for the dissimilarity between turbulent

91

Atmospheric Research 216 (2019) 86-105
transport of momentum and heat with a phenomenological model.

5.2. A phenomenological model for Pr,

To connect early ideas of Ertel (1942) and Priestley and Swinbank
(1947) with recent evidence of instability-induced changes in coherent
structures, Li et al. (2012b) employed a phenomenological model ori-
ginally developed for studying turbulent transport of momentum under
neutral (Gioia et al., 2010) and thermally stratified (Katul et al., 2011)
conditions. In the original phenomenological model depicted in
Fig. 5(a), turbulent momentum flux is assumed to be generated by the
turnover of an isotropic eddy of radius s acting on the mean velocity
profile. The isotropic eddy transfers momentum down at a rate
pli(z + s)v(s) and up at a rate pii (z — s)v(s), resulting in a momentum
flux

uw' = —avG)[a(z +s)—i(z—s)] ~ —amv(s)Z—ZZS, 26)
where v(s) is the turnover velocity of the isotropic eddy of size s;
f(z+ s) — i(z — s) is the net momentum, per unit mass per unit ve-
locity of the turnover eddy, exchanged between z + s and z — s; a, is a
proportionality constant.

Following this idea, Li et al. (2012b) assumed that the isotropic
eddy similarly transfers heat down at a rate p8(z + s)v(s) and up at a
rate p@(z — s)v(s) when the surface sensible heat flux H, is positive
(upward). As such, the turbulent sensible heat flux can be expressed as

w8 = —agv(s)[B(z+5)—B(z— )] = —asv(s)%% @7
Similarly, 8 (z + s) — 8 (z — s) is the net heat flux, per unit mass per unit
velocity of the turnover eddy, exchanged between z + s and z — s, and
ap is also a proportionality constant but can be different from ay,.

Similar to Gioia et al. (2010) and Katul et al. (2011), a logical
starting point is to assume that eddies contributing most efficiently to
momentum and heat transport are those attached to the surface in-
spired by Townsend's attached eddy hypothesis (Townsend, 1976).
Consequently, s = z and Egs. (26) and (27) reduce to:

am v(2)
2— =1,
X U P 28)
Qg V(Z)
2————=¢, =1,
K U, P (29)
which immediately leads to
Pr, = Gm
ag (30)

even without a priori knowledge of v(2). That is, Pr; is independent of
atmospheric stability. When a,, = ag, Pr, = 1. It is thus clear that a
simple extension of the original model by Gioia et al. (2010) and Katul
et al. (2011) results in the well-known Reynolds analogy under all at-
mospheric stability conditions (at least a stability-independent Prp). This
is inconsistent with field experiment data under unstable conditions,
which show that Pr, decreases as instability increases (see Fig. 3).
Within the confines of the phenomenological model, Li et al.
(2012b) proposed that across the turnover eddy, the spatial excursions
embedded in ‘instantaneous’ temperature profiles could interact with
the turnover velocity thereby creating additional dispersive fluxes,
contrary to the Eq. (27) postulating that a turnover eddy is passively
acting on the ‘averaged’ temperature profile that is smooth (see
Fig. 5(b1 and b2) for a schematic). This hypothesis of interactions be-
tween the vertical velocity and temperature fields was supported by
observational evidence that the integral length scale of temperature
approaches that of vertical velocity as the instability increases, while
the integral length scale of horizontal velocity is always at least an
order of magnitude larger than that of vertical velocity (see Fig. 4b).
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Fig. 4. (a) The standard deviation of cross-stream or
spanwise vorticity (s~ 1y and (b) the ratios of integral
length scales (I, where the subscripts 0, u, w re-
present potential temperature, horizontal velocity,
and vertical velocity, respectively) as a function of
—¢ under unstable conditions. The observational
data are collected over a lake surface (Vercauteren
et al., 2008; Li and Bou-Zeid, 2011; Li et al., 2012a).
This figure is based on results in Li and Bou-Zeid
(2011) and Li et al. (2012a).

Fig. 5. (a) The phenomenological model for turbu-
lent transport of momentum and heat in the ASL,
where 7, is the surface shear stress and H; is the
surface heat flux. (bl and b2) Two different cases
with different ratios of integral length scales of ver-
tical velocity (I,) and potential temperature (Ip). In
case (bl), there is no scale-resonance between the
vertical velocity and temperature fields. In case (b2),
the spatial excursions in the temperature profiles
interact with the turnover eddy and create extra heat
fluxes (i.e., the scale-resonance effect). The advec-
tion and turning of the eddy through a sensor allows
one to separate these two cases using integral length
scales computed from single-point time series mea-
surements. The figure is adapted from Li et al.
(2012b).
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To account for this ‘scale-resonance’ between the temperature and
vertical velocity fields, a ‘resonance’ function (fs({)) is included in the
phenomenological model, as follows:

W = —av()0@ +5) - 6@ — )] ~ —aw(s)%sfs ©.

31
which leads to
as v(z) 1
20y = =
xou "t f (32)
when s = z.

To obtain ¢, and ¢, explicitly from the model, the turnover eddy
velocity v(z) needs to be specified, which is one of the most important
assumptions of this phenomenological model and has inspired many
future studies (as shall be seen in Section 7). The turnover eddy velocity
is assumed to follow the Kolmogorov inertial subrange ‘1/3’ scaling,
ie., v(z) = [keesz(g‘)]l/ 3 where k. is a parameter, € is the mean tur-
bulent kinetic energy (TKE) dissipation rate, and f,,({) accounts for the
anisotropy of the turnover eddy induced by atmospheric instability. The
mean TKE dissipation rate (¢) can be further estimated by assuming that
the TKE budget is in local equilibrium, namely, the shear production
and the buoyant production/destruction balances the dissipation rate.
With these additional assumptions and the constraints that ¢,,(0) = 1,
fw(0) =1, ¢n(0) =1, fo(0) =1, one arrives at the famous O'KEYPS
equation (named after Obukhov, Kazansky, Ellison, Yamamoto, Pa-
nofsky, and Sellers, see Lumley and Panofsky (1964)) for both ¢,, and
on:

N
¢'"(1 ¢m)

3 ¢ 1
" $n) IS
When the functions of f,, and f, are determined from experimental

data based on how the integral length scales of vertical velocity and
temperature vary with instability (see Fig. 4b), the resulting ¢,, and ¢,

(33)

(34)
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from this phenomenological model recover their well-established
scaling laws as shown in Li et al. (2012b). The Pr, from this phenom-
enological model is shown in Fig. 3 and is in fair agreement with the Pr,
in the Businger-Dyer relations under unstable conditions.

Even without the knowledge of v(z), one can obtain the turbulent
Prandtl number from the revised phenomenological model as

Pr, = L
fe
Thus it is clear that the turbulent Prandtl number is solely de-
termined by the function used to account for the ‘scale-resonance’ effect
and is independent of f,, that indicates the effect of atmospheric in-
stability on the anisotropy of turbulent eddies. This implies that while
fw is critical for correctly capturing the behavior ¢,, across stability
conditions (Katul et al., 2011; Salesky et al., 2013; Li et al., 2016b), the
function f,, does not introduce any dissimilarity between turbulent
transport of momentum and heat. This further suggests the crucial
importance of the ‘scale-resonance’ effect in inducing dissimilarity be-
tween turbulent transport of momentum and heat.

(35)

6. Pr.in stably stratified ABLs

While the behavior of Pr, under unstable conditions is relatively well
understood after the Kansas experiment, its stable counterpart remains
elusive. To date, there is still an ongoing debate regarding the behavior
of Pr, under stable conditions (Grachev et al., 2007; Anderson, 2009;
Sorbjan and Grachev, 2010; Rodrigo and Anderson, 2013). Although
buoyancy is expected to suppresses the transport of heat under stable
conditions (see Section 3.3) and in the real atmosphere the existence of
gravity waves would further enhance the transport of momentum
(Monin and Yaglom, 1971; Mahrt, 1998), experimental evidence is in-
conclusive especially when Pr, is presented as a function of ¢. For ex-
ample, Howell and Sun (1999) found that Pr, is scattered around unity
for ¢ up to 10 (similar to the Dyer relation shown in Fig. 3). Andreas
(2002) reviewed seven different formulations for ¢,, and ¢, under
stable conditions, five of which predict that Pr,— 1 as { — c. Only two
predict that Pr, is not bounded by unity and continues to increase with ¢
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even as { — oo.

On the other hand, when Pr, is plotted against the gradient
Richardson number (R,), data from field and laboratory experiments
and numerical simulations seem to unanimously show that Pr, increases
with R; (Monin and Yaglom, 1971; Turner, 1979; Bange and Roth,
1999; Zilitinkevich and Calanca, 2000; Zilitinkevich et al., 2008;
Kurbatskii and Kurbatskaya, 2010; Vasil'ev et al., 2011; Kitamura et al.,
2013; Zilitinkevich et al., 2013; Kurbatskiy and Kurbatskaya, 2014;
Aliabadi et al., 2016). A collection of laboratory data from water and
wind tunnels, field experimental data, as well as DNS results, is shown
in Fig. 6(a). As can be seen, the agreement among these widely different
studies is quite remarkable, despite of some scatter associated with the
two field experiments. The increase of Pr, with R, is also consistent with
the theoretical considerations from Section 3.3 as well as the expected
role of gravity waves.

Grachev et al. (2007) argued that using experimental data to in-
vestigate the behavior of Pr, under stable conditions is complicated by
self-correlation (see also Anderson (2009), Sorbjan and Grachev (2010)
and Rodrigo and Anderson (2013)). They showed that Pr, increases with
increasing stability when it is plotted against R,, but decreases with
increasing stability when it is plotted against ¢ or the flux Richardson
number (Ry) using the same data collected during the Surface Heat
Budget of the Arctic Ocean (SHEBA) experiment. Also using the SHEBA
data, Sorbjan and Grachev (2010) found that Pr, actually decreases
from 0.9 under near-neutral conditions to about 0.7 under very stable
conditions after removing outliers that seem to have large values of Ry
but are actually caused by small temperature and velocity gradients
under near-neutral conditions. Anderson (2009) employed regression
methods to avoid self-correlation and found that Pr, increases with in-
creasing R, consistent with Fig. 6(a). The issue of self-correlation, to-
gether with the disagreement among different studies, highlights the
challenge of studying Pr, with field data under stable conditions. Other
complexities in stable boundary layers, including non-stationarity,
wave-turbulence interaction, global intermittency and collapsing tur-
bulence, are reviewed elsewhere and are not repeated here (Fernando
and Weil, 2010; Mahrt, 2014; Sun et al., 2015).

Due to these experimental challenges and complexities associated
with stable boundary layers (especially strongly stable boundary layers)
in real-world settings, many investigations of Pr, under stable condi-
tions have focused on fully developed, stationary, and homogeneous
boundary layers using theoretical approaches. Before these studies are
reviewed, the asymptotical behaviors of Pr, under near-neutral and very
stable conditions, indicated by very small and large values of R,, are
first discussed.

6.1. Asymptotical behaviors

At very large R, (i.e., under strongly stable conditions), the Pr, is
expected to increase nearly linearly with increasing R, (see Fig. 6). This
stems from the definition of Pr, = R,/Ry. At very large R, Ry tends to
saturate or level off towards its maximum value (R, hereafter called
the maximum flux Richardson number), leading to Pr, increasing line-
arly with R,. This result is well supported by experimental data and
numerical simulations (see Fig. 6a).

At very low Rg (i.e., under near-neutral conditions), different ar-
guments exist. Schumann and Gerz (1995) noticed that Pr, is fairly in-
sensitive to stability at low R, and proposed the following para-
meterization for Pr, by merging the behaviors of Pr, at very small and
large Ry

Re Ry

P’i=Prf,neuexp - |+ =
PF, new Rpn R (36)

On the other hand, Venayagamoorthy and Stretch (2010) argued
that Pr, should increase linearly with R, at small R; and proposed a

modified empirical function for Pr,, as follows:
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i + &
P U Rfm

Both functions agree with experimental data and numerical simu-
lation results fairly well, as shown in Fig. 6(a). The minor difference
between the two functions at small R, is well within the scatter of ex-
perimental data and numerical simulation results. Besides the two
functions constructed based on the asymptotic behaviors of Pr,, other
empirical and semi-empirical formulations that describe the behavior of
Pry as a function of R, under stable conditions also exist (Kondo et al.,
1978; Louis et al., 1982; Kim and Mahrt, 1992; Zilitinkevich and
Calanca, 2000; Aliabadi et al., 2016). These formulations often para-
meterize Pr, as a linear function of R, (Kim and Mahrt, 1992; Baas et al.,
2008; Zilitinkevich et al., 2008; Grisogono, 2010; Aliabadi et al., 2016).
Elliott and Venayagamoorthy (2011) evaluated four different Pr, para-
meterizations for stably stratified turbulence, including the one pro-
posed by Venayagamoorthy and Stretch (2010), and found considerable
variability in the simulation results with different Pr, parameterizations
even in a one-dimensional channel flow.

Pr; = Pr exp - +
t t,neu
Prt,neuRfm (37)

6.2. Second-order turbulence closure models

Perhaps the most commonly-employed theoretical approach for
studying Pr,, as alluded to in Section 3.3, is to derive Pr, from second-
order (or even higher-order) turbulence closure models. In this section,
the Pr, under stable conditions from two representative second-order
turbulence closure models, the classic Mellor-Yamada (MY) model
(Mellor, 1973; Yamada, 1975; Mellor and Yamada, 1982) and the En-
ergy- and Flux-Budget (EFB) model recently developed by Zilitinkevich
et al. (2007, 2009, 2013), are discussed. These two models are selected
because they represent two different situations distinguished by whe-
ther the model is subjected to the so-called ‘critical gradient Richardson
number’ (Ry). To simplify the comparison, the two models are applied
to the idealized ASL where analytical expressions for Pr, can be ob-
tained (Li et al., 2016a).

6.2.1. Governing equations

Here the governing equations for second-order turbulence closure
models are presented, which include the budget equations for turbulent
momentum and heat fluxes (Egs. (17) and (18)) already presented in
Section 3.3. In addition, governing equations for w'w’ and ¢’ are
needed to close the turbulent flux budget models, as can be seen from
Eq. (25). In the idealized ASL, these are given by

i YA i S 7\2
awwzozzﬁw_awww_gawp Zgﬁl_zv(aw)’
at 9z p 0z p oz 9z
(38)
A Sy A \2
8C _ o _ oy IWOE —sz(aG)
ot 0z 0z (39)

The terms on the right hand-side of the equations represent (in
order): production terms due to buoyancy for ww’ or due to the pre-
sence of mean temperature gradient (i.e., I') for 6’6", turbulent transport
terms, pressure-decorrelation terms due to interactions between pres-
sure and velocity (which is absent for 6'6"), and molecular destruction
or dissipation terms. The molecular destruction or dissipation terms in
these two equations are extremely important and cannot be neglected
as in the equations for u'w’ and w'T’ (Egs. (17) and (18)).

Given that u'u’ and v’ do not directly affect the vertical momentum
and heat fluxes in the idealized ASL, they do not need to be included
when solving these budget equations. However, second-order closure
schemes typically consider the total TKE equation or two separate
equations for u'u’ and v'v'. Here, the budget equation for the total TKE,
¢ =0.5W'u’ +vv' + wnw'), is presented for completeness:




D. Li
% 0= —wws + g — e _1wWP .
ot 9z p 0z (40)

Again, the terms on the right hand-side of the equation represent (in
order): the production term due to shear, the production or destruction
term due to buoyancy, the turbulent transport term, the pressure-dec-
orrelation term due to interactions between pressure and velocity, and
the dissipation term.

Note that in Section 3.3 we have neglected '8’ in the momentum
flux budget equation. When u'6’ is not neglected, the governing equa-
tion for u'6’ needs to be also provided in order to close the equation
system (Mellor, 1973; Yamada, 1975).

6.2.2. The Mellor-Yamada (MY) model

For over four decades now, the Mellor-Yamada (MY) model (Mellor
and Yamada, 1982) and its many variants have been widely used in
studying geophysical turbulence. The key parameterization used in the
MY model is the Rotta scheme (Rotta, 1951) for pressure decorrelation
terms, which can involve one (Mellor, 1973) or three (Yamada, 1975)
or even more (Nakanish, 2001) coefficients depending on the com-
plexity of the Rotta scheme (see Egs. (21) and (22) for the simplest
Rotta scheme that only retains the slow component and has one coef-
ficient). In addition, the MY model employs four length scales (two are
relaxation length scales in the Rotta model and two are dissipative
length scales for parameterizing the dissipation rates of variances), all
of which are assumed to be proportional to the so-called master length
scale. To match expectations from a neutral ASL, the master length
scale is set to be xz, where « is again the von Karmén constant and z is
the height above the ground. As a result, the MY model requires five
(Mellor, 1973) or seven (Yamada, 1975) empirical constants, which
were obtained by fitting to observational data collected in the ASL.

The MY model includes a hierarchy of closure schemes and the level
2 scheme, which is discussed here, further neglects the third-order
turbulent transport terms in all equations for second-order statistics.
With this additional assumption, the set of equations can be solved
analytically as shown in Mellor (1973) and Yamada (1975). The Pr,
from Yamada (1975) is reproduced here, as follows:

1
1 — R¢/Rp,
= P"t,neu(#) 5

1 — Ry/Rpy (41)

where Pry ey = 0.74, Rn = 0.325, R, = 0.316 are constants derived
from the previously mentioned basic constants.

6.2.3. The energy- and flux-budget (EFB) model

The main differences between the EFB model and the MY model
have been discussed in Li et al. (2016a) and thus are not repeated here.
Similar to the MY model, the EFB model has several basic constants that
need to be determined a priori. Results from the most recent version of
the EFB model (Zilitinkevich et al., 2013) are presented here, where the
turbulent Prandtl number is given by

- Rm) AZY
Rm A )~

Ry

Pr; = Pr; 1———
t t,neu( 1 _ Rf

(42)

where Pr; po, = 0.8 and R, = 0.25 are derived from the basic constants
of the EFB model (Zilitinkevich et al., 2013). The A, = w'w'/e is the
vertical anisotropy (i.e., the vertical component of the TKE normalized
by the total TKE) given by

Ry
Cffb(l - zcgbef—m)a — Ry) — 3Ry
A, = ,
R
a- Rf)(s +ceb (3 —2(1+ Cffb)ﬁ))

(43)

where C,%® (=1.5) is a standard inter-component energy exchange
constant and C,?* (=0.125) is the inter-component energy exchange
constant determining the vertical share of TKE. The constant A,”
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(=0.03) is the value of A, at Rg— .

6.2.4. Comparison between the MY model and the EFB model

The comparison between the MY and EFB models is presented in
Fig. 6(b) so that they can also be compared to experimental data and
numerical simulation results shown in Fig. 6(a). The major difference
between the MY and EFB models is that the MY model only works when
the gradient Richardson number is smaller than the so-called ‘critical
gradient Richardson number’ (Ry), which is about 0.2-0.25. This ‘cri-
tical gradient Richardson number’ is often interpreted as the threshold
characterizing laminar-turbulent transition in stably stratified flows,
which originates from the seminal work of Miles and Howard (Miles,
1961; Howard, 1961). Beyond this value, turbulence collapses and the
Pr, is not well defined in the MY model (see Fig. 6b).

On the other hand, the EFB model predicts the linear increase in Pr,
at sufficiently large R, and does not support the concept of ‘critical
gradient Richardson number’. In essence, the EFB model argues that R,
depends only on the mean flow state and increases in R, are not limited
by the internal turbulence state (i.e. the ability of turbulence to trans-
port momentum and heat) (Zilitinkevich et al., 2013). As such, the EFB
model treats the vertical gradients of mean velocity and temperature as
‘external’ variables to the turbulent flux budgets. By virtue of this
treatment, the EFB model is not limited by a ‘critical gradient Ri-
chardson number’.

However, unlike R, depending on the ‘external’ mean velocity and
temperature gradients, Ry is controlled by the ‘internal’ turbulence state
and thus cannot increase indefinitely as R, increases. The EFB model
caps the Ry through imposing a maximum value or Ry, derived from
observational data, which is around 0.2-0.25 (Zilitinkevich et al.,
2013). It should be noted that there are experimental studies reporting
values of Ry larger than 0.25 and sometimes even larger than unity
(Pardyjak et al., 2002) probably because of non-stationarity, advection,
and flux transport.

The existence of a ‘critical gradient Richardson number’ continues
to be a topic receiving attention in turbulence modeling (Canuto et al.,
2008; Ferrero et al., 2011), but experimental evidence, shown in Fig. 6
and elsewhere (Galperin et al., 2007), favors no such threshold. Re-
cently, Grachev et al. (2013) found that the ‘critical gradient Ri-
chardson number’ in the ASL indicates a threshold beyond which MOST
does not apply and, coincidentally, the inertial subrange in the Ri-
chardson-Kolmogorov energy cascade dies out (see also Li et al.
(2015a)). This has motivated new investigations of connections be-
tween the mean flow properties described by MOST and the eddy
structures characterized by the inertial subrange scaling, as shall be
examined in Section 7.

6.3. The Quasi-Normal Scale Elimination (QNSE) model

A different theoretical approach to stably stratified turbulence is the
Quasi-Normal Scale Elimination (QNSE) model (Sukoriansky et al.,
2005a, 2005b, 2006; Galperin and Sukoriansky, 2010). The QNSE
model is a spectral closure that gradually coarsens the resolved scales
by successively eliminating the unresolved scales. When this process of
successive averaging is extended to the largest turbulent scale, the
QNSE theory yields a RANS model that includes eddy viscosities and
diffusivities in both horizontal and vertical directions. Details of the
QNSE model (Sukoriansky et al., 2005a, 2005b, 2006; Galperin and
Sukoriansky, 2010) and its implementation into numerical weather
prediction models (Tastula et al., 2015a, 2015b, 2016) can be found
elsewhere.

There is no analytical expression for Pr, from the QNSE model.
Fig. 6(b) shows the Pr, inferred from the fitted functions of ¢,, and ¢, in
the QNSE model (Tastula et al., 2015b). Although the Pr, from the
QNSE model is lower than those from the other models, it captures the
linear increase of Pr, with R, at large R, values. Similar to the EFB
model, the Pr, from the QNSE model is not subjected to a ‘critical
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gradient Richardson number’.

7. A unifying framework for Pr, based on cospectral budgets

The above two sections have discussed recent advances in our un-
derstanding of Pr, under unstable and stable conditions, respectively.
The phenomenological model presented in Section 5 shows a strong
linkage between the mean velocity and temperature profiles in an un-
stable ASL and the Kolmogorov scaling in the inertial subrange (Li
et al., 2012b). In stable conditions, experimental data suggest that the
‘critical gradient Richardson number’ is tied to the collapse of inertial
subrange in the Richardson-Kolmogorov energy cascade (Grachev et al.,
2013; Li et al., 2015a). Collectively they seem to suggest that there are
close connections between the mean flow properties, including the
mean velocity and temperature profiles and thus Pr;, and the microscale
turbulent energy distributions governed by the inertial subrange
scaling. Such connections are formally established by a recently de-
veloped cospectral budget (CSB) model (Katul et al., 2013a, 2014; Li
et al., 2015a, 2015b), which provides a unifying framework for Pr, in
the ASL. Given its significance, the detailed derivation of Pr; in the CSB
model (Li et al., 2015b) is reproduced here.

7.1. Model formulations

The CSB framework starts with the cospectral definitions of turbu-
lent momentum and heat fluxes:

7.

uw' = [ E,(k)dk

0\8

(44)

w® = [ Fe(k)dk,
{ (45)

where F,,,(k) and F,(k) are the co-spectra of w and u, and w’ and 6,
respectively, and k is a one-dimensional wavenumber in the streamwise
direction. This definition of k is used in order to be consistent with ASL
experiments that typically report spectra and co-spectra from single-
point time series measurements (Kaimal et al., 1972; Kaimal, 1973;
Kaimal and Finnigan, 1994; Wyngaard and Cote, 1972) based on Tay-
lor's frozen turbulence hypothesis (Taylor, 1938).

In correspondence to the budgets of turbulent momentum and heat
fluxes (Egs. (17) and (18) in Section 3.3), the cospectral budgets of
momentum and heat fluxes in an idealized ASL can be simplified as
follows (Panchev, 1971; Bos et al., 2004; Bos and Bertoglio, 2007;
Canuto et al., 2008; Katul et al., 2013a):

0 = By (k) + T (k) + 7, (k) + BEio (k) — 20k°Ey (K), (46)

0 = R (k) + Two (k) + 7o (k) + BFoo (k) — (v + Du)k*Fye (k) (47)

The terms on the right hand-side of the equations represent (in
order): production (P), flux-transfer (T), pressure-decorrelation (i),
buoyancy (BF, and fFgp), and molecular destruction. F,g is the co-
spectra of u and 6" and Fye(K) is the spectrum of potential temperature.
Similar to the arguments presented in Section 3.3, the molecular de-
struction terms are assumed to be small. This is equivalent to assuming
that eddies whose sizes are on the order of the Kolmogorov microscale
(on the order of 1 mm) do not contribute significantly to momentum
and heat fluxes, at least when compared to other mechanisms. The
Fo(k) term is also assumed to be small compared to P,,(k) as demon-
strated by DNS results (Katul et al., 2014; Shah and Bou-Zeid, 2014b)
and scaling arguments (Stull, 1988). Note that in Section 3.3, the third-
order flux-transport terms are also neglected. However, it is important
to point out that here the ‘flux-transfer’ term in the spectral space is
different from the ‘flux-transport’ term in the physical space and in the
context of Reynolds-averaged equation. While the flux-transport terms
may be negligible in the idealized ASL, the flux-transfer terms can be
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significant at any given k.
Hence, the simplified cospectral budgets of momentum and heat
fluxes are given by:

B (k) + Ty (k) + m, (k) =0, (48)

Buo (k) + Tyo (k) + 75 (k) + BFge (k) = 0 (49)

The production terms can be obtained from direct Fourier trans-
forming — w'w’S and — w'w'T:

By (k) = —F, (K)S,

(50)

Byo (k) = —E, (K)T, (51)

where F,,, (k) is the vertical velocity spectrum.

The flux-transfer terms act to move fluxes away from the peak of the
co-spectra and hence they can be parameterized using a spectral gra-
dient-diffusion model as (Bos et al., 2004; Bos and Bertoglio, 2007):

a
T (k) = _AUUE(Elu k5/3F,, (k)), (52)

Too () = —Aca (& K Fog (), 53
where Ayy and Agg are model constants associated with the flux-
transfer terms and ¢ is again the mean dissipation rate of TKE.

To model the pressure de-correlation terms, a Rotta-type para-
meterization is invoked in the spectral domain, which corresponds to
the one widely used in the previously discussed second-order closure
schemes (Mellor and Yamada, 1974; Yamada, 1975). Specifically, the
following closure formulations are employed (Launder et al., 1975;
Pope, 2000):

_ o, Buwl)

m, (k) = —Ay Y Cry B (k), (54)
_ 4 Eek)

7o (k) = —Ag —Te ® CioByo (k), 5)

where Ay and Ag (=1.8) are the Rotta constants (Pope, 2000), C; and
Cpy (=3/5) are constants associated with isotropization of production
terms (called isotropization constants hereafter), which can be de-
termined using the Rapid Distortion Theory in homogeneous turbulence
(Pope, 2000). The 7,(k) and 7o(k) are wavenumber-dependent relaxa-
tion time scales for momentum and heat fluxes, respectively. A widely
used formulation for z,(k) and ze(k) are given by (Corrsin, 1961; Bos
et al., 2004; Bos and Bertoglio, 2007; Cava and Katul, 2012; Katul et al.,
2014):

T (k) = o (k) = e71/3%=2/3 (56)

With these parameterizations, Eqs. (48) and (49) reduce to:
OFuw (k) + Av + el k=1, (k) = —MSFW(k)k*SH,

ok Avy 3 Ayye!/? (57)
9F,¢ (k) Ag | 5),_ 1 - Cp) _
W 4| =2 + S kB (k) = —————22TF,,, (k)k=>/3

ok Aee 3 we( ) A6651/3 ww( )

B _
+ ———Fp(k)k™53
Apcll? %o (k) 58)

The above equations for F,,,(k) and F,,(k) can be solved once F,,,,(k)
and Fgg(k) are known or specified. The precise spectral shapes of F,,, (k)
and Fge(k) used by the CSB model will be discussed later. However, for
illustration purposes, it is convenient to begin with a single power-law
formulation with F,,,,(k) = C,.,k~ ¢ and Fgg(k) = Cgok Y, where a and y
are spectral scaling exponents and C,,, and Cyg are normalization fac-
tors. With these expressions for F,,, (k) and Fgy(k), Egs. (57) and (58)
reduce to two uncoupled, first-order ordinary differential equations
given as:
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Fig. 7. The idealized shapes of (a) F,,, and (b) Fge.
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S
Q
N
N | |
W I I -5/3
| |
| |
Ik s
I Iw I aw
dFy (k) a - —a-5/3
dk + le Elw (k) - DZwak s (59)
dEe (k) - e e
—=== + D3k 'Fg (k) = DyCipk ™73 + DsCook =5/
dk 3 6 (k) 4 5 Ceoo (60)

where D; = Ay/Ayu + 5/3, Do= — (1 — Ci)S/(Aywe™”®), D3 = Ao/
Ago +5/3, Dy = — (1 — Cio)/(Agoe™’®), and Ds = B/(Agoe'’®). These
two equations can be solved to yield:

D,
B (k) = —————Cyyk*72/3 + E1k7P1,
uw( ) —(Z—Z/3+D1 ww 1 (61)
D4 e DS —y—
Feokh)= ——— (ko234 5 = C k723
wo (k) —a—2/3+D; "™ —y—2/3+D; °
+ Ey kD3, (62)

where E; and E, are integration constants to be determined later.

7.2. Idealized spectral shapes of F,,,(k) and Fge(k)

Egs. (61) and (62) can be integrated across all k to obtain turbulent
momentum and heat fluxes in the physical space. This, however, re-
quires F,,,(k) and Fgg(k) as inputs. As a compromise between realistic
spectral shapes in the ASL and the need for analytical tractability,
previous studies often used multi-exponent approximations to F,,,(k)
and Fgg(k) (Katul et al., 2013a, 2014; Li et al., 2015a, 2015b). None-
theless, the exact formations of the multi-exponent approximations to
F,w(k) and Fge(k) differed among studies (Katul et al., 2013a, 2014; Li
et al., 2015a, 2015b).

To ensure maximum flexibility, both F,,,(k) and Fgg(k) are assumed
to compose of three parts here (see Fig. 7): the very low frequency part
(k < ks, where ks is the wavenumber corresponding to the ABL
height), the low frequency part (k, < k < ks, where k, is the wave-
number corresponding to the height above the surface and delineating
attached eddies from detached eddies), and the high frequency part
(k > kg). The high frequency part is assumed to follow the Kolmogorov
-5/3’ power law scaling (Kolmogorov, 1941). The low frequency part is
designed to capture the ‘-1’ power law scaling for Fge(k) but not for
F,(k), as suggested by several ASL experiments (Kader and Yaglom,
1991; Katul et al., 1995; Katul and Chu, 1998; Li et al., 2015a) and
recent DNS results (McColl et al., 2017). Both spectra are assumed to
become invariant with k in the very low frequency part to accom-
modate energy associated with very-large scale motions and super-
structures (Guala et al., 2010; Hutchins et al., 2012; Marusic et al.,
2010; Smits et al., 2011). The following functions summarize the
idealized forms for F,,, (k) and Fge(k):

Ciw k™, k < ks
waz k—o:z’ kd,w <k< ka,w,
wa3 kio@, k > ka,w

Fn (K) =
(63)
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C661 kN k< kg,s
Coo, k772, ksg < k < kqp,
C553 k_73, k > ka,@

Fao (k) =
(64)

where a; = 0,y; =0,a; =0, y5 = 1, and a3 = y3 = 5/3. The values of
Cww, and Cge, can be determined from Kolmogorov's theory
(Kolmogorov, 1941): Cyw, = Coe™? and Cgo, = CrNre™'/3, where C,
and Cr are the Kolmogorov and the Kolmogorov-Obukhov-Corrsin
phenomenological constants, respectively, whose values are C, = 0.65
and Cy = 0.8 when k is a one-dimensional wavenumber (Ishihara et al.,
2002; Chung and Matheou, 2012). The Ny is the mean temperature
variance dissipation rate. The values of Cy,, Cyw,, Coo, and Ceg, are
then determined from continuity constraints (e.g., CywKa,
w = Cuwka w ® and Cywks w = Cuwks w ™. It should be
pointed out that the idealized forms for F,,,, (k) and Fge(k) used here are
slightly different from those in previous studies (Katul et al., 2013a,
2014; Li et al., 2015a, 2015b).

7.3. The integration constants E; and E,

Besides the spectral shapes of F,,,(k) and Fgg(k), the integration
constants (i.e., E; and E,) are also required to evaluate F,,(k) and
F,y6(k). They are simply assumed to be zero, which yield a ‘-7/3’ scaling
in the inertial subrange of F,, (k) and F,e(k). This is supported by ex-
perimental studies that reported ‘-7/3’ power law scalings in the inertial
subrange of momentum and heat flux co-spectra (Kaimal and Finnigan,
1994; Saddoughi and Veeravalli, 1994), and is also consistent with
previous dimensional analysis (Lumley, 1964). However, anomalous
scaling for F,,(k) and F,¢(k) have been reported in the ASL (Li and
Katul, 2017) and in the canopy sublayer (Cava and Katul, 2012). De-
viations of E, from zero will be later examined in Section 8.

7.4. Results

Using the idealized spectral shapes of F,,(k) and Fge(k) and the
assumption of E; = E; = 0, Egs. (44) and (45) can now be evaluated.

7.

ww' = [ Ey()dk = £,D,C,e%"%,
0 (65)
w8 = [ Re(k)dk = g DiC,e2Q,
0 (66)
where
<
Q=1-0w :
"6, ¢ 67)
1 G
W) = ——————L22,
(1 - CI@) Co g1 (68)
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1 —a2+1/3korzfor3+
(—aq — 2/3 + D) (—ay + 1/3) " @w

1
k—oc3+l/3 _ k—a2+l/3ka2,“3 +
(= — 2/3 + D))(—, + 1/3) a,w 5w a,w )

1 (_k—a3+1/3)

fi=

(—a3 —2/3 + D)(—as +1/3)°  *" ©9)
1 —ap+1/3 7, an—a:
B kg
B T —2/3 + Dy)(—a + 1/3) o ,
1
k—a3+1/3 _ k—a2+1/3kaz_a3 +
(= — 2/3 + D3)(—r, + 1/3)( aw 5w a2
1 (ka7
(—a5— 2/3 + D3)(—az + 1/3) " © 0
g = 1 k—yz+l/3k;/2—y3+
P (R - 23+ D)= +1/3) %° 0
L —r3+1/3 —y+1/37 12—V
— k2 k2”3 +
(=% —2/3+ D3)(—p + 1/3)( a8 8,6 0p )
1 (_ 7234—1/3).
(=1 =23+ D)(-p+1/3) o

To obtain the above expressions, local balances between production
and dissipation terms in the TKE and potential temperature variance
budgets have been assumed (Katul et al., 2014). In addition, the above
integration implicitly assumes that the vertical gradients of mean ve-
locity and temperature are independent of wavenumber. That is, the
mean velocity and temperature gradients are essentially viewed as
being ‘imposed’ by the mean flow on turbulence (similar to the EFB
model).

From Egs. (65) and (66), one can obtain

-1
Prt = Prt,neuQ_1 = Pri,neu (1 — W g )

$n— ¢ (72)
where Pr, ., is the turbulent Prandtl number when ¢ = 0 (i.e., under
neutral conditions)

Awl—Cu fi

Pt peu = s
M Ay 1 - G &

73)
and Q represents the stability effects on the turbulent Prandtl number.
To ensure a down-gradient sensible heat flux, Q needs to be larger than
0.

In addition to the stability parameter ¢, the flux Richardson number
(Rp and gradient Richardson number (R,) are also widely used to in-
dicate the thermal stratification or the stability effect as mentioned
before. The Pr; can be formulated as a function of the flux Richardson
number Ry as follows:

R\
1-R,

Given that the Pr, = Ro/Ry, Pr, can be also expressed as a function of
R, as follows:
:|—1

Pr = Pripey (1 — W 74

1+ @Ry — \[—4Rg + (=1 — w,Ry)?
2R,

Pr, = Prt,neu [
(75)

where w, = w; + 1.
7.5. Discussions

7.5.1. The Pr, - stability relations

Before presenting the Pr, - stability relations from the CSB model
and comparing them to observational data and other models, it is im-
portant to examine the analytical expressions (Egs. (72), (74), and
(75)), which illustrate the controlling parameters of the Pr, - stability
relations. Assuming that the stability correction function ¢, is given by
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the Businger form (Businger et al., 1971), the dependence of Pr, on { is
then only controlled by w; (see Eq. (68)), namely, by the ratio of the
Kolmogorov-Obukhov-Corrsin to the Kolmogorov phenomenological
constants (C7/C,), a constant associated with isotropization of the
production term in the cospectral budget of heat (Cjp), and the ratio of
g»/g1 encoding the spectral shapes of vertical velocity and potential
temperature. The Kolmogorov and the Kolmogorov-Obukhov-Corrsin
phenomenological constants have been investigated extensively in the
literature and are believed to be near universal (Sreenivasan, 1995,
1996; Yeung and Zhou, 1997). The isotropization constant for homo-
geneous turbulence can be determined from Rapid Distortion Theory as
3/5 (Pope, 2000). Therefore, when the spectral shapes of vertical ve-
locity and air temperature are identical so that g»/g; = 1 (i.e., when the
‘-1’ scaling does not exist), the Pr, — { relation (and also the Pr, — Ryand
Pr, — R, relations) is only controlled by two universal phenomen-
ological constants (namely, C7/C, and Cj). This remarkable result
suggests that the universality in the Pr, - stability relations in the
idealized ASL, which are often described by MOST, is inherited from the
universal Kolmogorov scaling in the inertial subrange, thereby proving
that there are strong linkages between macroscopic flow features in the
logarithmic region of wall-bounded turbulent boundary layers and eddy
structures in the inertial subrange (Gioia et al., 2010; Katul et al.,
2013a, 2013b, 2014; Li et al., 2012b; Ztniga-Zamalloa et al., 2014;
Katul and Manes, 2014).

7.5.2. Comparison with other models
The Pr, — ¢ relation under unstable condition predicted by the CSB
model (when g»/g; = 1) is shown in Fig. 3, which is broadly consistent
with previous studies considering the uncertainties of experimental
data. However, it should be pointed out that such a relation is sig-
nificantly modulated by the existence of ‘-1’ scaling in the temperature
spectra (McColl et al., 2017) and other spectral features not considered
here (Kader and Yaglom, 1991), as discussed in Li et al. (2015b).

The prediction of the Pr, — R, relation under stable conditions
(when g»/g; = 1) is shown in Fig. 6(b). It can be seen that the CSB
model predicts an increase in Pr, as R, increases, which is in good
agreement with the EFB model result. However, despite the agreement
on the Pr, — R, relation, Egs. (42) and (74) reveal fundamental differ-
ences between the EFB and CSB models.

First, the maximum flux Richardson number value is determined a
priori from observations in the EFB model but is inferred from two
phenomenological constants, namely, the ratio of C1/C, and Cp, in the
CSB model. Specifically, the R, can be inferred from Eq. (74) in the
CSB model with the condition Pr, > 0:

1
o =~ 0.25
1-Crg Co

Rf < Rfm =

(76)

It is interesting to observe that the CBS model yields a Ry, value that
is consistent with the value used in the EFB model and other studies
reviewed elsewhere (Katul et al., 2014). This suggests that the max-
imum flux Richardson number should be interpreted as a threshold
above which the idealized shapes of the vertical velocity and tem-
perature spectra, especially the Kolmogorov inertial subrange scaling,
break down (Grachev et al.,, 2013; Li et al., 2015a), instead of a
threshold indicating the laminarization of turbulent flows.

Second, combining Egs. (74) and (76), the turbulent Prandtl number
in the CSB model can be re-written as

1 — R )1

Ry

Ry

Prt:Prt,neu(l - q

77)

Comparing Egs. (77) to (42) reveals that the vertical anisotropy (A,)
is the main difference between the CSB and EFB models in terms of
modeling Pr,. The CSB model is mathematically equivalent to the EFB

model only if A,”/A, = 1. Note that the factor A,” /A, is close to unity
at strong stratification but deviates from unity at weak stratification.
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Despite this difference, however, both models agree in their turbulent
Prandtl number predictions across a wide range of stability. This is
because the multiplier R;/(1 — Rg) is small at weak stratification. Even
though A,” /A, deviates from unity at weak stratification, it does not
induce significant changes in the predicted turbulent Prandtl number.

8. The subgrid-scale Prandtl number for LES

The discussions so far have been focused on the Pr, for RANS
modeling. As mentioned in the introduction, LES has become a widely-
used numerical technique for studying the ABL flow and turbulence in
general. The essence of LES is to resolve the large scales and to para-
meterize the effects of small scales using so-called subgrid-scale (SGS)
models (Pope, 2000). The very high Reynolds number of the ABL im-
plies a wide scale-separation between the large scales and the smallest
scale (i.e., the Kolmogorov microscale) and hence provides a good
testbed for LES. The separation between the large scales and the subgrid
scales is achieved through some filtering operation, which is denoted by
the tilde (~) in order to be separated from the overbar (—) indicating
Reynolds averaging.

Employing the same local flux-gradient relation as in RANS closure
schemes (Egs. (3) and (4)), the SGS turbulent momentum (z;) and heat
(hy) fluxes are modeled as

7y = —2¢] NS5y, (78)

hi = —Prgds ¢ N%|S|D;, (79)

respectively, where i and j indicate directions (e.g., u; is the velocity in
the i direction) and repeated indices imply summation, A is the filter
scale, |S| = (25;5)V/2, 5 = 0.5(9%;/8x; + 9%;/0x,), D; = 98/3x;, c, is the
Smagorinsky coefficient, and Prsgs is the SGS Prandtl number (the
equivalent of Pry).

8.1. Early derivations and empirical models

Early derivations of the SGS Prandtl number were built on the de-
termination of the Smagorinsky coefficient for isotropic turbulence
(Lilly, 1967) and can be found in many studies (Schumann et al., 1980;
Moeng and Wyngaard, 1988; Mason, 1989). By assuming that the in-
ertial subrange spectra of TKE (Frxg = Cricee?°k ™%, where Crgg is the
Kolmogorov constant for TKE) and potential temperature (Fgg = Cre ™"/
3Nk =) apply to the wavenumber range of 0 to k (=/A), one ar-
rives:

ka
§ =2 f K () dk = > Crpe? kY,
2
0 (80)

ka
B =2 [ KRo()dk = SCreANki,
0 2 (81)

where |D| = (D;D;)/2. 1t is pointed out here that the original work of
Kolmogorov assumed that € is the dissipation rate of the ensemble mean
TKE, but here € (and Ny) is the dissipation rate for the SGS TKE (and
temperature variance). Assuming that the SGS TKE and temperature
variance budgets are also in equilibrium and neglecting the effect of
thermal stratification, one can show that /Ny = PrygsS p? (Schumann
et al., 1980; Moeng and Wyngaard, 1988; Mason, 1989). As such,

Cr_ . 047
TKE

Prygs = ©2)

It is clear that the above derivation results in a Prsgs that is in-
dependent of stability and the filter scale (A) or the cut-off wavenumber
(ka). The value of Prggs = 0.47 seems to be also lower than its RANS
counterpart under neutral conditions (which is about 0.7 ~ 0.9), sug-
gesting a stronger (maybe excessive) mixing for heat (de Roode et al.,
2017). A few studies considered the effect of thermal stratification on
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Prsgs but often in an ad-hoc way. Deardorff (1973, 1980) used a Prsgs
that gradually increases from 1/3 under unstable and neutral conditions
to 1 under very stable conditions based on heuristic arguments. Re-
cently, Gibbs and Fedorovich (2016) chose to allow the transition of
Prggs from 1/3 to 1 to occur in the unstable regime instead of the stable
regime as in Deardorff (1973, 1980). Others used empirical functions to
account for the stability effect on Prggs (Brown et al., 1994; Mason and
Brown, 1999). Schumann (1991) solved the SGS momentum and heat
flux budgets algebraically in the physical space (similar to the MY
model for RANS modeling), which yielded a Prggs that increases with
the stable stratification. None of these studies, however, considered the
variation of Prggs with the filter scale (A), which may occur near the
surface where the filter scale falls outside of the inertial subrange.

8.2. Observations and dynamic model results

Laboratory and field experimental data are critical for addressing
the issue of stability- and scale-dependence of Prggs. Laboratory in-
vestigations in the wake of a heated cylinder obtained a value of about
0.3 for Prggs under neutral conditions (Kang and Meneveau, 2002). In
the ASL, direct determination of Prggs benefited from a series of Hor-
izontal Arrays Turbulence Study (HATS)-type experiments (Horst et al.,
2004; Bou-Zeid et al., 2010; Patton et al., 2011). Using data collected by
12 sonic anemometers in two parallel horizontal arrays, Porté-Agel
et al. (2001a) found that the Prggs ™ 'c,? is strongly stability-dependent
and decreases with increasing stability. With the same dataset, Porté-
Agel et al. (2001b) further found that Prggs is scale-dependent and in-
creases with decreasing z/A especially at small z/A. Kleissl et al. (2003)
analyzed the HATS experimental data and found large variability as-
sociated with Prggs, which seems to depend weakly on stability and
increase with decreasing distance from the ground. Bou-Zeid et al.
(2010) combined experimental data collected from the Snow Hor-
izontal Array Turbulence Study (SnoHATS) field campaign (Februar-
y—April 2006) over the OPlaine-MorteO glacier in the Swiss Alps and
the Lake-Atmosphere Turbulent Exchange (LATEX) field campaign
(August-October 2006) over Lake Geneva (Bou-Zeid et al., 2008;
Vercauteren et al., 2008) and provided a complete picture of the be-
havior of Prsgs across a wide range of stabilities. It was found that Prsgs
decreases as the atmosphere becomes more unstable and increases as
the atmosphere become stable with an neutral value of about 0.4 (see
Fig. 8).

With the development of dynamic subgrid-scale turbulence models
(Germano et al., 1991; Meneveau et al., 1996; Porté-Agel et al., 2000;
Bou-Zeid et al., 2005), the Prsgs can be dynamically computed based on
the resolved velocity and temperature fields without invoking any
prescribed value or parameterization (Porté-Agel, 2004; Basu and
Porté-Agel, 2006; Stoll and Porté-Agel, 2006, 2008). Porté-Agel (2004)
proposed a scale-dependent dynamic model for scalar transport and
found that the scale-dependence of Prsgs becomes stronger near the
ground, which is consistent with field experimental data (Porté-Agel
et al., 2001b). Stoll and Porté-Agel (2006) applied scale-dependent
dynamic models to neutral homogeneous and heterogeneous ABLs,
while Stoll and Porté-Agel (2008) and Stoll and Porté-Agel (2009) ap-
plied them to stable homogeneous and heterogeneous ABLs, respec-
tively. In particular, Stoll and Porté-Agel (2008) presented the averaged
values and the probability density functions of Prsgs (without being
lumped with cy). It is found that the horizontally- and time-averaged
Prggs is fairly constant throughout the stable ABL (about 0.6) except
near the surface where the Prggs seems to increase as z decreases. At the
boundary layer top, Prsgs increases as the R, increases to values larger
than unity. The Prggs from dynamic models is found to depend strongly
on the averaging scheme and also vary with the grid resolution (see also
Basu and Porté-Agel (2006)). While these dynamic models can be used
to avoid parameterizations of Prggs (and to study the behavior of Prggs),
they are nonetheless computationally expensive. In many cases these
dynamic models are only used to compute the Smagorinsky coefficient
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Fig. 8. Comparison between modeled (lines) and
measured (circles) Prggs (normalized by its neutral
value Prsgs, neu = 0.47) as a function of the stability
parameter ¢. Observational data are taken from field
experiments over a lake (Bou-Zeid et al., 2008) and a
glacier (Bou-Zeid et al., 2010). Each circle here is
the median value of measured Prggs over a small
range of ¢. This figure is adapted from Li (2016).
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while the Prggs remains to be parameterized (Kleissl et al., 2006). As
such, a simple parameterization for Prggs is still desirable even when
dynamic models are available.

8.3. The cospectral budget (CSB) model

Li (2016) extended the CSB model presented in Section 7 to
studying Prsgs, particularly its dependence on stability and the filter
scale. Instead of integrating the cospectra of momentum and heat fluxes
from k = 0 to k = o as in Section 7, one only needs to integrate the
cospectra from the cut-off wavenumber (k = k) to k = <o to obtain the
subgrid-scale momentum and heat fluxes. Further assuming that the
inertial subrange scaling applies for k > k,, which requires that the
Ozmidov scale is larger than A under stable conditions (Bou-Zeid et al.,
2010; Katul et al., 2014; Li et al., 2016b), the SGS momentum and heat
fluxes can be evaluated:

* D2 . El —
i = [ Fa(R)dk = ———2——C 3k, ™3 4 —ZL_f,~Dr1,
b { NS TEETE : D-1"
(83)
> D, _ E, -
hy= [ Fek)dk = ———+——C,e2/%,™3Q + ——2—ky D3],
’ k{ 2k = o T manm 2 ke
(84)

where Dy, Do, D3, Dy, Q are identical to those presented in Section 7 for
the Reynolds-averaged momentum and heat fluxes but with the gra-
dients of the resolved flow variables replacing the gradients of the mean
flow variables; E; and E, are again integration constants.
Interestingly, when E; = E; = 0, which yields a *-7/3’ scaling for
F,, and F, in the inertial subrange, the Prsss from the CSB model has
the same stability-dependence as the Pr, for RANS modeling, namely,

Prsgs = Prsgsneu Q™ (85)

where Q is also identical to that presented in Section 7. Under such
conditions, the filter scale appears to have no influence on the subgrid-
scale Pr,.

When the inertial subrange of F, is ‘contaminated’ by some
anomalous scaling (Bos et al., 2004, 2005; Bos and Bertoglio, 2007),
implying that E, = 0, one obtains

Prygs = P’:S‘GS,neu (Q + As)ils (86)
where
_ 4 (Ar/Arr — 2/3) —:—T+§ Ey/T
ST 3 (Ap/Arr +2/3) Dy Cyp/T (87)

It is clear that the Prsgs is now also dependent on the filter scale A
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through the flux-transfer process, which gives rise to E,. For con-
venience, the impact of E, on F,, is assumed to be proportional to the
buoyancy term, (i.e., E; = Ag,DsCrp). Substituting the expression for E,
results in

1o ¢ )
1-GrCo¢,—-¢) ’

Prsgs = Prsgsneu (1 — (1 + Bg,)
(88)

where Bg, %%AEZ kA‘:TTTJr%. When Bg, = 0, Eq. (88) re-
covers Eq. (85).

Fig. 8 shows the modeled Prggs/Prsgs, neu using Eq. (88) with pre-
scribed values of B, It is clear that the model captures the general
trend of SGS Prandtl number reported in recent field experiments (Bou-
Zeid et al., 2008, 2010). The model with Bg, = 0 captures the trend
under stable conditions while Bg, = — 0.5 better captures the trend
under unstable conditions, suggesting that the flux-transfer term, which
gives rise to B, is more significant under unstable conditions.

Fig. 9 compares the variations of Prsgs with respect to the filter scale
(A) under three unstable regimes to field experimental data taken from
Vercauteren et al. (2008). As can be seen, the SGS Prandtl number in-
creases as z/A decreases (especially at very low z/A values), which is
also consistent with other experimental studies (Porté-Agel et al.,
2001b) and dynamic model results (Basu and Porté-Agel, 2006; Stoll
and Porté-Agel, 2008).

These results suggest that the CSB model can be extended to the
subgrid-scale and captures the observed dynamics of Prggs reasonably
well. The Prggs from the CSB model is stability- and scale-dependent.
The stability-dependence of Prsgs is quite similar to that of Pr, in RANS
modeling and the scale-dependence is stronger as the ratio of z/A be-
comes smaller.

9. Concluding remarks and future research priorities

This paper reviews recent advances in our understanding of the
turbulent Prandtl number in the ABL, especially in the logarithmic re-
gion of the ABL (i.e., the ASL or inertial sublayer) where numerous
experimental studies have been conducted. Unlike in engineering flows
where the fluid- and Reynolds (or turbulent Peclet) number-de-
pendences of Pr, are of particular importance, the stability-dependence
of Pr, is the principal concern for atmospheric flows.

For unstable ABLs, researchers discovered the active role of tem-
perature as early as 1940s (Ertel, 1942; Priestley and Swinbank, 1947),
which was later confirmed by field experiments including the famous
Kansas experiment. Recent work has focused on linking the behavior of
Pr, in unstable ABLs to changes in the turbulence phenomenology.
Observations and phenomenological models suggest that the ‘scale-re-
sonance’ between turbulent eddies and the temperature field enhances
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Fig. 9. Comparison between modeled (lines) and

Z/A
T

measured (markers) Prsgs (normalized by its neutral
value Prsgs, ney = 0.47) as a function of z/A for three
stability regimes. Unlike Fig. 8 only requiring one
] input parameter (Bgp), the model here needs two
input parameters (Ag, and A7/Arr), whose values are
—2.7 and 1.08. The observational data collected
over a lake surface (Vercauteren et al., 2008) are
B averaged  over  three  stability  regimes
0< -¢<01,01< —-¢<1,1< =9 and
thus three predictions with different stability para-
meters are shown. This figure is adapted from Li
B (2016).

—-¢=0.1
- - (=05
_._._<=2

1.5 2
Prscs’Pr sas neu

turbulent transport of heat compared to turbulent transport of mo-
mentum, which is responsible for the reduction of Pr, with increasing
instability.

Under stable conditions, using field experimental data to study the
stability-dependence of Pr, (i.e., Pr, — { and Pr. — R, relations) suffers
from the issue of ‘self-correlation’. Nonetheless, our understanding of
Pr, has greatly benefited from new developments of second-order tur-
bulence closure schemes (e.g., the EFB model) as well as spectral
schemes (e.g., the QNSE model). These schemes recover the asymptotic
behaviors of Pr, under near-neutral and very stable conditions, and
agree well with observational data and DNS results. One common
finding from these new schemes is that turbulent transport is not lim-
ited by the critical gradient Richardson number under stable conditions.
Instead, the critical gradient Richardson number (and also the max-
imum flux Richardson number) should be interpreted as the threshold
beyond which Monin-Obukhov Similarity Theory (MOST) no longer
applies and coincidentally the inertial subrange in the Richardson-
Kolmogorov energy cascade dies out.

A unifying framework for Pr, based on cospectral budgets (CSB) has
been developed, which links the macroscopic flow properties (e.g., Pr,)
to the microscale energy distributions governed by the Kolmogorov
scaling in the inertial subrange. The CSB model captures the behaviors
of Pr, under both unstable and stable conditions with essentially only
two phenomenological constants, and provides a way to unravel the
influence of different eddy structures (e.g., the large eddies producing
the ‘-1’ scaling) on Pr,. This model is further applied to investigating the
stability- and scale- dependences of the subgrid-scale Prandtl number
(Prsgs), a critical parameter for LES modeling. While the stability-de-
pendence of Prggs stems from the buoyancy effect in the resolved flow
(similar to the stability-dependence of Pr, arising from the buoyancy
effect in the mean flow), the flux transfer among different turbulent
scales is shown to be responsible for the scale-dependence of Prggs,
especially at small z/A where z is the distance from the ground and A is
the LES filter scale.

The linkages between the macroscopic flow properties and the mi-
croscale energy distributions offered by the CSB model shed novel in-
sights on the failure of similarity theories and dimensional considera-
tions in very stable ASL flows (Mahrt, 2014). The collapse of the
spectral shapes and the degeneration of the Kolmogorov scaling as the
stability increases over a threshold value, as shown by recent field ex-
periments (Grachev et al., 2013), is presumed to be responsible for the
this failure. When R, > R, or Ry > Ry, experimental data indicate
that the shapes of spectra (and cospectra) actually change with chan-
ging stability (Li et al., 2015a). This suggests that a unique eddy-energy
distribution does not exist, which further implies that the universal
character of stability correction functions or Pr; ceases to exist.
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Together with these advances are some long-standing challenges
that remain to be addressed, as well as new questions motivated by the
recent investigations. In the following, some future research directions
and priorities are suggested, which are by no means exhaustive and are
only meant to generate discussions.

9.1. The asymptotic behavior of Pr, as the ABL becomes convective

Despite the unanimous agreement among field experiments on the
decrease of Pr, as instability increases, the asymptotic behavior of Pr, as
the ABL approaches convective conditions (i.e., similar to Rayleigh-
Bénard convection) has not been well established (Kader and Yaglom,
1990). Although Pr, is not well defined under convective conditions, the
asymptotic behavior of Pr, as the ABL approaches the free-convective
limit remains important to be understood. The Businger-Dyer relations
suggest that Pr, approaches zero under convective conditions (Fig. 3),
implying a zero momentum flux. However, recent studies pointed out
the failure of Businger-Dyer relations in capturing the well-known “-1/3’
power law scaling (Priestley and Swinbank, 1947; Kaimal et al., 1976)
under convective conditions (Wilson, 2001), which arises from the in-
significant role of friction velocity in the dimensional analysis when the
ABL becomes convective (Wyngaard, 2010). Interestingly, new for-
mulations for ¢,, and ¢, that follow the ‘-1/3’ power law as —¢ — oo
yield a non-zero Pr, under convective conditions (Wilson, 2001), which
seems to be also the case for the phenomenological model and the CSB
model shown in Fig. 3. These conflicting results suggest that the
asymptotic behavior of Pr, as the ABL becomes convective needs to be
further investigated.

9.2. Turbulent momentum and heat transfer in strongly stable ABLs

Quantifying the behavior of Pr, in strongly stable ABLs also remains
a challenge given the previously mentioned issue of ‘self-correlation’
(Grachev et al., 2007) and the complexities of strongly stable ABLs
(Mahrt, 2014). Nearly all theoretical models for Pr, discussed in this
paper explicitly or implicitly invoke the assumption of local equilibrium
in the TKE and temperature variance budgets, that is, the shear pro-
duction and the buoyant production/destruction balance the dissipa-
tion. The evidence in the literature thus far seems to be in support of
such approximations for unstable conditions when data are conditioned
for stationarity and planar homogeneity in the absence of subsidence
(Hsieh and Katul, 1997; Charuchittipan and Wilson, 2009; Salesky
et al.,, 2013) but the picture is far less clear for stable conditions
(Salesky et al., 2013), especially for very stable conditions (Li et al.,
2016b).

As a result of our poor understanding of turbulent transport in
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strongly stable ABLs, there are many ad-hoc treatments in stable
boundary layer parameterizations in weather and climate models. For
example, most numerical models tend to increase the eddy viscosity and
diffusivity under strongly stable conditions in order to avoid ‘run-away
cooling’ (Holtslag et al., 2013; Sandu et al., 2013). In addition, certain
schemes still have a critical gradient Richardson number (like the MY
model) and when the gradient Richardson number exceeds this critical
value, the model switches to some other parameterizations (see e.g.,
Lindvall et al. (2017)). Model results are unfortunately quite sensitive
to these treatments (Derbyshire, 1999; Fernando and Weil, 2010;
Holtslag et al., 2013). This calls for more investigations of momentum
and heat transfer in strongly stable ABLs, which has important im-
plications for improving weather forecasts and climate predictions.

9.3. The dissimilarity between heat and mass transfer

As mentioned in the introduction, nearly all atmospheric models
assume that other scalars, such as water vapor, CO,, methane, and
ozone, are transported similarly as heat. This assumption can break
down as temperature is an active scalar that alters the air flow through
creating buoyancy, while the other scalars have very small or negligible
effects on the air flow (note here radiative and microphysical processes
are not considered). The dissimilarity between turbulent transport of
heat and moisture from the perspective of flux-gradient relation has
been studied (Warhaft, 1976; Brost, 1979; Lee et al., 2004; Katul et al.,
2016). Scalar dissimilarity is also investigated in terms of flux-variance
relation (Katul and Hsieh, 1999; Williams et al., 2007; Detto et al.,
2008), transport efficiency (Moriwaki and Kanda, 2006; Wang et al.,
2014), structure function (Li et al., 2012a; Maronga, 2014; Maronga
et al., 2014), and covariance and correlation (Sempreviva and Hgjstrup,
1998; De Bruin et al., 1999; Asanuma et al., 2007; Katul et al., 2008;
Moene and Schiittemeyer, 2008). However, no operational formula-
tions have been proposed to account for scalar dissimilarity. In addi-
tion, how chemical reactions induce dissimilarity between transport of
heat and reactive scalars and the scale-dependence of such dissimilarity
(i.e., chemical reactions often occur at very small scales while turbulent
diffusivity is a quantity describing the transport capacity of turbulent
motions of all scales) remain to be investigated.

9.4. The vertical profile of Pr,

While the Pr, in the ASL has been widely studied, its vertical var-
iation throughout the ABL is less known. Based on laboratory data,
Rotta (1964) proposed the expression Pr, = 0.9 — 0.4(2/8)?, where § is
the boundary layer height (Reynolds, 1975). However, using wind-
tunnel measurements, Koeltzsch (2000) found that the turbulent
Schmidt number increases with increasing height when z/6 < 0.3 and
decreases with increasing height when z/6 > 0.3 in a neutrally stra-
tified turbulent boundary layer. Kastner-Klein and Fedorovich (2002)
found no direct evidence of height-dependence of the turbulent Schmidt
number in a wind-tunnel model of neutral ABL. These inconsistent re-
sults even in controlled lab experiments under neutrally stratified
conditions clearly demonstrate the need to investigate the vertical
profile of Pr,.

As a result of this lack of understanding, current stable ABL para-
meterizations often assume that the same Pr, — R, relation applies ev-
erywhere in the atmosphere (Tastula et al., 2015a) or some ad-hoc
vertical variations in the Pr, — R, relation (Sandu et al., 2013). These
assumptions have no theoretical justification and have not been eval-
uated experimentally. It is pointed out that the profile of Pr, is only
meaningful under neutral or stable conditions. Under unstable (espe-
cially convective) conditions, the applicability of flux-gradient relations
breaks down in the mixed layer where non-local transport is important
(Holtslag and Moeng, 1991; Wyngaard and Weil, 1991; Holtslag and
Boville, 1993; Zilitinkevich et al., 1999; van Dop and Verver, 2001).
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9.5. The importance of Pr, in weather and climate models

Studies examining the role of Pr, in weather and climate models
were surprisingly sparse. Earlier generations of atmospheric models
often assume that Pr, equals to its neutral value under all stable con-
ditions motivated by the Businger-Dyer relations. Lee et al. (2006)
found that allowing Pr, to increase with stability, as Fig. 6 suggests,
alleviates the problem of overestimation of heat diffusion and reduces
surface temperature biases. Tastula et al. (2015a) demonstrated that the
choice of Pr; ., in the ASL parameterization affects the vertical profiles
of temperature and humidity throughout the entire boundary layer.
Interestingly, they found that the choice of Pr, ., is sometimes even
more important than the functional form that determines the stability
dependence of ¢;,. A global study showed that reducing the value of Pr,,
neu from unity to 0.8 warms and moistens low-latitude boundary layers
and reduces some long-standing biases in the stratocumulus regions, the
Southern Ocean and the equatorial cold tongue (Pithan et al., 2015). On
the other hand, a study using single-column model found insignificant
changes in the vertical profiles of mean potential temperature and heat
flux when the Pr, is reduced from 1 to 0.85 (Huang et al., 2013). These
findings suggest that our understanding of how Pr, affects the flow and
temperature (and other scalar) fields, what feedbacks Pr, generates, and
under what conditions such feedbacks are important remains limited.
More studies are needed to systematically investigate the sensitivity of
simulation results to the parameterization of Pr, in weather and climate
models.
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