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Abstract The influence of randomerrors in turbulencemeasurements on scalar similarity for
temperature, water vapour, CO2, and NH3 is investigated using two eddy-covariance datasets
collected over a lake and a cattle feedlot. Three measures of scalar similarity, namely, the
similarity constant in the flux–variance relationship, the correlation coefficient between two
scalars and the relative transport efficiency, are examined. The uncertainty in the similar-
ity constant Cs in the flux–variance relationship resulting from random errors in turbulence
measurements is quantified based on error propagation analyses and aMonte-Carlo sampling
method, which yields a distribution instead of a single value for Cs . For different scalars, the
distributions of Cs are found to significantly overlap, implying that scalars are transported
similarly under strongly unstable conditions. The random errors in the correlation coeffi-
cients between scalars and the relative transport efficiencies are also quantified through error
propagation analyses, and they increase as the atmosphere departs from neutral conditions.
Furthermore, the correlation coefficients between three scalars (water vapour, CO2, andNH3)
are statistically different from unity while the relative transport efficiencies are not, which
highlights the difference between these two measures of scalar similarity. The results suggest
that uncertainties in these measures of scalar similarity need to be quantified when using
them to diagnose the existence of dissimilarity among different scalars.
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1 Introduction

It is usually assumed that all scalars, such as temperature, water vapour and trace gases
(e.g., CO2,NH3, and CH4) are transported similarly by turbulent flows in the atmospheric
boundary layer (ABL). This assumption has important implications in atmospheric sciences,
hydrology, ecology and many other disciplines (Stull 1988). For example, turbulent diffu-
sivities for heat and water vapour are usually assumed to be identical in numerical models
(Stensrud 2007). This assumption is also important when deriving Penman’s equation for
evaporation (Brutsaert 1982). Assuming similarity between turbulent transport of trace gases
(e.g., CO2,NH3, and CH4) and temperature also allows one to apply the turbulent diffusivity
for heat, which is relatively easy to quantify, to estimate fluxes of these trace gases from
their mean profiles. Given that high frequency measurements of most trace gases are not
widely available, the validation of this assumption is critically needed to quantify the fluxes
of greenhouse gases and air pollutants, which are crucial for better understanding climate
change (Shindell et al. 2009) and air quality (Martin et al. 2004).

In the atmospheric surface layer (ASL), typically defined as the lowest 10–15 % of the
ABL (Stull 1988), theMonin–Obukhov similarity theory (MOST,Monin andObukhov 1954)
is often used to investigate the statistical relationships in turbulent flows, such as flux–profile
relationships and flux–variance relationships. According to MOST, these relationships are
only functions of the stability parameter, z/L , where z is the height above the ground surface

and L is theObukhov length scale defined as L = − u3∗θv

κgw′θ ′
v

, whereu∗ is the friction velocity, θv

is the surface virtual potential temperature, κ is the vonKarman constant, g is the acceleration
due to gravity (= 9.81m s−2), w is the vertical wind speed, andw′θ ′

v is the surface buoyancy
flux. The overbar denotes the ensemble average (which is approximated by the time average
over a 30-min period in this study), and the prime denotes excursions from this average.

Following MOST, it can be derived theoretically that temperature and water vapour are
transported similarly (Hill 1989;Dias 2013), and it is not surprising to see that this assumption
is often extended to other scalars such as trace gases. However, several assumptions central
to MOST break down under certain conditions, which may then induce dissimilarity among
different scalars (Dias and Brutsaert 1996; McNaughton and Laubach 1998; Sempreviva and
Hojstrup 1998; De Bruin et al. 1999; Lee et al. 2004; Asanuma et al. 2007; Assouline et al.
2008; Detto et al. 2008; Katul et al. 2008;Moene and Schuttemeyer 2008; Li et al. 2012). Key
assumptions for MOST include stationarity, horizontal homogeneity, and a sufficiently high
Reynolds number (Monin andObukhov 1954). As such, when non-stationarity (McNaughton
and Laubach 1998), advection (Lee et al. 2004), surface heterogeneity (Williams et al. 2007;
Moene and Schuttemeyer 2008), and outer-layer influences on the ASL (Asanuma et al.
2007; Katul et al. 2008; Li et al. 2012) are prominent, scalar dissimilarity is often observed,
which can be manifest in various similarity functions such as flux–profile relationships and
flux–variance relationships (also see Li et al. 2012 for scalar dissimilarity in flux–structure
parameter relationships). In this study, we focus on flux–variance relationships due to their
widespread use and relation to correlation coefficients between the vertical velocity and the
scalar concentrations (Rws , where s denotes the scalar concentration), which are usually used
to indicate turbulent transport efficiencies (Dias 2013).

The flux–variance relationship of a scalar s is defined as σs/|s∗|, where σs is the standard
deviation of the scalar concentration and s∗ = w′s′/u∗ is the surface scalar scaling parame-
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ter (w′s′ is the scalar flux). Flux–variance relationships have a well-established asymptotic
behaviour under free convective conditions (−z/L → ∞), where buoyancy-generated tur-
bulence dominates over shear-generated turbulence. Under these conditions, u∗ is no longer
a relevant scale in dimensional arguments. As a result, flux–variance relationships follow a
‘–1/3’ power-law scaling,

σs

|s∗| = Cs

(
− z

L

)− 1
3
, (1)

where Cs is a similarity constant. This asymptotic behaviour has been verified extensively
in experimental studies (Monin and Yaglom 1975) and is even used as a quality control for
eddy-covariance datasets (Zhao et al. 2013). It is easy to show that for two scalars (s and t),
Cs/Ct = Rwt/Rws . That is, the ratio of similarity constants in flux–variance relationships
(Cs/Ct ) is identical to the inverse of the relative turbulent transport efficiency (Rwt/Rws).

Traditionally, Cs is determined by linear regression between measured σs/|s∗| and
(−z/L)−1/3 over a range of strongly unstable conditions.Different values ofCs were reported
in the literature for different scalars and the differences in Cs were used as a proof of scalar
dissimilarity (Asanuma and Brutsaert 1999; Assouline et al. 2008; Hsieh et al. 2008). The
difference in Cs between different scalars can certainly arise from violations of key assump-
tions in MOST and in this case, any difference in Cs is indeed a proof of scalar dissimilarity.
For example, Cava et al. (2008) showed that the entrainment from the top of the ABL affects
the turbulent transport of heat in the ASL and induces scalar dissimilarity. However, it is also
possible that part of the variability associated withCs is related to uncertainties in turbulence
measurements arising from instrument errors and random errors due to time averaging over
an insufficient period for the temporal mean to converge to the ensemble mean (Lumley and
Panofsky 1964).

Quantifying uncertainties in Cs induced by different errors in turbulence measurements
is important for rigorously assessing scalar similarity or dissimilarity. Nonetheless, these
uncertainties are usually not reported in the literature, and there are few discussions on how
these uncertainties might affect the results in terms of scalar similarity. One important aim
of the present study is to quantify the influence of random errors, which are considered to be
the major source of uncertainties in ASL turbulence measurements (Salesky and Chamecki
2012), on the similarity constant Cs . In addition, the impacts of random errors on another
two measures of scalar similarity, the correlation coefficient between two scalars (Rst ) and
the relative turbulent transport efficiency (Rws/Rwt ), are also examined.

An important aspect of our study is the inclusion of four simultaneously measured scalars,
namely temperature, water vapour, CO2 and NH3 concentrations. To our knowledge, this is
the first time that turbulent transport of NH3 in the ASL has been studied in the context of
scalar similarity, which is enabled through a recently developed quantum cascade (QC) laser-
based sensor that measures the NH3 concentration at high frequency (Miller et al. 2014; Sun
et al. 2014). We also use data collected from two vastly different field sites, a lake (Bou-Zeid
et al. 2008; Li and Bou-Zeid 2011) and a cattle feedlot. The comparisons among multiple
scalars and between two datasets allow us to generalize our conclusions.

2 Methodology

2.1 Deriving Random Errors Using Error Propagation

The filtering method proposed by Salesky et al. (2012) is adopted here to estimate random
errors in turbulent fluxes and variances. This method has the advantage of not requiring an a
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priori estimate of the integral time scale, which itself is subject to large uncertainties (Salesky
et al. 2012). The filtering method cannot be directly applied to variables that are functions of
turbulent fluxes and/or variances. The random errors in these variables are derived using an
error propagation relation (Salesky and Chamecki 2012),

δ2z ≈ δ2x

(
∂z

∂x

)2

+ δ2y

(
∂z

∂y

)2

+ 2Cov(x, y)
∂z

∂x

∂z

∂y
, (2)

where z is a function of x and y, and δz denotes the random error in z. Cov(x, y) is the
covariance between the random errors in x and y. Following Salesky and Chamecki (2012),
we also assume these covariances are zero and it is not clear to us how these covariances can
be estimated for each 30-min segment. As can be seen from Eq. 1, the random errors in the
standard deviation of scalar s, the dimensionless scalar flux s∗, and the stability parameter
z/L need to be quantified in order to estimate the uncertainties associated with Cs . The

standard deviation of scalar s can be written as σs =
(
s′s′

) 1
2
, so its random error, δσs , can

be quantified as

δσs = 1

2
δs′s′

(
s′s′

)− 1
2
, (3)

where δs′s′ is the random error in the variance of scalar concentration, which can be estimated
using the filtering method (Salesky et al. 2012). The random error in the dimensionless scalar
flux s∗ can be calculated from

δs∗ ≈
⎡
⎣δ2

w′s′

(
1

u∗

)2

+ δ2u∗

(
−w′s′
u∗2

)2
⎤
⎦

1
2

=
⎡
⎣δ 2

w′s′ u∗2 + δ2u∗w
′s′ 2

u∗4

⎤
⎦

1
2

, (4)

where δu∗ = 1
2u3∗

(
δ2
u′w′ u

′w′ 2 + δ2
v′w′ v

′w′ 2
) 1

2
is the random error in the friction velocity

given by Salesky and Chamecki (2012). The random error in the dimensionless standard
deviation σs/|s∗| follows

δ σs
s∗

≈
[
δ2σs

(
1

s∗

)2

+ δ2s∗

(−σs

s∗2

)2
] 1

2

=
[

δ2σs s
2∗ + δ2s∗σ

2
s

s∗4

] 1
2

, (5)

and the random error in z/L is

δz/L ≈
[
δ2u∗

(
∂z/L

∂u∗

)2

+ δ2
w′θ ′

(
∂z/L

∂w′θ ′

)2
]1/2

. (6)

As mentioned in the Sect. 1, correlation coefficients are also widely used to indicate scalar
similarity, and their random errors are quantified herein. The correlation coefficient between
two scalars s and t can be written as Rst = s′t ′/σsσt , where s′t ′ is the covariance between
two scalars, and σsand σt are their standard deviations, respectively. The random error in Rst

is thus

δRst ≈
[
δ2
s′t ′

(
∂Rst

∂s′t ′

)2

+ δ2σs

(
∂Rst

∂σs

)2

+ δ2σt

(
∂Rst

∂σt

)2
] 1

2

, (7a)

which can be simplified to
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δRst ≈
⎡
⎣δ2

s′t ′ σ
2
s σ 2

t + σ 2
t δ2σs s

′t ′2 + σ 2
s δ2σt s

′t ′2

σ 4
s σ 4

t

⎤
⎦

1
2

. (7b)

Another important indicator of scalar similarity is the relative transport efficiency of two
scalars, defined as Rws/Rwt . We note that there are many indicators of transport efficiency
and the correlation coefficient between the vertical velocity and the scalar concentration
(Rws) is the one selected in our study. Hence the random error in the relative transport
efficiency can be calculated from

δ Rws
Rwt

≈
[
δ2Rws

(
1

Rwt

)2

+ δ2Rwt

(−Rws

Rwt
2

)2
] 1

2

=
[

δ2Rws
Rwt

2 + δ2Rwt
Rws

2

Rwt
4

] 1
2

, (8)

where the random errors δRws and δRwt can be calculated using Eq. 7.
Once the random error is calculated, the relative random error (ε) is defined as the ratio

of the random error to the absolute mean value.

2.2 Deriving Random Errors in Cs Using Monte-Carlo Simulations

So far, the random errors in all variables in the flux–variance relationship (Eq. 1) have been
quantified except for Cs . Again, Cs is typically determined by linear regression between the
measured σs/|s∗| and (−z/L)−1/3 over a range of strongly unstable conditions (Hsieh et al.
2008). As a result, it is difficult to find an explicit functional form to propagate errors from
multiple σs/|s∗| and (−z/L)−1/3 data points to Cs . To quantify the influence of random
errors on Cs , we propose a method based on Monte-Carlo simulations because of their wide
use in uncertainty characterization in non-linear systems (Shen et al. 2013; Roy et al. 2014).

Given the values of σs/|s∗| (and −z/L) and their uncertainties, a Gamma distribution is
used to represent the distribution of σs/|s∗| (and −z/L) for each 30-min segment. The mean
of the Gamma distribution is assumed to be equal to the measured value, and the standard
deviation is assumed to be equal to the random error. Ideally, Monte-Carlo samples should
be drawn from the ensemble distributions; however, the actual ensemble distributions are
inaccessible using our current datasets. Because both σs/|s∗| and −z/L are positive values
with right-skewed distributions, we choose Gamma distributions instead of more commonly
used symmetric distributions such as uniform, triangular, or Gaussian distributions (Shen
et al. 2013; Roy et al. 2014). In support of this choice, we note that Gamma distributions
have been widely used to model positive values with right-skewed distributions (Firth 1988;
Dick 2004).

Once the distributions of σs/|s∗| and −z/L are determined, one value of σs/|s∗| and one
value of −z/L can be randomly selected from their respective distributions for each 30-min
segment. The collection of sampled values of σs/|s∗| and −z/L for all segments is thus
one realization. A bi-square robust fitting algorithm is then applied to each realization to
determine a value of Cs with the slope of the regression fixed to be ‘–1/3’ on a log–log scale
(Eq. 1). The above sampling and regression process is repeated 1000 times in order to obtain a
representative distribution ofCs . A sensitivity study is performed to test the required number
of realizations for statistical convergence, and results indicate that the difference between
1000 and 100,000 realizations is <1 %.

A threshold value (−z/L = 0.1) is chosen for regression as a compromise between
including enough data for linear fitting and excluding data points that clearly do not follow
the ‘−1/3’ scaling. Previous studies such as Högström and Smedman-Högström (1974) and
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Assouline et al. (2008) also used −z/L = 0.1 as the threshold, while Kader and Yaglom
(1990) used an even smaller value of 0.04. In order to compare with other Cs values reported
in previous studies, we choose to follow the typical way of obtaining Cs in these previous
studies, that is, to fit a Cs value when the ‘−1/3’ scaling appears in the data. As can be seen
in our field data (shown later), the ‘−1/3’ scaling occurs roughly when −z/L > 0.1.

It should be noted that the abovemethod is completely different from the procedure used to
test self-correlation as in Hartogensis andDeBruin (2005) and Cava et al. (2008), in which u∗
(or scalar fluxes) are randomly shuffled for the whole dataset and are then used for calculating
s∗ and L . In their method, u∗ (or scalar fluxes) entering into s∗ and L have no relation to
the truly measured u∗ (or scalar fluxes). If a ‘−1/3’ scaling still exists between σs/|s∗| and
−z/L with randomly shuffled u∗ (or scalar fluxes), it is an indication of self-correlation. In
our method, the mean values of the distributions for σs/|s∗| and −z/L always remain the
same and follow the ‘−1/3’ scaling when −z/L > 0.1, and it is thus not surprising that the
sampled data always follow the ‘−1/3’ scaling as well when −z/L > 0.1.

3 Experimental Set-up and Data Processing

We conducted a field campaign at a commercial cattle feedlot in central Colorado, USA
from November 12 to November 26 2013. The feedlot holds about 25,000 heads of cattle
and the terrain is flat with a slope <5 %. The measurement system was deployed along the
east edge of a block of pens and downwind of the prevailing westerly winds. The sampling
area consisted mainly of feedlot pens holding cattle. An analytical footprint model was used
to calculate the source area contributing to the flux measurements (Hsieh et al. 2000). The
upwind distance that recovers 70 % of the flux was used as the fetch requirement, and only
cases where a fetch inside the feedlot boundaries was used in the following analyses (Baum
et al. 2008).

An open-path, QC laser-based NH3 sensor was used to measure NH3 concentration at
20 Hz. The sensor was described in detail previously (Miller et al. 2014) and it was calibrated
by direct absorption spectroscopy before and after the field deployment. The instrument inac-
curacy of NH3 concentration is ±10 %, and the instrument precision is 0.15µg m−3. Wind
velocity and sonic temperature were measured using a three-dimensional sonic anemometer
(CSAT3, Campbell Scientific, Inc., Logan, UT), while CO2 and water vapour concentrations
weremeasured using an open-path non-dispersive infrared (NDIR) gas sensor (LI-7500A, LI-
CORBiosciences, Lincoln, Nebraska). The LI-7500A sensor was calibrated using theNOAA
ESRL standard before and after the field deployment, all data logged at 20 Hz, with the LI-
7500A instrument also measuring ambient pressure. All open-path sensors were mounted on
amotorized tramattached to a tower at a height 4.92mabove ground; thismeasurement height
had a fetch of 600 m for the prevailing westerly winds. Figure 1 shows the flux tower and the
positions of the sonic anemometer, the CO2 and H2O combined sensor, and the NH3 sensor.

The other dataset utilized for this studywas collected overLakeGeneva inSwitzerland dur-
ing the summer and autumn of 2006.Measurements includedwind velocity, temperature, and
water vapour concentration at 20Hz and at four different heights (1.65, 2.30, 2.95 and 3.60m)
above the lake surface. The details of this dataset have been described in previous studies
(e.g., Bou-Zeid et al. 2008; Vercauteren et al. 2008; Li and Bou-Zeid 2011; Li et al. 2012).

Eddy-covariance (EC) data processing procedures and flux calculations have been
described in detail previously by Li and Bou-Zeid (2011), who also used the same lake
dataset. A brief summary is presented here, together with processing unique to NH3 data in
the feedlot dataset. Preprocessing included raw data despiking, double coordinate rotation,
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Fig. 1 Experimental set-up for the feedlot site. The inset gives a closer look at the sonic anemometer, the
CO2 and H2O sensor, and the NH3 sensor

and sonic temperature correction. The 20-Hz raw data of scalar concentrations were synchro-
nized to the sonic wind data using the cross-covariance method. When calculating turbulent
fluxes, an averaging period of 30 min was chosen, and the density corrections for NH3,CO2,
and H2O were applied (Webb et al. 1980). The self-heating effect of the LI-7500A was cor-
rected following Burba et al. (2008). The spectroscopic effects of pressure, temperature, and
water vapour fluctuations on NH3 flux were corrected using a similar method for a com-
mercial open-path methane analyzer, LI-7700 (McDermitt et al. 2011). The absorption line
broadening effect caused by water vapour was quantified using line width data reported by
Owen et al. (2013), where spectroscopic parameters of the same NH3 absorption feature at
9.062μmweremeasured experimentally. The high-frequency variance and covariance losses
for trace gases due to sensor path-length integration and sensor separation were corrected
using the theoretical transfer functions of Moore (1986). Highly non-stationary segments
were excluded using the quality control described by Foken and Wichura (1996). The 30-
min covariance between the vertical wind speed (w) and either the horizontal wind speed (u)
or the scalar concentration (s) was compared to the averaged covariance of six consecutive
5-min blocks of data for the same 30-min period,

� =
∣∣∣∣∣∣

〈
w′a′

5

〉
− w′a′

30

w′a′
30

∣∣∣∣∣∣
, (9)

where a represents u or s, and the subscripts 5 and 30 denote the 5-min and the 30-min
covariance, respectively. The bracket denotes the mean of the six 5-min covariances. Periods
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Fig. 2 Flux–variance relationships for temperature (T ) and water vapour (q) under unstable conditions from
the lake dataset. The two black lines represent Eq. 1 with Cs = 0.9 and 1.2, respectively. The vertical dashed
red line denotes −z/L = 0.1 where the ‘−1/3’ scaling starts to appear

in which� > 30 % for u or any scalar s were considered highly non-stationary and excluded
in our analyses.

4 Results

4.1 Random Errors in Cs in Flux–Variance Relationships

Flux–variance relationships for temperature (T ) and water vapour (q) from the lake dataset
are presented in Fig. 2; Eq. 1 with Cs of 0.9 and 1.2 is also shown in order to illustrate the
typical range of Cs . As can be seen, the flux–variance relationships for both temperature and
water vapour approach a slope of ‘−1/3’ in the log–log plot when −z/L > 0.1. Under such
conditions, most data points lie between the two asymptotic lines represented by Eq. 1 with
Cs = 0.9 and 1.2, implying that the values of both CT and Cq determined from this dataset
lie between 0.9 and 1.2. This is consistent with the range of Cs reported in the literature
from 0.9 to 1.4 (Monin and Yaglom 1975; Asanuma and Brutsaert 1999; Assouline et al.
2008; Hsieh et al. 2008). Nonetheless, most previous studies either completely neglected the
uncertainty in Cs or only reported the uncertainty resulting from the fitting procedure but
ignored the uncertainty resulting from the random errors associated with −z/L and σs/|s∗|.
Our aim here is to quantify the impacts of random errors in turbulence measurements on
the uncertainty in Cs . To do so, we need to first understand the random errors in −z/L and
σs/|s∗|.

The random errors in −z/L are calculated using Eq. 6 and displayed in Fig. 3. As can
be seen, the relative random errors in −z/L do not show any significant dependence on
measurement heights in the lake dataset and they increase with instability in both datasets,
mainly because they are proportional to 1/u3∗, and u∗ → 0 in the free convection limit
(Salesky and Chamecki 2012). They also show a similar pattern in the two datasets, although
the lake dataset covers a wider range of −z/L .

Similarly, random errors in different σs/|s∗| were calculated based on Eq. 5. We use the
variable c to denote CO2 concentration and the symbol r to denote NH3 concentration. The
relative random errors in σT /|T∗| and σq/|q∗| calculated from both datasets are shown in
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Fig. 4 Relative random errors in σs/|s∗|

Fig. 4a, b, and the relative random errors in σr/|r∗| and σc/|c∗| from the feedlot dataset are
shown in Fig. 4c, d. For both datasets, the relative random errors in σs/|s∗| are typically on
the order of 10–20 % under near-neutral to moderately unstable conditions and they increase
with instability. The large relative errors in −z/L under strongly unstable conditions shown
in Fig. 3 are likely the major cause of large scatter seen in Fig. 4, as discussed in Salesky and
Chamecki (2012).

With the calculated random errors in −z/L (Fig. 3) and σs/|s∗| (Fig. 4), error bars can
now be included in flux–variance relationships, as shown in Fig. 5. The horizontal error
bars represent random errors in −z/L and the vertical error bars represent random errors
in σs/|s∗|. Most data in Fig. 5a–f show that when −z/L > 0.1, σs/|s∗| follows a linear
relationship with−z/L using a log–log scale. The outliers generally have large errors in both
σs/|s∗| and −z/L .
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Fig. 5 Flux–variance relationships for different scalars under unstable conditions from the lake dataset
(a, b) and the feedlot dataset (c–f). Error bars indicate uncertainties resulting from random errors in tur-
bulence measurements

As mentioned earlier, Cs in the flux–variance relationship (Eq. 1) was traditionally deter-
minedby linear regressionbetweenmeasuredσs/|s∗| and (−z/L)−1/3 over a rangeof strongly
unstable conditions (Hsieh et al. 2008). Such a simple regression method provides equal
weight to all the data points regardless of their errors. Therefore, simple regression results
are strongly influenced by outliers with large errors (see Fig. 5). In addition, such a simple
regression method cannot properly quantify the uncertainties in Cs .

As discussed in Sect. 2.2, amethod based onMonte-Carlo simulations is proposed to quan-
tify the uncertainties in Cs . Figure 6 shows an example of using the Monte-Carlo sampling
method to quantify the uncertainty in Cq in the lake dataset. In each of the four realizations
shown in the four different panels, paired samples of σq/|q∗| and −z/L are randomly drawn
from their respective Gamma distributions for each 30-min segment and a value ofCq is then
obtained through a bi-square fitting. With 1000 realizations, the Monte-Carlo method there-
fore produces a distribution of Cq , which can be then used to characterize the uncertainty in
Cq caused by random errors in turbulence measurements, as shown in Figs. 7 and 8.

Figure 7a and b shows the distributions of CT and Cq from the lake dataset, and Fig. 7c–f
shows the distributions of CT ,Cq ,Cr and Cc from the feedlot dataset. The mean values of
Cs , shown in the legend, are similar for different scalars and across the two datasets with
values ranging from 1.00 to 1.05. Also shown are the 95 % confidence intervals of the mean
values. The majority ofCs values range from 0.9 to 1.1, in agreement with previous estimates
(Monin and Yaglom 1975; Asanuma and Brutsaert 1999; Assouline et al. 2008; Hsieh et al.
2008). Figure 8 further shows that the distributions ofCs significantly overlap among different

123



Quantifying the Influence of Random Errors in Turbulence…

0.1 1 10 

1 

10 

−z/L

σ q/|q
*|

(a)

0.1 1 10 

1 

10 

−z/L

σ q/|q
*|

(b)

0.1 1 10 

1 

10 

−z/L

σ q/|q
*|

(c)

0.1 1 10 

1 

10 

−z/L

σ q/|q
*|

(d)

Monte−Carlo realization
Eq.1 with C

q
 = 1.055

Monte−Carlo realization
Eq.1 with C

q
 = 1.016

Monte−Carlo realization
Eq.1 with C

q
 = 1.044

Monte−Carlo realization
Eq.1 with C

q
 = 1.075

Fig. 6 An example of using the Monte Carlo method to determine Cq in the lake dataset. Four realizations
with different fitted Cq values are shown in the four panels

scalars in both datasets, despite the vastly different measurement environments, implying that
these scalars are transported similarly under strongly unstable conditions at the two sites. In
particular, temperature does not show significant deviations from the other scalars due to its
‘active role’ under unstable conditions (Katul and Parlange 1994; Katul and Hsieh 1999).

The flux–variance relationship of NH3 requires further discussion. The NH3 sensor size
is 0.7 m (Miller et al. 2014), which is significantly larger than that of the water vapour
and CO2 sensor (0.125 m). It is critical to correct high-frequency variance and covariance
losses for NH3 due to the sensor path-length integration. These corrections are generally
<1 % for water vapour and CO2 but can be up to 10 % for NH3. Because high-frequency
losses are larger in the variance than in the covariance, neglecting the high-frequency loss
correction will significantly underestimate Cr . For example, the mean value of Cr without
high-frequency loss corrections would have been 0.96 (as compared to 1.00 shown in Fig. 7e)
if the high-frequency loss corrections were not applied.

4.2 Random Errors in Rst and Rws/Rwt

The random errors in two other important measures of scalar similarity, the correlation
coefficient between two scalars (Rst ) and the relative transport efficiency (Rws/Rwt ), are also
quantified using the feedlot dataset. Unlike Cs , which only exists under strongly unstable
conditions, these two measures of scalar similarity exist under both stable and unstable
conditions. Temperature is excluded from this analysis due to its self-correlation with z/L .

As shown in Fig. 9, the relative random errors in the correlation coefficients increase
when the ASL departs from neutral conditions. These relative random errors are <10 %
under near-neutral conditions and increase to around 20 % under very stable or unstable
conditions. The increases in relative random errors are primarily due to increases in the
random errors themselves rather than decreases in the correlation coefficients. This suggests
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Fig. 9 Relative random errors in the correlation coefficients between water vapour and NH3 (a), water vapour
and CO2 (b), and CO2 and NH3 (c) from the feedlot dataset

that theremight be significant randomerrors associatedwith the correlation coefficients under
strongly unstable and stable conditions. As a result, their random errors should be quantified
before using them as indicators for scalar similarity.

In Fig. 10, the correlation coefficients between water vapour, NH3, and CO2 are shown as
a function of z/L with their random errors displayed as vertical error bars. The correlation
coefficients are generally large (Rqr = 0.87±0.10; Rqc = 0.89±0.11; Rrc = 0.89±0.04)
and do not show a significant dependence on z/L . This is because the sources of water
vapour, NH3, and CO2 are all related to animal activities in the feedlot and thus are well
co-located. It is interesting to note that the correlation coefficients that include q are small
for some unstable segments, whereas this does not occur for Rrc. Close inspection reveals
that these low values of correlation coefficients including q primarily occurred after a strong
snowstorm. As a result, the water vapour flux was due to the snow in these periods whereas
the NH3 and CO2 fluxes were still mainly biogenic. This may explain the small correlations
between water vapour and NH3/CO2 under such conditions.

There are many data points that reach a value of unity when the random errors are con-
sidered. If the random errors were not quantified, these data points would have indicated
dissimilarity between scalars. The scalar similarity of the entire dataset is further investigated

by a χ2 test with the null hypothesis of Rst = 1. Here the test statistic χ2 = ∑
N

(
Rst−1
δRst

)2
is

compared to a χ2 distribution with N degrees of freedom, where N = 99 is the number of
30-min segments. The values of statistic χ2(N = 99) are 353, 269, and 168 for Rqr , Rqc,
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Fig. 10 Correlation coefficients between water vapour and NH3 (a), water vapour and CO2 (b), and CO2
and NH3 (c) from the feedlot dataset. The random errors are displayed as vertical error bars

and Rrc, respectively, and the associated probability of falsely rejecting the null hypothesis is
much less than 0.001 in all three cases. Therefore, the χ2 test suggests that the null hypothesis
can be rejected at a high (>99.9 %) confidence level, implying that scalar similarity does not
hold across the entire dataset.

We further investigate the relative random errors in the relative transport efficiencies
(Rws/Rwt , where s, t are two scalars). Note the relative transport efficiencies (Rws/Rwt )

are asymmetric for s and t , and a symmetric relative transport efficiency has been proposed
elsewhere (Cancelli et al. 2012) but is not used here. As can be seen from Fig. 11, the relative
random errors in the relative transport efficiencies also increase as the atmosphere departs
from neutral conditions and reach 30 % under strongly unstable and stable conditions. This
again highlights the need to quantify the random errors associated with the relative transport
efficiencies.

The relative transport efficiencies are also shown as a function of z/L in Fig. 12 where
most of the data are clustered around unity consistent with Fig. 10. Many data points can
no longer be distinguished from unity when the random errors are considered, implying
that no judgment can be made about scalar dissimilarity under such conditions. A simi-
lar χ2 test is performed with the null hypothesis of Rws/Rwt = 1. Here the test statistic

is χ2 = ∑
N

(
Rws/Rwt−1

δ Rws
Rwt

)2

. The values of statistic χ2(N = 99) are 76, 59, and 63 for

Rwq/Rwr , Rwq/Rwc, and Rwr/Rwc, respectively, and thus the associated probability of
falsely rejecting the null hypothesis is>0.1 in all three cases, implying that the null hypothe-
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Fig. 11 Relative random errors in relative transport efficiencies between water vapour and NH3 (a), water
vapour and CO2 (b), and CO2 and NH3 (c) from the feedlot dataset

sis cannot be rejected even at a relatively low confidence level of 90 %. In other words, scalar
similarity is supported by the relative transport efficiencies across the entire dataset. Given
that Rwt/Rws = Cs/Ct for any two scalars s and t , the finding that Rwt/Rws is not statis-
tically different from unity for water vapour, NH3, and CO2 is consistent with our previous
finding that their mean values of Cs are similar (see Fig. 8).

The comparison between correlation coefficients and relative transport efficiencies shows
interesting differences between the two measures of scalar similarity. In the feedlot dataset,
the correlation coefficients among the three scalars (water vapour, CO2, and NH3) are statis-
tically different from unity while the relative transport efficiencies are not, consistent with the
finding of Cancelli et al. (2012) that the relative transport efficiencies were usually larger than
the correlation coefficients in their lake data. Cancelli et al. (2012) argued that the correlation
coefficients represent more the scalar similarity but the relative transport efficiencies repre-
sent more the scalar flux similarity. One should also note that the correlation coefficients are
bounded by unity, while the relative transport efficiencies can be either larger or smaller than
unity. Hence, it is naturally more difficult for the correlation coefficients to be statistically
identical to unity.

The relationship between Rst and Rws/Rwt has been discussed in many previous studies
(e.g., Katul et al. 1995; Bink and Meesters 1997; Katul and Hsieh 1997; Lamaud and Irvine
2006; Guo et al. 2009; Dias 2013); however, there is no consensus on the exact relationship
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Fig. 12 Relative transport efficiencies between water vapour and NH3 (a), water vapour and CO2 (b), and
CO2 and NH3 (c) from the feedlot dataset. The random errors are displayed as vertical error bars
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between the two (Lamaud and Irvine 2006; Guo et al. 2009). When their random errors are
considered, the relationship between the two measures of scalar similarity becomes more
complicated, as shown in Fig. 13. Note since z/L is not shown here, temperature is also
included in the figure.

Figure 13 shows that most of the data points follow the 1:1 line (R2 = 0.81), supporting
using one as a surrogate for the other to estimate turbulent fluxes as done in many previous
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studies (Katul et al. 1995, 1996). Note that Rst is plotted against Rws/Rwt when Rws/Rwt <

1, whereas 1/Rst is plotted against Rws/Rwt when Rws/Rwt > 1. The random errors in these
measures, when added to the figure, contribute to the scatter. In particular, it is sometimes
difficult to distinguish the dry cases (RwT > Rwq) from the wet cases (RwT < Rwq) as in
Bink and Meesters (1997) when these large error bars are considered. These large error bars
might also partly explain why Guo et al. (2009) obtained a different relationship between
log10(RwT /Rwq)/log10(RqT ) and theBowen ratio as compared toLamaud and Irvine (2006).

5 Conclusion and Discussion

We investigate the influence of random errors in turbulencemeasurements on scalar similarity
using two datasets (collected over a lake and a feedlot) and multiple scalars (temperature,
water vapour, CO2, and NH3). The random errors in the similarity constant Cs in the flux–
variance relationship are quantified based on error propagation analyses and Monte-Carlo
simulations. For each scalar, a distribution of Cs , instead of a single value as was usually
reported in previous experimental studies, is obtained when random errors in turbulence
measurements are considered. It is found that, although the distributions of Cs for different
scalars are not identical, the differences among themean values ofCs (≈0.05) are well within
the 95 % confidence intervals of Cs (≈0.1). This implies that the scalars are transported
similarly under strongly unstable conditions at these two sites.

The random errors in the correlation coefficients and the relative turbulent transport
efficiencies are also investigated using the feedlot dataset. The correlation coefficients
among three scalars (water vapour, CO2, and NH3) are high (Rqr = 0.87 ± 0.10; Rqc =
0.89 ±0.11; Rrc = 0.89 ±0.04) and do not show any significant dependence on atmospheric
stability. The relative transport efficiencies are all clustered around unity and also do not show
a dependence on z/L . However, their relative random errors both increase as the atmosphere
departs from neutral conditions, reaching 30–40%under strongly stratified conditions.When
their random errors are considered, it is further observed that these two measures of scalar
similarity are not different from unity for some data points. To rigorously assess scalar sim-
ilarity using these two measures across the whole dataset, statistical tests (the χ2 test) are
conducted. The correlation coefficients among three scalars are statistically different from
unity while the relative transport efficiencies are not. This highlights the difference between
the correlation coefficients and the relative transport efficiencies, as they represent scalar
similarity and scalar flux similarity, respectively (Bink and Meesters 1997; Katul and Hsieh
1997; Cancelli et al. 2012; Dias 2013), and the correlation coefficients are bounded by unity
while the relative transport efficiencies are not. The random errors also complicate the rela-
tionship between correlation coefficients and the relative transport efficiencies, which might
explain why different relationships between log10(RwT /Rwq)/log10(RqT ) and the Bowen
ratio have been reported in different studies (Lamaud and Irvine 2006; Guo et al. 2009).
Furthermore, the finding that the relative transport efficiencies are not statistically different
from unity for the three scalars is consistent with the finding that their mean values of Cs are
also similar given Cs/Ct = Rwt/Rws .

The results highlight the importance of assessing the impacts of random errors in tur-
bulence measurements on three measures of scalar similarity: the similarity constant in the
flux–variance relationship, the correlation coefficient between two scalars, and the relative
transport efficiency. In particular, the datasets used in our study were collected over relatively
homogenous and flat surfaces, that is, under ‘near-ideal’ conditions. As a result, our conclu-
sions might be specific to these two measurement environments. However, given that we
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have already observed important impacts of random errors on measures of scalar similarity
under these ‘near-ideal’ conditions, it is recommended that the random errors should always
be considered when comparing indicators for scalar similarity.

It is acknowledged that, although the non-stationarity effects have been minimized by
imposing the quality control (i.e., � calculated by Eq. 9 should be <30 %), the data might
still include residual non-stationarity effects. Since truly stationary time series rarely occur
in the ASL, it is difficult to completely exclude non-stationarity effects. Future studies using
highly stationary measurements, for example from controlled laboratory experiments, are
recommended.
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