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1. Introduction to the Domain

The Radiative Transfer Equation (RTE) is a fundamental mathematical framework used to
describe how electromagnetic radiation propagates through a medium. In remote sensing, this
medium could be the atmosphere, vegetation canopies, water bodies, or any material through
which photons travel. Understanding the RTE is essential for interpreting measurements from
satellites, aircraft, and ground-based sensors.

Key Concept: The RTE models the interaction of electromagnetic radiation with matter as it
travels from a source (such as the sun or an active sensor) to a detector (such as a satellite
sensor).

The Physical Domain
When we consider radiative transfer, we must define our domain of interest:

o Spatial extent: The three-dimensional region through which radiation travels

o Directional considerations: Radiation can travel in any direction, characterized by
angles (typically zenith and azimuth angles)

e Spectral domain: Radiation at different wavelengths interacts differently with matter

o Temporal aspects: For some applications, we must consider how radiation changes
over time



2. The Transport Equation and Radiative Transfer Equation

Understanding the Fundamental Balance

The particle transport equation is fundamentally a statement of particle balance. When we're
dealing with photons (particles of light), this equation describes how the number of photons

changes as they travel through a medium.

The analogous equation in the energy domain is the Radiative Transfer Equation (RTE),
which is a statement of energy balance and obeys the law of energy conservation.

The Transport Equation in Words
The basic principle can be stated simply:
Change in Photon Number = Gains - Losses
More specifically:
Change in Photon Number = (Inscattering + Emission) - (Absorption + Outscattering)

This simple balance equation forms the foundation for all radiative transfer modeling in remote
sensing.

Why This Matters

Understanding this balance is crucial because:
o It allows us to predict how much radiation a sensor will receive
o Ithelps us interpret what measured radiation tells us about the medium it passed through
o It enables us to design better remote sensing systems

e It provides the theoretical foundation for retrieving geophysical variables (like
temperature, leaf area, or atmospheric composition) from remote sensing measurements

3. Change in Particle Number
The Fundamental Question

As photons travel through a medium along a particular direction, how does their number
change? This change depends on both the properties of the medium and the distance traveled.

Mathematical Framework
Consider photons traveling along a path through a medium. As they travel an infinitesimal

distance ds in direction Q (where Q represents the solid angle characterizing the direction), the
number of photons changes.



Key Parameters:

e Position (r): The location in three-dimensional space

e Direction (£2): The direction of photon travel, typically specified by zenith angle 6 and
azimuth angle ¢

o Path length (s): The distance traveled along the direction of propagation

e  Wavelength (A): The wavelength of the electromagnetic radiation

e Time (t): For time-dependent problems

The Rate of Change
The change in photon number density N along a path can be expressed as:
dN/ds = (gains) - (losses)

This differential equation tells us how the photon population evolves as radiation propagates
through the medium. The left side represents the spatial derivative of photon number along the
direction of travel, while the right side accounts for all the physical processes that add or
remove photons.

Physical Interpretation
Think of this like tracking a population of travelers on a highway:

e Some cars enter the highway (gains through emission or inscattering)

e Some cars exit the highway (losses through absorption or outscattering)

e The change in the number of cars on any stretch of highway equals the difference
between those entering and leaving

4. Loss Mechanisms: Absorption and Outscattering

Photons can be removed from a particular direction through two primary mechanisms.
Understanding these processes is essential for interpreting remote sensing data.

4.1 Absorption (Loss)

Definition: Absorption occurs when a photon is captured by a particle or molecule in the
medium, converting its electromagnetic energy into other forms of energy (typically heat, or
energy that drives photochemical reactions).

Physical Process:

e A photon encounters an atom or molecule

e The photon's energy matches an allowed energy transition in that atom/molecule

e The photon is absorbed, exciting the atom/molecule to a higher energy state

e The electromagnetic energy is converted to thermal energy, chemical energy, or other
forms



Mathematical Representation:
The loss due to absorption is proportional to:
e The number of photons present: N(r, Q, A, t)
e The absorption coefficient: Ka(r, A)
o The distance traveled: ds
Loss due to absorption = K,(r, A) X N(r, Q, A, t) x ds
Absorption Coefficient K.:
e Units: [length™], typically m™ or cm™
e Depends on the medium's composition and the wavelength
o Higher values indicate stronger absorption

e Can vary with position r if the medium is heterogeneous

Examples in Remote Sensing:

Chlorophyll in leaves strongly absorbs red light (around 660 nm) for photosynthesis
Water vapor in the atmosphere absorbs thermal infrared radiation

Ozone absorbs ultraviolet radiation

Carbon dioxide absorbs in specific infrared bands

Why It Matters: Absorption can both help and hinder remote sensing:

o It's useful when we want to detect specific gases (like CO: or CHa4) by their absorption
signatures

o It's problematic when atmospheric absorption prevents us from detecting radiation from
the surface

e Understanding absorption is critical for atmospheric correction in satellite remote
sensing

4.2 Outscattering (Loss)

Definition: Outscattering occurs when a photon traveling in direction Q is redirected into a
different direction Q', effectively removing it from the original direction of travel.

Physical Process:

A photon encounters a particle, molecule, or surface irregularity

The photon interacts with the particle through electromagnetic forces
The photon is redirected into a new direction

The photon continues traveling, but is now lost from our original beam

Types of Scattering:

1. Rayleigh Scattering:
o Occurs when particles are much smaller than the wavelength
o Intensity proportional to A* (strongly wavelength dependent)



o Example: Why the sky is blue (shorter blue wavelengths scatter more than red)
2. Mie Scattering:

o Occurs when particle size is comparable to wavelength

o Less wavelength dependent than Rayleigh

o Example: Scattering by aerosols, cloud droplets, fog
3. Non-selective Scattering:

o Particle size much larger than wavelength

o Nearly wavelength independent

o Example: Scattering by large water droplets (why clouds are white)

Mathematical Representation:
The loss due to outscattering is proportional to:
e The number of photons present: N(r, Q, A, t)
e The scattering coefficient: k(r, L)
o The distance traveled: ds
Loss due to outscattering = &(r, A) X N(r, Q, A, t) x ds
Scattering Coefficient k;:
e Units: [length™], typically m™ or cm™
e Depends on particle size, shape, composition, and wavelength
o Describes the probability of scattering per unit path length
e Can be highly variable in heterogeneous media (like vegetation canopies)

4.3 Total Loss: Extinction

The combined effect of absorption and outscattering is called extinction. The extinction
coefficient is defined as:

Ke(ra )\,) = Ka(rs 7\') + Ks(ra }\')
Total loss = ke(r, L) X N(r, Q, A, t) x ds
Single Scattering Albedo: A useful parameter is the single scattering albedo, defined as:
o(r, 1) = ky(r, &) / ke(r, 1)
This tells us the fraction of extinction that is due to scattering:
e = 0: Pure absorption (no scattering)
e o = l: Pure scattering (no absorption)
e 0 <o <1:Mixed absorption and scattering

Remote Sensing Implications:

e High extinction media (dense clouds, thick smoke) are difficult to see through



o The wavelength dependence of extinction determines which wavelengths are best for
different applications
e Extinction by the atmosphere must be corrected for when studying surface properties

5. Gain Mechanisms: Inscattering and Emission

While absorption and outscattering remove photons from a beam, other processes can add
photons traveling in direction Q.

5.1 Inscattering (Gain)

Definition: Inscattering occurs when photons traveling in other directions Q' are scattered into
the direction of interest 2, adding to the photon population in that direction.

Physical Process:

o Photons traveling in all possible directions Q' encounter scattering particles
e Some fraction of these photons are redirected into direction Q
e These redirected photons add to the population traveling in direction Q

The Phase Function:

The probability that a photon traveling in direction Q' will scatter into direction € is described
by the phase function p(r, Q'—Q, A).

Properties of the Phase Function:

1. Normalization: When integrated over all possible outgoing directions, the phase
function equals 1: [a1 p(r, Q'—Q, 1) dQ = 1
2. Symmetry: In many cases, the phase function depends only on the scattering angle (the
angle between Q' and Q), not the absolute directions
3. Forward vs. Backward Scattering:
o Forward scattering: Photons preferentially scatter in directions close to their
original direction
o Backward scattering: Photons preferentially scatter backward
o Isotropic scattering: Equal probability in all directions

Mathematical Representation:

To calculate the total gain from inscattering, we must integrate over all possible incoming
directions Q"

Gain from inscattering = k(r, A) X [am p(r, Q'—>Q, A) x N(r, Q', A, t) dQ'
This integral sums the contributions from photons coming from all directions Q', weighted by:

e The scattering coefficient «
o The phase function p (probability of scattering from Q' to Q)



e The photon number in each incoming direction N(r, Q', A, t)

Common Phase Functions:

[a—

Isotropic: p = 1/(4n) (equal scattering in all directions)

2. Rayleigh: p(0) < (1 + cos?0), where 0 is the scattering angle

3. Henyey-Greenstein: A parametric form often used in vegetation and atmospheric
studies

Remote Sensing Context:
e Multiple scattering (photons scattered several times) is important in thick media
e The angular distribution of scattered light contains information about particle properties
e Accounting for multiple scattering is essential for accurate atmospheric correction

5.2 Emission of Photons (Gains)

Definition: Emission occurs when the medium itself generates photons, adding them to the
radiation field without requiring an external source.

Physical Process:
e Atoms and molecules in the medium have thermal energy
o Excited states spontaneously decay to lower energy states
e This energy release produces photons
e The emitted photons can travel in any direction

Thermal Emission:

All matter with temperature T > 0 K emits electromagnetic radiation. The rate and spectral
distribution of this emission is governed by Planck's Law.

Planck's Law (Blackbody Emission):
For a perfect blackbody at temperature T, the spectral radiance is:
B(A, T) = (2hc?/A%) x 1/(exp(hc/AkT) - 1)

Where:

e h=Planck's constant (6.626 x 10734 J-s)

e ¢ =speed of light (3 x 10® m/s)

e k =Boltzmann constant (1.381 x 1072* J/K)

e A =wavelength

e T = absolute temperature (K)

Wien's Displacement Law:

The wavelength of maximum emission shifts with temperature:



Amax = 2898 um-K / T

Examples:

e Sun (T = 5800 K): Amax = 0.5 pm (visible light)

e Earth (T = 288 K): Amax = 10 um (thermal infrared)

e Human body (T = 310 K): Anax = 9.3 um (thermal infrared)
Stefan-Boltzmann Law:
The total power emitted per unit area increases with the fourth power of temperature:

M=ocT*

Where 6 =5.67 x 107 W/(m?-K*) is the Stefan-Boltzmann constant.

Emission in Real Materials:

Real materials are not perfect blackbodies. They emit less radiation than a blackbody at the
same temperature. This is characterized by emissivity e(1):

Actual emission = g(A) x B(A, T)
Where 0 <g(A) <1
Kirchhoff's Law:
For a material in thermal equilibrium:
e(A) =a(h)
Where a is the absorptivity. This fundamental relationship links emission and absorption:

e Good absorbers are good emitters
e Poor absorbers are poor emitters

Mathematical Representation in RTE:
The source term for emission in the RTE is:
Source from emission = Ka(r, A) X B(A, T(r))
Note that:
e Only the absorption coefficient «k, appears (not the scattering coefficient)

e The emission is weighted by the local temperature T(r)
e For non-blackbodies, B is multiplied by emissivity



Remote Sensing Applications:

1. Thermal Infrared Remote Sensing:

o Measuring sea surface temperature

o Detecting volcanic activity

o Monitoring urban heat islands

o Estimating land surface temperature
2. Passive Microwave Remote Sensing:

o Soil moisture estimation

o Seaice monitoring

o Atmospheric temperature profiling
3. Nighttime Remote Sensing:

o Thermal sensors can operate at night

o No dependence on solar illumination

6. The Complete Radiative Transfer Equation

6.1 The Photon Transport Equation

Combining all the terms we've discussed, the complete photon transport equation is:
(1/c) x IN/ot + Q-UN = -iN + ka7 p(Q'—>Q)N(Q"dQ' + k. B(T)

Breaking down each term:

Left side (Change in photon number):

e (l/c) x ON/ot: Time rate of change of photon number
e -VN: Spatial derivative along direction Q

Right side (Gains minus losses):
e -Kk.N: Losses from extinction (absorption + outscattering)
o Kam p(Q'—-Q)N(Q"dQ'": Gains from inscattering
e 1B(T): Gains from emission (in photon number!)

6.2 The Radiative Transfer Equation (Energy Form)

The RTE in the energy domain uses radiance L (energy per unit area, per unit solid angle, per
unit wavelength) instead of photon number:

(1/c) x dL/ot + Q-VL = kL + kJam p(Q'—>Q)L(Q"dQ' + k,B(A,T)
This equation is more commonly used in remote sensing because:
e Sensors typically measure energy (radiance), not photon counts

o Radiometric quantities are more intuitive
o Energy conservation is more straightforward to verify



6.3 Meaning of RTE Terms
Let's examine what each component represents physically:
L(r, Q, A, t): Spectral Radiance
e The fundamental quantity being tracked
o Energy flux in a specific direction, at a specific wavelength
e Units: W/(m?sr-pm)
Ke(r, A): Extinction Coefficient
e Measures how quickly radiation is attenuated
e Sum of absorption and scattering coefficients
e Units: m™!
Ka(r, A): Absorption Coefficient
e Measures how quickly radiation is absorbed
o Related to the imaginary part of refractive index
e Units: m™!
K(r, A): Scattering Coefficient
e Measures how quickly radiation is scattered
e Depends on particle properties (size, shape, composition)
e Units: m™!
p(r, Q'—Q, 1): Phase Function
o Probability distribution for scattering direction
e Normalized: i p dQ =1
o Contains information about particle properties
e Dimensionless
B(%, T): Planck Function
o Blackbody spectral radiance
e Depends only on wavelength and temperature
e Units: W/(m?sr-pm)
6.4 Simplified Forms of the RTE
Depending on the application, the RTE can often be simplified:
Time-Independent (Steady-State):
If the radiation field doesn't change with time (OL/ot = 0):

Q-VL = -k.L + kJoa p(Q'—>Q)L(Q")dQ' + k,B(.,T)



This applies to:

e Most passive remote sensing applications

e Solar radiation studies

e Many atmospheric problems
No Scattering:
If scattering is negligible (i« = 0):

Q-VL = -k,L + k,.B(A,T)
This simplifies to Beer's Law plus emission.
No Emission:
If thermal emission is negligible (appropriate for visible/near-infrared):
Q-VL = -k.L + ke p(Q'—Q)L(Q")dQ'
This is the pure scattering problem.
One-Dimensional, Plane-Parallel:
For horizontally homogeneous media (like atmosphere or ocean layers):
p x dL/dz = kL + ke p(Q'—>Q)L(Q)dQ' + k,B(,T)

Where p = cos(0) is the cosine of the zenith angle, and z is the vertical coordinate.
6.5 Units of the RTE
Dimensional consistency is crucial. Let's verify the units:
Left side: Q-VL

e L has units: [W/(m?-sr-um)]

eV has units: [1/m]

e Result: [W/(m?-sr-pum)]

Right side:

e icL: [m™] X [W/(m?:sr-um)] = [W/(m?-sr-um)] v/
. KJp‘L'dQ: [m™] x [dimensionless] x [W/(m?-sr-um)] x [sr] = [W/(m?-sr-um)] v/
e 1GB: [m™] x [W/(m?sr-um)] = [W/(m?-sr-um)] v/

All terms have consistent units!



7. Initial and Boundary Conditions

The RTE is a partial differential equation. To obtain a unique solution, we need to specify
initial and boundary conditions.

7.1 Why We Need Boundary Conditions

The RTE describes how radiation changes as it propagates. But to know the actual radiation at
any point, we need to know:

e Where the radiation is coming from (boundary conditions)
e The starting conditions (for time-dependent problems)

Think of it like tracking a river: the differential equations tell you how flow changes
downstream, but you need to know the flow at the source to predict flow anywhere else.

7.2 Types of Boundary Conditions
Spatial Boundaries:

At the boundaries of our domain (top of atmosphere, Earth's surface, etc.), we must specify
either:

1. Prescribed radiance: L(r boundary, Q, A, t) = L _boundary(Q, A, t)

o Used when we know the incoming radiation

o Example: Solar irradiance at top of atmosphere
2. Reflectance boundary condition: L outgoing =R X L_incoming

o Used at reflecting surfaces

o Example: Surface BRDF (Bidirectional Reflectance Distribution Function)
3. Emission boundary condition: L = ¢ x B(T)

o Used for emitting surfaces

o Example: Ocean surface in thermal infrared

Common Boundary Conditions in Remote Sensing:
Top of Atmosphere (TOA):

e Downward directions: Solar irradiance F_sun() at angle 6 _sun
e Upward directions: L = 0 (no incoming radiation from space in most cases)

Surface:
« Reflection: L reflected = [n BRDF(Q_in—Q out) x L _incident(Q_in) x cos(6_in)
dQ in
e Emission: L _emitted = ¢(A, Q) x B(A, T surface)

7.3 Initial Conditions (Time-Dependent Problems)

For time-dependent problems (OL/0t # 0), we need to specify:



L(r, Q, A, t=0): The initial radiation field at time t =0
Examples:

1. Lidar pulse propagation:

o Initial condition: L = 0 everywhere except the laser source

o Boundary condition: Laser pulse at the sensor location

o Time evolution: Track the pulse as it propagates and scatters
2. Flashbulb in a room:

o Initial condition: L = 0 everywhere

o Boundary condition: Light source turns on att =0

o Time evolution: Room fills with scattered light

7.4 The Importance of Proper Boundary Conditions
Well-Posed Problems:
For the RTE to have a unique, stable solution, the boundary and initial conditions must be:
e Complete (specified everywhere needed)
o Consistent (don't contradict each other or the physics)
e Physically realistic
Common Issues:
1. Over-specification: Specifying too many boundary conditions can lead to no solution
2. Under-specification: Too few boundary conditions leads to non-unique solutions
3. Inconsistency: Contradictory conditions lead to numerical instabilities
Remote Sensing Implications:
e Accurate boundary conditions are essential for forward modeling
e Errors in boundary conditions (e.g., incorrect surface reflectance) propagate through

the solution
o Sensitivity analysis helps identify which boundary conditions matter most

8. Active vs. Passive Remote Sensing

Remote sensing systems can be categorized based on their radiation source. This fundamental
distinction affects how we set up and solve the RTE.

8.1 Active Remote Sensing

Definition: Active remote sensing systems provide their own source of electromagnetic
radiation.



The Process:

The sensor emits a pulse or continuous wave of EMR toward a target
The radiation interacts with the target and/or medium

Some radiation is scattered back toward the sensor (backscatter)

The sensor measures the returned signal

Time-of-flight measurements provide range information

M

Key Advantages:

Day/Night Operation: Not dependent on solar illumination

Cloud Penetration: Can operate through clouds (depending on wavelength)
Precise Range Information: Time-of-flight provides distance measurements
Controlled Source: Known source characteristics simplify analysis
Temporal Resolution: Can make measurements on demand

MRS

Examples:

1. Lidar (Light Detection and Ranging):
o Uses laser pulses (typically UV, visible, or near-infrared)
o Applications: Atmospheric profiling, vegetation structure, topography,
bathymetry
o Example system: GEDI (Global Ecosystem Dynamics Investigation) on the ISS
o Measures: Backscattered intensity and time-of-flight
2. Radar (Radio Detection and Ranging):
o Uses microwave or radio waves
o Applications: Weather, ocean winds, soil moisture, ice monitoring, SAR
imaging
o Can penetrate clouds and vegetation
o Example systems: Sentinel-1, RADARSAT, SRTM
3. Sonar:
o Uses acoustic waves (not EMR, but similar principle)
o Applications: Ocean bathymetry, submarine detection

RTE for Active Remote Sensing:
For active systems, the boundary condition is:
L(r_sensor, Q_out, A, t=0) = P_laser x 6(£2 - Q_laser)
Where:
o P laser is the laser power
e dis the Dirac delta function (pulse is directional)
e Q laser is the laser pointing direction

The time-dependent RTE then tracks the pulse as it:

1. Propagates outward
2. Scatters from targets



3. Returns to the sensor
Lidar Equation:
A simplified form for single-scattering lidar:
P_return(t) = (P_0 x A x ¢ x B(r) x exp(-27)) / (2r?)
Where:

e P return = received power

P 0 = transmitted power

e A =receiver area

e c=speed of light

e P(r) = backscatter coefficient at range r
o 1 =optical depth (integrated extinction)
e r=range = ct/2

8.2 Passive Remote Sensing

Definition: Passive remote sensing systems rely on naturally occurring electromagnetic
radiation.

Radiation Sources:

1. Reflected Solar Radiation:

o Visible: 0.4-0.7 um

o Near-infrared: 0.7-3 pum

o Shortwave infrared: 3-5 um
2. Thermal Emission:

o Mid-infrared: 3-5 pm

o Thermal infrared: 8-14 um

o Passive microwave: mm to cm wavelengths
3. Atmospheric Emission:

o Important in thermal and microwave bands

Key Limitations:

1. Solar Dependence (for reflected radiation):
o No measurements at night (for visible/NIR)
o Solar angle affects signal
o Seasonal variations in illumination
2. Cloud Interference:
o Visible/IR cannot penetrate clouds
o Limits data availability in cloudy regions
3. Signal Strength:
o Generally weaker signals than active systems
o More sensitive to noise



Examples:

1. Multispectral Imagers:
o MODIS (Moderate Resolution Imaging Spectroradiometer)
o Landsat (TM, ETM+, OLI)
o Sentinel-2
o VIIRS (Visible Infrared Imaging Radiometer Suite)
2. Hyperspectral Sensors:
o AVIRIS (Airborne Visible/Infrared Imaging Spectrometer)
o Hyperion
o PRISMA
3. Thermal Sensors:
o ASTER (Advanced Spaceborne Thermal Emission and Reflection Radiometer)
o AVHRR (Advanced Very High Resolution Radiometer)
4. Passive Microwave Radiometers:
o SSMIS (Special Sensor Microwave Imager/Sounder)
o AMSR (Advanced Microwave Scanning Radiometer)

RTE for Passive Remote Sensing:
For passive systems, typical boundary conditions:
Top of Atmosphere (downward):

e Direct solar: L sun=F O(X) x 3(Q - Q _sun)
o Diffuse sky: From atmospheric scattering

Surface (upward):

« Reflected solar: L =] BRDF x L_down x cos(0) dQ
e Thermal emission: L = g(A) x B(A, T_surface)

The steady-state RTE (0L/0t = 0) is usually appropriate:
Q-VL = -k.L + ks p(Q'—Q)L(Q")dQ' + k.B(A,T)

8.3 Comparison and Selection

Aspect Active Passive

Energy Source Sensor-provided Natural (sun, thermal)
Day/Night Both Day only (for solar)
Cloud Penetration Possible (wavelength-dependent) Generally no (vis/IR)
Range Information Direct (time-of-flight) None

Power Requirement High Low

Signal Strength High Variable

Cost Higher Lower

Data Volume High (time-resolved) Lower



When to Use Active:

e Need 3D structure information
e Require precise ranging

e Must operate through clouds

e Need day/night capability

e Can tolerate higher power/cost

When to Use Passive:

e Wide-area monitoring

e Cost constraints

e Lower power requirements

e Spectral information is priority
o Surface properties are the target

Complementary Use: Many applications benefit from combining active and passive:
e Vegetation: Lidar for structure + multispectral for species/health

e Atmosphere: Radar for clouds + radiometer for temperature
e Ocean: Altimeter for waves + radiometer for temperature

9. Applications in Remote Sensing

The RTE framework enables diverse remote sensing applications. Here we examine three
important examples.

9.1 Time-Dependent: Lidar Sensing of Vegetation Leaf Area Profiles
Scientific Context:

o Reference: Kotchenova et al., 2013. "Modeling lidar waveforms with time-dependent
stochastic radiative transfer theory for remote estimations of forest biomass." J.
Geophys. Res.

The Problem:
How do we determine the vertical distribution of leaf area in a forest canopy using lidar?
Why Leaf Area Matters:

e Crucial for photosynthesis models

o Indicates forest productivity

e Related to biomass and carbon storage

o Important for climate models
o Affects water and energy exchange



The Lidar Approach:

Emission: A laser pulse is emitted downward from aircraft or satellite
Propagation: The pulse travels through the canopy

Scattering: Leaves, branches, and ground scatter photons back
Detection: Returned photons are recorded with precise timing
Waveform: The time series of returned photons creates a waveform

M

The Waveform:

e Early returns: Top of canopy
e Middle returns: Interior canopy layers
e Late returns: Ground

Time-Dependent RTE:
The full time-dependent RTE is required:
(1/c) x AL/t + Q-VL = -k L + kJam p(Q'—>Q)L(Q"dQ'

Initial condition: Laser pulse at sensor Boundary conditions: Leaf and ground scattering
properties

Key Parameters:

e Leaf Area Density (LAD): Leaf area per unit volume [m?/m?]
o Related to scattering coefficient: k; = G(0) x LAD
o G(0) is the Ross G-function (projection function)
o Leaf Optical Properties:
o Reflectance p_leaf
o Transmittance t_leaf
o Related to scattering albedo: ® = p_leaf + 1_leaf

Retrieval Method:

1. Forward Model: Use RTE to simulate expected waveform for assumed LAD profile
2. Comparison: Compare simulated and measured waveforms

3. Optimization: Adjust LAD profile to minimize difference

4. TIteration: Repeat until good match is achieved

Challenges:

e Multiple scattering within canopy

e Mixed ground and vegetation returns

e Variable leaf orientation

e Canopy gaps and clumping

e Atmospheric effects (though minimal for aircraft lidar)



Example: GEDI Mission:
The Global Ecosystem Dynamics Investigation (GEDI) on the International Space Station:

e Operates at 1064 nm wavelength

e Footprint: ~25 m diameter

e Provides waveforms from which LAD profiles are retrieved
e Applications: Forest biomass, carbon stocks, habitat structure

Biomass Estimation:

Leaf area profiles — Canopy height — Allometric relationships — Biomass
The RTE enables the critical first step in this chain.

9.2 Time-Independent: Passive Sensing of Vegetation Leaf Area
Scientific Context:

o Reference: Myneni et al., 1990. "Radiative transfer in three-dimensional leaf canopies."
Transport Theory and Statistical Physics.

o Reference: Shultis & Myneni, 1988. "Radiative transfer in vegetation canopies with
anisotropic scattering." JQSRT.

The Problem:

How do we estimate total leaf area (or Leaf Area Index, LAI) from passive multispectral
satellite measurements?

Leaf Area Index (LAI):

e Definition: Total one-sided leaf area per unit ground area
e Units: m*m? (dimensionless)

e Range: 0 (bare soil) to 8+ (dense forest)

o Critical for ecosystem productivity

The Physical Basis:
Leaves have distinctive optical properties:

1. Red Light (around 660 nm):

o Strongly absorbed by chlorophyll

o Low reflectance from vegetated surfaces

o More leaves — more absorption — less reflectance
2. Near-Infrared (around 850 nm):

o Weakly absorbed by leaves

o Strongly scattered by leaf cellular structure

o More leaves — more scattering — higher reflectance

This creates a strong red/NIR contrast that increases with LAIL



Vegetation Indices:

The most famous is the Normalized Difference Vegetation Index (NDVI):
NDVI=(p NIR-p red)/(p_NIR + p_red)

Where:

e p_NIR is reflectance in near-infrared (~850 nm)
e p_red is reflectance in red (~660 nm)

Properties:
o Range:-1to+1
e Bare soil: ~0.1-0.2
e Vegetation: 0.3-0.9

e Dense vegetation: 0.6-0.9
e Water: negative values

Enhanced Vegetation Index (EVI):
An improved index that reduces atmospheric and soil background effects:
EVI=25x(p_NIR-p_red)/(p_NIR+ 6p_red-7.5p blue+1)
RTE-Based Retrieval:
More sophisticated approaches use the full RTE:
Steady-state RTE (JL/ot = 0):
n x dL/dz = -k.L + kJar p(Q'—>Q)L(Q")dQ'
With:
e Top boundary: Solar irradiance
e Bottom boundary: Soil reflectance
e Medium properties: Related to LAI
Canopy RT Models:
Several models solve the RTE for vegetation:
1. SAIL (Scattering by Arbitrarily Inclined Leaves):
o Assumes homogeneous canopy layers
o Fast analytical solution
o Good for crops and grasslands
2. DART (Discrete Anisotropic Radiative Transfer):

o 3D Monte Carlo approach
o Handles complex heterogeneous canopies



o Computationally intensive
3. RGM (Row-Geometric Model):

o For row crops

o Accounts for row structure

Inversion Process:

Forward Model: Use RT model to predict reflectance for range of LAI values
LUT Creation: Create look-up table of LAI vs. reflectance

Matching: Find LAI that best matches observed reflectance

Validation: Compare with ground measurements

b=

Multi-Angle Approaches:

Systems like MISR (Multi-angle Imaging SpectroRadiometer) view surfaces from multiple
angles:

o Forward scattering directions
e Nadir (straight down)
e Backward scattering directions

The angular signature provides additional information:

o LAI affects magnitude of reflectance
o Leaf angle distribution affects angular pattern
e Soil background affects both

Operational Products:

Many satellites produce LAI products:

1. MODIS LALI:
o 500 m resolution
o Global coverage every 8 days
o Based on RT inversion
2. VIIRS LAL:
o Successor to MODIS
o Similar approach and resolution
3. Sentinel-2 Biophysical Products:
o 10-20 m resolution
o Includes LAI fAPAR, fCover
o Neural network inversion of RT models

Challenges:

e Atmospheric correction is critical
e Soil background effects

e Canopy clumping and gaps

e Leaf orientation distribution

e Mixed pixels (vegetation + soil)



o Saturation at high LAI
9.3 Emissive Remote Sensing: Sea Surface Temperature
The Problem:
How do we measure ocean surface temperature from satellites using thermal infrared sensors?
Why SST Matters:
Sea surface temperature (SST) is a critical climate variable:
e Drives weather and climate patterns
e Indicates ocean currents (Gulf Stream, El Nifio)
e Affects marine ecosystems
o Important for fisheries management
e Climate change indicator

The Physical Principle:

The ocean surface emits thermal infrared radiation according to Planck's Law. The amount and
spectral distribution depend on temperature.

Simplified RTE for Thermal Emission:
In the thermal infrared (8-14 um), solar reflection is negligible. The RTE becomes:
Q.VL = -KaL + KaB(;\:, T)

This is emission and absorption only (scattering is negligible in clear atmosphere at these
wavelengths).

Solution for Simple Case:
For a non-scattering, isothermal atmosphere over ocean:
L_sensor = L_surface x t_atm + L._atmosphere

Where:

e L surface =¢ ocean x B(A, T ocean) is the ocean emission

e 1 _atm = exp(-/k, dz) is atmospheric transmittance

e L atmosphere is atmospheric emission
The Atmospheric Problem:

The atmosphere both:

1. Absorbs ocean emission (reducing signal)
2. Emits its own radiation (contaminating signal)



Key atmospheric absorbers in thermal IR:
e Water vapor (highly variable)
e Carbon dioxide
e Ozone
The Split-Window Technique:
To correct for atmospheric effects, measure at two wavelengths:

Channel 1: ~11 pm (atmospheric window) Channel 2: ~12 um (slightly more absorption)

The difference in atmospheric absorption between channels provides information about
atmospheric water vapor.

SST Algorithm:
A simple split-window algorithm:
T _surface = ao + a1Tu + a2(Tu1 - T1z2) + a3(Tu - Tiz)(sec(0) - 1)
Where:
e Tu, Ti2 are brightness temperatures at 11 and 12 um
e 0 is viewing zenith angle
e ao, a1, a2, a3 are empirical coefficients

The coefficients are determined by:

o Radiative transfer simulations
e Regression against buoy measurements

Brightness Temperature:

The measured radiance is converted to brightness temperature by inverting Planck's Law:
T B=(hc)/ (A kIn(1+ 2hc?/(A°L)))

This is the temperature a blackbody would need to emit the observed radiance.

Accuracy Considerations:

Modern SST retrievals achieve:

e Accuracy: £0.3-0.5 K
e Precision: £0.1 K

Error sources:

e Atmospheric water vapor variability



e Aecrosols

e Thin clouds

e Sun glint

o Emissivity variations

Operational SST Products:
Many satellites provide SST:

1. MODIS (Terra/Aqua):
o 1 km resolution
o Thermal bands at 11 and 12 pm
o Global daily coverage

2. VIIRS (SNPP/NOAA-20):
o Similar to MODIS
o Improved calibration

3. AVHRR (NOAA satellites):
o Long time series (1980s-present)
o Climate data record

4. GOES/Himawari (Geostationary):
o Hourly or better temporal resolution
o Regional coverage

Validation:

SST products are validated against:
e Drifting buoys
e Moored buoys

e Ship-based measurements
e Argo floats

Applications:
1. Weather Forecasting: SST affects atmospheric circulation
2. Climate Monitoring: Track long-term trends
3. El Niiio Detection: Identify warming in eastern Pacific
4. Fisheries: Locate productive waters
5. Hurricane Forecasting: Warm water fuels hurricanes
6. Ocean Modeling: Assimilation into circulation models

10. Summary and Key Takeaways
10.1 Fundamental Concepts
The Radiative Transfer Equation is a balance equation:

o It tracks how radiation changes as it propagates through a medium



e All changes result from four processes: absorption, scattering, inscattering, and
emission
e It conserves energy (in the energy formulation)

The RTE in words: Change in radiation = Gains (inscattering + emission) - Losses (absorption
+ outscattering)

10.2 Physical Processes
Absorption:
e Photons converted to other forms of energy
e Coefficient: k, [m™]
e Wavelength dependent
o Examples: Chlorophyll absorbing red light, atmospheric gases
Scattering (outscattering):
e Photons redirected to different directions
e Coefficient: ks [m™]
o Described by phase function p(Q2'—Q)
o Examples: Rayleigh (molecules), Mie (aerosols)
Inscattering:
e Photons from other directions scattered into direction of interest
o Integral over all incoming directions
o Causes multiple scattering
Emission:
e Thermal radiation from matter
e Governed by Planck's Law
e Source term: k, x B(A, T)
e Important in thermal infrared and microwave
10.3 Mathematical Framework
Complete RTE: (1/¢)0L/6t + Q-VL = -i.L + k/p(Q—>Q)L(Q)dQ' + k.B(A,T)
Key quantities:
e L: Spectral radiance [W/(m?:sr-pum)]
e K=K, t K Extinction coefficient [m™']
e p: Phase function [sr]
e B: Planck function [W/(m?sr-pm)]
10.4 Boundary and Initial Conditions

Essential for unique solution:



e Spatial boundaries: Incoming radiation at domain edges
o Initial conditions: Starting radiation field (for time-dependent)
e Surface boundaries: Reflection and emission properties

Common conditions:
e Top of atmosphere: Solar irradiance
o Surface: BRDF for reflection, emissivity for emission
o Initial: Laser pulse for active sensing
10.5 Remote Sensing Applications
Active Remote Sensing:
e Provides own energy source
e Time-dependent RTE often required
o Examples: Lidar for vegetation structure, radar for surface properties
o Advantages: Day/night operation, ranging capability
Passive Remote Sensing:
e Uses natural radiation
o Steady-state RTE usually sufficient
o Examples: Multispectral for land cover, thermal for temperature
e Advantages: Lower cost, continuous monitoring
Key Applications:
1. Lidar vegetation profiling: Time-dependent, scattering-dominated
2. Multispectral vegetation monitoring: Steady-state, red/NIR contrast
3. Thermal SST: Emission-dominated, atmospheric correction critical
10.6 Practical Considerations
Solving the RTE:
e Analytical solutions rare (simple cases only)
e Numerical methods common: Monte Carlo, discrete ordinates, adding-doubling
e Trade-offs between accuracy and computational cost
Inversion Problem:
e Forward problem: Given medium properties, predict measurements
o Inverse problem: Given measurements, retrieve medium properties
e Inverse is ill-posed: Multiple solutions may exist
e Regularization and constraints needed

Error Sources:

e Atmospheric effects (correction required)



Instrument calibration

Spatial/temporal mismatch with validation data
Model assumptions (e.g., plane-parallel atmosphere)
Uncertainties in boundary conditions

10.7 Looking Forward

Future Directions:

3D RT models for heterogeneous media
Coupled atmosphere-surface-subsurface RT
Machine learning for fast RT computation
Uncertainty quantification in retrievals
Multi-sensor data fusion

Skills to Develop:
1. Understand physical processes (don't just use black-box models)
2. Recognize which simplifications are appropriate
3. Validate results against independent data
4. Assess uncertainty and error propagation
5. Think critically about assumptions
10.8 Study Tips
For Understanding:

Work through the units of each term

Sketch diagrams of the geometry

Relate math to physical intuition

Compare simplified cases to build toward complex

For Problem-Solving:

Identify which terms matter for your problem
Check if simplifications apply

Verify boundary conditions are consistent
Compare numerical solutions to limiting cases

For Exams:

Know the four processes and their math

Understand the difference between active and passive
Be able to set up boundary conditions

Explain applications in your own words



10.9 Connection to Other Topics
The RTE connects to:

e Electromagnetics: Where do «,, ks, p come from?

e Thermodynamics: Planck's Law, Kirchhoff's Law

e Quantum mechanics: Photon-matter interactions

e Numerical methods: How to solve the RTE

o Inverse problems: How to retrieve from measurements
o Statistics: Uncertainty quantification

Remember: The RTE is not just an equation to memorize—it's a physical framework for
understanding how light interacts with matter. This understanding is the foundation of all
remote sensing.

Additional Resources
Further Reading:

e Chandrasekhar: "Radiative Transfer" (classic, mathematical)
Online Resources:

e NASA's GEDI mission: https://gedi.umd.edu
e  MODIS products: https://modis.gsfc.nasa.gov
e Atmospheric RT codes: MODTRAN, 68, libRadtran

Appendix A: Connection between RTE and Particle Transport Equation

Introduction

Radiative transfer theory and particle transport theory represent two of the most fundamental
frameworks in modern physics for describing how energy and matter propagate through media.
Though historically developed in different contexts—radiative transfer emerging from
astrophysics and atmospheric science, while particle transport arose from nuclear physics and
reactor theory—these frameworks share a profound mathematical and conceptual unity. This
essay explores their relationship, demonstrating how both emerge from the same underlying
kinetic theory and how insights from one domain illuminate the other.

The Boltzmann Transport Equation as Common Foundation
At the heart of both theories lies the linear Boltzmann transport equation, which describes the

evolution of a distribution function in phase space. For radiative transfer, this distribution
function represents the specific intensity of radiation as a function of position, direction,



frequency, and time. For particle transport, it describes the angular flux or distribution of
particles in position, velocity (or energy), and direction.

The general form of the steady-state transport equation can be written as:
Q - VI(r, Q, v) + o(r, V)I(r, Q, v) = | o_s(r, Q' — Q,v' — v)I(r, Q', v)dQ'dv' + Q(r, £, v)

Here, I represents the intensity (for photons) or angular flux (for particles), Q2 denotes direction,
r is position, v represents frequency (or energy), ¢ is the total interaction cross-section (or
extinction coefficient), c_s describes scattering redistribution, and Q represents sources.

This equation embodies a fundamental physical principle: the change in the distribution
function along a trajectory equals losses due to interactions minus gains from scattering and
emission. The mathematical identity of this structure across different physical systems reveals
that both radiative transfer and particle transport are manifestations of the same kinetic
description of how entities propagate and interact with matter.

Fundamental Similarities
Interaction Mechanisms

Both theories categorize interactions into absorption and scattering processes. In radiative
transfer, photons can be absorbed by matter or scattered through various mechanisms
(Rayleigh, Mie, Compton scattering). In particle transport, neutrons, electrons, or other
particles undergo analogous processes: capture reactions correspond to absorption, while
elastic and inelastic scattering redistribute particles in angle and energy.

The scattering kernel, whether describing photon scattering or particle collisions, encodes the
probability of redistribution from one state (direction, energy) to another. Phase functions in
radiative transfer directly parallel differential scattering cross-sections in particle transport. The
Henyey-Greenstein phase function used for anisotropic photon scattering, for instance, has
exact analogs in neutron scattering theory.

Conservation Principles

Both frameworks rigorously enforce conservation laws. In radiative transfer, energy
conservation manifests in the relationship between emission, absorption, and scattering.
Kirchhoff's law, connecting emission and absorption in thermal equilibrium, exemplifies this.
In particle transport, conservation of particle number (in non-multiplying systems) or careful
accounting of fission and multiplication (in reactor physics) plays the analogous role.

The source-sink balance in both theories reflects the same underlying principle: what enters a
volume element plus what is generated within it must equal what leaves plus what is destroyed.
This conservation principle gives both theories their predictive power.

Eigenvalue Problems

Both radiative transfer and particle transport give rise to similar eigenvalue problems. In reactor
physics, the criticality condition determines the multiplication factor k_eff, representing the



balance between neutron production and loss. This appears as an eigenvalue problem where
the fission source couples to the neutron flux distribution.

Analogously, in radiative transfer, particularly in stellar atmospheres, eigenvalue problems
arise in determining discrete absorption lines and in analyzing resonance scattering. The
mathematical structure of these eigenvalue formulations—involving integral operators and
their spectral properties—is essentially identical.

The Diffusion Approximation

One of the most powerful connections between the theories emerges in the diffusion limit,
applicable when scattering dominates absorption and when the distribution function is nearly
isotropic. Under these conditions, both theories reduce to similar diffusion equations.

For radiative transfer, the P: or Eddington approximation yields a diffusion equation for the
radiation energy density:

V.- [D@)Vu]-c au+S=0

where D is the diffusion coefficient, u is energy density, ¢_a is the absorption coefficient, and
S represents sources.

In neutron transport, the diffusion approximation produces an equation of identical form:
V- [D@)Ve]-X a@e+S=0

where ¢ is the neutron flux, X _a is the macroscopic absorption cross-section, and the diffusion
coefficient D = 1/(3X_tr), with X _tr being the transport cross-section.

This mathematical identity is not coincidental but reflects the universal nature of diffusive
transport when scattering randomizes directions. The diffusion coefficient in both cases
represents the mean squared displacement per interaction, determined by the mean free path
and the scattering properties. Boundary conditions, such as the extrapolation distance at free
surfaces, also exhibit direct correspondence between the theories.

Monte Carlo Methods: A Unified Computational Approach

The probabilistic nature of both radiative transfer and particle transport makes Monte Carlo
simulation a natural computational approach for both. The algorithm structure is nearly
identical: sample a particle's birth location and initial state, track it through the medium by
sampling free-flight distances according to Beer's law (exp(-ct)), determine interaction types
probabilistically, scatter or absorb according to appropriate distributions, and accumulate
statistics.

This algorithmic unity reflects the deep structural similarity of the theories. Variance reduction
techniques—importance sampling, stratified sampling, splitting and roulette—transfer directly
between applications. A variance reduction method developed for shielding calculations in
reactor physics can often be adapted to astrophysical radiative transfer problems, and vice
versa.



Physical Distinctions and Their Consequences

Despite their mathematical similarities, important physical differences distinguish the theories.
Photons are bosons that can be created and destroyed freely, while many particle transport
problems involve conserved particles (though not neutrons in multiplying systems). Photons
travel at constant speed c, while material particles have velocity-dependent kinematics.

The quantum nature of electromagnetic radiation introduces polarization, a degree of freedom
without direct particle analog for scalar transport. Full treatment of polarized radiative transfer
requires extending the intensity to a Stokes vector, governed by a vector transport equation.
Some particle physics problems (spin-dependent neutron transport, electron transport with
spin-orbit coupling) exhibit analogous vector character, but the majority of particle transport
applications treat scalar distributions.

Coherent scattering effects, particularly important for x-rays and low-energy photons,
introduce correlations between scattering events that complicate the transport equation. These
effects have parallels in coherent nuclear scattering but are often less significant in practical
particle transport applications.

Spectral Line Transfer and Resonance Phenomena

The treatment of spectral lines in radiative transfer finds remarkable parallels in resonance
phenomena in neutron transport. Both involve narrow features in the interaction cross-section
that dramatically affect transport. The Doppler broadening of spectral lines due to thermal
motion corresponds directly to Doppler broadening of neutron resonances.

The escape probability formalism, used to calculate line emission from finite media, has precise
analogs in resonance escape probability calculations in reactor physics. Both ask fundamentally
the same question: what fraction of entities (photons or neutrons) created at a particular
frequency (or energy) escape without being reabsorbed in the same feature?

The Voigt profile, combining natural broadening (Lorentzian) with Doppler broadening
(Gaussian), appears in both contexts. Sophisticated numerical methods like accelerated lambda
iteration in astrophysics have counterparts in resonance iteration methods in reactor
calculations.

Time-Dependent Transport

Time-dependent formulations reveal additional connections. The time-dependent transport
equation includes a time derivative term representing the rate of change of the distribution
function. For photons, this includes the 1/c factor accounting for the propagation speed. For
non-relativistic particles, the velocity v appears instead.

Both theories address similar questions about pulse propagation, wave phenomena, and
approach to equilibrium. Telegrapher's equation, describing photon propagation including first-
order time dependence, has exact analogs in time-dependent particle transport. Studies of
transport in fluctuating media connect to turbulent transport theory, with applications ranging
from atmospheric radiative transfer through clouds to neutron transport in vibrating reactor
cores.



Multiple Scattering Theory

The theory of multiple scattering provides another arena of deep connection. In both radiative
transfer and particle transport, understanding how radiation or particles diffuse through media
after many collisions requires sophisticated mathematical apparatus. The invariant embedding
method, developed for radiative transfer, reformulates the problem in terms of reflection and
transmission operators satisfying nonlinear differential equations.

This approach translates directly to particle transport, where it connects to collision probability
methods and response matrix techniques. The Chandrasekhar H-functions, fundamental in
radiative transfer for semi-infinite media, reappear in neutron transport under different names
but representing the same mathematical objects.

The Milne problem—determining the asymptotic behavior of radiation emerging from a semi-
infinite atmosphere—has precise analogs in neutron transport, such as the Milne eigenvalue
problem for critical slab geometry. Both involve determining boundary conditions at infinity
and analyzing the spectrum of the transport operator.

Applications at the Interface

Several modern applications exploit the unified framework. Radiation shielding problems,
whether for nuclear facilities or spacecraft radiation protection, use identical mathematical
methods to those employed in stellar atmosphere modeling. The transport of photons through
biological tissue in medical imaging borrows heavily from both neutron transport algorithms
and classical radiative transfer theory.

Coupled electron-photon transport, crucial for understanding radiation damage and dosimetry,
explicitly links particle transport (electrons) with radiative transfer (secondary photons from
bremsstrahlung). These coupled systems demonstrate that the distinction between the theories
is artificial; nature involves both simultaneously, and the mathematical framework naturally
encompasses both.

Adjoint Theory and Perturbation Methods

Adjoint transport equations, representing the importance function for detection at specific
locations and energies, appear identically in both theories. In reactor physics, adjoint flux
represents the importance of neutrons for contributing to detector response or reactor power.
In radiative transfer, the adjoint represents the importance of photons at various locations for
contributing to observable quantities.

Perturbation theory, using adjoint functions to calculate how changes in medium properties
affect observable responses, transfers completely between the disciplines. First-order
perturbation theory yields the same mathematical expressions whether analyzing how isotopic
composition changes affect reactor multiplication or how atmospheric aerosol concentration
changes affect planetary albedo.

Inverse Problems

Both fields grapple with similar inverse problems: inferring medium properties from observed
radiation or particle distributions. Atmospheric remote sensing uses observed radiances to infer



temperature, humidity, and composition profiles. Reactor diagnostics infer spatial power
distributions from detector measurements. Both involve ill-posed inverse problems requiring
regularization and sophisticated numerical techniques.

The mathematical structure of these inverse problems—involving the inversion of integral
operators with smoothing kernels—is essentially identical. Techniques like optimal estimation,
developed for atmospheric retrieval, apply directly to reactor diagnostics and vice versa.

Conclusion

The relationship between radiative transfer and particle transport theory exemplifies the unity
underlying diverse physical phenomena. Both emerge from the Boltzmann transport equation,
share fundamental mathematical structures, and differ primarily in the specific physical
mechanisms and boundary conditions relevant to their respective domains. The diffusion
approximation, Monte Carlo methods, resonance phenomena, and adjoint techniques all reveal
deep connections.

This unity has practical implications: methodological advances in one field often transfer to the
other, computational tools can be adapted across applications, and physical intuition developed
in one context illuminates the other. Graduate students studying stellar atmospheres benefit
from understanding reactor physics, while nuclear engineers gain insight from astrophysical
radiative transfer.

More fundamentally, the connection reveals that beneath the surface complexity of photon
propagation through stellar envelopes and neutron migration through reactor cores lies a
common kinetic theory of transport. This universality—the emergence of similar mathematical
descriptions for seemingly disparate physical systems—represents one of the most powerful
and beautiful aspects of theoretical physics. Whether tracking photons from a supernova or
neutrons in a reactor, we employ the same fundamental framework, testament to the deep unity
of physical law.



