Optimal Allocation with Costly Verification

Online Appendix

Elchanan Ben-Porath* Eddie Dekelf Barton L. Lipman?

May 2014

1 Reduction

In this Appendix, we show that we can reduce the principal’s problem to the choice of
(P, q) functions as in the text. We begin with an arbitrary mechanism which could have
multiple stages of cheap talk statements by the agents and checking by the principal,
where who can speak and which agents are checked depend on past statements and the
results from past checks, finally culminating in the allocation of the good, perhaps to
no one. Think of such a dynamic mechanism as a game in extensive form between the
agents and the principal where the principal is committed in advance to his strategy. The
principal’s actions specify decisions about which agent or agents to check at various points
and, ultimately, which (if any) to allocate the good to. Fix such a dynamic mechanism,
deterministic or otherwise, and any equilibrium, say o, in pure or mixed strategies. We
show that the principal’s payoff in this mechanism can be duplicated or improved by the
appropriate choice of (p,q) functions.

There are three key steps to the reduction. The first step is a version of the Revelation
Principle appropriate to this setting which shows that, without loss of generality, we can
restrict attention to truth—telling equilibria in direct mechanisms. In the second step,
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we use our assumption of perfect verification to show that we can restrict attention to
mechanisms where all checks the principal carries out are done simultaneously. Finally,
the last step identifies two simple properties of the optimal allocation.

To show the first step, we take the equilibrium, o, of the original mechanism and
construct a new mechanism as follows. Each player i reports a type t; € 7;. Given a
vector of reports t, the principal simulates what would happen in the original mechanism
when the agents play the strategies o(t). That is, they play as they would have in
the equilibrium if the true types were t. As the principal simulates the mechanism, he
may check some agents’ types. If he gets all the way through the simulation without
any checks revealing that some agent’s report is false, he allocates the good as in the
simulation.

Suppose that some checks reveal that one or more agents have lied. If more than one
agent must have lied, then the principal allocates the good arbitrarily. Since we will only
be interested in truth—telling equilibria, only unilateral lies will be relevant for incentives.

So suppose that checks reveal only that agent i has lied — that is, the outcome of
checks are consistent with the reports of all agents j # . If agent ¢ has another move
after this point, the principal can no longer simulate the mechanism using the strategy
0i(t;). By definition, the information set corresponding to this later move is one that
could not have been reached if ¢ really were type ¢;, so no strategy for type ¢; would say
anything about this information set. To continue the simulation, the principal chooses
any feasible strategy for ¢ from this point forward. Again, he completes the simulation
and then allocates the good according to the result of the simulation.

It is easy to see that truth telling is an equilibrium of this game. Fix any player i of
type t; and assume that all agents j # ¢ report truthfully. Then i’s payoff from reporting
truthfully as well is exactly the same as in the equilibrium of the original mechanism.
His payoff from reporting any other type is exactly the same as his payoff to a certain
deviation in the original mechanism. Hence the fact that the original strategies formed
an equilibrium implies that truth telling is a best reply. Clearly, the principal’s payoff in
the truth telling equilibrium is the same as in the original mechanism.

Next, we show that given our assumption that verification is perfect — that is, if
the principal checks agent 7, he learns ¢’s true type — it is without loss of generality to
assume that the principal carries out whatever checks he does all at once. In other words,
there is no need for him to decide whether to check an agent based on the outcome of
earlier checks.

To see this, again, fix any mechanism and any equilibrium. Now we construct a direct
mechanism as follows. If the reported type profile is t, then the principal computes
the probability distribution over which agents would be checked in the equilibrium of



the original mechanism given that the true types are t. He then randomizes over the
set of agents to check using this probability distribution, but carries out these checks
simultaneously rather than sequentially. For example, if in the original mechanism, he
would have checked agent 1, then randomized 50-50 over whether to check agent 2,
the principal randomizes 50-50 over checking just agent 1 or checking both 1 and 2
simultaneously. Similarly, if the principal would have checked agent 1 and then only
checked 2 if he learned 1 had some type other than t;, then he just checks agent 1 since
this is what would happen conditional on the types being t.

If what the principal observes from the checks is consistent with what he would have
seen in the equilibrium (that is, for every agent j he checks, he sees that j's type is t;),
then he allocates the good exactly as he would have done in the equilibrium after these
observations. If there is only a single player, say i, who is found to have type t; # ¢;, then
the allocation of the good is the same as it would have been in the original equilibrium if
the type profile were (t;,t_;), players j # i used their equilibrium strategies, and player i
deviated to the equilibrium strategy of type t;. Finally, the allocation is arbitrary if the
principal learns that two or more players have types different from their reports.

As before, truth telling is an equilibrium of this game. For any player ¢, consider the
best reply of type ¢; to truth-telling by the other agents. Just as before, ¢’s payoff from
reporting truthfully is the same as in the equilibrium of the original mechanism. Just
as before, his payoff to reporting any other type is the same as his payoff to a certain
deviation in the original mechanism. Therefore, the fact that we began with equilibrium
strategies for the original mechanism implies that a best reply for t; is to report t;.
Clearly, the payoff for the principal is the same as before.

With imperfect verification, sequential checking procedures may be needed. However,
this is just a matter of computing the statistical tools available to the principal. That is,
a sequential procedure for checking gives the principal a certain probability distribution
over observations and costs as a function of the true types. One can simply determine
the set of such conditional distributions and treat the principal as picking among them.
That is, we can translate the problem into one with different stochastic verification
technologies, corresponding to what can be done in the sequential environment and have
the principal use these simultaneously.

For the third step, we give two simple but useful properties of the optimal allocation.
First, given that we focus on truth telling equilibria, all situations in which agent i’s
report is checked and found to be false are off the equilibrium path. The specification of
the mechanism for such a situation cannot affect the incentives of any agent j # i since
agent j will expect i’s report to be truthful. Thus the specification only affects agent
i’s incentives to be truthful. Since we want ¢ to have the strongest possible incentives
to report truthfully, we may as well assume that if i’s report is checked and found to



be false, then the good is given to agent ¢ with probability 0. Hence we can further
reduce the complexity of a mechanism to specify which agents are checked and which
agent receives the good as a function of the reports, where the latter applies only when
the checked reports are accurate.

Finally, any agent’s incentive to reveal his type is unaffected by the possibility of being
checked in situations where he does not receive the object regardless of the outcome of
the check. That is, if an agent’s report is checked even when he would not receive the
object if found to have told the truth, his incentives to report honestly are not affected.
Since checking is costly for the principal, this means that if the principal checks an agent,
then (if he is found to have been honest), he must receive the object with probability 1.

Therefore, we can think of the mechanism as specifying two probabilities for each
agent: the probability he is awarded the object without being checked and the probability
he is awarded the object conditional on a successful check. As in the text, we let ¢;(t)
denote the probability ¢ is awarded the object conditional on a successful check and let
pi(t) be the total probability i is awarded the object.

2 Proof of Theorem 4

The proof of Theorem 4 proceeds with a series of lemmas. Throughout we write the
distribution of ¢; as a measure y;. Recall that we have assumed this measure is absolutely
continuous with respect to Lebesgue measure on the interval 7; C R. We let u be the
product measure on the product Borel field of 7. For any S C T, let

S(tz) = {t_i € 7:1 | (ti,t_i) - S}

denote the t; fiber of S. Let S; denote the projection of S on 7;, and S_;; the projection
on [Tegi it Te-

We begin with a technical lemma.*

Lemma 1. Given any Borel measurable S C R* with p(S) > 0, there exists S* C S
with w(S*) = p(S) such that the following holds. First, for every i and every t; € T;, the
measure of every fiber is strictly positive. That is, p_;(S(t;)) > 0 for all i and all t; € T;.
Second, for all i, the projection on i of S*, S}, is measurable.

Moreover, given any j, there ezists € > 0 and S** C S with u(S**) > 0 such that the
following holds. First, for every i # j and every t; € T;, the measure of every fiber is
strictly positive. That is, j1—;(S™(t;)) > 0. Second, for every t; € S3*, the fiber S™(t;)

!"'We thank Benjy Weiss for suggesting the idea of the following proof.
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has measure bounded below by €. That is, p_;(S™(t;)) > €. Finally, for all i, S;*, the
projection on i of S**, is measurable.

Proof. We first prove this for I = 2, and then show how to extend it to I > 2. So, to
simplify notation for the first step, denote by x and y the two dimensions. Fix a Borel
measurable S with p(S) > 0. We need to show that there is an equal measure subset of
S, S§*, such that all fibers of S* have strictly positive measure and all projections of S*
are measurable. So we need to show (1) 1, (S*(y)) > 0 for all y, (2) p,(S*(x)) > 0 for all
x, and (3) the projections of S* are measurable.

First, we observe that if all the fibers have strictly positive measure, then the pro-
jections are measurable. To see this, note that the function f : X — R given by
f(x) = py(S*(x)) is measurable by Fubini’s Theorem. Hence the set {z | p1,(S*(z)) > 0}
is measurable. But this is just the projection on the first dimension if the fiber has
positive measure. An analogous argument applies to the y coordinate.

Let S* denote the set S after we delete all z fibers with p, measure zero. That is,
St = SN[z | p(Sx)) > 0} x R]. We know that S* is measurable, has the same
measure as S (by Fubini, because we deleted only fibers of zero measure), all its x fibers
have strictly positive y measure, and its projection on z is measurable.

We do not know that the projection of S' on y is measurable nor that the y fibers
have strictly positive x measure. Let S? denote the set S! after we delete all y fibers
with g, measure zero. That is, S = ST N [{y | u(S*(y)) > 0} x R]. We know that S?
is measurable with the same measure as S, that its projection on y is measurable, and
all its y fibers have strictly positive y measure.

Again, we do not know that its projection on x is measurable nor that the x fibers
have strictly positive y measure. But at this step we do know that the set of z fibers
that have zero measure is contained in a set of measure zero. Put differently,

pa A2 | 1y (S%(2)) > 0} = g, (S}) = g {0 | 1y (5" (2)) > 0} . (1)

To see this, suppose not. Then

Ha {1’ | 1y (52 (x)) > 0} < Wz {x | fy <Sl (x)> > 0}
{x | 1y (S% () > 0} C {x | 1y (S* (z)) > 0}.

Let
A= {$|,uy(51($)) >0}\{az|,uy(52(:r)) >0}.



If u(A) > 0, then

u(sh) = [ py (5" (2)) e (d)

(eluy (S (@)>0}  ~

- b (8" (@) 1z () + [ g1y (8" (@) po ()

{11y (52(2))>0}
>/ 1y (S% () o (d)
{1y (52 (2)) >0} o (5% ) e

= n(s?)

as S'(x) D S?(x) and u(A) > 0. But this contradicts u(S?) = p(S'). Hence equation
(1) holds.

Finally, let S* denote S? after we delete all x fibers with p, measure zero. That is,
S =8%N[{z | uy(S*(z)) > 0} x R]. We know that S? is measurable with the same
measure as S2, that its projection on x is measurable, and that all its = fibers have strictly
positive y measure. But now we also know that all the y fibers have strictly positive x
measure, since in going from S? to S3, we deleted a set of z’s contained in a set of zero
measure. Hence each y fiber has the same measure as before.

We now extend this to I > 2. For brevity, we only describe the extension to I = 3,
the more general result following the same lines. Denote the coordinates by x, y, and z.
Consider a set S with ;(S) > 0. We show there exists S* C .S such that p,.(S*(z)) > 0
for all z € S}, and similarly for all y € S; and all z € S7.

From the case of I = 2, we know there exists S' C S with u(S') = u(S) such that for
all z € S}, we have y,.(S'(z)) > 0 and for all (y,2) € S, we have . (S'((y, 2))) > 0.
Applying I = 2 result again to the set S}, we have G C S,, with p,.(G) = p,.(S,.)
such that for all y € G, we have 1.(G(y)) > 0 and for all z € G, we have p,(G(z)) > 0.

(Note that this implies that y,.(G) > 0.)
Now define
S?=5"N(RxG)={(z,y,2) | (x,y,2) € 5" and (y,2) € G}.

Since G C S, and fu1,.(G) = py.(S,,), we have pu(S*) = p(S"). Clearly, S? = G, and
S2=G.. Fix any y € S;. Since y € G, we have p.{z | (y,2) € G} > 0. Since G C S,
for every (y,z) € G, we have 1,(5*(y,2)) = p(S*(y,2)) > 0. By Fubini’s Theorem,
112:(S*(Y)) = Loeapy) Ma(S?(y, 2))pi=(dz) and hence pi,.(S*(y)) > 0. A similar argument
implies that for all z € S?(z), we have p,,(S?*(z)) > 0. However, we do not know that

for every z € 52, we have p, .(S%*(x)) > 0. Hence we now define the set S® by

5% =5%n ({z | py-(S*(z)) > 0} x R?).



Clearly, S? is measurable and we have p,,(S?(z)) > 0 for every x € S2. Furthermore,
S3 C 8% C S and hence S2 C SL. In fact, u(S?) = pu(S?) = u(S) implies p(S2) = p(Sh).
To see this, suppose not. Then p,(S2) < pu.(S}). Since for each z € S., we have
ty=(S*(2)) > 0, we obtain that u(S?) < u(S"), a contradiction.

We claim that S? satisfies the properties stated in the first part of the lemma. That
is, (1) S} and S? are measurable, (2) for all y € S3, we have y,.(S*(y)) > 0, and (3)
for all z € S2, we have ji,,(5°(z)) > 0. Consider an element y € S2. We have seen
that for all z € G(y), we have u,(S*(y,z)) > 0. Since our construction of S* removes
from S? a set of elements x in S2 that is contained in a set of measure zero, we must
have f1,(S%(y, 2)) = pe(S*(y,2)) > 0. Hence S7 = S7 and for every y € S3, we have
ez (S2(y)) = pe2(S%(y)) > 0. A similar argument establishes that S? = S? and that
for z € S3, we have p,,(S3(y)) > 0. By defining S* = S, we obtain a set S* with the
properties claimed in the first part of the lemma.

It remains to prove the “moreover” claim. This follows from a similar argument where
in defining S!, we remove all 2’s whose fibers do not have probability at least € for an
appropriately chosen €. We provide the proof for the case I = 2. The proof for I > 2 is
similar.

Note that

[e.9]

{z ] py(S(x)) >0} = U {2 | py(S(x)) > 1/n}.

n=1

Since pi;({z | 11y (S(z)) > 0}) > 0, there exists n such that p,({z | p1,(S(z)) > 1/7}) > 0.
Define ¢ = 1/n and define S* = SN ({z | u,(S(x)) > e} x R).

The rest of the argument is essentially identical to the argument given in the proof
of the first part of the lemma. Specifically, we know that S} is measurable and that for
every x € Si, we have p,(S'(z)) > . Define

S*=5"N({y | p(S'(y)) >0} x R)
5% =52 ({z | uy(S*(z)) > e} xR).

We have S? C S? C S'. Fubini’s Theorem implies that ;(S?) = u(S') which in turn

implies that

pa({ | 1y (S%(2)) > €}) = pa({2 | 1y (S*(2)) > €}).
To see this, suppose not. Then S? C S and the fact that u,(S'(z)) > ¢ for all x € S}
implies that 1(S?) < u(S*), a contradiction.

Since

{21y (S*(2)) > e} = {2 | 1y ($(2)) > e} = 53,



we see that ,(S!) = pu,(S?). Hence in moving from S? to S3, the set of z’s that is
deleted is contained in a set of measure zero. Since for all y € S?, we have p1,(S*(y)) > 0,
we see that S) = S7 and that 1, (S%(y)) > 0 for all y € S}. Thus the set S° satisfies all
the propertles stated in the second paragraph of the lemma. |

For the remaining lemmas, fix p and ¢ that maximize

Et Z[ (t>(t - CZ + %Cl Z {Et t - Cz)] + golcz]}
subject to S pi(t) < 1 for all t and p;(t;) > ¢; > 0 for all ¢ and ¢; where p;(t;) =
E¢_.pi(t). As explained in Section V, the optimal q will then be any feasible q satisfying
Gi(t;) = pi(t;) — o; for all i and ¢; where ¢;(t;) = E¢_,q¢i(t).

Lemma 2. There is a set T' C T with p(T") = 1 such that the following hold:

1. For each i, if t; < ¢; and t; € T/, then p;(t;) = ;.
2. For each t € 77, if t; > ¢; for some i, then 3", p;(t) = 1.

3. For any t € T, if p;(t;) > ¢; for some 7, then 3=, p;(t) = 1.

Proof. Proof of 1. If t; < ¢;, then the objective function is strictly decreasing in p;(¢;).
Obviously, reducing p;(¢;) makes the other constraints easier to satisfy. Since we improve
the objective function and relax the constraints by reducing p;(t;), we must have p;(¢;) =
@; at the optimum. This completes the proof of part 1. Since we only characterize
optimal mechanisms up to sets of measure zero, we abuse notation, and redefine 7 to
equal a measure 1 subset of 7 on which property 1 is satisfied, and whose projections
are measurable (which exists by Lemma 1).

Proof of 2. Suppose not. Then there exists an agent ¢ and a set T with positive
measure such that for every t € 7, we have t; > ¢; and yet 3, p;(t) < 1. Define an
allocation function p* by

pi(t) = p;(t), ifj#iort%'f
J 1 — >4 p;(t), otherwise.

It is easy to see that p* satisfies all the constraints and improves the objective function,
a contradiction.

Proof of 3. Suppose to the contrary that we have a positive measure set of t such that
> pj(t) < 1 but for each t, there exists some i with p;(¢;) > ;. Then there exists ¢ and
a positive measure set of t such that for each t, we have 3°;p;(t) < 1 and p;(t;) > ¢;.
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From part 1, we know that for all ¢; € T; with p;(¢;) > ¢; we have t; > ¢;. Hence from
part 2, the mechanism is not optimal, a contradiction. |

Abusing notation, redefine 7 to equal a measure 1 subset of 7\ 7’ whose projections
are measurable (which exists by Lemma 1) on which all the properties of Lemma 2 are
satisfied everywhere.

Lemma 3. There is a sett’ C T with u(T") = 1 such that for anyt € T, ift;—c; > tj—c;
and p;(t;) > ¢;, then p;(t) = 0.

Proof. Suppose not. Then we have a positive measure set S such that for all t € S,
ti — ¢ > t; —c¢j, pi(t;) > ¢;, and p;(t) > 0. Hence there exists & > 0 and ¢ > 0 such
that p(S) > 0 where

S={teT|ti—c—(t;—c;)>a, p;(t;) > ¢@; +e, and p;(t) > e}.

Define p* by
pr(t), for k #£1, ortgég
pi(t) =1 pi(t) —¢, fork=jandte S
pi(t)+¢e, fork=iandteS.

Since p;(t) > ¢ for all t € S, we have pi(t) > 0 for all k& and t. Obviously, 3 pi(t) =
Sk Pr(t), so the constraint that the pi’s sum to less than one must be satisfied.

Turning to the lower bound constraint on the p;’s, obviously, for k& # j, we have
Di(te) > Dr(tk) > @, so the constraint is satisfied for all k # j and all ¢;. For any ¢;,
either p3(t;) = p;(t;) or

P(t5) = pj(ts) — ep—j(S (t;)) > p;(t;) —e.
But for each t; for which p}(t;) # p;(t;), we have p;(t;) > @; + ¢, so
p;(tj) = pj+e—e=yp;
Hence for every k and every t, we have pj(t;) > ¢r. Therefore, p* is feasible given ¢.
Finally, the change in the principal’s payoff in moving from p to p* is
(e [Et; —ci |t € S) —E(t; —¢; |t € 9)] > u(S)ea > 0.

Hence p could not have been optimal, a contradiction. |

Thus the set S® ={t € T | t; —c;i — (t; — ¢;) > 0, p;(t;) > p;, and p;(t) > 0} has
measure zero. Abusing notation, redefine 7 to equal a measure 1 subset of 7\ S® whose
projections are measurable (which exists by Lemma 1).
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Lemma 4. There is a set of measure one T' C T such that for all t',t" € T such that
th =17, pi(t') >0, pi(t;) > s, ti < i, and pi(t]) > @i, we have p;(t") = 0.

The idea that underlies the proof is simple. Consider two profiles t’ and t” that have
the properties stated in the lemma. That is, ¢} = t7, p;(t') > 0, p;(t;) > ¢, ] < ¢, and
pi(t!) > ¢;. Suppose the claim is false, so that p;(t”) > 0. Clearly, there is some £ > 0
such that p;(t') > e, pi(t;) > ¢; + ¢, and p;(t!) > ¢; + €, and p;(t”) > e. For simplicity,
assume p(t') = p(t”) = > 0. (The formal proof will extend the argument to the case
that p is a general atomless probability measure.) Consider the following transfer of
allocation probabilities between agents ¢ and j. For the profile t’, increase p;(t’') by e
and decrease p;(t’) by €. For the profile t”, decrease p;(t”) by ¢ and increase p;(t”) by «.
Let p* denote the resulting probability function. It is easy to see that p* satisfies all the
constraints. Also, it increases the value of the objective function because the net effect
of the transfers is to move a probability €4 of allocating the object from type t/ to type
t; where t; > t//. This argument is not sufficient for the general proof, of course, since p
is atomless, implying that we must change p on a positive measure set of types to have
an effect.

Proof. Given any rational number o and any t; € 7T}, let
A_j(a, 1)) = {t_ i €T 5|t >a, pi(t;) > @i, and p;(t’) > 0}
= {t/ €T |t <a, pit;) > i, and p;(t') > 0}

Ti | g (A_j(a,t)) > 0, p_j(B_j(a,t})) > 0}.

A
—~
o)
SN—
I
oo N

Also let

A (a,tj,e 5)—{t eT_j|ti>a+d, pi(t;) > ¢ +e, and p;(t) > e}
B_ it e, 0) ={t",; € T_j | t; <a =90, pi(t;) > i +¢, and pi(t') > €}.
and
A(a,é,é):{t€7'|t->oz+5 pi(ti) > pi+¢, and p;(t) > ¢}

= U {t)} x A_j(a,t},e,0)

t’ €T;

B(a,¢,0) :{t€T|t- <a—5 pi(t;) > @i + ¢, and p;(t) > €}

= U {t} _j(a,t},€,0)

ASYF
Cj(a,e,6) = {theT;|n- (A (o, th,,0)) >0, u_j(B_j(a,t),e,6) > 0}.

7]7 7]7
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Finally let

A(CY?&&) = U {tj} X‘Zl*](aatja‘g?a) = (C’J (CK,&“,(S) ><7:j)ﬂ/~1(a,5,5)
t;€C;(cve,6)
B(a,e,8)= |J {4} x B_j(a,t,e,0) = (C'] (a,,8) x T;) N B(a,e,0)

t; Eéj (OL,E,5)

Measurability of all the sets defined above follows from standard arguments.

~

We now show that for every rational number a, we have p1,;(C;(c)) = 0. So suppose
not. Fix the rational o for which it fails. Then there must be € > 0 and § > 0 such that

1 (Ci(a,e,0)) > 0. For notational simplicity, we drop the arguments «,¢,d in the next
step of the argument as they are fixed in this step.

Define p* as follows. For k # i, j and any t, p;(t) = pi(t). Also, for any t ¢ AUB
and all k, pi(t) = pr(t). For t € A,

pi(t) = p;(t) —ep_; (B_; (t;)) and pi(t) = pi(t) +ep_j (B_;(t;)).

For t € B,

pi(t) = pi(t) +epy (A_; (t;)) and pi(t) = pi(t) —ep_y; (A_; (t;)).

For t € A, we have p;(t) > ¢, while for t € B, p;(t) > . Hence p* satisfies non-
negativity. Clearly, for any t, S, pi(t) = Sk pr(t), so p* satisfies the constraint that the
sum of the p;’s is less than 1.

Obviously, for k # i, j, we have pj(tx) = pr(tx) > @r. So the lower bound constraint
on py(ty) holds for all ¢, for all k # i, j. Clearly, for any ¢; such that p3(t) > p;(t) for all
t_;, we have p;(t;) > ¢;. Otherwise, we have

P;(t5) = pi(ty) — epy (B_j(1;)) n—j(A(t;)) + ey (B_j(t;)) pj (A () -
So p;i(t;) = p;(t;). Hence pi(t;) > p; for all t; € Tj.

For any t; such that p(t) > p;(t) for all t_;, we have p;(t;) > ¢;. So consider t;
such that p;(t) < p;(t) for some t_;. Then there must be t_; such that t € B. Hence
pi(ti) > @i +e. So

P; (8:) = Dilts) + e ({t | (t, ) € A}) py (B (¢5))
—epi ({t= | (ti =) € BY) oy (A (1))
> piti) — €
> Y2 +e—¢e= ©s-
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Hence the lower bound constraint for p; also holds everywhere.

Finally, the change in the principal’s payoff from switching to p* from p is
A= ey (é,j@j))} — [t = ep)eny (Boy(t))]} wldt)
- /t [t = ey (A )] + (5 = epdeny (A-,(6)]} u(dv)
-/, ( / o Al = ey (Bos(t))] = [0 =)oy (Bya)] oyl
[ o A= e (A)] + [0 = eenss (A0)]) posldt)) ()

Note that (t; — ¢;)ep_;j(A_;(t;)) and (t; — ¢;)ep_;j(B_;(t;)) are functions only of ¢;, not
t_;. Hence we can rewrite the above as

[, (= L= ey (Boste)] [, st sty
+/ ( [(t; = c)en—; (A(t;))] /Bj(tj)/ij(dtj)) pidt;)
+/ (/ o — ci)ep—; (B-;(t)))] u—j(dt—j)) 15 (dt;)

_/ (/_J(tj ci)ep—j (A_j(t;))] u—j(dt—j)> 1(dt;)

The first two lines sum to zero. For the last two lines, recall that t € Aimplies t; > a+6,
while t € B implies ¢; < o — §. Hence the last two lines sum to at least

J;

J

</Aj(tj) [(a +d)ep_; (ij(tj))] uj(dtj)> u;(dt;)

- /C (/B'(t.) (@ = 0)zp—y (A-5(t)))] M—j(dt—j)> p(dt;)
:/é, [+ )z (B—j(ty)) iy (Aj(t;))] py(dty)
- / [(@ = O)epi— (Aj(t))) ny (B-j(t;))] ms(dt;)

> 0.

Hence the payoff difference for the principal between p* and p is strictly positive. Hence
p could not have been optimal, a contradiction.

This establishes that for every rational «, uj(éj(oz)) = 0.
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To complete the proof, let

and ) R
Bj(a) = {t; € T; |M i(B=j(a,t;)) = 0}.
It is easy to see that for any a, A;(a) U B;(a)UCj(a) = T;. Let

Ale)= U {t} x A j(a.ty)

tjEAj(a)
= {t eT | t; > «, ﬁz(tz) > ;, and pj(t) > 0} N [AJ (Oé) X 7:]]

Bla)= U {t;} x B_j(ont;)

t; GB]' (a)

= {t eT | t; < «, ﬁ,(tz) > @y, and pz(t> > 0} N [B] (OZ) X 7:]]

Clay= U {3 xT

t;€C5()
and

D(a) = A(a) U B(a) U C(a).

Once again measurability of the sets just defined is straightforward.

Note that u (A («)) = 0, since
pA@) = [ pes(A (o))
:/A pg (A (e ty) g (dt;)

Aj(a)
=0,

where the last equality follows from p_j(A_;(a,t;)) = 0 for all t; € A;(a). Similarly,
w(B(a)) = 0. Also, u(C(a)) = p;(C;(a )),u_j(T_j) which is 0 by the first step. Hence
u(D(a)) = 0.

Let S = UyepD(a) where Q denotes the rationals. Clearly p(S) = 0.

To complete the proof, suppose that, contrary to our claim, there exists t',t” € T\ S
such that p;(t') > 0, pi(t)) > ¢, t] < t;, and p;(t]) > ¢;, but pl(t;,t;’,t’i”) > 0.
Obviously, there exists a rational a such that ¢ < o < t;. Hence (t],t ;) € A_j(a,t, %)

and (t},t",;) € B_j(oz,t;»). Since t’ is not in S, we know that t' ¢ A(«a), implying that

13



t ¢ Aj(a). Similarly, since t” is not in S, we have t” ¢ B(a), so t. ¢ Bj(a). Similarly,
t' ¢ C(a), implying ¢ ¢ Cj(a). But Aj(a) U Bj(a) U Cj(a) = T;, a contradiction. |

Abusing notation, define T to be a measure one subset of t' whose projections are
measurable and such that for all t',t" € T for which ¢ = 7, p;(t') > 0, p;(t}) > i,
t7 < t., and p;(t]) > ¢;, we have p;(t") = 0.

Lemma 5. There is a set of measure one T such that if p;(t;) = v;, Di(t:;) > i, and

then p;(t) = 0.

Proof. Let
T ={ti € Ti | pi(ti) > i and pi({t; | pi(t;) > i and £; < t;}) > 0}.
To see that 7;* is measurable. note that
T =T {ti € Ti | bilts) > @i}

where )

T =A{ti € Ti | ma({t; | pi(t;) > s and t; < t;}) > 0} .
Since 7;* is an interval (i.e., f; € T;* and ¢ > £; implies t/ € T;*), it is measurable. Hence
7% is the intersection of two measurable sets and so is measurable.

Suppose the claim of the lemma is not true. Then there exists ¢ > 0 such that
p(S) > 0 and such that S has measurable projections where

S = {t € T | tl € 7;*, ﬁj<tj) = (pj, ﬁz (tl) > [%2F} +€, and p](t) 2 5},
and where we use Lemma 1 and take an equal measure subset if necessary.

Since p(S) > 0, we must have p;(S;) > 0 and hence 1;(7;*) > 0 since S; C 7;*. Choose
measurable sets L;, M;, U; C S; such that the following hold. First, all three sets have
strictly positive measure. Second, sup L; < inf M; and sup M; < inf U;. (Think of U, M,
and L as standing for “upper,” “middle,” and “lower” respectively.) Third, there is an
¢’ > 0 such that z(S) > 0 where S is defined as follows. Let

"= Ut x{t€Ti| (tity) € Sy={t €T |t € Uy, pj(t;) = p;, and p;(t) > e}.

t;eU;

Clearly 11(S") > 0. By Lemma 1, there exists a positive measure set S c §” and a number
e’ > 0 satisfying the following. First, S has strictly positive measure fibers. That is, for
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all i and all ¢;, p_i( S(t:)) > 0. Second, the j fibers of S have measure bounded below by
¢'. That is, u_;(S(t;)) > €.

Let E={t €T |pi(t) > p;t; € L;}. Since p; (t;) > ¢; for all t; € L; C T;*, E has
strictly positive measure. By taking a subset if necessary, we know that for all k, the
projections Ej, on T have strictly positive measure, as do the projections on —i and on
—{i,j}. (E_i(t;) denotes, as usual, the t; fiber of E.)

Let A = M; x E_;. Since u;(M;) > 0 and p_;(E_;) > 0, we see that pu(A) > 0.
Taking subsets if necessary, and using Lemma 1, we know that we can find an equal
measure subset (also, abusing notation, denoted A) all of whose fibers have strictly
positive measure and whose projections are measurable. We now show that p;(t) = 1 for
almost all t € A.

To see this, suppose not. Then we have a positive measure set of such t € A with
pi(t) < 1. For all t € A, we have p;(t;) > ;. In light of Lemma 2, this implies
Sk pr(t) = 1. Therefore, there exists k # i and a positive measure set A C A such that
pr(t) >0 forall t € A.

But fix any t' € A. By construction, ¢, € M; and ', € E_;(t/') for some ¢ € L;.
Since t; € M; and t! € L;, we have t, > t!, ﬁz(tl) > o, and pi(t!) > ¢;. By definition of
E_;(t!), we have p;(t/,t",) > 0. Finally, we have pi(t’) > 0. Letting t” = (¢/,t",), we
see that this is impossible given that we removed the set S defined in Lemma 4 from 7.
Hence p;(t) =1 for all t € A.

Let B = M; x S; x E_;;. Recall that p;(M;) > 0. Also, u(S) > 0 implies 12;(S;) > 0.
Finally, p1—;;(E_;;) > 0. Hence pu(B) > 0. Again, taking subsets if necessary, and using
Lemma 1, we know that we can find an equal measure subset (also, abusing notation,
denoted B) all of whose fibers have strictly positive measure and whose projections are
measurable. We now show that for all t € B, we have p;(t) = 1.

To see this, suppose not. Just as before, Lemma 2 then implies that there exists k # j
and B C B such that for all t € B, pr(t) > 0. First, we show that k # i. To see this,
suppose to the contrary that k& = 4. Fix any t” € B. By assumption, pi(t") > 0. By
definition of B, t] € M;, so ps(t]) > ;. Also by definition of B, t] € S;. So fixt' € S
such that t; = t7. By definition of S, t! € U;, implying both p;(t)) > ¢; and t; > t” (as
t € M;). The definition of S also implies p;(t’) > 0. Just as before, this contradicts the
removal of S from 7. Hence k # i.

So fix any t' € B. By assumption, pr(t’) > 0. By definition of B, t, € M;, so
pi(t;) > pi. Also, the definition of B implies that t’ ;; € E_;(t]) for some ¢ € L;. Hence

there exists ] such that (t7,t",;) € E_i(t/). Let t" = (¢/,t},t";;). By construction,
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r = ty. Also, since t] € L;, we have p;(t]) > ¢; and t; > t] (as t; € M;). Finally, by
definition of E_;(t!), we have p;(t”) > 0. Again, this contradicts the removal of S from
T. Hence for all t € B, p;(t) = 1.

Summarizing, for every t € A, we have p;(t) = 1 (and hence p;(t) =
©; + €, while for almost every t € B, we have p;(t) = 1 and and p;(¢;) > ¢; + <.

For any ¢’ € A; and t7 € Bj, let

Foy(th,67) = {t—; € Ty | pi(t5, ;) > p;(t5, )}
Obviously, for every t; and hence every ¢; € A;, we have p;(t;) > ¢;. For every t; € B;,
we have t; € S; C Sj, so p;(t;) = ;. Hence for every t; € A; and t] € Bj, we
have p;(t;) > p;(t]) even though p;(t') = 0 and p;(t”) = 1 for all t' € A, t" € B.
Moreover, B_j = A_j = M; x E_; ;. Hence for every t; € A; and t] € B;, we must have
i (P8, 81)) > 0.

By Lemma 2, the fact that p;(t”) = 1 for t” € B implies that ] > ¢; for all t” € B.
Hence, by Lemma 2, for every (t7,t_;) with ¢7 € B;, we have > pi(t],t_;) = 1. Thus
for every t_; € F__;(t},t7), there exists k # j such that py(t],t_;) > 0.

Let

G={(t)t]t) e TV x TP x T | ;€ A, t] € B;, and t_; € F_; (t,1])}

VERSE 7
where we use the superscripts on 7; to distinguish the order of components. The argument
above implies that according to the product measure pt = pu; X p1; X p—j, G is non—null, i.e.,
1 (G) > 0. (Specifically, u(G) = [y, [, 11— (F-; (£}, t]))p;(dt;)p;(dt) which is strictly
positive since for each (#},¢7) in the domain of integration pu_;(F_;(t’, 7)) > 0 and the
domains of integration have positive p; measure.) The argument above also showed that
for every (t,t7,t_;) € G, there exists k such that py(t7,f_4) > 0. Therefore there exists

k such that u(G*) > 0 where

G = {(t),t7 t_;) € Ay x B; x T_; | t—; € F_;(t, 1), and py (¢}, t_;) > 0} .

So we can find G¥ € G* such that pu(G¥) > 0 and for all (th,t],t ;) € G*, we have (1)
pi(tht_;) > pi(th t_;)+€", and (2) pi(t],t—;) > &”. Taking subsets if necessary, and us-
ing Lemma 1, we know that we can find an equal measure subset (also, abusing notation,
denoted G*) all of whose fibers have strictly positive measure and whose projections are

measurable.
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Now we define

C = projTj@)thGk
D= pr0j7}<1)XT_ij
A=An {projﬁ(l)ék X T,Jl = {t cA|t; e projTj<1)C¥k}
B=Bn {projTJ@)CA}k X T_J} = {t €Blt;e projﬁ(z)ék}
S=258n {pI’Oj,]}(z)ék X 'T_J} = {t el | t; € projTj(g)CA?k}

All the above defined sets are measurable with strictly positive measure.?

The following is a summary of the key facts about these sets. For every t € A, we
have pz(t) = 1 and p;(t;) > ;i + . For every t € S, we have p;(t) > . For every
t € C, we have pk(t) > ¢”. For every t € D, we have pj(t) > e. Finally, A = Dj,
S; = C;, and Cp = Dy. (Also pu_;(C_;) = p_;(D_;) > 0, u(C) > 0, and /L(D) > 0.
To see that A; = D;, note that G* jm C Aj. Similarly, to see that S; = C;, note that
Gho C S5 = B;.)

For each F € {A, S.C, 15}, define a function zg : T — [0, 1) such the following holds
(where, for notational simplicity, the subscripts of Z do not include the hats and tildes):

p=0ifft ¢ B (2)
Vi; € Aj=Dj, B [2alt,t-5)] = Ee_[2n(t;, t ;)] (3)
Vi, € Cp = Dy, B [2c(tr, t-r)] = Be_ [2D(tr, t_t)] (4)
Vi € S5 =Cy B [zs(ty 6-5)] = Be_[z0(t;, t-;)] (5)

We show below that such functions exist. Note the following useful implication of the
definitions. If we multiply both sides of the first equation by s;(¢;) and integrate over
tj, we obtain

E¢[za(t)] = Et[zp(t)].

Similarly,
' Ee[z5(t)] = E[20(t)].

Ei[z0(t)] = Ee[zp(t)]-

2For example, A has strictly pomtlve measure because we defined it to have fibers with strictly positive
measure. Moreover, pI‘OJT(l)G is a subset of A; with strictly positive measure. So the measure of A

is the integral over a strictly positive measure set of t;’s (those in prOJT(1)G ) of the measure of the
i

Jj—fibers of A, which have strictly positive measure. The same argument applies to Band to S (the latter
since S; = Bj).
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Hence
E¢lza(t)] = E¢[zs(t)].

We now use this fact to construct a mechanism that improves on p.

Define p* as follows. For any t ¢ AuSucCuD, p*(t) = p(t). Similarly, for any
¢ ¢ {i,j,k}, we have p;(t) = pe(t) for all t. Also,

Vte A, pi(t)

pi(t) —eza(t), pj(t) =p;(t) +e2a(t), and pp(t) = pi(t)
Vte S, pi(t) =pi(t) +ezs(t), pi(t) =p;(t) —ezs(t), and pj(t) = pi(t)
vt e C, pi(t) = pi(t), pj(t) = p;(t) +e2c(t), and pp(t) = pr(t) —ezc(t)

vt €D, pi(t) =pi(t), pj(t) =p;(t) —e2p(t), and pi(t) = pi(t) +ezp(t).

The key facts summarized above are easily seen to imply that pj(t) > 0 for all £ and all
t. Also, S, p;(t) = ¢ pe(t), so the constraint that p* sum to less than 1 is satisfied.

It is easy to see that the way we defined the z functions implies that p7(t;) = p;(t;)
for all ¢; and pi(ty) = pr(te) for all t. Finally, note that pi(t) < p;(t) only for t; € A,
and that such ¢; have p;(t;) > ¢; + . Hence for those t;’s with p}(t;,t" ;) < p;(t;,t_;) for
some t_;, we have

i (ti) = Pilti) — eBe_[2a(t—i, 1:)].
But the fact that z4(t) < 1 for all t implies that the right-hand side is at least

pilti) —e>pite—e=p
Hence the constraint that p;(t,) > ¢, holds for all ¢, and all £. Therefore, p* is feasible
given .
Finally, note that the principal’s payoff from p* minus his payoff from p is
By (51 (1) = Bilt) (6 — )] = = [ 2s(t)(t — ) pu(dt) — < [ za(t)(t = i) ()

> e(inf U; — ¢;)E[z5(t)] — e(sup M; — ¢;)E[za(t)]

= ¢E[zg(t)](inf U; — sup M;),
where the first inequality follows from the fact that t; € 52 implies t; € U; and t; € AZ
implies t; € M; and the last equality from E[zg(t)] = E[za(t)]. Recall that infU; >

sup M;, so the expression above is strictly positive. Hence if such z functions exist, p
could not have been optimal.

To conclude, we show that for each E € {A, S, C, f)}, zg functions exist that satisfy
equations (2), (3), (4), and (5).
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Fix 6 < 1 and define functions as follows:

alty) =0 / (1)) (e )
wolty) = /Dk(tk) gt (dt)

2p(ti,ty) = gty i (Coi(te))
Je ;) 7o) p—j(db_j)
p—5(5-5(15))
where we recall that for any event S, we let S_y(te) = {t ¢ € T-¢ | (tr, ) € E}, the 1,

fiber of E. For any § < 1, it is obvious that z4, z¢, and zp take values in [0, 1). Regarding
zg, if u(S(t;)) is bounded away from above zero, then for § < inf, .5 p-; (S_,(t;)), we

have zg € [0,1). As discussed above, inf, g 11— (S_;(t;)) > € so we can find such a 4.

zs(t) =

We now verify equations (3), (4), and (5). First, consider equation (3). Note that

Ee ;[zalty, t-5)] = /A__(t‘) za(ty)p—j(dt—;)

= 0p—;(A-;(t;)) ) K(Co(t))p j(dt_j)
and
B ooty b)) = [ o(t)ns( Ot st y)
= (A (e) [ pesl Ot s

where in both sets of equalities the main step is taking terms outside the integral when
they do not depend on the variable of integration. Thus (3) holds.

Second, consider equation (4). Note that

BeJroltn )] = 20t) [ poa(dt )

C_k(tx)

— { /D o g(tj),u_k(dt_k)} [k (Ci(tr))]
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and

B [onlti tn)] = [ anlti toeoi(dbr)

(tk
= st

= un(Cat)) [ glt)u(dt ).

D_p(tx)

Thus (4) holds.

Finally, consider equation (5). We have

Et_]. [Zc<tj7t—j)] = /C ZC(tk):u—j(dt—j>

—(t5)

and

Be,[asltynt )] = [ asltu(dby) = zs(t) [ ps(dty)

S_j(t5) S_;(t5)
_ féj(tj)zc(tk)uj(dtj)/ 1 s(dt )
p—3(S—;(t5)) Sy
— /Cv_j tj) ZC(tk)M—j(dt—j)'

Thus (5) holds. |

Lemma 6. For any i,
i ({ti € Ti | pi(ts) = @i}) > 0.
Proof. Clearly if ¢; = 1, the result holds, so assume ¢; < 1.

Suppose the claim is false. Recall that the principal’s objective function is
Z {Ew[pi(t:) (8 — )] + wici}

and that at the optimal solution ¢; = infy, p;(t;).
If i ({t; | pi(t;) = vi}) = 0, then for any 6 > 0, there is an € > 0 such that
i ({ti | Dilts) < i +e}) <.
To see this, fix a sequence ¢,, converging to 0 and define
An = A{ti | pits) < @i +ent,
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Ao = {ti | pi(ti) = v},
and let 0, = p;(A,). Then A, | Ay and p; (Ag) = 0 by assumption, so §,, | 0. Hence for
any 0 > 0, find n such that §,, < § and choose € = ¢, to get the desired property.

So given any & € (0,1) and the corresponding ¢, let AY = {t; | pi(t;)) < @i + €}
Choose ¢ small enough so that ¢; + & < 1 — Iv/§. (This is possible since ¢; < 1.) So for
each t; € A%, we have

/ Piltistoi)p—i(dt_;) < 1 —IV5.
=

By hypothesis, p;(t;) > ¢; with probability 1. Hence by Lemma 2, we have 3" pr(t) = 1
with probability 1. Therefore, for each t; with p;(t;) < ¢; + €, there exists k = k' #£ i
and V,fi";’e C T_; with pg(t;, t_;) > V6 forall t_; € V,f“g’s and ,u,,;(thi’é’E) > /5. Choose
a subset of V"¢ with measure v/d and for simplicity denote it by V,/"*<.

Let 7 = min{v/6,e}. Increase @; by nv/d. This change increases the value of the
objective function by ¢;nv/d. However, this may violate the constraint that pi(ts) > ¢
for all ¢;. Clearly, this can only occur for ¢; such that p;(¢;) < ¢; + nV/8. By our choice
of m, such t; satisfy p;(t;) < ¢; + Vo < p;+¢eas d < 1. So for all t; such that
pi(t;) < ¢; +eand all t_; € V,fi";’e, increase p;(t;,t_;) by n and decrease py(t;,t_;) by
n. Since p_;(V;"*%) = /4, this change increases p;(t;) by nv/3. Hence we again have
pi(t;) > ; for all t; after the change.

However, the reduction in p; may have violated the constraint py(tx) > ¢y for all t.
Hence we increase ¢y by nd. To see that this will ensure the constraint is satisfied, note
that p, was reduced only for ¢; such that p;(t;) < ¢; + ¢, a set with probability less than
5. Hence for any ty, the reduction in py(t;) must be less than nd. After this change, the
resulting p and ¢ tuples satisfy feasibility.

To see that the objective function has increased as a result, recall that the gain from
the increase in ¢; is ¢;nV/0. Similar reasoning shows that the loss from decreasing ¢y, is
cynd. Finally, the reduction in p, and the corresponding increase in p; generates a loss of
no more than 76vV6[(f; — ¢x) — (t; — ¢;)] since the measure of the set of t’s for which we
make this change is less than /8. Hence the objective function increases if

eV > eend + 0oV [(t, — e) — (& — )]
which must hold for § sufficiently small. |
Recall that
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Lemma 7. There exists v* such that for all i,
7;*:{t167;|t1—cz>v*}

up to sets of measure zero.

Proof. First, we show that for every ¢ and j, we have y;;(E;;) = 0 where
Eij = {(tz,t]) | t, —c; > tj — Cj, ﬁz(tz) = Qi and tj < 7;*} .

To see this, suppose to the contrary that p;(E_;;) > 0. Clearly, this implies 7;* # (). Let

Foj =TI {tx € Te | De(tr) = o1}

k#i,j

and let S = E;; x F_;;. Then p(S) > 0 by Lemma 6.

By Lemma 5, the fact that ¢; € 7;* and that py(tr) = ¢ for all k # j implies that
up to sets of measure zero, we must have pg(t) = 0 for all k£ # j. However, by Lemma 3,
the fact that t; — ¢; > t; — ¢; and p;(t;) > ¢; implies that up to sets of measure zero, we
have p;(t) = 0. So Y, pr(t) = 0 for almost all t € E' x F, contradicting Lemma 2.

We now show that this implies that for all i and j such that 7;* # () and 7;* # (), we
have
inf 7" — ¢; = inf 7" — ¢;.

Without loss of generality, assume inf 7;* — ¢; > inf 7;* — ¢;. Suppose that there is a
positive measure set of ¢; € T; such that t; > inf T.* but t; ¢ 7;*. Hence for each such t;,
we must have p;(t;) = ;. By definition of the infimum, for every r > inf 7;*, there exists
t; € T; such that r > ¢; > inf 7. By definition of 7;*, the measure of such ¢;’s must
be strictly positive since ¢; € 7;" implies that there is a positive measure set of t; < t;
with ¢} € T*. But then p;;(Ei;) > 0, a contradiction. Hence, up to sets of measure zero,
t; > inf 7;* implies p;(t;) > ;.

By Lemma 6, then, we must have inf 7.* > t,. So suppose, contrary to our claim, that
inf 7, — ¢; > inf 7;* — ¢j. Then the set of t; such that inf 7* —¢; > t; — ¢; > inf 7;* —¢j
and p;(t;) = ¢; has strictly positive probability. The same reasoning as in the previous
paragraph shows that p;;(E;;) > 0, a contradiction.

In light of this, we can specify v* such that the claim of the lemma holds. First, if
T.* =0 for all 4, then set v* > max;(t; — ¢;). Obviously, the lemma holds in this case.

Otherwise, let v* = inf 7;* — ¢; for any ¢ such that 7;* # (. From the above, we see
that v* is well-defined. Let ZV denote the set of i with 7;* # () and Z the set of i with
T;* = 0. By assumption, Z%V # ().
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First, we show that for this specification of v*, the claim of the lemma holds for all
i € IF. To see this, suppose to the contrary that for some i € ZF, we have t; — ¢; > v*.
Then there is a positive measure set of t such that ¢; € 7;* forall j € ZV and t;—c; > ti—c;
for all j € ZV and some i € ZP. Then Lemma 3 implies p; = 0 for all j € ZV, Lemma 5
implies p; = 0 for all i € ZF, and Lemma 2 implies ¥; p;(t) = 1, a contradiction. Hence
for all i € Z¥, we have v* > t; — ¢;.

To complete the proof, we show that the claim holds for all i € ZV. Fix any i € ZV.
Obviously, up to sets of measure zero, t; € 7;* implies t; — ¢; > inf T.* — ¢;, so

To prove the converse, suppose to the contrary that there is a positive measure set of t;
such that ¢; — ¢; > v* and ¢; ¢ T.*. Hence there must be a positive measure set of ¢; such
that ¢; > inf 7;* and p;(t;) = ¢;. To see why, recall that v* = inf T.* — ¢;, so t; — ¢; > v* is
equivalent to t; > inf 7;*. Also, 7;* is the set of points that have p;(;) > ¢; and a positive
measure of smaller points also satisfying this. So if ¢; ¢ 7;* but does have p;(f;) > ¢, it
must be that the set of smaller points satisfying this has zero measure. Hence there is a
zero measure of such ¢;. Hence if there’s a positive measure set of points outside 7", a
positive measure of them have p;(t;) = ;. Let 7 denote this set.

If there is some j # i with 7;* # {), the same argument as above implies that u(Ei;) >
0, a contradiction. Hence we must have 7;* = () for all j # i. Hence p;(t;) = ¢; with
probability 1 for all j # i. Hence Lemma 5 implies that for all ¢; € 7;*, we have p;(t) =0
for j # ¢ for almost all t_;. By Lemma 2, then p;(t) = 1 for all ¢; € 7. and almost all
t_;.

By definition, for ¢; € 7:, we have pi(t;) = p; < 1.3 Note that t; € T; implies that t; is
larger than some ¢, € T;*. Since t, € T;* implies p;(t;) > ¢;, Lemma 2 implies ¢, > ¢; and
hence t; > ¢;. Hence Lemma 2 implies that for almost every ¢; € 7; and almost every t_;,
we have >°; p;(t) = 1.

This implies that for every t; € 7?, there exists 7A'_Z(tz) C T7_; and j # i, such that
pi(ti,t—) > (1 —¢;)/(I — 1) for all t_; € T_;(t;). To see this, suppose not. Then
there is some #; € 7; such that for every t_; we have pi(ti,t—;) < (1 —¢;)({ —1). But
then ;4 p;(ti, t—;) <1 —¢;. Recall that 3, p,;(t) =1 for all t; € 7; and all t_;. Hence
pi(ti, t_;) > p; forallt_;, so p;(t;) > ¢;, contradicting t € T Since I is finite, this implies
that there exists j # 4, a positive measure subset of 7;, say 7;, and a positive measure
subset of 7, say T”;, such that for every t € T, x T7,, we have p;(t) > (1 —;)/(I —1).

Fix any , € 77 such that p;({t; € T/ | t; > t.}) > 0. It is easy to see that such #/
must exist. Since t; > inf 7;*, it must also be true that u,;({t; € T,* | t; < t.}) > 0. Given

3If ; = 1, then 7;* = () which contradicts our assumption.
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this, for any sufficiently small € > 0, we have
i ({ti € T |t >t +e}) >0
pi({ti € T [t < t;—€}) > 0.
Choose any such ¢ € (0, (1 —¢;)/(I —1)).

Taking subsets if necessary, then, we obtain two sets, S* C 7/ and S? C T* satisfying
the following. First, p;(S') = p;(S%) > 0. Second, t; € S* implies t; > t; + ¢ and t; € S*
implies ¢; <t —e.

Define p* as follows. For any t ¢ (S*U S?) x 7., p*(t) = p(t). For any k # i, 7,
pi(t) = pr(t) for all t. For t € S x 77,
pi(t) =p;i(t) —e and pj(t) =pi(t) +e.

Fort € S? x T7,,
pj(t) =¢ and pi(t)=1-c¢.

Recall that S? C T;* and that p;(t) = 1 for almost all t; € 7;* and t_; € T_;. Hence this is
equivalent to pi(t) = p;(t)+e and p;(t) = p;(t)—c. Recall that e < (1—¢;)/(I—1) < p;(t)
for all t € S' x 77, and that ¢ < 1, so we have pi(t) > 0 for all k and t. Also,
Sk Pi(t) = Sk pr(t), so the constraint that the pi’s sum to less than one is satisfied. For
any k # 4,7, we have p}(tx) = pr(ty) for all k£ and t; so for such k, the constraint that
P5(tr) > ¢r obviously holds.

For any t;, either pi(t;) = p;(t;) or
Pit) = Bi(ty) — epj (S x TLi;) +epj(S* < T2),

where 77, is the projection of 77; on T_;. But p;(S') = ;(S?), implying pi(t;) =
ﬁj(lfj) 2 2 for all tj.

For any t;, either pf(¢;) > p;(t;) or
prt) =1—epi(T;) >1—e.

By construction, € < (1 — ¢;)/(I —1) < 1 —¢;. Hence 1 —¢ > ;. Hence we have
pi(t;) > ¢; for all ;. So p* is feasible given .

Finally, the change in the principal’s payoff in moving from p to p* is
/L(Sl)&f [E(tz — C; | tz € Sl) — E(tz — C; | tz € 52)] Z 2,[11(51)82 > 0.

Hence p was not optimal, a contradiction. |
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To see that this proves Theorem 4, let v* be the threshold. By Lemma 7, if some 1
has t; — ¢; > v*, then that 7 satisfies p;(¢;) > ¢;. By Lemma 3, if there is more than one
such 4, then only the ¢ with the largest value (i.e., t; — ¢;) has a positive probability of
getting the good. By Lemma 5, no j with ¢; — ¢; < v* has any probability of getting the
good. Since p;(t;) > ¢;, Lemma 2 implies that we must have }~; p;(t) = 1. Hence if some
i has t; — ¢; > v*, the ¢ with the largest such value gets the good with probability 1. If
any 4 has t; — ¢; < v*, then Lemma 7 implies that p;(¢;) = ;. Thus we have a threshold
mechanism. |

3 Proof of Theorem 3

For this proof, it is useful to give an alternative definition of ¢;. Note that we can
rearrange the definition in equation (1) as

i
/ tifi(ts) dt; = 7 Fi(t]) — ¢
t;

or

tr=E[t; | t; <t]+ G (6)

For notational convenience, number the agents so that 1 is any ¢ with &7 — ¢; =
max;(t; — ¢;) and let 2 denote any other agent so t] — ¢; > t5 — cp. First, we show that
the principal must weakly prefer having 1 as the favored agent at a threshold of t5 — co
to having 2 as the favored agent at this threshold. If 7 — ¢; = t§ — ¢y, this argument
implies that the principal is indifferent between having 1 and 2 as the favored agents, so
we then turn to the case where t] — ¢; > t5 — co and show that it must always be the
case that the principal strictly prefers having 1 as the favored agent at threshold ¢} — ¢;
to favoring 2 with threshold ¢ — co, establishing the claim.

So first let us show that it is weakly better to favor 1 at threshold 5 — ¢y than to
favor 2 at the same threshold. First, note that if any agent other than 1 or 2 reports a
value above t5 — ¢, the designation of the favored agent is irrelevant since the good will
be assigned to the agent with the highest reported value and this report will be checked.
Hence we may as well condition on the event that all agents other than 1 and 2 report
values below t5 — cy. If this event has zero probability, we are done, so we may as well
assume this probability is strictly positive. Similarly, if both agents 1 and 2 report values
above t5 — ¢y, the object will go to whichever reports a higher value and the report will
be checked, so again the designation of the favored agent is irrelevant. Hence we can
focus on situations where at most one of these two agents reports a value above t — ¢,
and, again, we may as well assume the probability of this event is strictly positive.
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If both agents 1 and 2 report values below t5 — co, then no one is checked under
either mechanism. In this case, the good goes to the agent who is favored under the
mechanism. So suppose 1’s reported value is above t5 — ¢y and 2’s is below. If 1 is the
favored agent, he gets the good without being checked, while he receives the good with
a check if 2 were favored. The case where 2’s reported value is above t5 — co and 1’s is
below is symmetric. For brevity, let £, = t5 — ¢, + ¢;. Note that 1’s report is below the
threshold iff t; — ¢; < 15 — ¢y or, equivalently, ¢; < t1. Given the reasoning above, we see
that under threshold ¢ — ¢y, it is weakly better to have 1 as the favored agent if

Fi(b) By (t5)E[t |ty < 8]+ [L— Fy ()] F(85)E[t | 6 > 1]
+ Fi(t)[1 = B(t)]{E[t: | ta > 5] — o}
> Fi(l)Fa(t3)E[ts |t < 3]+ [1 = Fi(f)]Fa(t3) {Et | 6 > 6] — e} (7)
+ Fi(8)[1 = Fa(t5))E[ty | ta > t3).
If Fy(t,) = 0, then this equation reduces to
Fg(t;)E[tl ’ t1 > 51} > Fg(t;) {E[tl | t1 > El] — Cl} s

which must hold. If F(#;) > 0, then we can rewrite the equation as

Co
— > Elty | to < t3 — — Co. 8
c 2 [2‘2_2]+F2(t§) Co (8)

~ C1
Bty |t < 1] + ——
Fi(ty)
From equation (6), the right—hand side of equation (8) is t5 — ¢o. Hence we need to show

N C1
Elty |t <]+ —=— —c; > t5 — cs. 9
[t1 | t1 < t4] Gy a=hTe (9)

Recall that 5 — ¢, < t© — ¢; or, equivalently, £; < ¢%. Hence from equation (1), we have
E(t1> Z E[max{tl,fl}] — (1.

A similar rearrangement to our derivation of equation (6) yields

C1

Elt, |ty <t]+ —— > 1.
Fi(t7)
Hence
E[tl|t1<£]+L—Cl>£1—01:t*—02+01—01:t*—62
—= Y1 F1<t1) = 2 2 )

implying equation (8). Hence as asserted, it is weakly better to have 1 as the favored
agent with threshold ¢5 — ¢, than to have 2 as the favored agent with this threshold.

Suppose that 7 —c; = t5 — co. In this case, an argument symmetric to the one above
shows that the principal weakly prefers favoring 2 at threshold ¢j — ¢; to favoring 1 at
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the same threshold. Hence the principal must be indifferent between favoring 1 or 2 at
threshold ¢ — ¢; =t — ca.

We now turn to the case where t] — ¢; > t5 — co. The argument above is easily
adapted to show that favoring 1 at threshold 5 — ¢, is strictly better than favoring 2 at
this threshold if the event that t; — ¢; < t5 — ¢y for every j # 1,2 has strictly positive
probability. To see this, note that if this event has strictly positive probability, then the
claim follows iff equation (7) holds with a strict inequality. If Fy(f;) = 0, this holds iff
F5(t5)er > 0. By assumption, ¢; > 0 for all i. Also, t, < t5, so Fy(t3) > 0. Hence this
must hold if () = 0. If Fy(f;) > 0, then this holds if equation (9) holds strictly. It is
easy to use the argument above and t7 — ¢; > t5 — c2 to show that this holds.

So if the event that ¢; —c¢; < t5 — ¢y for every j # 1,2 has strictly positive probability,
the principal strictly prefers having 1 as the favored agent to having 2. Suppose, then,
that this event has zero probability. That is, there is some j # 1,2 such that ¢; —¢; >
5 —co with probability 1. In this case, the principal is indifferent between having 1 as the
favored agent at threshold t5 — co versus favoring 2 at this threshold. However, we now
show that the principal must strictly prefer favoring 1 with threshold ¢j — ¢; to either
option and thus strictly prefers having 1 as the favored agent.

To see this, recall from the proof of Theorem 2 that the principal strictly prefers
favoring 1 at threshold ¢ — ¢y to favoring him at a lower threshold v* if there is a positive
probability that v* < t; —¢; < t] — ¢y for some j # 1. Thus, in particular, the principal
strictly prefers favoring 1 at threshold ¢ — ¢; to favoring him at tj — ¢y if there is a
J # 1,2 such that the event t; — co < t; — ¢; < t] — ¢; has strictly positive probability.
By hypothesis, there is a j # 1,2 such that t5 — ¢y < t; — ¢; with probability 1, so we
only have to establish that for this j, we have a positive probability of ¢t; — ¢; < ] — ¢;.
Recall that ¢; — ¢; < tj — ¢; by definition of ¢;. By hypothesis, t; — ¢; < t] — ¢;. Hence
we have t; — ¢; < t] — ¢; with strictly positive probability, completing the proof. |

4 Comparative Statics Proof

In this appendix, we show the claim in the text regarding the effect of changes in the
cost of checking the favored agent when I = 2 and F} = F, = F'. For notational ease, let
1 be the favored agent. Then the probability 1 gets the good is
t
FD)FT —a+e)+ [ Ft—a+e)f(t)dh.

t
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Differentiating with respect to ¢; gives

f(tl)F(tl —C + 02) 301 —+ F(tl)f<t1 — 1+ 02) {801 o 1}
ot} t
o F(ti —a+ Cz)f(ti) ) - — / f(tl — 1+ CQ)f(tl) dtl
€1 t

or

PG — e+ e |50 —1) = [ flt =i+ st db

Recall that ¢7 is defined by

t
/ F(s)ds = ;.
t

o 1
Jdcy B F(ff)

Using this, it’s easy to see that

Substituting, the derivative is

i — e+ el = P — [ S — vt en)f(n) ds

tl
t
= ) [f(ti =1+ ) = f(ti — a1 + )] f (1) dis.

1
Hence if f is increasing throughout the relevant range, this is negative, implying that the
probability 1 gets the good is decreasing in ¢;. If f is decreasing throughout the relevant
range, this is positive, so 1’s probability of getting the good increases in ¢;. If the types
have a uniform distribution, the derivative is zero.
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