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Abstract

The analysis of Temporal Difference (TD) learn-
ing in the average-reward setting faces notable
theoretical difficulties because the Bellman oper-
ator is not contractive with respect to any norm.
This complicates standard analyses of stochas-
tic updates that are effective in discounted set-
tings. Although a considerable body of literature
addresses these challenges, existing theoretical
approaches come with limitations. We introduce
a novel algorithm designed explicitly for policy
evaluation in the average-reward setting, utilizing
sampling from two Markovian trajectories. Our
proposed method overcomes previous limitations
by guaranteeing convergence to the unique so-
lution of a properly defined projected Bellman
equation. Notably, and in contrast to earlier work,
our convergence analysis is uniformly applicable
to both linear function approximation and tabular
settings and does not involve explicit dimension-
dependent terms in its convergence bounds. These
results align with what is known to hold in the
discounted setting. Furthermore, our algorithm
achieves improved dependence on the problem’s
condition number, reducing the sample complex-
ity from quartic, as in prior literature, to quadratic
scaling, and thus matching the efficiency seen in
the discounted setting.

1. Introduction

Reinforcement learning with an average-reward objective
is well-suited for applications that focus on the long-term
performance over an infinite horizon. This framework has
proved valuable in a variety of domains, including con-
trol systems (Prieto-Rumeau & Herndndez-Lerma, 2008;
Krishnamurthy, 2016), telecommunications (Bertsekas &
Gallager, 2021; Altman, 2021), and production environ-
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ments (Feinberg & Shwartz, 2012). While the discounted
setting—emphasizing shorter-term returns—has received
extensive theoretical attention, especially for Temporal-
Difference (TD) learning (Bhandari et al., 2018; Chen et al.,
2022; Tian et al., 2023; Srikant & Ying, 2019), analogous
understanding of TD methods under the average-reward cri-
terion is comparatively less developed (Tsitsiklis & Van Roy,
1999; Zhang et al., 2021b; Blaser & Zhang, 2024).

Technically, compared to the discounted setting the chal-
lenge in the average-reward setting is that the Bellman op-
erator for policy evaluation is not a contraction mapping
with respect to any norm. Consequently, the solution to the
corresponding Bellman equation is not unique. This sig-
nificantly complicates the theoretical analysis, particularly
in the model-free setting where the stochastic dynamics of
the Markov Decision Process (MDP) are unknown and the
agent can only obtain random samples through interaction
with the environment.

We now make the above remarks more concrete by survey-
ing existing results on average-reward TD and comparing
them to their counterparts in the discounted setting. The
first theoretical analysis of average-reward TD, due to (Tsit-
siklis & Van Roy, 1999), addressed the challenges discussed
above by introducing an assumption that guarantees unique-
ness of the solution to the Bellman equation. In the setting
where the true value function V. (s) of a policy 7 is approx-
imated as V. (s) & ¢(s) "0, that is, as a linear combination
of computable features stacked into the vector ¢(s), (Tsit-
siklis & Van Roy, 1999) assumed that for any scalar ¢ € R
and vector 0 € R?, we have ®6 = ce, where @ is the ma-
trix whose rows are the feature vectors ¢(s) ", and e is the
all-ones vector. While this assumption enabled the first con-
vergence guarantee for average-reward TD, it is not satisfied
even in the tabular case, where {¢(s)} form the canonical
basis and & is the identity matrix. Several subsequent works
(Yu & Bertsekas, 2009; Zhang et al., 2021a; Li et al., 2024)
adopted the same assumption.

A more recent study (Blaser & Zhang, 2024) established that
the value function under a particular update rule converges
to a sample-path-dependent fixed point without requiring
the assumption ®6 # ce for all §, by leveraging the theory
of Stochastic Krasnoselskii—-Mann (SKM) iterations (Bravo
& Cominetti, 2024). However, since the limit is sample-
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path-dependent, it may differ across independent runs of
the algorithm. A similar result was obtained in the linear
function approximation setting in (Zhang et al., 2021b), but
without a guarantee that the process converges to a point. A
more recent paper (Haque & Maguluri, 2024) establishes
convergence to a point, but the convergence rate includes
explicit dependence on the dimension d of the parameter
vector 6, a dependence that does not explicitly appear in the
discounted case.

The recent paper (Li et al., 2024) on actor-critic methods
includes some results on policy evaluation in the linear
approximation setting, using a fairly intricate nested-loop
algorithm based on variance reduction. However, when
specialized to the policy evaluation problem, that work also
makes the 0 # ce assumption, rendering it inapplicable
to the tabular case. Moreover, we note that their sample
complexity is stated in terms of the averaged iterate, whereas
the other papers discussed above provide guarantees for the
last iterate.

To summarize, while a number of papers have developed
a convergence theory for average-reward TD, the existing
literature consistently includes some mix of caveats com-
pared to the discounted case, ranging from assumptions
that exclude the tabular setting, to a lack of point-wise con-
vergence guarantees for the underlying iterates, or explicit
dimension dependence in the convergence bounds. Addi-
tionally, we note that the state-of-the-art results from (Zhang
et al., 2021a; Haque & Maguluri, 2024; Chen et al., 2025)
exhibit quartic dependence on the condition number, in con-
trast to the quadratic scaling achieved in the discounted
setting (Bhandari et al., 2018). Alternatively, the result from
(Li et al., 2024) does achieve quadratic scaling, but it relies
on the assumption ®0 # ce which prevents it from being
applied to the tabular case.

In this work, we take a complementary approach: observing
that the average-reward value function must satisfy a certain
steady-state constraint, we formulate the solution to the
Bellman equation as a constrained optimization problem.
To solve this problem, we propose a new algorithm that
leverages sampling from two independent Markov chains in
each iteration. We provide a finite-sample analysis for this
method using a relatively new technique known as “gradient
splitting” (Liu & Olshevsky, 2021). Finally, building upon
ideas from the Gradient TD (GTD) (Sutton et al., 2008), we
give a version of our algorithm which only uses a single
Markov chain.

Our work improves upon the state of the art by simultane-
ously having all of the following features.

¢ Provably unique, sample-independent fixed point.
Our analysis shows that the iterate sequence {6;} con-
verges almost surely to a single, deterministic solution

0* that does not depend on the random trajectory or on
initialization.

Tabular + Linear Function Approximation: Our
analysis is applicable to both the tabular and linear
function approximation cases. In particular, we do not
assume e ¢ span(®).

Dependence on Dimensionality: Our convergence
bound does not have any explicit factors of d, the di-
mension of . While all algorithms have terms like
||6*|| that might implicitly scale with dimension, our
algorithm has no terms scaling with d in addition to
those.

Last Iterate: our results are based on the last iterate
rather than an iterate averaging, matching the corre-
sponding results in the discounted case.

Scaling with Condition Number: In Zhang et al.
(2021b) and Haque & Maguluri (2024), the dependence
of the convergence time on the condition number is
quartic as O (15 *), where 7, is defined as

= min D2 .
" [|z||=1,2T e=0 || HDII‘? ( )

where ||-|| is the Euclidean norm and ||-|| p;, denotes the
Dirichlet seminorm, formally defined later in Section
2.3. Similarly, in Kim et al. (2025), the dependence of
the convergence time on the condition number is also
quartic as O (775 37]§ 1) , where 73 is defined as

N3 = ( min xT<I>TD¢>a¢)

llzll=1

. T
. min D(I—-P ,
((y@)D:O,lIyHD:ly ( )y)

where D is the diagonal matrix with the stationary
distribution g of the policy on the diagonal. These
contrast unfavorably with the corresponding results in
the discounted case, which scale with the square rather
than fourth power of the condition number (Bhandari
et al., 2018). That being said, the definition of condi-
tion number is different within the discounted case, and
it may be that a slightly different notion of condition
number is needed for the average-reward setting.

@

Indeed, that is just what we show: for our algorithm
convergence time scales quadratically as O (1 / n%),
where 7)1 is defined as

m= min [Pz + (n"P)?, 3)

o |el|=1

and p is the stationary distribution of the policy.



Submission and Formatting Instructions for ICML 2026

Table 1. Comparison with previous work. We highlight several key distinctions between our work and prior research:

(1) In the table below, Linear Only refers to the assumption that e ¢ span(®), which rules out the tabular case.

(2) A complicating factor in comparing results is that different papers tend to have slightly different notions of condition numbers; this is
why the table contains 71, 72, 73 (see definitions in Eq. (3) to Eq. (2)). A detailed discussion and precise definitions can be found in
Appendix B. We remark that our condition number 7, is at least as good as the widely used 73, i.e., n1 > £(n3), which means bounds
based on 7] ! are at least as good as bounds based on 13 *; and if we assume the stationary probability y is not too far from uniform, we
also have 71 > Q(n2). See Appendix B for details.

(3) We consider a convergence time to be independent of the dimension d if its dependence on d appears only through |6 ]| or ||6™||.
(4) We make the standard assumption that ||¢(s)|| < 1 for all states s, which can be achieved by rescaling. If we instead make
the assumption that every entry of ¢(s) is O(1) (so that ||¢(s)|| = O(+/d)), then our scaling with dimension would be O(d). This
modified assumption matches more closely the assumption made in (Haque & Maguluri, 2024), which, unlike this work, analyzes the
infinite-dimensional case. Our results are an improvement compared to the larger 2 (dz) scaling in that work.

(5) (Li et al., 2024) includes a scaling with approximation error (E||WW* — ®6*||%) that no other paper has. In addition, we also note
that they use a variance reduction method, not an analogue of plain TD; we do not implement variance reduction and our scaling with
condition number is similar to their method.

(6) In (Li et al., 2024), the condition number is actually defined as miny |y ,=1 yTD(I — P)y. However, our analysis in Appendix B
suggests that 73 is actually greater than their condition number, offering an optimistic approximation of their sample complexity.

(7) In (Kim et al., 2025), the sample complexity is actually O(e’lRf)mjn; 3), where Rpro; is the projection radius. However, the authors
did not provide the choice of this radius. Our analysis in Appendix B shows that R?,; is actually O(1/n3).

(8) In the discounted case, Ndiscounted can be defined as (1 — ) omin (BT D®) where + is the discount factor (Bhandari et al., 2018)

CONVERGES TO A SAMPLE

REFERENCE SETTING SAMPLE INDEPENDENT POINT COMPLEXITY SCALING WITH d ITERATE METHOD
(TSITSIKLIS & VAN ROy, 1999) LINEAR ONLY YES X X LAST COLSH;LED
(BLASER & ZHANG, 2024) TABULAR ONLY No X X LAST CO[SH;LED
(ZHANG ET AL., 2021B) TABULAR & LINEAR No O(e™'ng %) No LAST CO[SH;LED
(HAQUE & MAGULURI, 2024) TABULAR & LINEAR YES O(e™'ng %) YES LAST CO?X“ED
(KIM ET AL., 2025) TABULAR & LINEAR No O(e ™ ny 30z ") No LAST CO?X“ED
(CHEN ET AL., 2025) TABULAR & LINEAR No O(e™ng %) No LAST CO?X“ED
(L1ET AL., 2024) LINEAR ONLY YeS O(e 0z ?) No AVERAGE R\:?DRJS'TI%EN
252(;{:?};1\(;[{“1\! TABULAR & LINEAR YES O(e 0 ?) No LAST COI;IXED
DISCOUNTED CASE TABULAR & LINEAR YES O™ 132 ounted) No LAST SA

(E.G., (BHANDARI ET AL., 2018))

¢ No variance reduction techniques needed. While 2.1. Markov Decision Processes (MDP)

i -reducti h 11-k to im-
sz:;:;;eleus;gln IZ)Cci temtiz a:e ;Zzll rrclzovlririe 1(;11;{2 _ We consider an MDP defined by the tuple (S, A, Pey, ),
P P P ¥, L1EY fypicaty req where (i) S is the finite state space, (ii) A is the finite ac-

level structure (e.g., nested loops, periodic full-batch . , .
. . . tion space, (iii) Peny = (Penv(8’ | $,@))s.s7c5, aca is the
or long-trajectory reference estimates, and additional L o . SES .

) . . transition probability kernel, and (iv) r : S x A — R is the
bookkeeping) and therefore differ substantially from d function. Let s (s, a)|, which
the “plain TD” template. In contrast, our quadratic reward unction. Let Fmax := MaXses, acA |7 (s, a)], whic

. . . . . is finite since the state-action space is finite.
condition-number scaling is achieved with a single-
timescale, simple stochastic-approximation update A policy 7 : S x A — R is a function where 7(a | s)
without using any variance reduction techniques,  represents the probability of the agent taking action a in
matching the algorithmic simplicity of discounted TD.  state s. Throughout this paper, we focus exclusively on the

policy evaluation problem and therefore assume the policy
7 to be fixed and known. Under this fixed policy, we define
the induced transition matrix P as P = (P(s' | 5))s.s¢s>
where P(s" | s5) = > c 4 Penv(s' | 5,a) m(a | s).

2. Preliminaries We make the following assumption regarding the policy m,
which is standard in TD learning (Liu & Olshevsky, 2021;

This section introduces the necessary background on Bhandari et al., 2018).

average-reward reinforcement learning to support the al-
gorithm design and convergence analysis of TD learning ~ Assumption 2.1. The Markov chain with transition matrix
presented in the subsequent sections. P is irreducible and aperiodic.
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Under the above assumption, the Markov chain with transi-
tion matrix P has a unique stationary distribution, denoted
by u, which satisfies fipyin := ming u(s) > 0 (Levin &
Peres, 2017). Moreover, according to Theorem 4.9 in (Levin
& Peres, 2017), there exist constants C' > 1 and 8 € [0, 1)
such that

P+ (-|s) = pll < CB7,

where p; is the probability distribution of the state of this
Markov chain after 7 steps starting at s.

Vr>0,s€S, (4

2.2. The Long-Term Average Reward

We now discuss value functions within the average-reward
framework, highlighting their role in policy evaluation. Let
re =y ,m(a | s)r(s,a) denote the expected reward in
state s under policy . We also define pfos to be the proba-
bility that the agent is at state s after k steps starting from
s0. Then the value function vy, (¢) reflects the expected
cumulative reward starting from state s after ¢ transitions:

Vsq (t) = Tsg + Zpsos'rs + -+ szo_slry
s s

Defining V; = [vs(t)]ses as the vector stacking up the
value function and R = [rs]scs as the vector stacking up
the expected rewards, the above equation can be compactly
written as V; = Z_:B P*R. Under Assumption 2.1, we
have lim,, . P™ = eu' (Levin & Peres, 2017). Let g =
1" R be the steady-state reward per unit of time. Then, the
relative value function, denoted by W*, is defined as
t—1

* 1 o S E k T
w _tgr&m tge tlirgo];)(P ep )R, (5)

Intuitively, the relative value function W* quantifies the
long-term expected cumulative reward differences across
states relative to the steady-state reward. It is a central quan-
tity for policy evaluation in the average-reward setting, as it
effectively centers the rewards to focus purely on differences
due to transient dynamics.

2.3. Useful Norms

In this subsection, we introduce several useful norms which
will play an important role in our analysis. The so-called D-
norm and Dirichlet semi-norm have been previously shown
to be very useful in TD-like analysis (Ollivier, 2018; Liu &
Olshevsky, 2021). Given a vector f with the same number
of entries as the number of states in the MDP, its D-norm is
defined as

I£ID = (. f)p = u(s)f(s)? (6)
and its Dirichlet semi-norm is defined as

111 = %ZM(S)P(S’IS)(JC(S) —f2 M

Intuitively, the Dirichlet seminorm measures the difference
between f and the all-ones vector e, but in a way that is
adapted to the Markov chain with transition matrix P. Fi-
nally, throughout the paper, we will use || - || to denote the
standard Euclidean norm.

2.4. Markov Noise

Let s, denote the state at time step ¢. Following standard
practice, we consider two distinct sampling scenarios in
this paper: (1) i.i.d. sampling, where each state s; is inde-
pendently drawn from the stationary distribution y; and (2)
Markov sampling, where the Markov chain starts at sg and
evolves according to the policy. Under Markov sampling,
the states s; remain marginally distributed according to p,
but exhibit temporal correlation across time steps.

2.5. Linear Function Approximation

In practical reinforcement learning applications, the state
space S is often extremely large, making it impractical to
maintain a vector whose dimension scales with the number
of states. To address this challenge, it is common to incorpo-
rate function approximation, in particular, a linear function
approximator of the form W = ®, where ® € R"*¢ is the
feature matrix and § € R is the parameter vector. Addition-
ally, denote the s-th row of the feature matrix by ¢(s) . We
assume, without loss of generality, that (i) the features are
normalized so that max; ||¢(s)|| < 1, and (ii) the columns
of @ are linearly independent.

‘We further define

n= min ||®z|3, + (u ®zx)?, where z € RY. (8)

: [|ef|=1

Intuitively, n measures how close to zero ®x can get: the
first term measures the distance between ®x and the all-
ones vector, whereas the second term measures the (squared)
distance between the weighted average ' ®x and zero. In
particular, under the assumption that the columns of ® are
linearly independent, we immediately have > 0. The
quantity n will act as a condition number in our algorithms
for average reward TD.

3. Algorithms

We now introduce the two algorithms studied in this paper.
The first, called the double-chain algorithm, uses two in-
dependent Markov chains. The second, the single-chain
algorithm, uses only one.

3.1. Double-Chain Algorithm: Motivation and
Derivation

Recall that in the discounted setting, TD-learning is de-
signed to solve the projected Bellman equation (Tsitsiklis &
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Van Roy, 1996). To motivate our analysis, we next introduce
a natural analogue of the projected Bellman equation in the
average-reward setting.

Our goal is to compute W* as defined in Eq.(5). It is well
known (Gallager, 1997) that the relative value function W*
satisfies two properties:
W*+ge=PW*+R and pu'W*=0.
Define IT = I — ep" as a projection onto the subspace
{z | (z,e)p = 0} in the inner product (-,-)p and the
Bellman operator 77 such that T, W = R + PW.

We can write the two properties into an equivalent way:
W* =T, W*. C))

It is known that W* is the unique solution to this equa-
tion (Gallager, 1997). Since the matrix D = diag(u) is
invertible, the previous equation is equivalent to

D(II(R+ PW*)—-W*) =0,
which can be further written as
D(R+PW*—W*) —pup (R+W*)=0  (10)

using the explicit definition of II.

A natural approach to solve W* from Eq.(10) is to recur-
sively perform the update

Wit = Wi+ a0 (D (R+PWe = Wo) — s (R+ 7))
(1

Although the above iterative algorithm seems promising, it
cannot be implemented directly, since the transition matrix
P and the reward function R are unknown. In the remainder
of this section, we develop a data-driven stochastic version
of the algorithm presented in Eq. (11). Before delving into
the details, we first introduce some notation.

We use 1(s = s0) € RI®I to denote the vector whose entries
are 0 except a 1 at position s = so. We also use E,, as
expectation assuming that the state s; is drawn from station-
ary distribution p while s, is still drawn according to the
MDP with action taken according to policy 7.

With this notation in place, we now describe the intuition
behind the equations that we will write down. Keeping in
mind that our goal is to provide a stochastic version of Eq.
(11), the straightforward approach is to replace the unknown
transition matrix P with something depending on samples
that has expectation P. This works, but it is the second term
in Eq. (11) that causes some trouble: it is surprisingly not
straightforward to find a quantity such that its expectation is
pi " (R4 Wy).

Indeed, to form a stochastic estimator for ju " (R+W;), ob-
serve that while E,[1(s = s)] = pand E,, [rs, +Wy(s:)] =
u' (R + W;), we cannot multiply these two estimators to
obtain the result we want because E[XY] # E[X]|E[Y] for
random variables X and Y if they are not independent. This
is known as the double sampling issue (Sutton et al., 2008).
A natural and simple way to solve this issue is to sample
two independent Markov Chains and base the two estimates
on independent samples.

Denoting the state of these two chains by {s:} and {5;},
respectively, we therefore consider the following update:
Wt+1 - Wt+at (f(5t7‘§taWt)+g(8t7S;7Wt))7 (12)

where

f(st: 86, W)[s] = — 1(s = 8¢)(rs, + Wi(st)),
9(st, 53, Wi)[s] =1(s = 1) (rs, + Wi(sy) — Wi(st))

It is then indeed immediate that

Euf(3t7 §ta Wt) = - HHT(R + Wt)
Eug(se, s;, W) =D(R+ PWy — W),

and therefore Eq. (12) is a stochastic version of Eq. (11).

With linear function approximation, the natural generaliza-
tion of Eq. (9) becomes

dO* = T pIIT, DO* (13)

where ITp = ®(® " D®)~1® " D is the projection onto the
subspace spanned by the columns of ® in D-inner product.
Compared to Eq. (9), this equation uses ®f as an approxi-
mation and adds a projection to the column space of ®. We
rewrite the above equation in the following form, which will
be easier to implement:

&' D(I — IIP)®H* = &' DIIR. (14)

The following lemma establishes the existence and unique-
ness of 6* whose proof can be found in Appendix A.
Lemma 3.1. The solution to the linear system ®" D(I —
[IP)®0 = & " DIIR exists and is unique.

Based on this equation, a natural generalization from the
tabular to the linear approximation case is therefore

Or11 = 0 + ap (f(st, 86, 00) + g(se, 81, 64)) (15)
where

F(st,86,00) = — (rs, + &(s¢) " 0)(5¢)

16
g(sta 8;7975) = (rst + ¢(8;)T9t - ¢(8t)T9t) ¢(St)' ( )
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3.2. Single-Chain Algorithm

It is natural to wonder whether we can perform the update
using only a single Markov chain. Inspired by the GTD
method (Sutton et al., 2008), we propose a solution that
does so.

Our single-chain algorithm is based on the following ob-
servation. Our two-chain algorithm uses the term ¢(5;) —
but what if, instead, we replace that by an estimate of the
expectation E[¢p(§;)]? Because s; is sampled from p, this
expectation equals ® " ;.. We will therefore introduce a new
variable w; which will converge to ® " ;1 and use it in place

of $(3).

Our algorithm is thus as follows:

wiy1 =Projg {w; + B f(ss,we)}

. (17)
Orr1 =Projp {0; + cig(se, si,we, 04)},

where

f(8t7wt) :¢(St) — Wy,
9(st, st wi,00) =(rs, + G(s1) "0 — (s1) T 01)p(s1) — (rs,
+ B(s1) 0wy
(18)
Note that the first line clearly drives w; to ® " i while the
second line is identical to the double-chain method except
¢(8;) has been replaced by wy.

To see where {w;} and {6;} will converge to in this case,
we notice that, under i.i.d. sampling,
Est~uf(8t> wy) :‘I)TM — Wt
Es (0, 51, wr,00) =@ D(R + POY, — ®6,)
— 1" (R4 ®0,)w,.

Therefore, we can define w* and 0* such that
T p—w =0
®"D(R+ P®O* — ®0%) — u" (R + ®6,)w* = 0.

The intuition behind this method is that while w; is derived
from the same trajectory as sy, it is an average over past
features. We can therefore expect that it will be essentially
de-correlated from the instantaneous value s;, so we will be
able to estimate F[XY| ~ E[X|E[Y] up to some error for
the product of X = w; and Y = 7, + ¢(s;) " 0;. Naturally,
this will come at the cost of an increased convergence time
because of the additional error incurred.

4. Main Results

We now present our main results. We will consider both i.i.d.
and Markov sampling, as well as both our double-chain and
single-chain algorithms.

4.1. Convergence Results for the Double-Chain Method

Our first result assumes that the two Markov chains {s; } and
{5;} are sampled i.i.d. from the stationary distribution .
We first consider the case where the stepsizes are constant
ay = a. We define 7y, as the mixing time Tyix = Tmix ().
We also denote §; = 0; — 6*. Our first theorem considers
the double-chain method.

Theorem 4.1 (Double-chain, i.i.d. sampling). Suppose
Assumption 2.1 holds. Consider the double-chain algo-

rithm (15) with i.i.d. sampling and constant stepsize o <
1/18. Then

* 2
Blor =07 < oo + o et ITIEY

In particular, choosing a = O(1/(nT)) yields a conver-
gence rate of O(1/T) with sample complexity O(e~1n~2).

Our next theorem generalizes this result to Markov sampling,
i.e., when s, §; are sampled from two independent Markov
chains. This requires further information on the mixing time
of the Markov Chain as mentioned in Section 2.4. We still
choose a constant stepsize. We will require the constants

B = 2”60 - 9*“ + Tmax + ||0*H7
G = 42B 4 30(rmax + [167])*.

Theorem 4.2 (Double-chain, Markov sampling, constant
stepsize). Suppose Assumption 2.1 holds. Consider the
double-chain algorithm (15) with Markov sampling and
constant stepsize

. nB
- (37'mix + 1)G.

Then for all T > Tmix

mix 1
Ell6r — 672 < e 2nT—mm B2 | C“G(?’Tzn +h)

Choosing a = o(1/(nT)) yields a convergence rate of
O(1/T) with sample complexity O(e~n~2).

The rates of both of these theorems match the state-of-the-
art for TD learning in the discounted case (Bhandari et al.,
2018) in terms of the scaling with the various parameters.

A similar result can be obtained with a decaying stepsize
a; = a/(t + cp). In this case, the mixing time is defined
as Tmix = Tmix(@7). The next theorem formally handles
this case.

Theorem 4.3 (Double-chain, Markov sampling, decaying
stepsize). Suppose Assumption 2.1 holds. Consider the
double-chain algorithm (15) with Markov sampling and
stepsize oy = a/(t + cp)¢ for € € (0,1], a > 0, and cg
sufficiently large. Then for all T > Tix:
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1. If§€ =1, then

Elor— 0> < O()- <

o) (R
+ ((T + Co)min{l,an}) :

2. If€€(0,1), let Ap = (T + co)' =8 — (Tmix + o) ¢
then

El|or — 02 < O<exp<1n_a£AT)>

+0( e

Choosing a = ©O(1/n) yields sample complexity
O(e=V&n=2/8) which reduces to O(e~'n~2) when & = 1.
The O(1) terms depend polynomially on |0y — 6*||, Tmax
and ||6*||.

Tmix T Co “
T+ co

This is once again consistent with the state-of-the-art results
in the discounted setting (Bhandari et al., 2018), where an
additional O(1/n) factor is introduced when the distance is
measured in the parameter space.

4.2. Convergence Results for the Single-Chain Method

For the single-chain algorithm given by Eq. (17), we can
also establish similar results, albeit with worse scaling with
respect to the condition number. We denote 67 = 0; — 6*
and 07" = w; — w*. We define Tyix as the mixing time
Tmix — Tmix (min{aa 5})

Theorem 4.4 (Single-chain, constant stepsize, Markov sam-
pling). Consider the single-chain algorithm in Eq. (17)
with Markov sampling. Assume constant stepsizes o =
a >0 6=08 >0 and let po := B/a < 1. Let
Tmix ‘= Tmix(min{«, 8}) denote the mixing time at ac-
curacy level min{a, B}. Let 0 < a < i and let A > 0
satisfy

2n
0< N —=1
Tmax+2R0’
A (rmax + 2R
CZZU—W>Q

and define
ki=1-2a €(0,1), Gy:=e 27 ¢c(0,1),
where p := max{k,G1} € (0,1). Then for all t > Tyix,

4a(rmax + QRO) (t - 7—miX) pt_TmiX
)\2

+ 4R3 K/t*'rmix +

E[l6, —6*||* <

« Gconst

20 7

and where
(16Tmix + 6)(rmax + 2Rp)
22
+ (887Tmix +4) (rmax + 3Rp)>.

Gconst =

Sample Complexity. As discussed in Appendix A.3, the
projection radii can be chosen so that Ry = O(n/~'/?)
and R, = O(1), where = Apin(® " D®). Moreover,
Appendix E shows one may select A2 = ©(’'/?7), which
implies ¢ = O(n) (e.g., by taking A\? a fixed fraction of
21/ (rmax + 2Ry)). With these choices, the dominant part
of Gconst comes from the (7may +2Rg)/A? term and scales
as Geoonst = O(Tmix /(7'n)) (up to polynomial factors in
Tmax and Rp), so the steady-state error term satisfies

aGconst _ O(Oé’i—m;x> )
¢ n'n

Thus, choosing & = ©(1/(yT)) yields a O(1/T) rate (as in
the two-chain case), but the overall condition-number depen-
dence is worse than quadratic: plugging o = ©(1/(nT))
into the steady-state term gives O(Tumix/(17'7°T')), which
becomes quartic O(1/(n*T')) in the common regime where
n = O(n) (the precise relation between 1’ and 7 is dis-
cussed in Appendix B).

Finally, we can also give a

A similar theorem for the single-
chain method with decayin
V§©) Son yine
p-size
0—0r Oy = L7
2h(0) "+ o)t

\J

which parallels Theorem 4.3
for the double-chain algorithm
but with the 2 scaling re-
placed with n~*. For reasons
of space, we state this in the
appendix as Theorem F.1.

Figure 1. Tllustration of
key property of the gradient
splitting. The splitting vec-
tor i(6) has the same inner
product (up to a factor of 2)
as the true gradient with the
vector  — 6. Remark: Some previous
works add an additional (r; —
g)? to the error measure, e.g.,
(Zhang et al., 2021b; Haque & Maguluri, 2024). We observe
that using ry = (Zf;é rg,)/t as a stochastic estimate of g

allows us to obtain
E [(r; — 9)*] = O(1/T). (19)

Thus, this quantity could easily be estimated separately
without affecting the results of this section. A detailed
discussion is in Appendix B.
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4.3. Proof Idea

Our main observation is that the methods we propose can
be analyzed in much the same way as standard Stochastic
Gradient Descent (SGD), which is usually more tractable
than stochastic approximation-based methods. The critical
tool enabling this perspective is the notion of a gradient
splitting, introduced by (Liu & Olshevsky, 2021).

To illustrate the idea, let us consider a convex quadratic
function f(6) = (6 — 6*)T A (6 — 6*), where A is sym-
metric and positive definite; and let us also consider a linear
function h(f) = B (0—0*). We will say h(6) is a gradient
splitting of f(0) if B + BT = 2A. In other words, each
(i,7)-entry of A can be split between the (i, j) and (j,4)-
entries of the (generally non-symmetric) matrix B. This
decomposition is not unique, since there are many ways to
split the entries of A.

An immediate implication of this definition is that for any
0, (0% — )TV f(0) = 2(0* — 0)Th(). Hence, updating
in the direction —h(6) behaves just like an update in the
direction of the true gradient —V f(#). An illustration is
given in Figure 1. One can further conclude

200 — 0")Th(9) =(6" —0)TVf(9)
=(0* —0)" (Vf(0) — Vf(6"))

where the last equality holds because f(6) is a quadratic
function.

Concretely, the update rule
(67 [h(@,) + wt] 5 (20)

where w; is zero-mean i.i.d. noise, exhibits convergence
properties analogous to classical SGD. In fact, using a Tay-
lor expansion,

Orp1 = 0 —

El[|041 — 6%3]6:] =
16 — 07|13 — o V£(6:)T (8, — 6) + O(a}).

Notice that the middle term is precisely what one would
get with a standard gradient step, even though (20) does not
explicitly use V f(6;). Thus, standard SGD analysis applies,
with adjustments for the different higher-order O(a?) terms.

Building on these ideas, our contribution in this paper is to
show that an algorithm for the average reward case can also
be written as a gradient splitting. Specifically, consider Eq.
(15), where the expected update direction is E,, [ f (s, $¢) +
9(st, s;)], with notation as in Eq. (15). We can rewrite this

expected update as 7' D (R + PdO — <I>9) - T (R+

<I>9); our key technical observation is to show that it serves
as a gradient splitting for the composite function

1RO — 0|35 + (70 — 0%))".

Once this gradient-splitting viewpoint is in place, we can
leverage the standard SGD descent recursion, but closing
the argument requires new bounds that control the dis-
crepancy between our stochastic update and the true gradi-
ent—specifically, we must show the resulting O (af) and
bias terms remain uniformly small/summable under the cho-
sen stepsizes.

5. Numerical Results

We compare our algorithms with prior work on fifteen tab-
ular MDPs from OpenAl Gym and MO-Gymnasium. We
focus on tabular environments because the exact solution
can be computed, allowing us to directly quantify how ac-
curately each method approximates the true solution. This
enables a fair comparison between algorithms that converge
to a single point and those that converge only to a set, since
we evaluate all methods using their approximation error
relative to the true solution rather than properties of their
iterates.

Across all fifteen environments, we evaluate both our
Double-Chain and Single-Chain algorithms, together with
the baselines listed in Table 1. Overall, we observe that
our methods outperform the prior literature in most settings.
Additional experimental details are provided in Appendix G.

6. Conclusion

The theoretical analysis of average reward TD has tradition-
ally lagged behind the discounted setting due to mathemat-
ical difficulties, notably the non-contractive nature of the
Bellman operator. This disparity manifested in prior works
through various limitations: assumptions incompatible with
the tabular case, convergence guarantees only to sets or
sample-dependent points, explicit dimension scaling, and
slower (quartic) convergence rates with respect to condition
numbers — which, unlike in the discounted case, could only
be removed with more intricate algorithms like variance
reduction.

In this work, we employed the gradient splitting technique
to provide a finite-sample analysis that closes the gap with
discounted TD theory. Our methods guarantee convergence
to a unique, well-defined solution for both tabular and lin-
ear approximation cases. Furthermore, the convergence
bounds are dimension-free (in the standard sense) and ex-
hibit quadratic scaling with the relevant condition num-
ber, mirroring the performance characteristics known for
discounted TD. This contribution removes the persistent
caveats associated with average reward TD analysis.
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A. Bellman Operator and Projection

In this section, we establish the contractivity of II7;; and prove the existence and uniqueness of the solution to Eq.(9). Based
on the contraction factor, we subsequently determine the choice of the projection radius used in the single-chain algorithm.

A.1. Contraction of IIT;

In this section, we prove that ITT; is a contractive operator (recall that IT = I — eu”).

Lemma A.1. The operator I1T; is a contractive operator satisfying

0T, Wy — T, Wa||p < w||Wi — Wa| p,

where w = \/max<z7e>D:07HzHD:1 2TPTDPz < 1.

Proof of Lemma A. 1. First, we notice that, since P is irreducible according to Assumption 2.1, the eigenvector whose
eigenvalue is 1 is unique (up to a constant factor) and must be the all-one vector.

For any vector A = W; — W, it can be decomposed into A = A + A, where (Aj,e)p = 0 and <AH,e>D =
IAlIp - [le]| p. With such decomposition,

T W, — T, Ws||p = |IIPA L || -
Therefore,

|07, W, — T, Wa|% < max A[P'DPA; < max 2" PTDPz-|Al%,

(AL,e)p=0 (2,e) p=0,[]z[|p=1

which indicates the contraction factor is

w = max 2TPTDPz.
(z,)p=0,|[zllp=1
It is easy to see that this factor cannot be larger than 1. If it is exactly 1, then there exists z such that

Il2lp=1= max 2! P! DPz = ||Pz|p.

(2,e)p=0,]z||lp=1

This indicates that z must be a multiple of all-one vector, which contradicts with (z,e)p = 0. O

A.2. Existence and Uniqueness of 0*

Recall that in Lemma 3.1, we define 6* as the solution to the linear system ® " D(I — I[IP)®0 = ® " DR and we claim that
0* exists and is unique. In this section, we give the proof of this lemma.

Proof of Lemma 3.1. Recall that in Eq.(8) we already established that

n= min [|®alf3, + (1 Dz)? > 0.

@ ||z]|=1
Observe that
|®z||3;, + (' ®@x)2 =2"®"D(I - P)Px+2' @ pup dx =20 D(I — IIP)dx.
Suppose ® " D(I — IIP)® is not invertible. Then there exists a nonzero vector zq such that zj ® " D(I — ILP)®xzq = 0,

which contradicts the fact that > 0. Therefore, the matrix ® " D(I — I1P)® must be invertible. It follows that the linear
system admits a unique solution 6*. O

11
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A.3. Choice of Projection Radius

Recall that in our single chain algorithm, we need to project both w and 6 onto a ball of radius R,, and Ry, respectively. In
this section, we will discuss on the choice of radius such that w* and 6* are in the feasible set.

Bound on ||w*|: This is easier because we can explicitly write w* = ® " . Using the fact that ||¢(s)|| < 1 we can
conclude ||w*|| < 1. Therefore, we need R,, > 1.

Bound on ||6*||: Recall that W* is defined as
t—1
W* = lim Y (P*—eu")R.

t—o0
k=0

According to Eq.(4),
([P = )R < I[PMi = " 11 - | Rllo < rinaxCB",
which indicates |W*||p < rmaxC/(1 — ).
By the Pythagorean theorem,
|®0* — W*||3, =|W* — HpI T W*||3, + |[IpITW* — 6% ||,
<W* —MpITW* (|5 + w?(| 26" — W* |3,

where we use the fact IIT, P6* = ®O* and Lemma A.1. Therefore,

|6 — W*||p < — HpIT,W*||p.

1 .
V1—w? Iw
Further, according to the Pythagorean theorem, |W* — I pIIT,W*||p < |W*||p. Therefore,

27 maxC'

2
126*|Ip < [W*[lp + || I < = ""lo < 75 =0

This suggests that

1 20
[ e — VP Lol .
Amin (T D®) (1= B)V (1 — w2)Anin(@T DP)

Therefore, to ensure 6* is in the feasible set, we can set Ry such that

27 max C'

Bo = (1— )/ — @) Amm(® DD

12
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B. Comparison with Previous Works

In this section, we will expand our result on reward estimation and compare the difference between condition numbers with
previous works.

B.1. Reward Estimation

Many previous works (Zhang et al., 2021b; Haque & Maguluri, 2024) also include convergence of the averaged reward
function. Although not stated in our theorems, we can also achieve such convergence as mentioned in Eq.(19). In this
section, we give a proof of Eq.(19) based on a Central Limit Theorem for Markov chains.

Proof. For all t = Tyix, . .., T, we can decompose E [(r, — g)?] as
E [(ri — 9)°] < 2E [(re — E[r])?] 4 2E [(E[r;] — 9)*] = 2Var(r;) + 2(E[r;] — 9)*.

First, we bound the variance of r, Var(r;) = E [(rt — g)Q]. Let v = Cov(rg,, s, ) be the covariance function. It is well

known that
t—1t—1

Var(ry) = %2 Z Zmi*ﬂ'

i=0 j=0
By changing the order of summation,

t—1t—1 t—1

Zzwﬂw = Z (t =iy < HZ%‘ =t<70+22%> .

i=0 j=0 i=—(t—1)

Since all Markov chains considered in this paper is V -uniformly ergodic with V' = 1 and the reward function is also bounded
since the Markov chain is finite, the conditions of Theorem 17.0.1 in (Meyn & Tweedie, 2012) hold (up to a constant factor
which will not change the final result) and therefore, the term 72 := (v + 2 Y5~ ;) must be finite. We further conclude

1

1,
<7 = —_— .
Var(ry) < t7 O (t)

Next, we bound the other term on the right hand side, 2(E[r;] — g)?, using Eq.(4). Since each reward is at most 7y, the
averaged reward g can also be at most 7y,,x. Therefore,

|E[r7-mix] - g| = (’I’Si - g) S 2Tmax~

. t—1
Since we also have 1y = TixTr, /t+ D . T/t
i =Tmix

t—1
Tmix 1
(1] — gl <= [Elrr,] =gl + 5 D [Elri] gl

t )
1=Tmix
2Tmi r =
S znxrmax“‘ rr:lx Z HP1(|50) _/1/”1
1 =Tmix

<0 (1) .

Therefore, combining both bounds and we conclude that

E [(rr — 9)*] = O(1/T).

13
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B.2. Condition Numbers

We notice that, in (Zhang et al., 2021b) and (Li et al., 2024), the definitions on condition number are both different from
ours. Our condition number is defined by

n = waf‘llilel {l|®2B; + (NT‘I’QT)Q} .

Meanwhile, in (Zhang et al., 2021b),
N2 =

N oz||3.
HzH:l,mTeon HDlr

and in (Li et al., 2024; Kim et al., 2025),

: THT . T
= min x'® D®x | - min y D(I—-P y> .
" (|x—1 > <<y,e>D—o,|y|D—1 I-P)

Therefore, in this section we will describe this difference.

Remark: In (Li et al., 2024), the condition number is actually defined as miny#’Hy”D:l yTD(I — P)y. However, we
can always decompose it as y = y1 + ¥ where (y1,e)p = 0and (A,e)p = [lyllp - lle p. We can easily check
y"D(I — P)y =y | D(I — P)y, . Therefore, 73 is actually greater than the condition number defined in (Li et al., 2024),
offering an optimistic approximation of their sample complexity.

B.2.1. DIFFERENCE BETWEEN 7); AND 7)2

Lemma B.1. We have (o

> ———5 -
n:umaX”:uHQ

Notice that 7; defined in the above lemma corresponds to the condition number in this paper and 7, corresponds to the
condition number in (Zhang et al., 2021b). We can conclude that when p is a multiple of the all-one vector, them 7, is no
less than 75, which suggests our result is better. In other cases it is difficult to compare them.

Now we provide the proof to Lemma B.1.

Proof of Lemma B.1. 1t is useful to define the y—weighted inner product and norm by

(@)= S u)a(s)y(s), el = /(. 2),.

seS

We first define 7}, 75 to be
m = min { ], + (u"2)*},
lzll.=1
and
/

2 =

. 2
= min X .
HIH;L:L/ATIZOH D

We can show a simple fact that 7} > 75 when n, < 1. We notice that the Dirichlet semi-norm is invariant under addition of
a constant. In other words, for any z € R™ and ¢ € R,

|z + cellpir = [|1z[|Dir-

Therefore, we can decompose
r=ce+z whereccRandpu'z=0.

On one hand, we obtain ||z||pi;; = ||2]/pir- On the other hand,
Iz)l% = llcell + [[2012 = SAllell2 + 202 = & + |lz]% =1

Therefore,
21D + (1" 2)? = 2B + (0 2)? 20y (1= )+ & =+ (1 — ).

14
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where the second equation uses the fact that ||z||3,;, > 75|[|%. We conclude that 77; > 75 as long as 5 < 1.

Now we return to the original problem. To distinguish, we denote 7); to be what is defined in our paper. Namely,

m= min {llzllBse + (07 2)%} .

According to (Zhang et al., 2021b), we define 7, to be

i 2
= min 212,
72 llz||=1,2 T e=0 || HDlr

We first notice the simple fact

T T
. x' Ax z' Ax mi
min z' Ar = ———— < min z Ar< ———= ,umm in z' Az.

P <
O 2| |=1 Pmax| |23~ @:llall.=1 umml\xllg |[z||=1

We introduce the following lemma:

Lemma B.2. Let A € R™*"™ be a symmetric positive semi-definite matrix satisfying Ae = 0. Let u € R™ be a vector with
strictly positive entries satisfying

0<Mmin§ﬂi§ﬂmax fori:la"'7n7 and ZM’L:]-

Define
A= min z' Az, AW .= min x| Az
llz]l2=1,2T e=0 llz]l2=1,2T u=0
and ,
N:= min z' Az, A" := min 2" Az.
llzll2=1 Izl =1
Then we conclude N
2 < )\(H)7 :u’ma,x>\l < )\( ) < /u’m1n>\/

|3

With the above lemma, one can show

g > ! )
= 1 1ol2
? n/fdrnaXHMH2
and
/ —1
771 § /u‘minnl‘
Therefore,
Hmin
m > — 22
N fbma || 4]l

Now, we only need to prove the above lemma. We split the proof into two parts.

First, we show that ! N < AW’ < i N, We can always rewrite \’ and AW ag

z T Ax W _ x ! Ax

N = min = -
wTp=0 ||z]|2’ o p=0 [lz[|3

The result followed by applying the fact pimin|[2]|? < ||2[|12 < fimax||2]|?.

Next, we show < A\, Let 2 € R™ be a vector satisfying

|| nllull3

=0, |z =1

Define

$T€

y=x—de, whered=——,
n

15
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we can easily check y 'e = 0 and y ' Ay = 2" Az. Consider the norm of 7,

(z"e)?
Iyll3 = llz = dell3 = [l]3 - 2d 2T e + d*[lel|3 = 1 — ==——.
To bound |z " e|, decompose e by
1
e=1—msptw, with w " ju = 0.
[l
Then 2 "e = 2" w. By the Cauchy—Schwarz inequality, |z "e| < |Jw/|2. Notice that
2
" 1
ol = el = || | =7
? e 14l13
Since e pp =1,
1
n—
T3 !
ol > 1 - S
? n nlul3
Now, letting § = y/||y||2, we have § " e = 0 and thus
gTAG > .
It follows that \
T 2
el Av=y Ay =|lyl39"A§ > .
nl|pll3
Take the minimum over all unit vectors x with 2" ju = 0 yields
A > A2 5.
n|pl]3
B.2.2. DIFFERENCE BETWEEN 7; AND 173
Lemma B.3. We have )
m = 3B
Proof. Recall
m = min {||(I)J;||123ir + (,ﬂqm)?}, 1 = (min qu>TDq>x) : ( min  y D(I - P)y)7
llz]|=1 [lz]|=1 (y,¢)p=0, |lyllp=1

where D = diag(u), (a,b)p = a' Db, and ¢ is the all-ones vector.
Let
A= min y' D(I — P)y, o = min z' &' DPz.
(y,¢)p=0, |lyllp=1 fl=ll=1
Then n3 = oA
First, for any v € RIS,

ol = 5 3 ) P(s'13) (0(s) — v(s"))’

=Y uls)v(s)? =Y uls)P(s'|s)u(s)o(s))

=" D(I — P)v,

16
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where we used ), P(s|s) = 1 and stationarity ) _u(s)P(s'|s) = p(s’).

We also remark on the standard observation that multiplication by P is a contraction in the D-norm:
2
1Pold =" u(s) (32 P(s'Is)o(s)) " < D7 () 30 P(s/Is)u(s)? = 3 s yo(s))? = ol

where the inequality is Jensen and the equality again uses stationarity. Hence ||Pv||p < ||v|| p. Therefore for any y with
lyllp =1,
y' DU =Py =Ilylp — (v, Py)p <1+ [{y. Py)p| < 1+ Ilyllp [Pyllp < 2.

Taking the minimum over the constraint set gives A < 2.

Having established that, we next fix arbitrary v € RISI. Let
c:=(v,e)p=v'De=p'v, u:i=v — ce,
so that (u,e)p = 0. Since ||e||2, =e"De =", u(s) =landu L ein (-,-)p,
lllD = llullp + .
Also, adding a constant does not change the Dirichlet seminorm, so ||v||pi; = ||u||pir. Using Step 1 and the definition of A,
[l = lullby = w" DU = P)u = Mul|3.

Therefore,

DO | >

A
ol + (7 0)* = [lullps, + ¢* = Mullh + ¢ > S (Jullb +¢*) = Il

where we used A < 2 so that (\/2)c? < 2.
Step 3:  Applying Step 2 to v = ®z gives, for every z € R,
A
12l + (uT @2 > S|dal} = 52T a7 Dbw

Taking min ;= on both sides yields

. A T A 1
m = mln{ P 2ir+ p' o 2} > —min ' & DPx = -0 = —n3.
lzli=1 1922 [5ir + ( ) 2 |lz]=1 2 2

B.2.3. RELATION BETWEEN PROJECTION AND CONDITION NUMBER

In (Kim et al., 2025), their sample complexity depends on the projection radius I2;,.;. Although they did not have a
discussion on the projection radius, we will assume R,;,; = I2g and compare their sample complexity for completeness.

Lemma B.4. Suppose the projection radius is chosen to be

27 maxC'
Rproj = Ry = .
(1 - B8)V (1 — w2)Apin(®TDP)
We have ) )
2
Rz > Tmaxg .
(1 - 5) UE

Proof of Lemma B.4. For any vector y such that ||y||p = 1 and (y,e)p = 0,
y'D(I — Py =1~ (y,Py)p.

17
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By Cauchy-Schwarz,

(v, Py)p < lyllolIPyllp = [[Pyllp < w.
Therefore, we have

min y'D(I =Py >1-w.

(y,e)p=0,llyllp=1
Since w < 1 which is already established in Lemma A.1, 1 — w > (1 — w?)/2. Therefore,

1 S 1

1—w? = 2ming ) =0yl p=1% DI = Py

Now we obtain

(27 max C)? or2  C?

RQ Z i — max )
O = 21— B)2ming, oy p—oylo=1 ¥ DI — P)y - Amin(@TD®) (1 - B)2ns

18
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C. Analysis of Double Chain Algorithm with Constant Stepsize

In this section, we will give a detailed proof of Theorem 4.1 and Theorem 4.2. Notice that these proofs can also be applied
to the tabular case if one sets & = I.

Throughout the analysis, we denote F; as the history up to iteration ¢t — 1, i.e.,
Fi:=0({s0,---,8—1}U{80,...,8-1}). (filtration)

In particular, 6; and §; is F;-measurable. We also denote B = 2||0¢]| + (*max + [|6*]])-

Before going to the proof, we first record some useful properties about f(s, §,6) and g(s, s, 0).

Define the mean field -
where under E,, we sample s ~ p, § ~ 1 independently, and then sample s ~ P(- | s). By Eq. (14), it is straightforward to

check that _
h#)=—@ up" (R+ ®0) + @' D(R + PPI — &0)

(2D
=—® uu' @5+ & D(P — IS,
where § := 6 — 0*.
Beyond the above fact, we have two additional lemmas.
Lemma C.1. Foranyt > 0, we have
£ (st 8¢, 00)[| < [10¢]] + rmax + (107,
llg (525 5%, 001 < 2(110¢ [l + rmax + [[67]))-
Proof of Lemma C.1. According to Eq.(16),
1£ (56,80, 00| < (I, |+ [0(se) T0:]) [|6(30)
< (rmax + 10 [[@(se)1]) [|#(34) | (Cauchy-Schwarz)
< Pmax + (104 (eI <D

Srmax + ||0t - 0*” + HH*H
= [16¢ ]| + Tmax + [[67]-
Similarly,

lg(se, st 0 < (Irs, |+ [6(s1) T Ol + |6 (5) T 0:]) |60
< Tmax + 2[|0]| o)l < 1)
< Pmax 1 2[|0 — 67 + 2(|67|
S2([10e ]l + rmax + [[671])-

O

Lemma C.2. The function f is 1-Lipschitz and g is 2-Lipschitz with respect to 6, i.e.,

Hg(& 8/7 91) - 9(87 8/792)H < 2”91 - 92”7 Hf(57 ‘§791) - f(s> s, 92)” < ||91 - 92”
Proof of Lemma C.2. Using Eq.(16) and ||¢()]| < 1,
9(s,5',601) = g(s,',62) = ((9(s) = &(s)) T (61 — 62)) (s),
hence
lg(s,s',01) — g(s, 8", 02)Il < l¢(s") — D) [lo(s)] 161 — 2| < 2(|61 — b2
Likewise,
f(57 §761) - f(sa ‘§7 02) = 7(¢(S)T(91 - 02)) ¢(‘§)7
s0 [ f(s,8,61) = f(s,8,02)[| < |61 — 0a]|. H

Now we are ready to provide our proof of Theorem 4.1.

19
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C.1. Proof of Theorem 4.1

Proof of Theorem 4.1. Let uy := f(s¢, 8¢,0;) + g(s¢, s}, 0¢). From Eq.(15) with oy = a,
1861 11” = 1166117 + 20 8, we + @[l 1*.

Taking conditional expectation given F;, and using that J; is F;-measurable,

E16e+1117 | Fe] = 116117 + 2006/ E[ue | Fo] + o EfJJue||* | Fo.

Step 1: Drift term. We first introduce the following lemma:

Lemma C.3. The linear function h(0) := ® " D(I — P)®0 is a gradient splitting of the quadratic function || 0%, , i.e.,

1
(0,h(0)) = (0, Vol 0l[y,), V0 € R
As a result, we have ||®0||%,. = 0T h(0) for all § € R<.

The proof of this lemma can be found in Section C.2.

Under i.i.d. sampling, (s, §;) are independent of F; with marginals u, and s} ~ P(- | s;). Therefore,

Elu, | Fi] = h(6,),
where h(-) is defined in Eq.(21).
Using Eq.(21) with § = 4,
5, h0) =6 ®"D(P-1)®65 — 6 & up' @5,
= —§/ @' D(I - P)®&; — ||u @

— @3By — lle” I
2.

IN

—77”575

Step 2: Second-moment term. By Lemma C.1,
uell < I1f (st 3, 00) [l + lg (st 3, 0[] < 3([[06]] + rmax + 107]])-
Hence,
Elllue]|* | Fol < 918l + rmax + 16%]1)?
< 18[16¢ ]| + 18(rmax + 10°])*.

Step 3: Combine. Plugging the two bounds back,

E[[6+1]1% | F2] < (1 — 2an + 18a2)|6:]|* + 180 (rmax + |07 ]))*.

Since o < 717/18, we have 18a? < an, hence
1—2oz77—|—180z2 <1-an,
and therefore

E[l0e1]? | o] < (1 — am)[[6e]]* + 180 (ramax + [107]1)*.

Taking expectation and iterating the recursion yields

T-1
E[l67(* < (1 = an)"E[[do]® + 18a® (rmax + 0°)* D (1 — an)".
k=0

Using Zg;ol(l —an)k < o%n and1 —xz <e %,

18a(Tmax + [|0%]])?

Ellor[|* < ™" E[do]|* + 7

20

(Lemma C.3)
(Eq. (8))

(Lemma C.1)

((a +b)? < 2a2 + 2b°)
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C.2. Proof of Lemma C.3
Proof of Lemma C.3. According to Eq. (7) and the stationarity ' = ' P,

1115 = %ZM(S)P(S’IS) (f(s)* + f(s)? = 2f(s) £ (5))

s,s’

= uls)f(s)* =Y p(s)P(s'|s)f ()£ (")
= f'D(I - P)f. |

Taking f = ®0 gives
@03, =0"®"D(I — P)®0 = 0" h(0).

Since || ®0]|3);, is a quadratic form, its gradient is
Vo||®0||3;, = (2" D(I — P)® + @' (I — P)T D®)0,

hence )
240, Vol|®0|7;,) =0T @ D(I — P)®O = (0,h(0)).

C.3. Proof of Theorem 4.2
Proof of Theorem 4.2. For convenience, define

9(0,) ==Y u(s)P(s'|s) g(s,s',0:) = ®T D(R + PO, — 6,),

s,s’

_ (22)
F6y) = Z 1u(s)u(3) £(s,8,0,) = =@ pp" (R + 26,).

Let u; := f(s¢, 3¢, 0;) + g(st, 5}, 0;). Using that §; and f(6;) + g(6;) are F;-measurable, we have
E[6] (2" D(P - 1)®5; — @ pp" ©6; — Efuy | F])]
=E[5 (9(0:) + F(6:) — E[us | F4])] (Eq. (21))
=E[5; (g(6:) + [(8:) — ue)]
= —E[0, ((g(st,51,0:) — g(62)) + (f (51,81, 6:) — F(6:)))] -

Define B and G as in the theorem statement. We introduce the following lemma:

Lemma C.4. Suppose
nB?
o< —
- (3Tmix + 1)G

then E[||6;]|?] < B2 forall t > 0.
The proof of this lemma can be found in Section C.4.
Since E[||5:||?] < B? for all t > 0, we know that the following lemma holds.
Lemma C.5. Suppose t > Tpix. With f, G defined in Eq.(22), we have
E [5: (g(st, 3;7 ;) — g(et))] < (332 + (Tmax + ”9*H)2) + (4232 + 30(rmax + ”9*H)2) Tmix &,
E [6; (f(st,80,0¢) — f(6y)] <a (3B2 + (Tmax + ||9*H)2) + (21B? 4 15(rmax + 107 1)?) Tuix @-

21
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The proof of this lemma can be found in Section C.5.
Summing the two inequalities and multiplying by the factor 2, we obtain for all ¢ > Ty,ix,
—2aE[s] (2" D(P - 1)®5 — @ " pupu" 6, — Efuy | F))]
< 402 (3B2 + (rumax + 110" 1)%) + 0 7inix (12682 + 90(ruae + [10°])?)

Using the same I; and I, bounds as in the i.i.d. case (so that the drift contributes —(2an)||d;||? and the squared-norm term
contributes 1802 (||5¢]|2 + (rmax + [|0*||)?)), we obtain for any * > Tiix,

El|de+1]? < (1 = 2an)E||6:]|* + 180° E[|6;||* + 180 (rmax + [16%])?
403 (382 + (rmax + 10°1D?) + 0% (1268 + 90(rima + [67])?)
< (1 —2am)E||6¢]]? + 1802 B? 4 2202 (rmax + |07 ])? + 120 B2
+ 0 Tonin (12632 + 90(Fmax + |67 ||)2) (Lemma C.4)
< (1= 20m)E||6]|? + o? (4232 + 30(Fmax + ||0*||)2) (37mix + 1)
= (1 = 2an)E|6:|* + a*G(3Tmix + 1).

Iterating the above inequality from ¢ = Tp,ix to T' — 1 gives

T—Tmix—1
2 4+ G (3Tmix + 1) Z (1 —2am)*.
k=0

Ellor||* < (1= 20m)" " ™>E|§

Tmix

Using Lemma C.4, Y, - (1 — 2an)* < 2(1”] and 1 —z < e™*, we obtain

aG(3Tmix + 1)

Bor|[? < ¢ 2ot 2y SO

C.4. Proof of Lemma C.4
Proof of Lemma C.4. We first handle ¢t < 7,,;x via a pathwise bound. From Eq.(15) and Lemma C.1,

18e1 [l < N10ell + (1 f (se, 8¢, 00) || + |9 (st 5%, 00)|])
< |[0¢ ]| + 3a([[6¢]] + rmax + 167]]) = (1 + 3a)[|0¢]| + 3 (rmax + [[07])-

Iterating the inequality yields, for ¢ < 7ix,
t—1
8¢l < (14 3e)" (|50l + Br(rmas + [10°])) Y (1 + 3a)*
k=0

Using (1 4 3a)! < ¢ and Sb_{ (1 4 3a)* < ¢(1 4 3a)", we have
18] < €*T | G0 | + BTmixe ™ (rimax + [|07]]).

The stepsize condition implies aTyix < 1/6 (indeed G > 42B% and i) < 3 imply o < 1/ (42(37mixc + 1)) < 1/(67mix)),
S0 3 Tmix < el/2 < 2 and 6amyix < 1. Therefore,

[16¢1l < 2[180[| + 6aTmix (rmax + [187]1) < 2[|d0[l + (rmax + [167]]) = B, ¥Vt < Tmix.
Hence E|[6;]|> < B? for all t < Tppiy.

Now consider ¢ > 7y,i, and use induction on ¢. Assume E||d;||?> < B? for all k < t. Then we have the following lemma:
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Lemma C.6. Suppose t > Tyix and E|||6x||?] < B2 for all k < t. Then Lemma C.5 holds at time t.
The proof of this lemma can be found in Section C.6.
Plugging those bounds into the recursion in the proof of Theorem 4.2 gives

E6:41]1° < (1 = 2an)B? + oG (3Tmix + 1).

nB?

Using the stepsize condition o < G DG

we have a?G(3mmix + 1) < anB?, hence
E|[§¢41]* < (1 - 2am)B* + anB? < B,

This completes the induction and proves the claim for all ¢ > 0.

C.5. Proof of Lemma C.5

Proof of Lemma C.5. Fix any t > 7p,;,.. Lemma C.4 gives E||0,||> < B? for all k < t, so the assumptions of Lemma C.6

are satisfied. Lemma C.6 therefore implies the two inequalities stated in Lemma C.5.

C.6. Proof of Lemma C.6

Proof of Lemma C.6. For simplicity, denote
9:(0) := g(st, 51, 0), fi(0) == f(st,5:,0).

Step 1: the g-term. Decompose

E [(6; — 0*)" (g(6,) — §(6,))]
=E[(0: = 01—ri) " (9:(0:) = G(0)] +E [ — ") " (9 (01—7) — G(01—ri)]
I, Iz

FE [0t = 0°) " (96(02) — 910t ))] + B [(Or—re — 0°) T (G(01—7,) — 5(62))] -

13 I4

Term [,. We have

t
975 — Ht_Trnix = Z a(gi(ei) + fz(ez))a

1=t —Tmix+1

so by Lemma C.1,
t

<3 > a(llill + ramax + 167)

i=t—Tmix+1

Also ||g:(0:) — g0 < llge (@) + 10| < 4(||0¢]| + max + ||0*]|). Therefore, since 2ab < a? + b2, we have

19:(0:) — g(6:)]l]

t

<SE(12(6:)l+0) > allsll+o)

i=t—Tmix+1

[ —

I <E[[|0; — 0t s |

t
<123 QB[R + 62 +2¢]
i=t—Tmix+1
t
< 24(B* +¢?) Z a.

i=t—Tmix+1

23
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Term I,. Condition on F;__, . Given F;_,_, , the law of (s;, s}) differs from p(s)P(s’|s) by at most || Py, .. (*|St—ri ) —
wl]1, and by definition of 7ynix = Tmix(a) we have ||Pr... (*]s) — plli < « for all s. Using Lemma C.1,
Sups,s’ ||g(s, 5/7 et*Tmix) H < 2(“6t77—mix + C)’ hence

1B (96 (0t —rie) = GOt i) | Frormiil | < 20(([01 -7,

+¢).
Therefore,
Iy = B[E [(0—rpe — 0%) " (9t (Ot—rp) = GOt ) | Frmrnin]]
S E[ll6t—rmi |l - 20 (10t — s [| + )]
< aE[3|6;—rn |+ %] < a(3B*+¢7).

Terms I3 and I,. By Lemma C.2,

t
19¢(6e) = 96 (Or—ri )|l < 201600 = Op—ri | <6 > allld]l + o).

1=t —Tmix+1
Hence
t
L<6 S QB0 (] + )
i=t—Tmix+1
t
<6 D> QB[S 18] 1107, 1]
i=t—Tmix+1
t
[ 1 [
< E|6- == . -
< Y { g 6 -
1=t —Tmix+1
t
<(9B*+3%) > o«
1=t —Tmix+1

The same bound applies to I, (since g(-) is also 2-Lipschitz in # by Lemma C.2 and linearity of expectation).

Combining I1-14,

E[(6: — 0%)" (9:(6:) — 9(61))] < a(3B* + ) + (42B* + 30c?) Z a.

i=t—Tmix+1

t
1=t—Tmix+

With constant stepsize, 1 &t = Tix @, proving the first inequality in Lemma C.5.

Step 2: the f-term. Same as before, we can do the same decomposition so that
E[(0: = 0")" (fi(6r) = F(00)] = I3 + I + I + I

The only change is in I}: given F;_, . , the joint law of (s, 8;) equals P, (‘|st—r...) ® Pr.. (*|8:—r...), Whose ¢;
distance to 1 @ f1is at most | Pry, (151--rus) — fll + | P (131-ms) — sl < 202

Using the same analysis as function g, we conclude

E[(6: —0%)" (£:(0:) — f(00))] < a(3B*+*) + (21B* +15¢%) > «a,

i=t—Tmix+1

which proves the second inequality in Lemma C.5. O
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D. Analysis of Double Chain Algorithm with Decaying Stepsize

In this section, we give a detailed proof of Theorem 4.3. We first state the full version of the theorem with all the constants:

Theorem D.1 (Restatement of Theorem 4.3). Let a > 0, ¢o > 0, and oy = =%~ with & € (0, 1]. Denote

o)
B1+=2E[ (180ll + rmas + 2016°11)°] + 2E[ 8 - 6°17],
62 ::946(Tmax + 3”0*“)27

and

Ly :zmax{l, loe(1/5)

B(T) :=4aL1B2(log(T + cp) — loga + 1)

10gC+1}

Assume co > max{co1(a,§), co2(a, )}, where co 1,co 2 are chosen so that Lemma D.2 holds.

_1
1. If¢ € (0,1) and ¢y > (2‘5)1‘f, then

an
E[l|s7]%]

< B exp(—lni€ ((T + ¢o) =& _ (Tmix + 00)14))
B(T)
G

2. If¢ = 1and cy > na, then

mix T Co " F(T)
E[||67|%] < & > + ;
L T”—ﬂl< T+ co (T + co)"

where ¢ = min{1,na}, B(T) := 2L B2 (log(T + o) — loga + 1) and

40 -

l_mﬁ() ) 0<a<1/n,
D(T) := { 4a”log(T + co) B(T), a=1/n,

dea?

a1 B(T), a>1/n.

Throughout, we use the same notations as in Appendix C.

D.1. Proof of Theorem 4.3

Proof of Theorem 4.3. To control Markov noise, we need an upper bound on Z
following lemma.

«;. This is captured by the

i= t Tmix

Lemma D.2. There exist constants co.1 = co,1(a,&) > 0and co2 = co2(a,&) > 0 such that if co > max{co 1, co,2}, then
forallt € [Ty, T,

t—1
1. Z o; < 2L1at(10g(1/aT) + 1);

1=t —Tmix

t—1

2. ) o <min{1/12, n/2694}.

1=t —Tmix
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The proof of Lemma D.2 can be found in Section D.2.

Denote

G(00) == > p(se) P(sils0)g(s1, 7, 01) = T D(R + P®O,

’
St,5%

FO0) = > nlse)u(3e) f(se, 51,00) = —@ T

StySt

— ®0,),
1" (R+ ®O,).

We will also need the following two lemmas.

Lemma D.3. Suppose t; < to and Zt2 " Lo, < 1/12. Then

to—1
L 162, = 0, || < 61180, | + rmax +21167]1) D s

1=ty

to—1
2 16t = 0| < 12100 ] + 7 +210°1) 3

1=t1

Lemma D.4. Suppose t € [Tiix, T| and ZZ o @i <1 /12. Then

E[ (8~ ") (g(s1, 51, 00) — 5(60)) | < (SSOENG 2 + 304(rmae + 316°[)%) Z o,

1=t —Tmix
(6, = 0")T (Fls150,00) — F(60)) | < (448BJI3 )12 + 160(rimax + 3(16°)?) S
=t —Tmix
The proof of Lemma D.3 can be found in Section D.3, and the proof of Lemma D.4 can be found in Section D.4

Using Lemma D.4 and summing the two bounds, we have

QOZtIE [(;tT (g(Gt) —+ f(@t) — ( (Sf, St7 Gf) —+ f(St, =§t7 01‘)))]

t—1
gQat(13281[*3||6t||2+464(7~max+3||9 0 2) Yo

1=t —Tmix

Combining the basic expansion of ||§;+1]|? in Appendix C with the bounds derived above, for any t € [Tiix, 1]

B[94 < (1= 20|61 + 1807 (EN6)2 + (rmax + ||9*H)2)

+2at(1328E||(5t||2+464(Tmax+3||9 ) ) Z .-

1=1—Tmix
Since «; is nonincreasing and Tmix > 1

t—1 t—1
> aizaaze = of<a » o
i=t—Tmix 1=t —Tmix

Moreover, (Tmax + |60%]))? < (max + 3/6*]|)%. Therefore,

Efl60112 < (1= 2n00)E60]2 + v (26748 + 946 (rax + 360" )?) S o
1=t —Tmix
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t—1
1=1—Tmix

t—1
1=t—Tmix

By Lemma D.2(2), we have > a; < 1/2694, which implies 2674 > a; < 7. Hence,

t—1

El|6ri1]® < (1= na)BlI6c)? + Bace Y o

1=1—Tmix

t—1

Define &y = oy ), . ;. Then

E||0e+1]]* < (1 = naw)E||0¢)|* + B2éu, YVt € [Tmix, T1.

Recursively applying the above inequality from 7,,ix to T', we obtain

T-1

T-1 T-1
2 H (1_77043’)"‘62 Z Gy, H (1—77aj).

J=Tmix k=Tmix j=k+1

Ellor||* < Es

Tmix

Step 1: bound E||6, . ||?>. By Lemma D.2(2) applied at t = Tix, ZZ;“O"_l a; < 1/12. Then Lemma D.3 (with
tl = 0, t2 = Tmix) ylelds

Tmix—1

107 = Ooll < 12([100]| + rmax +20071) D i < [[00]l + Tmax + 21[67]].
i=0
Therefore,
E|lo.

2 <OE||h,., .. — 00||* + 2E| 6o — 672

< 2E [ (60 | + rmax + 216°11)*] + 2E[160 — 6" 2] = 5.

Tmix

Step 2: bound the product term. Let

T-1
L = H (1 —mnaj)
J=Tmix
Using 1 —z < e %, we have
T-1 T-1 1 T du
I <exp | —7n a; | =exp | —na ——— | <exp —na/ — |-

Thus,

<Tr}i’fco)m e=1,

L < @
a

exp (2 (T4 0~ = (it 0 €) ) €€ 0.1

Step 3: bound the sum term. Let
T-1 T-1

.[2 = Z dk H (1—77aj).

k=Tmix  j=k+1

By Lemma D.2(1),
k-1

1=k —Tmix
Hence,

T-1 T-1

Baly < 2L1 6, (log(1/ar) + 1) Z aj, H (1 —nay).

k=Tmix  j=k+1
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Since log(1/ar) = &log(T + co) — loga < log(T + co) — log a, we can define
B(T) := 2L1 2 (log(T + co) — loga + 1)

so that

~ T—1 T—1
Bl < B(T)- Y o J[ (1 —nay).

k=Tmix  j=k+1

:213

‘We next bound I3 in two cases.

Case 1: £ = 1. In this case oy = ﬁ"cO, and we assume ¢g > an. Using 1 —x < e™7,
T-1 T-1 a
H (1_ na ><eXp —WZ 1 <</€—i—1—|—co>77
Pt J+co j:k+1]+60 T+ co
Therefore,
T—1 G,2 T-—1 7’]@
he Y s I (-2
b B0 50 L T
T—1 2 na 2 T—1 2
a k+1+¢ a k+1+¢ _
<Y g () —araw 2 (5 eeteare
k=Tmix CO) T o ( T CO) =Tmix + o
a2 T-1 -
SW Z(k+1+co)n 2.
Standard summation bounds give
4a? 1 <1
. a
1—77(L (T+Co)77a’ n )
log(T + co)
Is < {4a>—= =2 =1
3 a T + co na )
dea? 1 o1
. a .
na—1 T+cy’ g
Define ¢ = min{1,na} and
4a? -
T), <1,
—a B(T) na

0(T) := 4a*1og(T + co) B(T), na =1,

dea? =
ca B(T), na > 1.

na —1
Then 3(T)I5 < T'(T)/(T + co)9. Combining with the bound on I;, we obtain the £ = 1 claim.

Case 2: £ € (0,1). Consider the sequence {u; };>r,,,, defined by

2
na a

Tmi :07 =1l1-— _

UT ix Ut41 ( (t+co)5)ut+ (t+co)25

One can check that I3 = ur. To bound ur, we use the following lemma.
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Lemma D.5. Given a sequence {xt}tZT and positive constants cgy, c1, C2, &, consider the recursion

2
C1C2 (&)
T =(1l—-—= )2+ ——,
o < (t+ c0)€> Tt co)2€
with initial condition x, < % (T_:C_O)f. Then z; < 20 1 forall t > T if either:

‘a1 (tfco)®
1. £ =1andcico > 2;
2. £€(0,1) and T > (26/(c1c2)) 179 — ¢

The proof of Lemma D.5 can be found in Section D.5.

Applying Lemma D.5 with ¢; = 7, ¢2 = @, T = Tmix, and noting that u,_, = 0 < 22

< 7m, we get (under the
condition ¢g > (%)1/(175))

I <20
=u —_ .
TS (T + o)
Therefore,

. 2a B(T T

By < 20D S0

(T +co)* (T +co)

where 5(T') = 4aL1B2(log(T + ¢o) — log a + 1). Combining with the bound on I; proves the £ € (0,1) claim. O
D.2. Proof of Lemma D.2

Proof of Lemma D.2. By definition of Tinix = Tmix (1), we have C3™ix < qp, which implies

_ log C' + log(1/ar)
e log(1/p)

Since ay is nonincreasing,

B logC +1
< Li(log(1/ar) +1), L= max{l’h)g(l/ﬁ)}'

t—1
t+ co ¢
Z Q; < Tmix Ot —Tmix — Tmix Xt ti .

. — Tmix T Co
1=t —Tmix

§
Note that (ﬁ) — 1 as ¢ — oo uniformly over ¢ € [Tiix, T|. Hence, there exists ¢g 1(a, &) large enough such that

forall t € [Tmix, T,

3
t+00
_ <2 Vo > .
(t—Tmix-i-Co) =4 co = co,1(a;§)

Using Tmix < Ly (log(1/ar) + 1), we obtain

t—1
Z a; < 2L1at(log(1/aT) + 1), V't € [Tmix, T1,

t=t—Tmix

which proves part (1).

For part (2), since oz — 0 as ¢g — oo (for fixed T') and the right-hand side in part (1) is O(ay log(1/ar)), there exists
co,2(a, &) large enough such that for all ¢y > ¢g 2(a, &),

2L10y (log(1/ar) 4+ 1) < min{1/12,7/2694}, Vit € [Tmix, T1.
Combining with part (1) proves part (2). O
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D.3. Proof of Lemma D.3
Proof of Lemma D.3. By Lemma C.1,

1Beall = 16ell < W41 = Oell < cxrllf (56, 8¢, 6) + (s, 51, 00) | < Bewe (10| + rmax + 2[167])-

Thus,
[0e41 ] + Tmax + 20107 < (1 + 3ar)([|62]] + 7max + 2(167]])-
For any ¢ € [t1, 2],

t—1
16el] + rmax + 20167 < TT (1 +32) (186, | + rna + 2116711

1=t1

t—1
< exp (3 > ai) (102 [ + rmax + 2[107])

=1

t—1
< (1 +6) ai) (106, 1| + rmax + 2(1671]),

i=t
where the last step uses e < 1+ 2x for x < 1/2, and here z = 3 Zf;tll a; < 3-(1/12) = 1/4. In particular, since

Sl e < 1/12,
10| + Tmax + 21167 < 2(/18¢, | + Tmax + 2116%[])-

Therefore,
t2_1 tz—l
10, = 0,11 < S 101 — 03 < 3 3i (0] + rmax + 2016°1)
1=ty i=ty
tzfl
< 60160 ]| + Tanas + 210* 1) D e,
i=t;

which proves part (1). For part (2), using [|0¢, || < ||0s, 1] + [|0¢, — 04, >

to—1
16, = 02, || < 6([16e, 1| + Fanax +20167[1) D
=11
to—1
< 6(/165, | + 182 — 02, Il + Fanase +2067]) D

1=t

to—1
1 *
< 10 = On [+ 6([1022 | + rinax + 2[167()) >,
1=t1
where we used Zfi;l a; < 1/12. Rearranging gives
to—1
162, = O, || < 121100, | + rmax + 201671) D @,
i=tq
which proves part (2). O

D.4. Proof of Lemma D.4

Proof of Lemma D.4. For simplicity, denote
gt(0> :g(st7s;79)a ft(e) :f(sta§t7€)-
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Throughout this proof we fix t € [Tix, 1’| and assume Zz;tl_ﬂmx a; < 1/12.
By Lemma D.3 (part (2)),

t—1
<12([0,] + s+ 200°1) Y e

=t —Tmix
t—1
< 12()80l| + Tna +31671) Y

1=t —Tmix

||9t - et_TInix

Step 1: bound the noise term for g. Decompose

E[(et -7 (gt(et) - ?(915))}
=E [(9t —Ori) (9¢(6:) — g(et))} +E [(at—rmix —60")" (9¢(Or—rns) — g(etf'rmix))}
I Iy
FE[Or e = 0T (00000) = 90(0u)) | +E[Or s = 0) (500 1,,) — 5(600))]

13 I4

9e(00) || < 2([10¢] + rmax + [167[]), hence [|g:(0:) — g(0)[| < 4(/[0¢]] + rmax + [[67[]). Thus,

Term I;. By Lemma C.1,

I <E[6, ~ 01,0,

t—1
E[12 3 a8l + re+ 31071 - 400011 + T+ 1671

i=t—Tmix

lge(60) — 56 ]

t—1
<48 Y QE[(I0ul + rmas + 316°])?]

1=t —Tmix
t—1

<96 3 ai (BI04 (ruae + 316°1)°).

1=t —Tmix

Term /5. First note that

||6t77—rnix < ||6t|| + Hgt - et*‘rmix
t—1
< 18ell + 12018 + ramax + 31671 D
1=t—Tmix
< 2(|6¢]] + Tmax + 3([07]],
where we used Zz;tl_ﬂm a; < 1/12.
Next, by Eq.(4)
sup || P, (- | 8) — plt £ CB™> < ar < o
S
Therefore,

[ 0006 ) = 900 ) | P ]| < 5001 Pr 1 9) = il 500 95, 61|
s s,s’

< ap 2([[0t—rpi | + rmax + [167])
< dag([|0¢ ]| + rmax + 2[107])).
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Hence,

Iy < B[00 ria |- B[00 rs) = 50 ri) | Fir] |

< B[00 + ranas + 316" ) - 4o (18] + Tanes + 2116 )]

< SatE[(Hdtll + Tmax + 2||9*H)2}

< 160y (E||5f||2 + (Tmax + 2H9*”)2)

Terms I3 and I,. By Lemma C.2, g(+) is 2-Lipschitz in 6, and g(-) is also 2-Lipschitz. Thus,

o ([T —

Iy < B[00 r |- 196060) = 90(Orr )] < 2E [0, .| ]

L B[00l 1500) = 50| < 2B 180 rsc | 1160 = Oy 1]

and [0y — 0 —r,,,

Using the bounds on ||d;— .

s

t—1
I < B[ 206 + ravas + 310°11) - 24006011 + s +316°1) > e

1=t—Tmix

t—1
<48 3 QE[CION + rmes + 3671

1=t —Tmix
t—1

<96 3 o (AEIGP + (s + 316°])?),

1=t—Tmix

and the same bound holds for 1.

Combining I;-1,, we get

E|(6; — 0)T (90(6:) — 3(61))] < 160 (E[51]12 + (rmax + 2/671))%)
t—1
+ (864]E||6t||2 + 288 (P + 3||9*||)2) 3 a

1=t —Tmix

t—1

Since oy < >°,7, . «, the above implies

(0, 0)7 (0:(00) — 360)] < (SSOBN? 4 804(rmae + 318°1)%) 3

1=t —Tmix
Step 2: bound the noise term for f. Repeat the same decomposition for f:

E[(6, — 6)7 (£i(60) - (60))]
= B[ (00— O1ri) " (Ju(0) = FO0)| +E[(Or-re = 0T (fiO1-r) = FOr-r,)) |

I 1
B[ (O rie = 0T (Ji(0) = JoOr 7)) | +E| O r = 0) T (F(Orr) = F(0)] -
I I
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Term I}. By (60)]) < 1641 + Panae + 6%, hence [1£:(6) = F(8)[| < 2064 + ranax + 16°])). Thus,

I < E[Het = Ot i
t—1

[12 Z i(10 ]+ rmax + 31671) - 2(1[0¢ /| + 7max + [167]])

—Tmix

(6 = o0

t—1
<48 Y o (E||5t||2 + (Fax + ||9*||)2).
i:thmix
Term I),. By Eq.(4) (for both chains s; and §;),
sup || Pr ([ ) = plh S, sup [P, (] 8) — pll < .

Hence,

H]E[ FeO—r) = FOr—rs) | Foor]

’ < (sup [ Proic (| 8) — pll 4 sup || Pry (- [ 8) — u||1) -sup || £(s, 8, Oy |

< 2ay - (|‘6t_7-mix + Tmax + ||0*||)
< oy (|0t + Tmax + 2[107]))-

Therefore,

13 < B[00 r - [BLA O ) = O r) | For]

< 16y (EHét”z + (rmax + 2||9*H)2)7

I

where we used the same bound ||J;—r,..

< 2[0e]l + rmax + 3[167]-
Terms I} and I;. By Lemma C.2, f(-) is 1-Lipschitz in 6, and f(-) is also 1-Lipschitz, hence

0 = Ot

6 = Or s

I < E[[|6—rpn | B g 1 [

]

Thus,

t—1
I3 < E[(2H5t|\ + Pmax + 3107 [) - 120166l| + max +3[6°(1) D az}
i=t—T,

—Tmix

cu Y o E[ (2010 + rmax + 3167 1)°]

1=1—Tmix

t—1

<48 3 o (ESN + (e 316°])2))

1=t—Tmix
and the same bound holds for 7.

Combining I{-I}, we obtain

E[(6; = 0)T (f(6:) = F(8.))] < 160 (EI0]* + (rmax + 201071)?)

+ (432]E||6t||2 + 144 (rmax + 3||9*||)2) Yo

1=1—Tmix

Using oy < Z «; gives the desired bound for f, and this completes the proof of Lemma D.4. O

= t Tmix
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D.5. Proof of Lemma D.5
Proof of Lemma D.5. We use induction. The base case is assumed in the statement. Now suppose z; < 261 @ +CO) =. Then
202 1 202 1 c1Co c%
Y — T4 = —— | 1- Tt — 5
cr (t+14 o)t cr (t+14 o)t (t+co)é (t—i—co)

v

22 1 c1Co 262 c%
cr (t+14 o)t t+co +Co C (ttc)%
c1c

%, [ 1 1 ]
oo [(E+H1+ ) (t+00) 2 (t+co)**

3
202 1 C1Co I3 t—‘—CO
== | ==t 11— ——— .
&1 (E+ o) [ ;. (tt ) < (t+1+co> )]

€ —£
t 1
s T 14+ >exp | — § >1— § ,
t+14+co t+co t+co t+co

where we used e* > 1 + z. Hence,

¢
5 o t+CO 5 5 _ 5
(£ <o) (1 <t+1+co)>§(t+60) t+co (t+co)t-

Observe that

Therefore,
2¢o 1 2¢o 1 c1C2 ¢
77§7$t+12772§ o T (L N\1-€ )"
C1 (t+1+60) Cc1 (t+00) 2 (t—l—Co)
The last term is nonnegative under either condition in the lemma statement, which yields z;4+; < %m This
completes the induction. O
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E. Analysis of Single Markov Chain Case with Constant Step-size

Recall the single-chain update components in Eq. (17):

f(sv w) = ¢(5) - w, g(sv 5/7w7 0) = (Ts + ¢(5/)T9 - ¢(S)TG)¢(S) - (Ts + ¢(5)T9)w

Under stationarity (s, s’) ~ (i, P), define the mean fields

fw) :=Eepu[f(s,w)] =@ pp—w = w* — w, (23)
G(w,0) :=Egop simp(slo(s, s, w,0)] = " D(R+ PO — ®0) — p" (R + ©0) w. (24)
The fixed points are w* = T 1, and 0* satisfies
glw*,0%) = 0. (25)
First, we introduce some useful basic properties.
ol < 2.

Proof of Lemma E.I. The update wy11 = (1 — B)w; + Bé(s:) implies

[wegall < (1 = B)lwell + Bllg(se)ll < (1 = B)l|well + 5.
Since ||wg|| < 1, induction gives ||w¢|| < 1 for all t. Also [|w*|| = ||Es~pu[@(s)]]] < Ell@(s)|| < 1, hence |6 <2. O

Lemma E.2. Forallt > 0,

[f(se,w)ll <2, [lg(se, s we, 00) ]| < 27max + 6Rg = 2(rmax + 3Re).

Proof of Lemma E.2. For f(s,w) = ¢(s) —w

(s, wo)[| < [[¢(se) [+ [lwel] < 2. For g, using [|¢(-)[| < 1and [Jw, || <1,

llg(se, st we, 0)|| < |rs, — (1)) 0] - [|@(se) || + s, + D(se) 04| - ||
S (Tmax + 2||9t||) (Tmax + ||9t||) S 2Tmax + 3H0tH S 2Tmax + 6R9
O
Lemma E.3. Forall s,s’ and all w,wy,ws, 0,01, 0o,
Hf(57w1) - f(57w2)H < ||’LU1 - ’LU2||7
lg(s,s",w,01) = g(s, 8", w,02)|| < 3|61 — 62,
and
||g(s, slv wiy, 0) - g(sv S/, wa, 0)” S (Tmax + 2R0) le - wZH
Proof of Lemma E.3. The f claim is immediate: ||f(s,w1) — f(s,w2)| = [Jw1 — wa|-
For 6,
g(s,s',w,01) — g(s,8',w,02) = ((¢(s') — &(s)) T (61 — 02)) p(s) — (¢(s) " (61 — 62))w
)
lg(-,01) = g(,02)| < lp(s") — ()| - 161 — b2l - [@(s)]| + D) - 101 — O2| - [Jw]| < (2+1)[|61 — 62
For w,
g(Sa 8/711}1,0) - g(S, Slvw27 9) = _(Ts + ¢(S)T9)(w1 - w2)7
hence [|g(-, w1) — g(-, w2)|| < (rmax + [|0]])[|w1 — w2l < (rmax + 2Re)[lw1 — w2l|. O

35



Submission and Formatting Instructions for ICML 2026

E.1. Proof of Theorem 4.4

We first restate the theorem with all the constants.
Theorem E.4 (Full statement of Theorem 4.4). Consider the single-chain algorithm in Eq. (17) with Markov sampling.

Assume constant stepsizes oy = o > 0, By = 8> 0 and po := B/a < 1. Let X > 0 satisfy 0 < \? < rmafﬁ and define

)\2 Tmax + 2R9
Gy Yo +200)

k:=1—-2aC € (0,1),

Gy i=e 20,

>0,

Then for any t > Tmix

A(Tmax + 2Rg) (t — Tmix) max{r, Gy}t~ Tmix
)\2
(6% Gconst

20

4
E|67]” <
+ 4R§I€t_7-mix +

where

(167-mix + 6) (rmax + QRG)
A2
+ (88TIIIiX + 4) (Tmax + SRG)Q-

Gconst Ca

Proof of Theorem 4.4. By non-expansiveness of projection,
16711 < 1167 + v g(se, st we, 00)|2. (26)
Taking expectation and expanding,
-
E[071 112 < BIIGY |2 + 2 E 67 g(st, 57,101, 00)| +a*Ellg(st, sp,we,00)

T T
— EJ0] I + 20 E[57 ' (g(s0, s, we,00) = 3w, 00) | + 20 E[57 " g, 00)] + ?Ellg(se, 57,01, 001

27
Step 1: Markov-noise term.
Lemma E.5. For anyt > Tyix,
-
E [51? (g(sta 827 We, et) - g(wtv 9t)):| S 44 Q& Tiix (rmax + 3R9)2~

The proof of this lemma can be found in Section E.2.
By Lemma E.5, for t > Tk,

20 E 67 ' (g(st: 57, we,01) = §(1r,00))] < 882 Tini (P + 3R0)”. 28)

Step 2: Mean-drift term. Using g(w*,0*) = 0,
T_ T ew
67 glwe,00) = —| @} By, — (1" @)% — (nT (R+ 20,)) (6] 5.
By Eq.(8) and Young’s inequality, for any A > 0,
T(R+ @0, |6 0| < 2Rg) - (2|72 + 162/ A2
|1 (R+ ®6,)] |07 6] < (rmax + 2Ro) - 5 (X117 + [167]1°/2% )
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Therefore, with ¢ = 7 — A?(rmax + 2Rg)/2 > 0,

Tmax + 2R0

-
20 B[] glws, 0)] < —20CE|57[* + @ =5 E[l5 . (29)
Step 3: Second-moment term. By Lemma E.2,
A®E||g||? < 40 (rmax + 3Rg)?. (30)
Combining (27)—(30), for t > Tix,
E[6?, |12 < (1 — 2aC) E||6°|2 + a Tmex 20 pyswiz L o208, 1y 3Ry)> 31
| t+1H < (1= 2aQ) Eljo7 || +O‘T 167117 + @ (887mix + 4) (Tmax + 3Rg)". (€29

To deal with E||6||?, we introduce the following lemma:

Lemma E.6. For anyt > Tyix,

El6°? < 4e™ 2P0 i) 4 (1671 + 6)8 = 4G 4 (167pmix + 6) 5.

The proof of this lemma can be found in Section E.3.

Now apply Lemma E.6 and use 5 = pga < «:

(rmax + 2R0) (167—mix + 6) (rmax + QRO)

dav e
E[6/11° < wEl|67|* + Gy~ 4 poa® + 0 (887mix + 4) (Fmax + 3Rp)*.

A2 A2
(32)
Iterate (32) from Tix to t and use ||(Sﬁmix | <2Ry:
—1 t—1
o 4a(rmax + 2Rg) 4 i = Tenin s
EN57I? < !B, 2+ =EEE IR ST TG 4 (02Geonn) Y AT
J=Tmix J=Tmix
where 16 6 R
Tmix + Tmax +
Gconst = pO( /\)2( 9) + (887111ix + 4) (rmax + BRG)Q-
Use
t—1 o t—1 ‘ 1 1
Z K/t—l—]Glj—Tmix < (t _ Tmix) HlaX{/i, le}t—fmix7 Z gl—1=7 < - — 20[(.
J=Tmix J=Tmix
Then we complete the proof. O
E.2. Proof of Lemma E.5

Proof of Lemma E.5. For brevity write g¢ := g(sq, s}, wy, 0;) and g, := g(wy, 0;). Using 6 =67+ (0 — O—r,....),
T _ T _ _
E[6! (90 —g0)] =E[6]_,... (90— 30)] +E[(0r —Or—r,.) " (90 — 30)]-

We first note the crude drift bounds over the last 7% steps:

t—1 t—1
16: =01 r | < D N0 =0 <a D Nlg(sir 85 wi, 0[] < 20Tmix (rmax + 3Ro), (33)
i=t—Tmix i=t—Tmix
t—1 t—1
lwe = Wi rl < D Mwigr —will =8 D (£ (56wl < 267mix. (34)
1=t—Tmix =t —Tmix
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Now decompose

T _ T
tg—TInix (gt - gt) = 6t0—7'mix (gt - g(sta 827 Wt —Tmixe > et—‘l'mix))
T, _
+ Jf_Tmix (g(wt—fmix7 et—Tmix) - gt)

T _
+ 62?—Tmix (g(sta 5;&’ Wt —Tpmix s Ht—Tmix) - g(wt_Tmix7 et_Tlnix))'

Using Lemma E.3, Lemma E.1, and (33)—(34),

B[00 (90— 905050 00 O rs)) | SE[160 1310 = O] + (v + 2R0) 10 — w1
< 2Ry (3 207mix(Fmax + 3R0) + (max + 2Rs) - 267 )
< 16aTmix (Tmax + 3R9)?,
and the same bound holds with g replaced by g.

For the remaining bias term, by the definition of 7i,;x () we have sup, || Py, (-|s) — p||1 < 3, hence

H]E[g(é’m S Wt —res Ot i) = TWe—r s Ot ) | Fier ] ’ < B-sup [lg(s, 8", Wi—rpir Ot — 7o) || < 28(rmax + 3Rp),
s,s’

SO

T
]E [(;te—‘rm;x (g(5t7 527 Wt —Tix s at—'rmix) - g(wt—'rm;xv ot_TmiX)):| S 2R9 : 2ﬂ(Tmax + 3R0) S 40[(Tmax + 3R0)2~

Finally, for the second main term,

E[(0:—01—r) ' (96—3t)] < 10:—01—r,..

E[H!L‘H‘H‘Qf”] S QO‘Tmix(rmax“i"?’RG)'4(Tmax+3R0> = 8aTmix(rmax+3R0)2~

Summing the pieces,

E[6?" (g — §¢)] < (16 + 16 + 4 + 8) i (Famax + 3R0)2 = 440 nix (Fmax + 3R0)>.

E.3. Proof of Lemma E.6

Proof of Lemma E.6. Using non-expansiveness of projection, for ¢ > 0,

|64, 11> < Ell67 + B (se,we)lI?
= E[|07'|* + 2B E[(6') " f (50, we)] + BE| f (50, w0) 1. (35)

By Lemma E.2, B2E|| f (s¢, wy)||? < 432,
For t > Ty, write f(w;) = w* — wy = —&% and decompose
E[(5:) T f(se,w)] = E[(6) T (f(se,wi) = F(we))] +E[(6) T fwe)] = E[(61) T (f (50, we) — fwe))] — B8

< 2BTmixs || £ (s8¢, wr)] < 2, []63°]] < 2, and the fact

A standard Ty,ix-step decomposition together with ||w; — wi—r, .,
sup, || Pr,;, (|s) — plli < B yields

E[(éfj)T(f(St, wy) — f(we)] < (167mix +4) 3.

Therefore, for t > Tpix,
E[(01)T £ (s, we)] < —E[l07 |2 + (16mix +4)5.

Plugging into (35) gives
Efl67 17 < (1= 28)E[|0 | + (327mix + 12)5%.
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w
Tmix

‘2§47

Iterating from ¢ = 7,ix and using E||6

t—Tmix—1

Bl ][> < (1= 28)"™ -4+ (327mix +12)8% D (1= 28)" < 4e 2P0 4 (16730, + 6) 3.
=0
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F. Analysis of Single Markov Chain Algorithm with decaying step-size

In this section, we provide the proof to Theorem F.1.
We now restate and prove the theorem for the single-chain algorithm with decaying step-size.

Theorem F.1. Suppose Assumption 2.1 holds. Let a,co > 0, pg € (0, 1], and choose step-sizes

a 3 pPoa
y = VD) = oy = —mm.
t (t+co)5 t = PoCit (+ o)
Let
)\2 (Tmax + QRG)
A
._rmax+2R9
C2,\ T2
A2 Szin
Tmax+2R9

Define At := (T + ¢o)' ¢ — (Tmix + c0)' ¢, and G1(T) as in (37), Go(T) as in (42), Ty as in (43), 'y as in (44). Then:

1. If¢£ €(0,1) and

then
E[[1671]
G1(T) + poca )\GZ(T))
< ARZ?. _aCl,AA a( ,
< 4Ry exp< ¢ T| + (T + o)
daca acyx a
- - - X minA .
+ T exp cg )ATexp< 1_5,0 T)

where pmin = min{ecy x, 2p0}

2. If¢=1an< 1, and A2 > %, then

mix ac1,x T
E[[|67]°] < 4Rj - (77”0) T'1 + ToGy(T)

T+ co (T + co)*1x

where I'g and I'y are defined in Appendix F.
Proof of Theorem F.1. As before, the dynamic of 0, satisfies
T
E[|67, 1] <E67]? + 20 E {@9 9(st, sy, we, 9t)] +afE[|lg(se, sty we, 0)[|°]

-
=E|[|67]* + 2w E [5t0 (9(5t7 Sy, wy, O) — g(wy, Qt))}
I

-
+204tE{5t9 E_J(wtagt)] —l—afE[Hg(shsg,wt,et)HQ],

I Is

where
g(we,0:) =By g(s, 8", we, 0;) = @ D(R + P2O; — ©0;) — p" (R + 6, )wy.

Term I;: We use the following Markov-noise bound.
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Lemma F.2. Suppose t > myix. Then

t—1
]E|:5te—r(g(3t75;,wta0t) *g(wt,ﬂt))} S pl(rmax+3R9)2 Z g,

1=t —Tmix

where p1 := 28 + 8po.
The proof is deferred to Section F.1. Using Lemma F.2,

I < 2p1 a4 (Timax + 3Rg)? Z a;.

1=t—Tmix

Term I5: By the same argument as Eq. (29) in Appendix E, we have
I < =200 \E[|67||* + ez E|6 |12,

where 1y =1 — A?(Tmax + 2Rg)/2 and c2 \ = (Tmax + 2Rg) /N2,

Term /5: By Lemma E.2,
I3 < 402 (Tmax + 3Rg)?.

Combining the three terms yields, for t > Tyix,

E67 1117 < (1= 2aee10) EI|67 ||* + aee Aﬂ‘fll5w||2 +407 (rmax + 3Ro)?

+ 201 04 (Fmax + 3Ro)” Z .

1=t—Tmix

Using Lemma D.2, 5/~ a; <2010y (log(1/ay) + 1), we further obtain

1= t Tmix

E[[67111* < (1 2aeern) EIIO7I* + area n B0 |I* + G1(T)ef, (36)

where we used the monotonicity of a; to bound log(1/a;) < log(1/ar) for all t < T, and defined
G\(T) == (4,;1L1 (log(T + co) — loga+ 1) + 4) (Fmax + 3Rg)>. (37)
For convenience in the iteration, we relax the contraction factor as
(I —20a4c10) < (1 —ager,n) (since ayc1, > 0),
so from (36),

E[l67l* < (1= arer n) E[I67 | + arcz n E[|6°]|* + G1(T)af. (38)

Iterating (38) from 7y,;x to T gives

T-1 T-1 T-1
E67)* < T (t—einad) BISL 1P+ D | T (1= crnai) | ajeanElIsY |
=Tmix J=Tmix \i=j+1
I
— T-1
+Gy(T Z IT 0 —cipai) ] (39)
J=Tmix i=j+1
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We first bound []. Using 1 — 2 < e~ %,

T-1 T-1 1 T dz
I < _ E: = - E —— ] < - T
1 exp( C1,\ az> eXp( acy i+ Co)5> < eXP( acy /Tmix (z + o)t

1 =Tmix 1=Tmix
hence
acyx
‘mix+ ’ _

(mpopee)™ ¢=1

!

I < acy 1—¢ 1—¢
exp( -~ 7 (T4 )™ = (it o) 7€) ) €€ (0,1),

Next we control E[|6%(|%.

Lemma F.3. Let
Go(T) = 64L (log(T + ¢o) — log(poa) + 1) + 12.

Then for all t € [Timix, T):

_1
1. If¢ € (0,1) and co > (i)lfs, then

pPoa

2
E||5z“||2s4exp<1p_oz (<t+co>1€<rmix+co>”)) + GaAT) i

2. If € =1, then:
(a) If poa € (0,1/2), then

2p0a 2 2

w Tmix T C 4psa
E|j6v |2 < 4 ( mix T + Go(T) - P .
t+ co (1 = 2ppa)(t + cp)?roe

(b) If poa = 1/2, then

2poa 2.2
Tmix + € 4psa“log(t + ¢
EH&;UHQ S 4 ( O) + G2(T) . £0 g( 0).
t+co t+co

(c) If poa € (1/2,00), then

2poa 2 2

Tmix T €0 deppa
E|6¥|? <4 | 22 + Go(T) - .
|| t || — ( t+00 ) 2( ) (2p0a—1)(t—|—co)

The proof is deferred to Section F.2.

We now split into two cases.

Case 1: £ = 1. Using (39) and (41) (with £ = 1),

Tmix + Co aera
E[6%]1% < (T+c0> El|87,..II

b Y () e gy
T+co Jteo

J=Tmix

15

j+14co\*
Gy ( .
+ 1 Z +Co ( T+CO )

J=Tmix

I3

42

(t + CQ)5 ’

(40)

(41)

(42)



Submission and Formatting Instructions for ICML 2026

Bound on Ij. Since (j + 14 ¢9)/(j +co) <1+ 1/co < 2whency > 1,

2 T-1 . , 2 T-1
a (5 + 14 o)t 4a ) o
I/ — - < + 1 + ¢ acy x

8 (T + cp)oer Z (J+c) 7 (T+co)rr Z < o)

J=Tmix J=Tmix

< 4a?
(1 —aci 2)(T 4+ ¢co)*ern

(aci y <an < 1).

Define )
4
P (43)
1—acq

Then It < To/(T + co)®r>.
Bound on I)). Apply Lemma F.3 (case £ = 1). If ppa € (0,1/2), then

e 8 (R ) T
Pl 0 J+co J =+ co (1=2p0a)(j + co)?°
B
< o (i + o) + (D)) :;;xu )1
< (22;:,;% (4(Tmix + o) + %GZ(T)) : Ma

where the last step uses acy \ < 2ppa, which follows from \? > % (equivalently, ¢1 » < 2pg). The cases pgpa = 1/2

and ppa > 1/2 are handled similarly, yielding the same (1" + ¢¢) ~%“1:* scaling. Define

2902 qceg y 9 4pta*
— =7 (4 nix poa — Y Go(T , 071 27
S (o S GT)) e (012
4ac
Dy = § T (4lrmix + o) + 4pfa* log(T + o) G2(T)) . poa=1/2, (44)
—aci,x
dacy » 9 4ep(2)a2
: 4 mix poa T ) 1 27 .
L2 (4 o)+ O Go(T) poa € (1/2,00)

Then I5 < T'1/(T + co)®r>.

Putting the bounds together and using E||§¢ |2 < 4R2, we obtain

Tmix + 0\ " 1 +ToGi(T)
T+CO (T+Co)acl')‘ ’

Tmix

E[l6%]2 < 4R (

Case 2: £ € (0,1). Recall from Lemma F.3 (case ¢ € (0,1)) that for all ¢ € [Tix, T,

2
671 < dexp(~A((14¢0) € = (e +0) 7))+ poCaDya, A= T (45)
Define
T—1 T—1
A = (T + C())l_5 — (Tmix + Co)l_£7 St = Z a?( H (1 — Cl,)\Oéi)>.
J=Tmix =741
We also define the exponential-part sum
T-1 T-1
SEP = Z aj( H (1- cl,,\ai)> exp(—A((j + co)1 — (Tmix + c0)*™ 5)) ) (46)
J=Tmix i=j+1
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Lemma F4. Ler & € (0,1). Then

ex acy a a .
S < exp(Q—g) . 17—5 AT exp (1—5 min{ey x, 2p0} AT) ) 47

The proof is deferred to Section F.3.
Now plug (45) into the second term of (39). Using ¢z yatj poGa(T)a; = pOCQ,AGQ(T)OZ?, we obtain
T-1  T-1

> ( I1 (1—Cl,Aai))OéjCQ,,\E|\5}”||2

J=Tmix 1=j+1
< 462’)\ S;xp + p0027)\G2(T) St.
Therefore, by (39) and (41) (with £ € (0,1)),

|2 + (Gl(T) +p002,>\G2(T)) St + 4627)\ S;Xp.

ac
Bl < exp (172 a0 ) B,

1

By Lemma D.5 and the condition ¢y > ( £ )f& , we have

acy

a
CL)\(T + Co)g ’

2 < 4R? yields the following bound for Case 2:

St <

0

Tmix

Applying Lemma F.4 (i.e., (47)) and using E||§

a(G1(T) + poca xGa(T))
E|[6%)? < 4RZ exp( — 222N ’
[[67[I7 < 4Rj exp 1-¢ T (T + o)t
acy a a .
+ 4ey Aexp( A ) - —— Ar exp| ———min{c », 2p0} Ar | .
’ €6 1-¢ 1-¢ ’
O
F.1. Proof of Lemma F.2
Proof of Lemma F.2. The iteration of w suggests that
t—1 t—1
lwr = wir | < D7 Mwigr —will < Bill F(siwi)|
1=t—Tmix 1=t —Tmix
1 (48)
<2 Z Bi.
1=t —Tmix
For simplicity, denote g;(w¢, 6;) := g(st, s}, wy, 0;). First, by telescoping and Lemma E.2,
t—1 t—1
16 = O sl < D MO —6ill < D aillg(si, sh,wi, 65)]]
1=t—Tmix 1=t —Tmix
t—1 t—1 (49)
< (2rmax + 6Rp) Z a; = 2(Tmax + 3Ry) Z ;.
i=t—Tmix 1=t —Tmix

Decompose
0T .
E|:6t (gt(wm ;) — g(wy, et))}
0 T 0 T, _
— B[00 (900000) = 9101 s Or)) | T B[ (00 s O r) = 9(w0,00)) |
+E [5f—rm;xT (gt(wt_Tmix7 et—fmix) - g(wt—rm;x; et—rm;x))} + E[(et - 9t—rm;x)T (gt(wt, 9t) - §(wt, 615))]

=L+ 1+ I3+ 14
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Terms Il and 12. By Lemma E3, ||g(~,~,w,91) — g(', ',10,02)” < 2“91 — 02” and ||g(-,-,w1,9) — g(', ',’LUQ,Q)” <
(rmax + 2Rg)||wy — wal|. Also, by (48) and 8; = poc;,

t—1 t—1
lwe —wir | <2 Y Bi=2p0 Y, o

i=t—Tmix i=t—Tmix

Thus, using ||6? || < 2Ry,

t—Tmix

I <E[16_ ., |l - 2016: = s 1] +E[I07 s, || - (rmax + 2Re) [ we — wer,,,, ]

t—1 t—1
<2Rp-A(rmax +3Rg) Y @i +2Ro- (rmax +2Re) 200 Y
i=t—Tmix i=t—Tmix

t—1
< (8+4p0) Ro(rmax +3Re) D> au.

1=t —Tmix
The same bound applies to I since g is the expectation of g.

Term I3. Conditioning on F;_,,_. and using the mixing bound || P;_, (- | s) — pls < CB™x < By < oy (fort < T)),

I S B0 | 1 Prose (- | tri) = ill - 5D [lg(5, 8" weris O

s,s’

< 2Ry -y - (ZT’maX + 6R9) =404 Ry (Tmax + 3R9)

Term I,. Using (49) and Lemma E.2,

I, < E[Hat .

“(lge(we, 0N + Nlg(we, 6)11) ]

t—1
< 2(rmax + 3Ry) Z ;2 (2rmax + 6Rg)

1=1—Tmix

t—1
= 8(rmax +3R9)* Y ou.

1=t —Tmix

t—1 )
i=t—Tmix Qs

Summing the four terms and using Ry < ryax + 3Rp and oy < >

t—1
-
E[éf (9¢(we, 0;) — g(we, 0t)):| < (16 + 8p0) Ro(rmax + 3Ro) Z a; + 40 Ro(Tmax + 3Rp)

1=t —Tmix

t—1
+ 8(Tmax + 3Rp)? Z o

i=t—Tmix
t—1

< (284 8p0) (rmax + 3R9)? D«

1=t —Tmix

which is the desired result with p; = 28 + 8py. O

F.2. Proof of Lemma F.3

Proof of Lemma F.3. The iterates of w suggests that
E[|0341 112 < BN |1° + 2BE[(6) " f (50, we)] + BPEI| f (50, wy)[|.

By Lemma E.2, E|| f(s¢, w¢)||? < 4, hence the third term is < 437
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For the second term, decompose as in the constant-step proof (Appendix E):
E[(0¢) " f(stswe)] = I + I + Is + Iy + I,

where the five terms are exactly those in Section E.3 with 3 replaced by ; (and sums over the last 7,3 indices). Using the
same arguments but keeping the time-varying step-size, we obtain:

t—1
L<4 > B,
i=t—Tmix
12 S 4ﬂt7
t—1
I3 <4 Z ﬁ?ﬁ
=1 —Tmix
t—1
L<8 Y B,
1=t —Tmix
Iy = —E|[&]1%,

and therefore
t—1

E[(6)" f(st,wi)] < —E[67°17 +16 > Bi+4B:.

1=t —Tmix

Plugging back yields

El|6¢ )17 < (1 - 28067 |1° + 3288 + 1287, Bii= Y, B (50)

i=t—Tmix
As in Lemma D.2, one can show that

By < 2Ly Bi(log(1/B) +1),  t<T,

where L1 = max {1, llgggfﬁl) } Substituting this bound into (50) and using log(1/3;) < log(1/87) = log(T + co) —

log(ppa) for t < T gives
Ell6 17 < (1= 280)El6|* + G2(T) 57

with G2(T") as defined in Lemma F.3. Unrolling the recursion yields

t—1

El|6? < H (1—28;) E[|62||> + Go(T Z B2 I (1—28).
1=Tmix 1=Tmix J=i+1
J1 Jo

The term J; is bounded by J; < exp(—2 ZZ - Bi), which gives the stated exponential bounds for £ € (0, 1) and the

stated power bounds for £ = 1. The term .J5 is bounded by the standard summation estimates, yielding the three sub-cases
_1

for £ = 1 and, for £ € (0,1) under ¢g > (p%) e , the bound J5 < ﬁ via Lemma D.5. Finally, Lemma E.1 gives

E[|6¥ ||? < 4, completing the proof. O

Tmix

F.3. Proof of Lemma F.4

Proof of Lemma F4. Let u(t) := (t + co)'~¢ and A = u(T) — u(Timix). For any j € [fmix, T — 1], using 1 —x < e~®
and o; > 0,

T—1 T—1
H (I —cipq;) <exp| —cia E o
i=j+1 i=j+1
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Since = +— (z + ¢o) ¢ is decreasing,

s i 1 T dx a
;= — > = T)—u(j+1)).
i:;rla ai:gzﬂ (i+co)t a/j+1 (+c) 1-¢ (u(T) —u(j+1)
Moreover, .
u(i+1) = u() + (w(G +1) — () <ulf) + (1 =€)+ o) =u(j) + %&0@,
hence ¢
a(T) = ulj +1) 2 u(T) = u(j) - —a;.
Combining the above gives
T-1
H (1 —c1a;) <exp <— iw_lz (u(T) = u(y)) + 61,,\%') < exp(%) - exp <— ?6_12 (u(T) - U(]))> )
i=j+1
where we used o; < o = a/c5.
Therefore, each summand in (46) satisfies
T-1
aj( H (1- 017>\a¢)> exp(—A(u(j) — w(Tmix)))
i=j+1
acy x s . 2 .
< oxp(222) - ayoxp( - SR (lT) ) - T2(u(i) ~ ulrui) )

Since u(j) € [u(Tmix), u(T)], we have for all such j,
e (u(T) —u(f)) + 2p0 (u(j) — u(Tmix)) = min{c1x,2p0} - (u(T) — u(Tmix)) = min{c z, 2p0 AT,

and hence the exponential factor is at most exp (— ﬁ min{cy », QpO}AT> . Summing and using

Tzla-<a/T dzr _a A
7= (x+c)é 1-¢ T

=T Tmix
J=Tmix

yields (47).
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G. Numerical Results

In this section, we provide numerical results on our proposed algorithms. We consider tasks from OpenAl Gym (Towers
et al., 2024), MO-Gymnasium (Felten et al., 2023) and Gridworlds. All of the tasks share the following settings:

* Policy: the policy 7 is learned by using the ()-learning algorithm.

» Continuous task: some tasks are episodic. To make it a continuous task, the agent will proceed to the starting point
after reaching any terminal state with a reward of 0.

¢ Ergodic MDP: to ensure the induced Markov chain under this policy is ergodic, we modify the transition matrix as
follows: for each state s, we examine the s-th row of the transition matrix P. If the original transition probabilities
under the learned policy contains entries that are 0 (e.g., P(-|s) = [0,0, 1,0, 0]), we redistribute a small portion of
the probability mass to all previously unreachable states. Specifically, we assign a small probability e equally among
the zero-probability entries, and reduce the original non-zero entries accordingly to ensure the row still sums to 1.
For instance, when € = 0.1, the row above becomes [0.025,0.025,0.9,0.025, 0.025]. This adjustment is applied to
all rows of P, ensuring that every state has a non-zero probability of transitioning to every other state, thus enforcing
ergodicity. The choice of e for different tasks can be found in Table 2.

* Reward function: the reward function R is a vector whose s-th row R(s) is defined by the deterministic one-step
reward of performing the policy 7 in state s.

« Stationary distribution: the stationary distribution s is obtained by solving u? = u” P.
* Averaged reward: the average reward function g is defined as g = u” R.

¢ Feature matrix: the feature matrix ® is defined to be a |S| x d matrix. We first generate a matrix P e RISIx(d-2),
where each element is drawn from the Bernoulli distribution with success probability p = 0.5. Then, we construct ®
by stacking the all-ones vector e and the true value function T* as columns into the matrix ®, i.e., ® = [<I> e, W*.
The process is repeated until the feature matrix has full column rank. We further normalize the features to ensure
lo(s)]] < 1forallseS.

We plot the value function error ||W; — W*|| for four algorithms. Two of them are proposed in this paper, namely the
Double-Chain and Single-Chain algorithms. As baselines, we include representative prior methods from Table 1. We note
that (Tsitsiklis & Van Roy, 1999), (Blaser & Zhang, 2024), (Haque & Maguluri, 2024), (Haque & Maguluri, 2024), and
(Chen et al., 2025) use essentially the same update rule, while (Li et al., 2024) incorporates variance reduction and therefore
converges much more slowly.

Here, for our algorithms, we compute W* as the unique solution to
W*+ge=PW*+ R,  p W*=0.

For the other algorithms, we measure the error in value-function space modulo additive constants, since in the average-reward
setting the relative value function is only defined up to a constant shift. Specifically, rather than comparing W, with a single
representative W*, we measure the Euclidean distance from W, to the affine space

W= {W”* +ce: ceR},

where e denotes the all-one vector. Equivalently, we remove from W; — W™ its component in the constant direction e, and
retain only the orthogonal component. The resulting error metric is

dlbt Wt, H <I - ) Wt - W*)

2

Each curve is averaged over three independent runs. The step-size schedule «; and the total number of iterations 7" are
reported in Table 2.

48



Submission and Formatting Instructions for ICML 2026

Table 2. Parameters in different tasks

Task d oy T €
Random Walk (50) 5 150/(t 4+ 1000) 150000 N/A
Random Walk (100) 20 150/(t +1000) 150000 N/A
Random Walk (1000) 100 150/(t+ 1000) 150000 N/A
Frozen Lake 10 150/(¢t +1000) 150000 0.1
Cliff Walking 20 150/(t +1000) 150000 0.1
Taxi 100 150/(¢t +1000) 150000 0.5
Grid World (5x5) 10 200/(t +1000) 200000 0.2
Grid World (10x10) 40 300/(t + 1000) 300000 0.2
Grid World (2x11) 10 300/(t + 1000) 300000 0.2
Deep sea 20 200/(t+1000) 200000 0.2
Deep sea (concave) 20 200/(t+ 1000) 200000 0.2
Resource Gathering 50  500/(¢+ 1000) 500000 0.5
Fruit Tree (depth=5) 50  150/(¢t 4+ 1000) 150000 0.2
Fruit Tree (depth=6) 50  150/(t +1000) 150000 0.2
Fruit Tree (depth=7) 50 300/(t + 1000) 300000 0.2

Table 3. Distance in value space in different tasks (mean =+ std)

(HAQUE & MAGULURI, 2024)

TASK DOUBLECHAIN SINGLECHAIN & (ZHANG ET AL., 2021B) (KIM ET AL., 2025)
& (CHEN ET AL., 2025)

RANDOM WALK (50) 0.12 +0.02 0.04 + 0.00 0.04 £+ 0.00 0.04 £+ 0.00
RANDOM WALK (100) 0.19 £ 0.02 0.07 £ 0.01 0.06 & 0.01 0.06 + 0.01
RANDOM WALK (1000) 2.94 +0.13 2.82 4+ 0.03 2.84 +0.03 2.92 4+ 0.03
FROZEN LAKE 0.44 +£ 0.00 0.44 £ 0.01 0.44 + 0.01 0.44 £ 0.01
CLIFF WALKING 0.62 + 0.12 0.85 4+ 0.02 0.88 & 0.01 0.88 & 0.01
TAXI 15.88 £ 2.96 5.90 4+ 0.38 9.05 4+ 0.45 8.96 + 0.42
GRID WORLD (5X5) 0.04 £+ 0.01 0.01 £+ 0.00 0.12 £+ 0.00 0.12 £ 0.00
GRID WORLD (10x10) 0.44 + 0.03 0.49 +£0.01 0.45 + 0.01 0.48 +0.01
GRID WORLD (2X11) 0.04 £+ 0.00 0.01 £+ 0.00 0.07 + 0.00 0.08 £ 0.00
DEEP SEA 0.22 £+ 0.06 0.09 4 0.02 0.28 £+ 0.01 0.29 4+ 0.01
DEEP SEA (CONCAVE) 0.154+0.03 0.05 £+ 0.01 0.15 4+ 0.01 0.15 &£ 0.01
RESOURCE GATHERING 0.00 £+ 0.00 0.00 £ 0.00 0.00 £+ 0.00 0.00 £ 0.00
FRUIT TREE (DEPTH = 5) 0.874+0.14 0.49 + 0.04 0.51 4+ 0.02 0.52 4+ 0.02
FRUIT TREE (DEPTH = 6) 1.22 +0.10 0.51 4 0.03 0.85 £+ 0.01 0.85 £+ 0.01
FRUIT TREE (DEPTH = 7) 0.86 £0.17 0.38 4+ 0.05 0.46 £ 0.06 0.45 4+ 0.05
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Table 4. Condition numbers in different tasks

Task Uil 72 73

Random Walk (50) 3.64x107% 277x107% 3.04x10°3
Random Walk (100) 3.68 x 10°3 263 x 1073 3.19 x 10~°
Random Walk (1000) 1.91 x 10~% 1.09 x 10~*  1.82 x 10~*
Frozen Lake 481 x107% 426x10~* 5.20x107°
Cliff Walking 504 x107% 327x107% 727x107°
Taxi 229 x107% 1.75x107* 1.69 x107°
Grid World (5x5) 421 x107% 394x107% 1.60x 1073
Grid World (10x10)  4.09 x 10~% 244 x 10~* 7.83x 107°
Grid World (2x11) 3.77x 1073 3.88x10°3 1.23x107°
Deep sea 1.73x1073 1.19x 1073 4.16 x 1074
Deep sea (concave) 1.92x1073 128x107% 3.72x107%
Resource Gathering ~ 4.35 x 1073 4.36 x 1073  2.07 x 1073
Fruit Tree (depth=5) 1.28 x107% 7.94x10°%¢  5.71 x 10~¢
Fruit Tree (depth=6) 1.07 x 1074 6.36 x 107°>  3.75 x 10~°
Fruit Tree (depth=7) 1.92x107% 1.11 x10™* 575 x 107°
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(a) Random Walk (50 states)

nnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnn

(b) Random Walk (100 states)

(c¢) Random Walk (1000 states)

—
(d) Frozen Lake (f) Taxi
W\
(g) Grid World (5x5) (i) Grid World (2x11)
(j) Deep Sea (k) Deep Sea (concave) (1) Resource Gathering

(m) Fruit Tree (depth = 5)

(n) Fruit Tree (depth = 6)

Figure 2. Simulation results
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(o) Fruit Tree (depth = 7)




