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Abstract—We study the energy efficient implementation of measurements and computes the average requires too much
averaging/consensus algorithms in wireless sensor networks. Fordata to be transported over a potentially large number oghop
static, time-invariant topologies we start from the recent result and is therefore energy wasteful and impractical. Moreover

that a bidirectional spanning tree is preferable in terms of h has to b ted f tv oft th
convergence time. We formulate the combinatorial optimization such a process has 1o be repeated frequently orten as the

problem of selecting such a minimal energy tree as a mixed Measurements, corresponding to an underlying physical sys
integer linear programming problem. Since the problem is NP- tem, change over time. Alternatively, a distributed conagioh

complete we devise a semi-definite relaxation and establishof the average has the advantage of being fault-toleraet (th
bounds on the optimal cost. We also develop a series of graph-penyork operation is not dependent on a small set of sensor

based algorithms that yield energy efficient bidirectional span- . . .
ning trees and establish associated bounds on the optimal cost.nOdes) and self-organizing (network functionality does no

For dynamic, time-varying topologies we consider a recently require constant supervision) [3], [4].
proposed load-balancing algorithm which has preferable conver-  Distributed averaging has been studied extensively as a

gence time properties. We formulate the problem of selecting a problem of distributecconsensusn multi-agent decision and
minimal energy interconnected network over which we can run control. Consensus in a general setting, including dynamic

the algorithm as a sequential decision problem and cast it into a tivit d ication del has b <id
dynamic programming framework. We first consider the scenario conneclivity and communication delays, nhas been consiaere

of a large enough time horizon and show that the problem is in [5], [6], [7], [8], [9]. When the connectivity of the netwkr
equivalent to constructing a Minimum Spanning Tree. We then does not change over timstétic network¥ [10] shows that
consider the scenario of a limited time horizon and employ a g so-calledbidirectional spanning trega spanning tree in
“rollout” heuristic that leverages the spanning tree solution and \ypich all links are bidirectional) achieves consensus ineti
ylelds_ efficient solutlons_ for the _orlglnal problem. Some of_our that has the same polynomial rate of growth as a lower
algorithms can be run in a distributed manner and numerical . _ A
results establish that they produce near-optimal solutions. bound established for all topologies. When the connectivity
can change dynamic networRsthe network must become
connected infinitely often, e.g., once eveBytime units for
. INTRODUCTION some large enougtB, in order to achieve consensus. [10]
IRELESS Sensor NETworks (WSNETS) have gaineshows that an asynchronous load-balancing algorithm from
in popularity due to the ease of their deploymerti1] can guarantee a convergence time which is polynomial in
in a variety of environments. Growing applications includéhe number of nodes ang.
building/industrial automation, surveillance, and eawmen- Motivated by these results, we consider the problem of
tal/wildlife monitoring. Due to limited battery power, ned building energy efficient WSNET topologies over which we
rely on short-range communications and form a multi-hogan implement these distributed averaging algorithms. @ue
network to exchange information among them. Energy cothe broadcasting nature of the wireless channel, when a node
sumption is a key issue in WSNETS, since it directly impactgansmits data to another node, nearby nodes can listereto th
their lifespan. Energy in WSNETSs nodes is consumed by tivansmission and receive the data as well. The energy cost
CPU, by the sensing subsystem, and by the radio, with tbethe transmission is proportional to the power level of the
latter consuming the most [2]. Therefore, network topadsgi transmitting node, the larger this is the more nodes it canhe
that are energy efficient are always preferred and havecgtta  Our contribution concerns both static and dynamic net-
significant attention recently. works. For static networks we formulate the combinatorial
A common function with many uses performed by a@ptimization problem of selecting the power levels of the
WSNET is the computation of an average value over thebdes to support a bidirectional spanning tree. The problem
values “sensed” by individual nodes. A centralized proces@&s been shown to be NP-complete. We providéliaed
according to which a single node (a gateway) collects alteger Linear Programming (MILPformulation which is

. _ tractable only for relatively small instances. We also depe
Research partially supported by the NSF under grant EFR35974, . .. : . .
by the DOE under grant DE-FG52-06NA27490, by the ARO undengr S€Mi-Definite Programming (SDiglaxation and a rounding
WO911NF-09-1-0492, and by the ODDR&E MURI10 program under grarscheme that can generate MILP feasible solutions. Funtheer,
N00014-10-1-0952. Preliminary results for the case of stagtworks were develop a series of graph-based algorithms that yield gnerg

presented in [1]. ffici bidi . | . d I d
1 I. Ch. Paschalidis is with the Department of Electrical andmco efticient bidirectional spanning trees and lower and upper

puter Engineering and the Division of Systems Engineeringistéh bounds on the optimal energy cost. Two of the algorithms
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algorithms obtain solutions that are quite close to optimal values of the nodes it receives messages from, assuming that
To model dynamic networks we assume that communicatiaf;(¢) > 0 if and only if nodej; sends messages toat

between two nodes with sufficient power to talk to each othéme ¢. As is common with consensus algorithms we make

is intermittent (affected by the “state” of the channel).nide, the following assumption.

any packet generated by one of the nodes is received by the )

other node with a certain “success” probability. Our goal &SSumption A -

any given point of time is to specify a pair of nodes that stoull here exists a positive constantsuch that: (i) a.(t) > «a,

attempt to communicate so as to guarantee that the netwifk all it (1) ai;(t) € {0} U e, 1], for all 4, j; and (i)

becomes connected once evéiytime units while it remains 2_;—; @i;(t) = 1, for all 4.

energy-efficient. We formulate this problem as a sequential

decision problem and cast it into Rynamic Programming

(DP) framework. In particular, we provide a finite horizo

forr?ulartrlon W:Sir? Tortlﬁon of I?Eg:h? s:d ;’:ilvli?rgi]entermlnail Our next two assumptions require that following an arbjtrar
COSt correspo g tothe case that conneclivity 1S no time ¢, and for anyi, j, there is a sequence of communications

at t_he end of the horizon. First we c0n3|der_ the reg|me_whetr rough which nodé will influence (directly or indirectly) the
B is large enough and the terminal cost is never paid. VEiue held by node
establish some structural properties of the optimal pading '
show that it corresponds to the construction oM&nimum  Assumption B
Spanning Tree (MST)The MST problem can be solved infor everyt > 0, the graphG = (N, U,>:E(s)) is strongly
a distributed manner using an algorithm from [12].We thegonnected. B
attempt to tackle the case where the horizBnis finite
and a terminal cost can not be ignored. The correspondiﬁﬁi‘wm_F’tiOn C (Bounded Interconnectivity Times)
DP problem is difficult to solve. We resort to heuristics, if nere is some3 such that for allk, the graph(V, £(kB) U
particular, we propose a rollout algorithm ([13]) that lesges €(kB +1)U---U&((k +1)B)) is strongly connected.
the MST solution. ; ; :

The rest of this paper is organized as follows. In Sec. g; t[hliftgreement algorithm, the following result is fron [6
we establish our notation and review results on averag-

ing/consensus algorithms. Sec. Il presents our resulgatic Theorem 1.1 Under Assumptions A and C, the agreement

networks. Sec. IV collects our results on dynamic networkalgorithm guarantees asymptotic consensus, that is, there

Conc[usmns are m_Sec. V. exists some:, which depends ox(0) and the sequence of
Notational Conventions: Throughout the paper all vectors are

assumed to be column vectors. We use lower case boldfa%gphSG(.)’ such thatlim;—.oo z() = , for all i

letters to denote vectors and for economy of space we write ) )

x = (z1,...,zy) for the column vectorx. x' denotes B. Static topologies and convergence results

the transpose ok, ||x|| its Euclidean norm, and, 1 the Consider now the static connectivity case [5], iA(t) =
vector of all zeros and ones, respectively. We use uppérfor all ¢. Notice A can be thought as the transition proba-
case boldface letters to denote matrices #ng= (aij)szl bility matrix of an (irreducible and aperiodic) Markov chai
indicates the matrixA with i, j elementa,;;. We write I for thus, A’ converges to a matrix whose rows are equatte-
the identity matrix and for the matrix of all zeros. We use (71, ..., m,) — the steady-state probability vector. Interesting
diag(x) to denote a diagonal matrix with the elements of thepecial cases of the consensus algorithm inclydethe so

vectorx in the main diagonal and zeros elsewhere. Similarlgalled bidirectional or symmetriccase where communication

The communication pattern between the nodes at time
can also be represented by a directed gréph) = (N, £(t)),
n\/vhereé‘(t) is the arc set andy, i) € £(¢) if a;;(t) > 0.

diag(A4,...,A,) denotes the block diagonal matrix withbetween nodes is always bidirectional, i.¢.,j) € £(t) if
matricesA 1, ..., A, in the main diagonal. Finally, for any and only if (j,4) € £(¢), and (i¢) the equal-neighborcase
setX, |X| denotes its cardinality. where thea;;’s are equal for allj € {i} U N;(t) where
Ni(t) = {jlj # i, (4, 7) € E(t)}.
Il. CONSENSUS ANDAVERAGING We are interested in using the agreement algorithm to
A. The agreement algorithm average the initial values;(0), i = 1,...,n, of the nodes. To

- . that end, we can scale the initial values by replaain@) with
We start by describing the agreement algorithm run by a set N . .
N = {1,2,..., N} of nodes. The values stored at the nod%:gz(o)/(Nm) in which case the consensus algorithm converges

. d the averagelim; ...z;(t) = S, mzi(0)/(Nm) =
athtlmet are denotedhby thel veets(t) = (@1 ()., en (). (1/N) SN | 2:(0) <Ne Wi||( 2efer t%:iﬁils as (trzés(cale():l av-
T i [ Lai=1 AT . . . .

e nodes update their values as eraging algorithmand it requires a centralized computation

N _ of the steady-state probabilities which needs global conne
zi(t+1) = Zaii(t)xi(t)’ i=1....N. (1) ity information (the matrix A). An approach that uses
=1 only local information and no centralized computation is
or, in matrix form x(t + 1) = A(¢)x(t), where A(t) = provided in [10] for the bidirectional, equal-neighbor eas
(aij(t))ﬁ\g.:l is a nonnegative stochastic matrix. In wordsand employs two parallel runs of the consensus algorithm.
every node forms a convex combination of its value with th€he corresponding algorithm, given below, starts withiahit
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valuesx(0) and maintains valueg(t) = (y1(¢),...,yn(t)), algorithm from [11] to tackle the problem. We describe the
z(t) = (z1(t),...,2n(t)), andx(t) at each time. steps that each node carries out at each tiimeAlgorithm 2.
We denote the node executing the steps below as hdteme
Algorithm 1 steps refer to the neighbors of nodevhich means nodes other
o Initialize: y;(0) = 1/|N;(t)| and 2;(0) = 2;(0)/|Ni(t)| thani that are its neighbors at the time the corresponding step
for all i. is being executed.
« The nodes updatg(t),z(t) using the consensus algo-
rithm as:y(t+ 1) = Ay(¢t) andz(t + 1) = Az(t). Algorithm 2
« Each nodei sets:z;(t) = 2(t)/yi(t). For a nodei in the network, if\;(t) is empty, node does

. . L . i nothing at timet; else, node carries out the following steps.
Noting that in the bidirectional equal-nelghbor case tlaagi- g g step

tion probabilities are given by, — | (¢ )‘/(Zz : \J\/( ), it . que ) proadcasts its currgnt valuer; to all of its
can be easily verified thaim;_, ., z;(t) = (1/N) ZZ 1 2:(0) r’\llelgh_b(_)nng nod_es (ev_er}y W'th_ ke Ni(®)). )
as desired. « Nodei finds a neighboring nodgwith the smallest value:

To characterize the rate of convergence and the convergence
time, let \;(= 1) > Xy > ... > Ay be the eigenvalues of
A and definex* = lim; .., A’x(0), X = {x*|vx(0)}. The
convergence ratef the consensus algorithm on a graph with
connectivity matrixA is defined

z; = min{zy, | k € N;(t)}. If z; < xj, then node does
nothing further at this step. lf; < «;, then node makes

an offer of (z; — z;)/2 to j.

« If Node i does not receive any offers, it does nothing
further at this step. Otherwise, it sends an acceptance to
the sender of the largest offer and a rejection to all the

() — x*|| other senders. It updates the value :9f by adding the
pP= (Sl)lgx Jim (—||x(0) _ X*||> = max{ o], Anl}, (2) value of the accepted offer.
« If an acceptance arrives for the offer made by nade
and theconvergence tim&@y (e) is defined as node: updatesr; by subtracting the value of the offer.
Ty (e) = mm{T M < eVt > 1,9%(0) ¢ X}. To characterize the rate of convergence and the convergence
X(0) = X*[|oo 3) time, [10] introduces the following “Lyapunov” function to
[10] shows that there exist graphs for which the convergen?,Juantlfy the distance of the statgt) from the desired limit
time Ty (¢) is Q(N?log(1/¢)). Moreover, in thebidirectional I v

— 2
equal-neighborcase one can achieve the same polynomial V(t) = lIx(®) - NZi:lxi(O)lH ’ “)
growth of the convergence time if enough arcs are C!eleted %0is shown thatV(¢) is a monotonically non-increasing
that the consensus algorithm runs on a so caiielitectional  fnction of+ when performing Algorithm 2. Given a sequence
spanning treeSpecifically, a directed gragh= (N, £) is said ¢ graphsG(t) on N nodes, and an initial vectar(0), the
to be abidirectional spanning tred (a) it is symmetric, i.e., if convergence tim@.,(z(0), ¢) is defined as:
arc(i,j) € € then(j,4) € &; (b) it contains all self-arc$i, );
and(c) if we ignore the orientation of the arcs and delete self- Te()(2(0),€) = min{t|V(r) < V(0),¥V7T > t}.  (5)
arcs and any duplicate arcs between any two nodes then we oﬁ
tain a spanning tree. For such bidirectional spanning tfé€$ e (worst case) convergence tiniBy (B, ¢), is defined as
shows thatp < 1 — 1/(3N2) and T (€) = O(N2log(N/e)). the maximum value off;(.y(x(0),¢), over all initial COI’.]dI-
It follows that Algorithm 1 hasD(N?log(NN/e)) convergence tions x(O?' and all graph se_quenceﬁ:(-) on A that safisfy
time when run on a bidirectional spanning tree. In fact, ﬁ\s_sumptlon C for that particulaB. [10] shows that there
the nodes know the total number of nod¥s Algorithm 1 is exists a constanzt > 0 such ;hat for evc_aryN ande > 0,
not needed and the scaled averaging algorithm can reach Yh(ék;r 1B) < (1 -1/2N*)V(kB), ie., In(B,e) <
average using local information only. N?log ¢

IIl. ENERGY EFFICIENT TOPOLOGY FORAVERAGING —

C. Dynamic topologies and convergence results
y polog 9 STATIC NETWORKS

Next consider the case where communications are still bidi- )
rectional but the topology changes dynamically ([15], j16]A Problem formulation
[10] shows that the convergence time of the general agreemenConsider a set of node¢ = {1,2,..., N}. Each nodeé has
algorithm is not polynomially bounded, even though it isome power limitP*** (i = 1,...,N) which determines its
an open guestion whether this is the case when restrictipgtential neighboring nodes. We [&}; denote the minimum
to symmetric graphs. When focusing on the equal-neighbmansmit power needed by nodéo reach node. Let A denote
version of the agreement algorithm, [17] gives an examplee set ofpotential bidirectionallinks between the nodes, that
that has exponential convergence time. In particulaf3 ifcf. is, A = {(i,j) | i < j, P"* > Py, P > Pji}. As
Assumption C) is proportional tdV, the convergence time defined,4 contains undirected links; replacing each lifikj)
increases faster than an exponentialNin in A with the two corresponding directed links j) and(j, ¢)
For the symmetric dynamic network satisfying Assumpae form an arc setd.. Consistent with Assumption B we
tion C, [10] proposes a variation of an oldad-balancing assume that the graptV, .A.) is strongly connected.
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Transmissions by a nodeto nodej can be heard without

any additional energy expense by any other nddevith CMIEP = min 331, Y; (6)
P;, < Pi;. The objective is to minimize the total transmit .. 3011 jyeey F15 = N — 1, (7)
energy consumption over all nodes in the network while main- S i Fj1 =0, (8)
taining a bidirectional spanning tree. To that end, mainirtej blg)eey =7

a connection between nodésand j requires thati uses a > Fi— Y Fj=1,veN\{1}, (9
transmit power no less thafR;; andj uses a transmit power {jl(i-,g‘)ESg {jl(i,q‘)efg

no less thanP;;. We note that nodes consume energy when orGiest or Goees o

they receive as well, but this is no significantly differerdarh (N=1)- X5 = Fyy 20, ¥(i,j) €&, (10)
the energy used while listening. In the model we consider, (N—1)- X35 — Fj; >0, V(i,j) €€, (11)
nodes are listening all the time so there is no need to include Y; — X;;P; >0, V(i,j) €&, (12)
the corresponding energy consumption in our minimization. Y, — X,Pu; >0, V(j) €&, (13)
To reduce the latter energy, one could allow the nodes to

“sleep”; see related work in [18]. We also remark that the Z(i,j)es Xij =N —1, (14)
model we introduced can accommodate any physical layer Xi; € {0,1}, V(i,j) €€, (15)
model that prescribes the transmit power nseded to reac_m nod Fy, Fj; >0, Y(i,j) €€, (16)
j fromi. As an example, we can ugg; = d;°, whered,; is Y, >0, Vi 17)

the Euclidean distance between nodeand j, anda. is the
channel loss exponent.

1) Mixed integer linear programming modeDur formula- Fa 1 The MILP f lation of the minimal bidirecti )
tion is similar to [19] which proposed an MILP for minimum, 2 ¢ T1e MILP formiaton ofthe minimal energy bidirectiorspanning
power multicasting in wireless networks with sectored ante
nas.

Let P, € [0, P/™**] be the transmit power of nodeLet F;; broadcasting with symmetric communication links.
(respectively,F};), (i,j) € A, represent the flow from node
to node; (respectively, from nodg to i). We adopt indicator B. An algorithm based on a semi-definite relaxation
variablesX;; € {0,1}, (i,j) € A, to show whether there is |, i section we develop an SDP relaxation of the MILP

flow onflml;((i,z)o.e ’;:?I F?r t?hose(izj) ; j \_/}/eFmak% the and use it to bound the objective as well as obtain a feasible
conventionX;; = 0; while for those(i, j) € A, if F3; > 00 g4 400 SDP minimizes a linear function subject to a linea

FJZ”T Og.r:;.mX?j N Ill | o bl b matrix inequality. SDP problems are convex and can be solved
€ o 'Tec“o"‘a. _topo 0gy optlm_lzat_|on problem can b, polynomial-time by interior point methods using avaliab
cast as a single-origin multiple-destination uncapagitdtow

bl ih i . indicat h lectign solvers (e.g., [23]).
problem with integer constraints indicating the select We start with some background and notation. For symmetric

bidirectional links. Any node can be select_ed as the oridin fhatricesM and Z in R™*™ their Erobeniusinner product is
the flow; we select nodé. The corresponding flow problemgiven by

involves routing N — 1 units of supply from node 1 (which
has no demand) to all other nodes each of which has one unit
of demand and zero units of supply. The MILP formulation is
in Fig. 1.

Some explanations are in order. The objective functiokhereT'r(-) denotes the trace of a matrix. Given symmetric
(6) is equal to the total energy consumption by all nodeBlatricesM; € R™*™, i = 0,...,n, an SDP (in its dual form)
Constraints (7)-(9) maintain flow conservation. ConstginiS & problem of the following form with decision variableeth
(10)—(11) reflect our conventions for the binary variablég ~€lements of the symmetric matri:

MeZ £ zm:i MijZij = TT(MZ),

i=1 j=1

setting them to one if there is flow on the lirk j) € A in max My e Z
either direction. Constraint (14) guarantees that no rddon st. MyeZ=c;, i=1,...,n,
links are selected and the resulting graph is a spanning tree 7 >0,

Finally, constraints (12)-(13) ensure that each seleatdd | . . .
from A will be bidirectional and the appropriate level ofhere = 0" denotes positive semi-definiteness.
transmit power will be accounted for at both nodes incident 1n€ integrality constraint (15) can be rewritten as

to the link. The number of integer variablés;; is |.A| and ng - Xi; =0, V(i,j) €A (18)

the number of continuous variables;{’'s and F;’s) is equal ) . )

to 24| + N. The inequalities (10), (11), (12), and (13) can be easily
The problem considered has been shown to be NP-compliégnsformed into equalities by adding slack variables

?n [20], which has led to heuristics. For instance', [19] uged (N-1)-X;j—F; —Sy; = 0, Y(i,j)eA (19)

incremental cost mechanism to select communication lioks t (N—1)-X;;— Fy— S, = 0, ¥(i,j)eA (20)

form a spanning tree. [21] proposed a procedure to incremen- * Jeo T Z’J ’

tally increase transmit powers until a spanning tree is fam P —XyP; —T;; = 0, V(ij)eA (21)

A similar approach is employed in [22] for minimum energy P, - X;;P;; —T;; = 0, V(i,j) €A, (22)
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Sijs Sjis Ty Ty = 0, V(i,j)€ A (23)  diag(B{',B},0,0,B];,0)¢Z =0, V(i,j)e A (35
We will add the following (redundant in the MILP) con-where (B )x(x,)ja+1 = (B )atinix,) = —Pi/2,
straint to make the relaxation tighter. Specifically, thexco (B}),; = 1, (Bib)k(,).k(1i,) = —1, and all other entries
straint guarantees that every node is connected to some o#y@ equal to zero.
node: Eq. (14) can be written as
Yoo Xi+ Y Xy-Qi=1, VieN, (24) diag(B11,0,0,0,0,0) ¢ Z = N — 1, (36)
{ilG,))eA} {31(i,5)e A}
where (B y = (B vy = 1/2 for all
Q:i>0. VieN. (25 s E(A.H)k(XUMAHI (B11) 4+ 1.k(x1) /
Let also adopt a special variablé = 1 or equivalently, Eq. (24) can be written as
Vi=1, V>0. (26) diag(B},0,0,0,0,Bj;)eZ =1, VieN,  (37)
Let now x = (Xi; (,j) € A, x = (x,v), Where Bi)ix, a1 = Biatisx,y =
p = (P,....Py), f = (F,Fi; (i,j) € A), s = 1/2 foral (i) <€ A iz)k(xz] LA =
(S Si: (o)) € At = (Ty Ty () € A, Blapsce, = 1/2 for all (i.j) € A (Biy)is = ~1,
and g = (Q1,...,Qn). Let also k(X;;) (respectively, and all other entries zero. _ _
k(F;;), k(T;;)) denote the position ofX;; (respectively, Combining all the above equations we obtain the SDP

Fi;, T;;) in x (respectively,f, t). Define X = xx' and

Z”’: diag(X, diag(p), diag(f), diag(s), diag(t), diag(q)).

Next, we consider the constraints of the MILP one by one

and write them in an SDP form.
Eq. (7) can be written as

diag(0,0,B,,0,0,0) ¢ Z = N — 1, (27)

whereB; is a matrix with(B1) x(r, ;) k(r,,) = 1for (1,5) € A
and all other entries zero.
Eqg. (8) can be written as

diag(0,0,B2,0,0,0) ¢ Z = 0, (28)

whereB; is a matrix with(B2) () x(r;,) = 1 for (1,5) € A
and all other entries zero.

Eq. (9) can be written as

diag(0,0,B%,0,0,0) e Z =1, Vie N'\{1}, (29)
where Bj is a matrix with (BY)ur ) kry = 1
for all j such that (5,4) or (i,5) € A,
(BY)w(r,,).k(r,;) = —1 for all j such that(j, i) or (i, ) € A
and all other entries zero.

Eq. (18) can be written as
diag(BY,0,0,0,0,0) ¢ Z =0, Y(i,j) € A,  (30)

is a matrix with (BY)yx,) a1 =

B)as1hxy) = —1/20 BYkx,wx,) = 1 and
all other entries are equal to zero.
Similarly, V2 = 1 (cf. (26)) can be written as

diag(B5,0,0,0,0,0) e Z = 1,

where B/

(1)

where (Bs)|4+1,].4/+1 = 1 and all other entries zero.
Eqg. (19), (20) can be written as

diag(BY,0,BY BY,0,0) e Z =0, ¥(i,j) € A, (32)
diag(BY,0,B" BI',0,0) e Z =0, V(i,j) € A,  (33)
where (BG Je(Xij) A+l = (BG NAl+Lk(x,) = (N —1)/2,
(B7 k(F,;).k(F;,;) = —1, and all other entries zero.
Eqg. (21), (22) can be written as
diag(BY,B},0,0,BY 0) e Z =0, V(i,j) € A, (34)

relaxation of Figure 2. The following result is immediatacs
we are relaxing the MILP.

C3PP = min diag(0,1,0,0,0,0) e Z
st (27),(28),(29),(30), (31), (38)
(32),(33),(34), (35), (36), (37),
Z > 0.

Fig. 2. The SDP relaxation of the MILP of Fig. 1.

Proposition 1.1 It holds CSPP < oMILP,

In general, the solution produced from the SDP does not
provide us with integerX;;'s. Thus, we will “project” the
SDP solution to obtain effective MILP feasible solutions. T
that end, notice that a matriX that is optimal for the SDP
is positive semi-definite and has the form

RX mx
X = [m; 1 } . (39)

It follows that 3, = Rx — m,m/ > 0 can be interpreted
as a covariance matrix. This motivates us to think of the SDP
as providing a probability distribution fox which we can
sample (and project) to obtain MILP feasible solutions. On a
notational remark, we will usg(X;;) andmy(X;;) to denote
the value ofx and my, respectively, corresponding t&;;.

The algorithm of Fig. 3 yields a feasible solutiafi of the
MILP. It uses the following parameters: a rounding thredhol
a (0 < a < 1), a shrinking factorg (0 < 8 < 1), and
a maximum number of iterations. These parameters can be
tuned to improve performance.

Note that the algorithm produces an integer solutiérthat
specifies which links inA are selected. Due to Step X7
induces a bidirectional spanning tree with— 1 bidirectional
links. To evaluate the cost of this tree, for each nede \/
set P = max{P;; | X"(X;;) =1 or X"(X;;) = 1}. The total
energy cost ok” is:

CRSDP (40)

Z
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Step 1 Solve the SDP of Fig. 2 and obtain an optimal solutioStep 1 For each ordered pajfi, j) of nodesi, j € A such that
for X in the form (39). LeR, my, andXy as defined earlier. j # ¢ and P;; < P/"%* create an artificial node associated
Setx” = 0. with node: and assign ta the tagT, = (4, j, P;;). Add an
Step 2 (Rounding):V(i,j) € A such thatx"(X,;) = 0 set undirected link from: to v with costT,(3) = P;;.
X"(X;;) = 1if my(X;;) > a. Check whether the undirectedStep 2 Consider each pair of artificial nodes and v, with
graph (N, {(¢,7) | X"(X;;) = 1}) is connected. If it is, go to tags T., = (i1,j1,P,;,) and T,, = (i2,j2, P;,j,) such
Step 7. that v 7é vy and iq 7é io. If Pi1j1 = Tv1 (3) > Pi1i2
Step 3(Sampling): Drawx® = my + (£4)!/%2g whereg is a and P,,;, = T,,(3) > P, then add an undirected link
standard Gaussian random vecf¥(0,1). For all (i,5) € A (v1,v2) with costw (T, (3) + T.,(3)), wherew is a very
such thatx”(X;;) = 0 setx"(X;;) = 1 if x°(X;;) > «a. small positive constant.
Step 4 Check again whether the graph induced Xy is
connected. If it is, go to Step 7. If the maximal iteration obu Fin. 4. Construction of th d h
has been reached go to Step 6. 1g. 4. onstruction of the augmented graph.
Step 5 In the SDP of Fig. 2 fix allX;; with x"(X;;) =1 and
resolve to obtain an optimal solution f& in the form (39)
with componentR,, m,, and associate®,. Go to Step 2.
Step 6 (Connectivity) : Reducey := Sa. Redrawx® = my +
(3x)'/?g whereg ~ N(0,1). For all (i,5) € A such that
X"(X;;) = 0 setx”(X;;) = 1 if x*(X;;) > «. If the updated
X" corresponds to a connected graph, go to Step 7; othen/vi% . . o . .
repeat Step 6. oth directed Imks(z,y) and (j,.z)t gach with cost the same
Step 7 (Link Trimming): Sort all (i,5) € A such that as the (,:O_St of the undirected lirtk, ;). ) )
x"(X;;) = 1 in descending order of the power needed to_2) M|n|mum_ gost flow problem:n _thls subsectlo_n, we
support the link, i.e.P;; + P;;. Examine each linKi, j) in will apply a minimum cost flow algorithm t_o the (dlr_ected)
this list in descending order. [fi, j) can be removed without 2ugmented grapb,. Then, based on the optimal solution, we
disconnecting the network then set(X;) = 0. will construct a bidirectional spanning tree for the origin
Step 8 Outputx’. graphg and derive bounds on the optimal value of the MILP.
We take one real node i/, say nodes, as the source
node having a supply oV — 1 units. Every other real node
Fig. 3. Arecursive SDP algorithm that produces a solutiércorresponding  jp N\ {s} has a demand of unit. All the artificial nodes
to a bidirectional spanning tree. in V have zero supply and demand. With these demands and
supplies we solve the uncapacitated min cost flow problem
and OMILP < CRSDP. on graphgG, (see [24]). This is the linear programming (LP)
" problem of minimizing the total cost of shipping flows from
the nodes with supplies to the nodes with demands, where
arc costs indicate cost per unit of flow. Such an LP can be
solved by standard LP methods or special purpose methods
(e.g., network simplex) that exploit its special structuret
C. Graph-based algorithms CMCF denote its optimal value anf{/“F = (F;;;V(i,j) €
Next we devise a series of graph-based algorithms. B{.) denote an optimal solution whef€; is the optimal flow
construction, all these algorithms provide upper bounds @ arc(i,j) € A,. Clearly, we can solveV different min cost
the optimal MILP cost and in some cases a lower bound #ew problems depending on the selection of the source node
well. The graph we will consider is an augmented graph that=1,..., V.
“transfers” the energy costs from the nodes to links so thatGiven the solution of any of the above flow problems, we
suitable network flow algorithms can be employed. can construct a bidirectional spanning tree for the origina
1) Augmented graph constructionConsider the set of graphg. The procedure is described in Fig. 5. It builds an
“real” nodes . For eachi € N, defineN(i) = {j|j € undirected graptG}'SF, = (V,ELGE,) which is a bidirec-
N, (i,j) or (4,i) € A} as the potential neighboring nodegional spanning tree of.
of 4. For each real nodé¢ we add a set ofi(i)| artificial In Step 1 we identify all links between artificial nodes with
nodes, each one corresponding to a different potentiahbelg a positive flow. Note that a real nodemay have an artificial
of 7. Each artificial node corresponds to a different powerode v with a link (u,v) (or (v,u)) selected in Step 1 but
level that node: may work on. The detailed augmentedvith no flow in the (i, v) or the (v, ) link. This may happen
graph construction is in Fig. 4. We will denote this graph bif v serves as a relay to node Step 2 is similar to Step 7 of
Go = (MUY, E,) whereV denotes the set of artificial nodesthe Algorithm in Fig. 3 and eliminates redundant links to end
The tag of an artificial node indicates thaty can act as a up with a spanning treeN — 1 links). Note that the solution
relay for data sent fromto j, which requires power of at leastto the min cost flow problem guarantees that we will end up
P;; at nodei. The augmented graph contains links betweenvath a connected network since it satisfies flow conservation
node and its artificial nodes and also links between artificiand ships flow from the sourceto every real node i\ {s}.

nodes corresponding to potential bidirectional links ledw
real nodes. We assign a small cost to these latter links tial avo
degenerate solutions in the algorithms we employ. From the
graph G, we construct a directed graph, = (N UV, A,)

gch that for every undirected link, j) € &,, A, contains

We note thatC*SPP is the energy cost of building the
bidirectional spanning tree as well as applying one iterati
of the agreement Algorithm 1.
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Step 1 Solve the min cost flow problem with source =CMIEF 4 (N —2) - Py + w(N — 1)*Thax.
Initialize EMSF. = 0. For any pair(v,u), v,u € V, such

that fMCF(y,u) > 0 or £MCF(y,0) > 0 add the link

(min{i, j}, max{i, j}) to EMSF wherei and j are the real
nodes corresponding to and u, respectively.

Step 2 Sort all (i,j) € EMSE, in descending order of the  ° . .
power needed to support the link, i.6%; + P;;. Examine Takingw — 0 we arrive at the desired result. n

each link (4, 7) in this list in descending order. Ifi, j) can  3) Distributed approachesThe approach we detailed in
be removed without disconnecting the network then remoa® Previous sections yields a bidirectional spanning &ee

Adding the above inequalities for=1,..., N we have

N
MO <o(N - 1)CMIEP L wN(N = 1)*Tax.

s=1

(i, §) from gJBVISCTF.. bounds on the optimal performance. It is though a centrlize
Step 3 Set the bi)wer atasP; = max{P,; | (i,5) or (j,i) € approach as both the standard min cost flow solution methods
EMCF Let CYSE =, P and Step 2 of the Algorithm in Fig. 5 require centralized

computations. In this subsection we discuss how to cortstruc

a bidirectional spanning tree in a distributed manner.

Fig. 5.  Constructing a bidirectional spanning tree from thia cost flow The first observation is that the min cost flow problem we

solution. are solving is a single-source-multiple-destination feob It
follows that optimal flows are shipped along shortest paths

The minimum cost flow problem also provides us with boundgom the source to each destination. As a result, an altemat

on the optimal objective valu€™ ¥ of the MILP. way for solving the problem is to compute these shortestspath
To that end, we can use the distributed asynchronous Bellman
Theorem IIl.2 Asw — 0 it holds Ford algorithm [25] on the graplg,. Note that based on
N our connectivity assumption and the wagy, is constructed,
N min CMCF < 1 ZCMCF every link is bidirectional, the graph is strongly connef;te
2iIN=1) s ° T2N-1)4= 7 and every link has a positive cost which implies that all egcl
< CMILP < iy C%CTP;. have a positive cost. Under these conditions, the asynohson

Bellman-Ford algorithm converges. Notice that in worstegas
Proof: The far right inequality is immediate since thethe distributed asynchronous Bellman-Ford algorithm may
Algorithm of Fig. 5 produces a bidirectional spanning tregequire an excessive number of iterations to terminate. [25]
thus forming a feasible solution to the MILP. The far lefAlternatively, some other distributed algorithms [26] bdson
inequality is also obvious. Dijkstra’s algorithm can be employed to find the single seurc
To establish the middle inequality we will start from arshortest paths.
optimal solution of the MILP and construct a feasible sainti  The second observation deals with the distributed imple-
for the minimum cost flow problem. LefX;;}, {F;;} and mentation of Step 2 in the Algorithm of Fig. 5. Examine
{P;} form an optimal solution of the MILP. For each real nod¢hat algorithm and note that after Step 1, the undirecteghgra
i € N add a virtual node; with tag T.,, = (i, , Yi), where Gx$i, = (W, ER§F,) is connected because it is constructed
j = argmax;{P;;|X;; = 1or X;; = 1}. Then, introduce from the min cost flow solution which ships flow to every node
the directed arcgi,v;) and (v;,i) with arc weightsP;. For from the source node. (One can easily construct examples,
any two real nodes;, i, € N, if X,;, = 1, then introduce WhereG}GF, contains more thaV — 1 links.) We can now
the directed arcgv;,,v;,) and (v;,,v;,) with arc weights assign to each linki, j) € £XGF, a weight equal taP;; + Pj;
w(T,, (3)+T,, (3)). Note that the graph we have constructedhich is the power needed to support the link. Then we can
is a bidirectional spanning tree because it has been catstiu run a distributed algorithm proposed by in [12] to construct
based on the solution of the MILP. a minimum weight spanning tree. The resulting spanning tree
Fix now some nodes ¢ N and designate it as a sourcds a bidirectional spanning tree whose overall energy cast ¢
node. Set the flows on the graph constructed above in ordeb# evaluated as in Step 3 of the Algorithm in Fig. 5.
ship N — 1 units of supply froms to each other node which Notice that for the distributed graph-based algorithmse on
should receivel unit of flow. The resulting flow vector is a incurs some communication overhead for finding the bidirec-
feasible solution of the min cost flow problem. Notice thational spanning tree. We next assess the associated eregy ¢
the flow on any ardv;, ,v;,) between artificial nodes can not In the distributed approach we presented above, the total
be greater thanV — 1. Denote the largest weight of such amumber of messages exchanged by the shortest path algo-
arc aswmax;, ;,(Ty, (3) + Ty, (3)) = wTimax. Then, the rithm is O((|N| + [V])5) [26]. Computing the minimum
flow cost on(v;, , v;,) must be no more thaw(N — 1)Ty,.«. SPanning tree require® (€477, + |N|log |N]) messages
Since there ar§ N — 1) arcs between artificial nodes with([12]). In the case of a planar and non-dense network, we have
positive flows, the flow cost on these arcs can not be larger th&’| = O(JN) and|£g430Tf;| = O(|N]) and the total number of

w(N — 1)*Thax. The feasibility of the constructed feasiblemessages exchanged @(p\/\%) The corresponding energy

solution for the min cost flow problem yields cost iSO(IN|3) - Puax = O(JN|3), where P,,., denotes the
N maximum energy cost for one message to be transmitted.
CSMCF < Z P4 Ps(N — 1) + w(N — 1)*Trax Once the sub-optimal bidirectional spanning tree is found,

i=T1.its the energy cost of building the topology and applying one
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TABLE |

. . : (QMCF
|terat|(_)n_of th_e a_greement Algorlthm 165g7,- ) _ NUMERICAL EXPERIMENTS ONSPARSENETWORKS.
A similar distributed approach using the algorithm in [12]
can also be used on the undirected augmented géaph: Number of Nodes| 10 20 30 40 S0
NUYV.E) see Fig. 6 MILP 4932 | 62.77| 81.19 | NA NA
( »Ea), 9. 6. MILP RT (sec) | < 1 66 | 59792
SDP 23.85| 18.66 | 24.75 | 25.69 | 28.42
Step 1 Apply the algorithm of [12] to construct a minimum Ratio 048 | 030 | 0.30
spanning tree of RSDP UB 63.98 | 82.59 | 116.08 | 126.27 | 95.91
P 9 ar . . _ Ratio 130 | 1.32 | 1.43
Step 2 Remove all artificial nodes which are leaf nodes in [ RSDP RT (sec) 7 178 765 5519 | 24454
the tree and their incident arcs until no artificial node vihic MCF LB 25.00 | 24.99 | 38.57 | 49.52 | 48.39
is a leaf node remains. Ratio 053 | 040 | 048
Step 3 The resulting graph contains a path between any two MgzﬁgB 4196302 6146025 8176134 86.79 | 92.08
rea_ll_ r_10des, potentiall)_/ th_rough artificial nodes. Remove al —NcERT seq) | <1 5 5 3 120
artificial nodes but maintain the exact same path between any MST UB 5124 6726 8496 | 8715 | 89.77
two real nodes (going through the same set of real nodes ag Ratio 1.04 | 1.07 | 1.05
before). MST RT (sec) <1 <1 1 11 154
Step 4 The resulting undirected graph is a spanning tree
GMST — (N,EMST), Set the power level of node as TABLE Il
P, = maX{Pij | (i,5) € gMST}_ Let OMST — ZieN P;. NUMERICAL EXPERIMENTS ONDENSE NETWORKS.
Number of Nodes| 10 20 30 40 50
Fig. 6. Constructing a bidirectional spanning tree by saiva min weight MILIL\/Ilg_f 77i11 82'171 ggﬁ% NA NA
spanning tree problem on the augmented gréph (sec)
SDP 42.06 | 31.40 | 16.68 | 1950 | 18.07
. L - . . Ratio 055 | 0.38 | 0.4
_ Since only _the d|str|but_ed minimum spanning tree algorithm RSDP UB 8105 13554 11262 | 16041 12079
is employed in the algorithm of Fig. 6, the total energy cost Ratio 1.05 | 1.64 1.65
of finding and constructing the bidirectional spanning tige RSDP RT (sec) | 10 405 5138 | 19048 | 72822
O(€al + (V| + [V]) log(IN] + [V])) = O(|N'|log |\]), in WCFIB [ 4585] 4617 | 981 | 3975 | 3852
— _ H atio . . .
the case ofl€,| = O(|V]) and [V] = O(|N]). Similarly, MCF UB 83.16 | 82.80 | 72.63 | 8505 | 7102
after computing the spanning tree, the energy cost of mgldi Ratio 108 | 1.00 1.06
the topology and applying one iteration of the agreement MCF RT (sec) 1 3 36 110 314
Algorithm 1 is CMCT, MST UB 83.16 | 8456 | 7142 | 87.76 | 72.24
Ratio 1.08 1.02 1.04
MST RT (sec) 1 1 35 208 998

D. Numerical results

We generate networks by uniformly scatterifgnodes on a
10x 10 square. We assume that the minimum power needed
a node to reach another noded whered is their distance.
We set the maximum power of each nodel63)\, where is
a parameter we can tune. Small values\ahduce a “sparse
network where a large. implies many potential bidirectional
links and induces a “dense” network. In the results we pres
we takeX = 0.2 for sparse networks and = 0.4 for dense
networks.

Tables | and Il report our results for different instancés (

'H¥m. [11.2 and the Algorithm of Fig. 5, respectively. Finall
MST UB denotes the cost of the spanning tree obtained from
. the Algorithm of Fig. 6.

The results indicate that both the min-cost-flow-based al-

orithm (Secs. IlI-C2 and 111-C3) and the minimum-weight-
spanning-tree-based algorithm (Fig. 6) can produce swisti
that very close to the optimal for all those instances where
an optimal MILP solution is obtainable. For the larger in-

stances they dominate the SDP-based solution. Moreower, th

ranging from 10 t_o b0) corresponding to sparse an(_j densf%wer bounds of Thm. I1l.2 based on the min-cost-flow-based
networks, respectively. In the tables, MILP denotes thenugit algorithm are tighter than the lower bounds from the SDP

value of the MILP in Fig. 1 which was solved using therelaxation though the results vary, depending on the rétwo
CPLEX solver. The larger instances were not possible toesoly™ " ' gn the Y, dep g on the ne
. . .. configurations. It is important to note that the bidirectibn
in a reasonable amount of time. RT denotes the running time <. .

spanning trees produced by the approaches in Sec. IlI-C3 can

for each algorithm we compare. (All algorithms were run o ; . . SR,
a computer with a Ubuntu-8.04-0S, 2GB of memory, and a?ne obtained in a distributed manner which is critical fogkar

Intel-XEON-2.00GHz CPU.) SDP denotes the optimal value GF2€ WIreless sensor networks.

the SDP relaxation given in Fig. 2 which was solved using the

SDPA solver. The “Ratio” rows compute the ratio of the erstrie |V. ENERGY EFFICIENT TOPOLOGY FORAVERAGING —
in the immediately preceding row over the MILP optimal cost. DYNAMIC NETWORKS

RSDP UB denotes the cost of the bidirectional spanning trg\e
obtained from the Algorithm in Fig. 3. In that algorithm we se” ™
the maximum number of iterations tg and usex = 0.5, and Next we turn our attention to networks with dynamically

8 = 0.9. MCF LB and UB denote the values obtained fronchanging topologies.

Problem formulation
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1) Network model:We retain the network model in Sec.L.emma IV.1 P[Y; = my + 1|Y; > my] is a monotonically
llI-A with the following modification. Notice that any two increasing function ofrny.
nodes:, j with (i,5) € A can communicate with each other.
However, any attempt to communicate may not be SuccessfuRemarkS: Two issues should be clarified here. First, we as-
due to the dynamics in the physica| environment and tfelme that any potential link in the network can be constdicte
interference from other nodes. To model this uncertainty v@ter some potentially large but fixed number of trials,, ivee
introduce atruncatedgeometric distribution with parametersassumel;; to be finite. This is to ensure that Assumption C
(pr, My,) for each (bidirectional) linkk = (i,j) € A. We holds for the consensus algorithm to converge. Otherwise,

denote byY; the number of trials until a success, whiciny policy could end up with a non-connected graph with
follows some positive probability. Second, the only other property
p(1—pg)¥ =" 1 AL needed for results in t'his section to hold i.s monoFonicitfy (c
P(Y,=y) = { T-(pn)™» Y= 54 e ks (g1) Lemma IV.1). Essentially, every failed trial provides some
0, otherwise. more information about the link between two nodes, such as
. - P channel condition, antenna angle etc., thus, facilitativeglink
Notice that the coefficient/ (1— (1—py)*'*) is to ensure that gonstruction in the next trial. F%r simplicity of the Zli'(ﬁm

the probabilities add up to one. Suppose one would like bUI\Ne adopt the truncated geometric distribution to charaser

a link between two nodes. One can use proper scheduhpr% link construction process. Generally, any model rasyilt

schemes to combat interference from neighboring links (Sﬁ]eLemma V.1 is applicable.

for instance work on the CSMA protocol [27] and other 2 D . g f lationA h
schemes that completely avoid interference [28]). We assum ) Dynamic programming formulationAs we have seen

that the use of these techniques ensures that it takes no Mnr% ﬁfhnlwlvc\;e feggigag:ﬁgrggrX’:SrS;niﬁ)r?fcth_?hfign?/aelf‘lcrzzg
than M, trials for a successful transmission. The expecte 9 impt ’ 9
number of trials needed is: time was shown to be polynomial i3 and N. In this

section we formulate the problem of efficiently enforcing
Assumption C, either by minimizing the time until the graph

ElY:] = Z PYy=y)-y becomes strongly connected or by minimizing the energy cost
y=1 .
M o 0l Mt of doing so.
_ 1= (M + 1) = pr) ™ + Mi(1 — pi) . As before, letG(t) = (N,E(t)),E(t) C A, denote the
pe(1— (1 —pr)Mr) communication pattern between the nodes at timand let

(42) £.(t) = EQ)UER)U---UE®R) and Gu(t) = (N, Ea(1)).
For every trial on linkk, let ¢, > 0 be the energy cost We treat these graphs as undirected and we saydh@j is
for each node, which depends on the power level neededStngly connected if the directed graph formed by replgcin
support the link. Comparing this with the model we considereeach link (i, j) with the two directed linkg(i, j) and (j, ) is
in Sec. Ill, ¢, can be seen as the sum of the energy costgongly connected. We split time into blocks of lenggh In

incurred by the two nodes incident to lifk The expected €ach block, say1,..., B}, we seek to successfully connect
cost to successfully construct this link is: enough links so thai.(B) is strongly connected. We can
repeat this process in every such block, so we only focus on
E[Cy] = e, E[Yk] the link selection decisions concerning a single block.
1= (M + 1)1 = p)Mr + My (1 — pg) Met? For simplicity of the analysis, we assume that at every
=k o (1 — (1 — pg)Mr) *  discrete time instant we select a single link and attempt to

(43) establish communications between its incident nodes. Such

o h b full h ddn li n attempt may succeed or fail according to the model we
NCe messages have been successiully exchange "Stesented earlier. We note that more than one links can

then there are no subsequent transmissions (hence no en 1Y

il th . d 10 b h d mpt communications at the same time as long as there
co_st)_untl the next time messages nee to be exchangedion, ;" interference between them. To account for this we
this link (as may be needed by Algorithm 2).

. . ; ) would need to assume an interference model and resolve the
We note that givenm, failed trials on link k, the total

number of trials until a success still follows a truncategnderlylng scheduling problem (see e.g., [28], [29]). Ifsth

tric distributi | v)- aper however, we are only focusing on the dynamic link
geometric distribution (memoryless property): selection and we forgo these physical layer issues.

P(Yy = y + mu|Ye > my) = P(Y, =y +my) Before we present the' DP formulatior? let us define the
P(Y, > my) “state” of the network at time which consists of two parts.
pr(1—pp)V " 19 M — 1 One part is the graply.(t), which includes all successfully
= { = (1—p) M Y e Bk ko (44) constructed links up to time. The other part contains in-
0, otherwise. formation on links that have been attempted but not con-

This is equivalent to a geometric distribution with paraemet structed (those that have not been tried can be viewed as have
(pr, My —my,). Analogously,E[Y;|Yy > mi] andE[Cy|Y, > been tried O times). We denote the state of these links by
my] can be calculated analytically. The following Lemma i£(t) = {k(mk)}ﬁ‘l,k@c@, where k(my,) indicates that we
immediate. have maden; attempts to construct link € A. We define

the state at time asS(t) = (G.(¢), L(t)).
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Recall that for each linkk the number of trials until if the link selected by is already inG?(¢), System3 can idle
a success follows a truncated geometric distribution wiffat no cost). Due to the coupling, both Systems face the exact
parameters(py, My). As we have seen, givem, failures same success and failure events on the common links they
the p.m.f. of the residual number of trials until a succesatempt to construct. Since Syste#ndles on the links it has
also follows a truncated geometric distribution with paedens already constructed, its cost will be no more than the System
(pr, My — my). The success probability of the next trial omv cost. Taking expectations and noting that Systeémsed a

link % is f—’“MW Given the information at timé and suboptimal policy we establish that (S (t)) > J;(S”(t)).
under the assumptlon that atwe only select a single link, ]
sayk, to attempt to construct(¢) is Markovian and evolves An immediate corollary is thatj.(B) should be a tree;
as follows: otherwise we can simply construct only links in a spanning
tree of G.(B) which will reduce the overall cost. The DP
Sit+1)=(G.(t+1),L(t+1)) = formulation is insightful but it does not lead to practical
(N, E(6) ULEY), £(2) \ k(my)), w.p. (efficient) algorithms. Next we develop such algorithms.
Pk
1=(1=pg) M= (45) B. Energy Efficient Averaging in Dynamic WSNETs with
(Ge(t), £(t) \ k(mx) U k(mx + 1)), w.p- Large Enough Horizon Length
= = pil;Mk M We start with the simpler case wherg is large enough,

If we wish to minimize the total cost of constructing &7 more specificallyB > 3, - , M;, so that for any feasible
strongly connected grapti.(B) we end up with the following PClicy network interconnectivity is guaranteed to be reath

finite-horizon DP iteration: before B, hence, the terminal cost is always The next
Proposition establishes another monotonicity property; 6f).
Ji(S(t) = min E[ck+ Ji+1(S(t+1))], (46) Because the horizon is long enough and we pay no terminal

RELAD}, kEe(t) cost with probability one (w.p.1.), we do not need to keep

where J;(S(t)) is the optimal cost-to-go (or value) functiontrack of time; we will simplify the notation for the statescan

at stateS(t). We make the conventiosy = 0. The boundary the cost-to-go function by writingS = (G., £) and J(S),

conditions areJ;(S(t)) = 0 if G.(t) is strongly connected. respectively.

We note that as written, (46) allows no link to be selected

at any given timet. This amounts to “idling,” incurs a zero Proposition IV.1 Suppose we are at some staf® =

immediate cost, and can be selected when connectivity @, £*) and consider linkk ¢ £*. Assume that there is a

G.(t) has already been achieved. The horizon (block lengthdsitive probability that linkk participates in the connected

in (46) is equal taB and we impose a terminal cost at the endraph at the end of the horizon, i.ek, € £ at time B.

of the horizon equal to Consider some other sta®’ = (G2, £%) such thatG® = G5
and £P = LY\ k(my) U k(my + 1). Then,J(S%) > J(SP).

W, if G.(B) is not strongly connected,
JB(S8(B)) = {0 otherwise, Proof: We will use a coupling argument as in the proof
’ (47) of Lemma IV.2. Consider two systemsand,3 corresponding
where > 1 is a large enough penalty. to statesS® andS”, respectively. By defining the two systems
We next establish a useful monotonicity property of th@n @ common probability space, we can assume that for each
value functionJ;(S(t)). common link they encounter the same sequences of random

numbers uniformly distributed of0, 1], which in turn decide
Lemma IV.2 It holds thatJ,(S%(t)) > Jt(Sﬁ( )) for all ¢ the success or failure of constructing the Iink_. Fix some som
and S°(t) = (G2(t), £(1)), SP(t) = (GP(t), £(t)) such parpcular sample path and IetTrO“(_Sa) the optimal sequence
that Go(¢t) € G7(t) and £°(t) coincides W|th£f’(t) for all of_lmks selected by Sys?e_m starting at state&s®. Systemg
links k ¢ £5(t). mimics the Sys_temy d_eC|S|ons.
Given(2 we distinguish two cases. In Case 1, Systenpes
Proof: We will establish the result using a couplingnot select linkk until the end of the horizon. Then, Systein
argument. Fix some timeand consider two systemsand3 which mimics Systena selects the exact same links and both
corresponding to state$®(t) andS?(t), respectively. Notice systems find selected links at the exact same state. Given the
that the randomness is only due to the link constructiaoupling we introduced, both systems accumulate the same
process. By defining the two systems on a common probzost until the end of the horizon.
bility space, we can assume that for each common link theyln Case 2, System does select link until the end of the
encounter the same sequences of random numbers uniforimdyizon. Systems selects linkk at exactly the same times.
distributed on0, 1], which in turn decide the success or failurevery time that both Systems select linkSystem 3 finds
of constructing the link. For some particular sample path I& in a state with one more failure. Note that for the cor-
7*(t) be the optimal sequence of links selected by Systemresponding success probabilities it holH’s*[Succesbnk] =
startlng att. A policy for (3 is to mimic , that is, attempt to — 1—pZAMk 7w < T ‘;”;Jk —— = PP[Succesgn,, + 1].
construct the exact same links at exactly the same time if tBeiccess is deC|ded y drawing a random numbeniformly
link selected by does not belong tg#(t). Otherwise, thatis from [0,1] and declaring success in connecting likkin
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Systema if s < P*[SuccesBn;]. Given the coupling we then

introduced, success in Systefhis determined by the exact J(8(0)) = ming Z ek E[Yg]. (48)
same random number. It follows that for all realizationssof keT

that link  gets connected in Systemit also gets connected in - The policy we analyzed gives rise to the following algo-

Systemp3. For these realizations where likkgets connected rithm. We note that the MST problem can be solved in a
in both Systems at the same time it follows that both systemtributed manner by using an algorithm in [12].

accumulate the same cost until the end of the horizon.

There are however realizatiofisin which at some attempt, Algorithm 3 _ _ _ _
say at timet’, to connect linkk it only gets connected in FOT €very linkk present inA, assigne, E[Y;] as its weight

System. For these realizations, using the same argument 33 compute the Minimum weight Spanning Tree (MST).

in Lemma 1V.2, the total cost until the end of the horizon in \we will now establish that this MST-based algorithm is
Systemg3 is no more than the cost in System optimal.

Given the assumption we made in the statement of the
proposition, note that there are realizations with positivProposition IV.3 Algorithm 3 is optimal.
probability in which Systena will need to select linkk after
time t’. For these sample paths Systghtan idle (at no cost)
while Systema attempts to connect link. Since no penalty
will be payed by either System idling does not affect theltot
cost. Thus, the overall cost of Systefhis strictly less than
that of Systenm.

We have shown that for all sample patbisthe cost of
Systemg is no more than that of System and that there
are sample path§ with positive probability for which the
cost of Systen® is strictly less than that of System Taking

expectations over all sample paths we establish f}ar') > in order to construct linkl;. Taking expectations over afl

B
IS). : . : that result in the sam&, we obtain a cost OEJ,\L? o, BY,)
We next evaluate a policy which is much easier to compuéﬁearly this cost is no less thaf’(S(O)) ! ‘ !

tha_n the optir_nal DP policy. Spgcifica[ly, we.considertheiq;ol Finally, consider an arbitrary sample path of and let
which when it selects a certain link it continues to try that pr the probability that it leads to a spanning tréeof A.

link unt.iI it becomes connected. . This probability corresponds to both the sample path and the
Starting from an empty grap@i.(0), suppose we select link yanner in which a spanning tree is selected from(B).

k. We will concentrate on the trials required for_connectingaking expectation over all sample paths we obtain an optima
k. Let us denote by/(k(my)) the cost-to-go function of the expected cost equal 85, pr 3, 7 ci, E[Y:,] which is also

particular policy we described aften,, failed trials on k. | thani(S(0)). Thi tablishes th timality of th
Let J(k(My)) denote the cost-to-go after link has been nMOS'I?-lS)ZSG(? aléo(ritiw)ﬁw 15 establishes the optimaiity O. ©

successfully connected. The probability of constructim | As in the static case, we will investigate the energy cost

Proof: Consider the optimal policy, say, obtained by
solving the DP problem in (46). The optimal policy consteuct
connected grapf.(B) at the end of the horizon and, given
the assumption in effect in this section, pays no terminat.co
Pick a spanning tred. of G.(B) (e.g., uniformly over all
spanning trees of.(B)) and letly, ..., Ix_; denote the links
it contains. For any sample pafth the cost accumulated by
m may contain unsuccessful trials at various links, hencis, it
no less than the cost paid to constr@gt The latter cost is
Zf;—ll ¢y, wherey;, is the number of trials contained in

e (i)

k at the my-th trial is p""" = —a—Hhn=m=r, Where ,qqqciated with the MST computation. By employing the

0 <my, < M. We have distributed algorithm of [12] and following the same anagys
. as in the static case, a total Of(|.A|+|\| log |\]) successful
J(5(0)) messages have to be exchanged. Considering the worst case
= cp —s—pS)J(k(Mk)) +(1 - pg))j(k(l)) where each message needs the maximum number of trails, the

_ (1) total number of such trials i© ((].A| + |N|log |N]) - Minax),
=kt pkl ‘](k(M’“)ZJr~ b - where My.x = maxye 4 M. Therefore, the total energy cost
(1= p))len + P2 T(R(M)) + (1 = i) T (k(2))] is O ((JA|+ I 1og IN)- Minas€max) = O(JA|+|A|log [N]),
. , (1) (1) 1)y (2 7 where ¢, = maxge 4 ¢ IS the maximum energy cost for
= 1-— 1-— k(M
e+ erll=p) + (o + (1= p py) (kM) + one trial at any link in the network. Note that the energy cost

(1) = pP) T (k(2)) considered here takes into account the cost of building the
= ... topology and applying the load balancing algorithm for gver
= cu(P[Y;, > 1] + P[Yy > 2] + - + P[Y; > My)) block of B time u.ni_ts. Once the MST is founq, tlm(pgcted

- energy cost of building the topology and applying one iferat
+ (PlYe = 1]+ -+ PYy, = Mi])J (k(Mz)) of the load balancing Algorithm 2 ig(S(0)).
= ¢, E[Yy] + J(k(My)). If we interpret the cost;, as the energy cost for a trial on

link k& then the MST-based algorithm minimizes thepected
We can now proceed in the same manner and attempte@ergy cost to reach connectivitye next consider a number
connect a second link. We repeat this process until we fornmphalternative options on the selection of these costs.
spanning tree ofd (so thatG.(t) becomes strongly connected 1) Minimum expected interconnectivity timi this case
for somet). It follows that if 7 denotes a spanning tree df we setc, = 1 for all links k£ € A. Essentially we
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seek to minimize the expected time until we construct@nditions the rollout algorithm is guaranteed to improke t
connected graph (a spanning tree 4. performance of the original heuristic algorithm.

2) Mixed casesAs a way to take into account both the The key idea of rollout algorithms is to employ one or more
energy cost and time we introduce a fixed “set-up” cosuboptimal policies and use their value function in a policy
¢co for each trial on any link. Specifically, we set := improvement step. The policy obtained through this step is
¢o + ¢ thus penalizing many trials (hence a long timéhen applied. To make matters concrete consider the dasisio
to reach connectivity) even if these trials do not cost iaduced by the DP iteration in (46), namely, at timee select
lot in terms of energy. link

1) Numerical results:We generate networks by uniformly
scatteringN nodes on a 1010 square. We assume that the
minimum power needed by a node to reach another node is . . _ ) i
d2, whered is their distance. We employ the sigmoid functiorf'ith the only difference being that instead of using the rpli
to relatepy, the success probability for trial on link, with Policy to evaluate the cost-to-go at the next state we use a
d,,. the distance between the two nodes incident:td.e., heuristic/suboptimal policy{ whose cost-to-go is denoted by
pr = 2/(e%/50 4 1). We assume that the maximum poweflt+1(S( +1)). .
of each node is large enough to cover the whole region. The/S Policy H we can employ. one of the MST-based heuristics
maximum number of trials\f, for each linkk is an integer W€ developed in Sec. IV-C: Algorithm 3 which minimizes
uniformly drawn from([L, 5]. expected cost and its special case with = 1 for all &

We compare our MéT—based algorithm for each cost gwhich minimizes the time to reach interconnectivity. More
lection we discussed with the corresponding DP algorithrPecifically, starting from stat(¢+1) = (G.(t +1), L(t+1))

All algorithms are run on a computer with Ubuntu-8.04We apply each one of the MST-based heuristics to compute the
0S, 2GB of memory, and Intel-XEON-2.00GHz CPU. A§XPected cost of adding links @.(t + 1) in order to form
expected, our algorithms output the same results as the ponnected subgraph of. To that end, we can simplfi)
algorithm. However, in terms of running time, our algoritam concatenate each connected componergi.¢f + 1) into one

are much more efficient than DP, which becomes incredibifdregate node, (i) form the graphg,,, whose node set
slow whenn > 5 and runs out of memory almost every timelncludesy and all remaining nodes N that were not included

In contrast, our algorithms usually take less than 1 second {N 9 @nd whose edge set includes all links.nthat are not
most instances. Table 11l shows typical numerical expenitse ncluded in&.(t + 1), and then(ii) form an MST ofG,,.

where NA means that the DP algorithm runs out of memonyNOte that if G.(¢ + 1) contains no cycles then the resulting
graph will be a spanning tree of. Let Jeos{S(t + 1)) be the

= arg Elcy + Hia (S(t+1))],  (49)

min
ke{A0}, kg€ ()

TABLE Il total cost for constructing the MST we just described starti
MST-BASED ALGORITHM VS. DP. from stateS(t + 1) when we use Algorithm 3 (cf. (48)). Let
also J}ime(S(t + 1)) be the corresponding cost when we use
MST-based Algorithm DP Algorithm Algorithm 3 with c;'s set to one. These costs account for the
];f R“””'ing'S'ZE ij;sgg R“””'ing'S";E ngsgg cost to connect the necessary links but do not account for any
4 < 1sec| 5593 10.01 sec| 55.93 potential penalty cost that has to be paid if no connectivity
5 < 1sec| 127.84| 2.45x<103 sec | 127.84 is achieved before the end of horizon. We next describe how
6 < lsec| 14942 6.21x10%sec| NA such expected penalty costs can be computed.

Suppose that at statg(¢ + 1) the computed MST selects
links 1,. .., K, where each one of these links has already been
tried mq,...,mg times, respectively. The tim&}, needed

Q. Energy Efficient Averaging in Dynamic WSNETSs with LiMy connect link & — 1,...,K has a truncated geometric

ited Horizon Length distribution with parametersp;,, M), — my,). Its z-transform
We now turn our attention to the more challenging cade given by

where a terminal penalty is incurred when interconnegtivit

can not be reached withinsmallblock of lengthB, i.e.,|N|— B[z =

1 < B <} ;4 My such that some policy may fail withif? o My —my,

time units. Since solving the DP problem is not practicalneve 7 Ap— Z (1 —pg)¥zY. (50)
for reasonably-sized instances we seek suboptimal sohitio [ =k = (1= pe)temmetl] y=1

To that end, we will leverage the so-called rollout algarith
introduced in [13].
Rollout algorithms offer approximate solutions to diseret

The z-transform of the total time needed to construct the
selected MST is

optimization problems using procedures that are capable of K K

magnifying the effectiveness of any given heuristic altjon H E[zy’“] = H Pk Y P——1

through sequential application. In particular, in [13fetprob- k=1 poi 1= P = (1= pi)Memmatd]

lem is embedded within a DP framework, and several types of K M —mg

rollout algorithms are introduced, which are related toioms I Y. a—pe)vzr. (51)

of policy iteration. It has been proved that under certain k=1 y=1
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The coefficient o&¥, fory = K. . ., Zle(Mk —my) in (51) We note that Algorithm 4 is not a distributed algorithm since
is equal to the probability that it will takg steps to construct the approximated cost-to-go function and the link selectio
the MST. Given that we are at time+ 1, we can compute process are based on global network information. For each
the probability, sawa, that a penalty cost will be paid by block of B time units, the total energy cost is associated with
summing up all coefficients of¥ for all y > B — (¢t + 1). connecting the sequence of selected links, which in turn is
Thus, the expected penalty cost is equailtef, ;. determined by the network status, the value B®fand the
Now, at any timef + 1 and stateS(¢ + 1) with a connected terminal penalty costv.
Gc(t + 1), policy H does not need to select any links, hence 1) Numerical results:We generate networks by uniformly
Hy11(S(t 4+ 1)) = 0. Finally, at time B, the policy H has scatteringN nodes on a: x a square, where, = 20. We
no time to act and for any stat(3) the cost-to-go iV if assume that the minimum power needed by a node to reach
G.(B) is not connected and otherwise. another node g2, whered is their distance. The maximum
Collecting all of the above and lettingff95'(-) denote the power available at each node ia2. We employ the sigmoid
cost-to-go of the MST-based policy which uses Algorithm Rinction to relatep,,, the success probability of trial on link
we have k, with dj;, the distance of nodes incident fg i.e., p, =
cost 2/(e%/1911). To simplify the calculations we perform, we set
HZT(S(t+1) = p; = 0.1 if p; < 0.1. The maximum number of triald/, for

0, if G.(t+ 1) is connected, link k& is an integer drawn uniformly from the intervl, 10].
W, if t4+1= B andG.(B) We set the penalty cost & = 1000 X max; je(1,2,....n} d%ii)'
is not connected First, we test the effectiveness of rollout algorithms and

how the residual horizon length affects the preference éetw
fast interconnectivity (choosing{mle(-) in (53)) and energy
(52) efficiency (choosingH{%5(-) in (53)). We setA = 2, so
Similarly, we can obtain the cost-to-g&/{™¥(-) of the that each node has enough power to cover the whole area
MST-base policy that uses Algorithm 3 with's set to one. (adensenetwork). For variousB, we run20 instances of the
The following algorithm uses both MST-based policies walgorithm and compute the average number of steps needed
discussed to obtain an improved policy. and average energy cost required to achieve interconitgctiv
. within the time block of lengthB. The results are shown in
Algorlthm 4 ) Tab. IV, whereSC' stands for “success counts,” denoting the
1) Given the current state(t) and for each linkk € A\ mber of instances reaching interconnectivity stands for
such thatk ¢ &(t) consider performing one more trial «5yerage steps,” denoting the average number of steps deede

on k. Compute the. two possible next sta&(st +1) 85 o reach interconnectivityAE stands for “average energy
in (45) corresponding to a success or failure on likk cost,” denoting the average total energy consumed.

For each possible next stat®(t + 1):

Joos(S(t +1)) + Wpf,;, otherwise.

a) Apply Algorithm 3 and comput&f9S(S(t + 1)). TABLE IV
b) Apply Algorlthm 3 W|th tha;k’s set to one and THE EFFECTIVENESS OF THE ROLLOUT ALGORITHM
computeH{TS(S(t + 1)).
2) Select linkl such that s - Azg .- ,433 SN R j’g’ .
10| 20| 123 | 7431 20 | 137 | 531.3 || 20 | 14.1] 528.7
. . t

l=arg min ¢+ E[min{HOT(S(t + 1)), 12| 20| 134 9471| 20| 149 | 755.6 | 20 | 15.4 | 636.9
helA 0} 14| 20| 142 7076| 20| 154 | 4446 20| 17.1| 409.7
gEe(t) 16 || 20| 15.0 | 944.5| 20| 153 | 805.2| 20| 16.0 | 3835

HIT(S(t+1)}, (53)

where the expectation is taken with respect to the tWo neyt e compare the performance of the rollout algorithm
possible outcomes for the next state. with DP in small enough instances so the latter is tractable.

As it has been pointed out in [13] rollout algorithms ma)The results are in Table V. For DP we report the optimal cost-
not necessarily terminate and can cycle. While the principle-90 starting at = 0 and the corresponding running time.
of optimality precludes cycling when one applies an optim4ior the rollout algorithm we report its performance (averag
policy sequentially, with a suboptimal policy it is possithat ©OVer 50 runs), running time, and “success counts,” denoting
a sequence of actions can lead to the exact same state §dnumber of instances reaching interconnectivity. Qyetre
form a cycle. In our setting this is not possible because wallout is much faster and for most instances its perforneanc
are dealing with a finite number of states and no state géfsclose enough to DP. There are however two cases with small
repeated. To see this note that every action (selection ofBa(B = 5) when rollout instances will pay a penalty while the
link) increases the number of times that link has been triéptimal policy manages to avoid it; in these cases the rollou
(which is reflected inZ(t)). We summarize this argument inPerformance is much worse than DP.
the following proposition. Next, we assess the scalability of the algorithm. In this

scenario, we sek = 0.3, which is perhaps closer to practical
Proposition 1V.4 The rollout algorithm introduced in Algo- sparsesensor network deployments. We gradually increase
rithm 4 is terminating. the number of nodes and record the time needed to make
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TABLE V

THE SUB-OPTIMALITY OF THE ROLLOUT ALGORITHM. can yield solutions on the order of minutes for moderate

instances (of about0 nodes). Further, an illustrative set
of numerical results shows that the solutions we obtain are

DP Algorithm Rollout Algorithm

B MON Time || Rollout | Time | SC close to optimal (%—8% in both dense and sparse network
3 Node Case instances).

150 122_‘23 8:22 e 12;% 8&8 e gg Second, for the case of dynamic networks, we considered

15 || 46.68| 0.65sec|| 47.27| 0.20 sec| 50 the problem of constructing an interconnected network gisin
4 Node Case minimal energy. We posed the problem as a dynamic pro-

o || ZEn| SaLadsec) 83007 | ora sect a0 gramming problem and established a number of structural

15 || 84.10 | 994.15 sec|| 86.03 | 0.77 sec| 50 properties. We studied approximate/suboptimal algorittimat

are more accommodating of large-scale instances. To develo
these approximate algorithms we first considered a scenario
where there is a large enough horizon over which a connected

a decision _using our roIIout_ algorithms.(cf. Eq. (53)). Th?1etwork needs to be built. We established that in such a egim
results are in Table VI. The first column lists the total numbea olicy that solves a minimum spanning tree problem is

of nodes. In the second column, the first number is the num timal. In the more general case where the horizon is not

of total potential links while the second number is the numbfaarge enough we developed a rollout algorithm which lever-

of Iinks_ in a complete graph with the same _num_ber of node ges the MST-based solutions. Through numerical results we
The third column corresponds to the running time for ea

. . . . . monstrated that the proposed rollout algorithm is &ffect
iteration of the rollout algorithm. Notice that althoughis brop d

small in our setting, the network contains many links, ev
compared to the complete network.

and efficient-enough to handle large problems. Future work
&l consider distributed algorithms for the limited hooia

case.
TABLE VI
THE EFFICIENCY OF THEROLLOUT ALGORITHM IN A SPARSE NETWORK REFERENCES
n || Link Density || Decision Time (sec) [1] I. C. Paschalidis and B. Li, “On energy optimized averagin wireless
10 68 /90 0.32 sensor networks,” inProceedings of the 48th IEEE Conference on
20 242 | 380 2.97 Decision and ContrglShanghai, China, December 2009, pp. 3763-3768.
30 4741 870 11.66 [2] V. Shnayder, M. Hempstead, B. Chen, G. Allen, and M. WeiSimulat-
40 928 / 1560 50.01 ing the power consumption of large-scale sensor networkicgtjgns,”
50 || 1296 / 2450 104.21 in Proceedings of the 2nd International Conference on Emhdde
60 || 2276 / 3540 447.75 Networked Sensor Systems (SenSysZBD4, pp. 188-200.

(3]

We conclude that our rollout algorithm works quite well
in all instances. In almost all randomly generated insta,nce[4
it produces a suboptimal policy which can reach network
interconnectivity within the limited horizon length. We -ob
served that as the limited horizon lengfh increases the g
algorithm tends to prefer the minimum cost MST-based policy
(i.e., H{%Y(-) wins in the minimization appearing in (53)), (]
which is not surprising given that the risk of paying a peyalt
is reduced. Moreover, as Table VI indicates, our rollouf7]
algorithm is scalable and can efficiently output suboptimal
solutions within a reasonable running time even for largaies 8]
instances.
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