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Abstract—We consider wireless sensor networks with multiple
sensor modalities that capture data to be transported over multi-
ple frequency channels to potentially multiple gateways. We study
a general problem of maximizing a utility function of achievable
transmission rates between communicating nodes. Decisions in-
volve routing, transmission scheduling, power control, and chan-
nel selection, while constraints include physical communication
constraints, interference constraints, and fairness constraints.
Due to its structure the formulation grows exponentially with
the size of the network. Drawing upon large-scale decomposition
ideas in mathematical programming, we develop a cutting-plane
algorithm and show that it terminates in a finite number of
iterations. Every iteration requires the solution of a subproblem
which is NP-hard. To solve the subproblem we(i) devise a
particular relaxation that is solvable in polynomial time and (ii)
leverage polynomial-time approximation schemes. A combination
of both approaches enables an improved decomposition algorithm
which is efficient for solving large problem instances.

Index Terms—Mathematical programming/optimization, mul-
tiple frequency channels, routing, transmission scheduling, wire-
less sensor networks.

I. I NTRODUCTION

T RANSMISSION scheduling, which amounts to deciding
when a node should send information and to which other

node, has attracted much attention in the context of large-
scale low-powerWireless Sensor NETworks (WSNETs)[1], [2].
These networks, operate under stringent resource limitations
due to wireless communications and scant energy resources
provided by batteries. Commercial wireless sensor networking
devices primarily use a random multiple access (MAC) mech-
anism to transmit information. These devices are capable of
switching between multiple frequency channels, but currently
this is mostly done for robustness purposes. With the flexibility
of operating neighboring sensors in non-overlapping frequen-
cies, and with the use of transmission scheduling rather than
a random MAC, we can substantially reduce interference and
eliminate packet collisions, thus, achieving much higher radio
resource utilization as well as greater energy preservation.
This can only benefit a plethora of sensor networking appli-
cations, including indoor location detection [3], [4], habitat
monitoring [5], surveillance, etc. For surveillance and habitat
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monitoring applications in particular, cameras are extremely
useful and they start to appear in several WSNET devices [6].
Cameras, though, require higher throughput from the network
and accentuate the case for efficient transport.

To utilize the scarce resources (i.e., wireless medium and
energy) in the most efficient manner, transmission scheduling
can not be seen in isolation but needs to be coordinated with:
(i) channel selection, that is, determining over which frequency
channel a certain transmission between two nodes should
take place;(ii) power control, which consists of selecting the
appropriate power level for a given transmission between two
nodes; and(iii) routing, that is, determining how should data
be routed from a given source to the intended destination.
To that end, one must relax the standard (OSI) networking
layering architecture as the set of decisions we outlined are
typically dealt with in different layers. Making these decisions
jointly is often referred to ascross-layer design[7], [8].

Scheduling in wireless networks has received a lot of atten-
tion. The majority of the literature, starting with the seminal
work of [9], has considered a problem where packets arrive
to various nodes according to a stochastic process and have to
be transported over the network to specific destinations. Every
node can queue packets while they are awaiting transmission
and the objective is to schedule packet transmissions so as
to maximize throughput while maintaining the stability of all
queues. In this setting, it is of interest to characterize the
maximum throughput region – the set of arrival rate vectors
for which the network is stabilized under some scheduling
policy – and to devise such stable policies. Subsequent work
(see, e.g., [10], [11], [12], [13], [14], [15], [16]) has devised
a host of policies that differ in their complexity and the
fraction of the maximum throughput region they can achieve.
Optimization techniques have also been used extensively in
solving networked control problems, e.g., [17]. For a collection
of work on applications of optimization in network control we
refer to [18].

The problem we consider is different in that we assume
there is an infinite supply of packets at given sources that need
to be transported over the network to specific destinations.
The objective is to maximize throughput or, more generally,
functions of the achievable transmission rates. Essentially, we
consider a WSNET in a congestion period when tons of data
are generated and ask the question how to efficiently “empty”
the network. Some earlier works have made attempts towards
this direction for different problem settings. For instance,
a framework is proposed in [1] to maximize the network
lifetime with interference considerations, assuming thatthe
actual transmission rates achieve the Shannon capacity. The
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joint routing and power control problem is considered in [19]
without frequency diversity.

To solve the joint transmission scheduling, channel se-
lection, power control and routing optimization problem we
propose an exact and efficient solution approach inspired by
our earlier work in [2], [20], [21]. More specifically, our
approach amounts to an iterative algorithm that decomposes
the optimization problem into amaster problemand asub-
problem. We employ a dual cutting-plane strategy where in
every iteration we are required to solve the subproblem which
is NP-hard. A similar strategy was also used in [2] but there
we assumed a Signal-to-Interference-plus-Noise (SINR)-based
physical layer. Here, as well in the preliminary work in [20],
[21] we use a protocol-based physical layer according to
which interfering transmissions “collide.” Such a model, and
our assumptions on transmission achievable rates as well as
interference effects between nodes, are in accordance with
our experiments with prevailing wireless sensor networking
devices. In this paper, we significantly improve upon [20], [21]
by developing new strategies for dealing with the complexity
of the subproblem. Specifically, to solve the subproblem we(i)
devise a new more parsimonious integer linear programming
formulation,(ii) develop a particular relaxation that is solvable
in polynomial time and(iii) leverage polynomial time ap-
proximation schemes. As confirmed by our numerical results,
an appropriate combination of these approaches enables an
improved decomposition algorithm which is quite efficient for
solving large problem instances. The contributions of our work
to the existing literature can be summarized as follows.

(1) Our formulation of the utility maximization problem is
close to the one we proposed in our prior work (cf. [2],
[20], [21]), and is distinct from those in others’ work in
the literature. More specifically, we explicitly enumerate
the extreme points (transmission rate vectors) in the
utility maximization problem, and search for the optimal
transmission scheduling, channel selection, power con-
trol and routing policy that achieves the optimal utility.
Compared to the existing work in the literature (e.g., [8],
[19], [22], [23], [24], [25]), our model does not assume
any prespecified routing policy and considers frequency
diversity in an integrated framework.

(2) The interference model we consider in this work is differ-
ent from what has been considered in the literature (e.g.,
[26]) and is more practical in wireless sensor networks.
Our subproblem is a result of the interference model and
has not received much attention in the existing work. To
solve the subproblem, we propose a new relaxation, i.e.,
the matching relaxation, that can be solved in polynomial
time, and we leverage the polynomial time approximation
scheme. Combining these elements we devise a series of
new algorithms.

(3) We examine and compare the computational efficiency
of the proposed algorithms in solving the subproblem.
To the best of our knowledge, our work is the first one
that reports this comparison.

The rest of the paper is organized as follows. In Sec. II we
present the system model and formulate the utility maximiza-

tion problem. Sec. III presents our decomposition algorithm
and establishes its convergence. In Sec. IV we develop strate-
gies for generating dual “cuts” that involve solving the sub-
problem efficiently. These lead to an improved decomposition
algorithm. We present illustrative numerical results in Sec. V.
Conclusions are in Sec. VI.
Notational Conventions: Throughout the paper all vectors
are assumed to be column vectors. We use lower case boldface
letters to denote vectors and for economy of space we write
x = (x1, . . . , xR) for the column vectorx. x′ denotes the
transpose ofx and 0 the vector of all zeroes. We use upper
case boldface letters to denote matrices. We use script letters
to define sets and denote by Conv(A ) the convex hull of a
set A , and by |A | its cardinality. We denote by1A (x) the
indicator function ofx ∈ A . WhenA is described by a simple
condition, sayx ≥ 0, we simply write1(x ≥ 0).

II. NETWORK MODEL AND PROBLEM FORMULATION

We consider a WSNET withN nodes each of which
can receive, transmit and relay information with a single
port/antenna that it carries. These nodes can be eithersensors
or data sinks. We assume that nodes do not multicast informa-
tion, so each transmission has a specific receiver and is from
one node to another. Since they carry a single antenna, nodes
cannot receive and transmit simultaneously. Furthermore,re-
ceiving nodes cannot receive information from multiple nodes
simultaneously. We also assume that there areC frequency
channels available for all the nodes in the network. At any
point in time each node may only transmit or receive over
one of these channels, or, otherwise, remain silent. However,
nodes may keep switching between different channels in order
to reduce interference.

Sensors in the WSNET collect different types of data
depending on the physical system or process they monitor
(e.g., temperature, pressure, levels of harmful agents, etc.) and
want to relay them to other (sensor or data sinks) nodes. As a
result, the WSNET carries multiple types of traffic, differing in
information content and utility associated with their successful
transmission. Atraffic classrefers to a certain type of traffic
with a particular origin and destination; suppose we haveK

traffic classes. We denote bys(k) and d(k) the source and
destination of classk, for k = 1, . . . ,K. Note that in our
model the destinations of the traffic can be either data sinks
that collect information, or sensor nodes that need data from
other sensors, for instance, to enable in-network processing.

Let pijkc denote the power used by nodei to transmit
classk traffic to nodej over channelc, for i, j = 1, . . . , N ,
k = 1, . . . ,K, c = 1, . . . , C. We will refer to such a
transmission as the(i, j, k, c) transmission. Let us writep for
theN2KC-dimensional vector of powers and denote bypijkc

its component corresponding to the(i, j, k, c) transmission.
For any (i, j, k, c) transmission we assume the transmission
power pijkc may be adjusted (continuously or discretely)
between0 and p̄i, the maximum power available at nodei,
and we denote byP the set of allp’s that are technically
feasible with the available hardware.

We assume that the adjacent-channel interference is negli-
gible due to proper filtering and channel tuning, and thus the
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transmissions in different frequency channels do not interfere
with each other. On the other hand, concurrent transmissions
in the same channel may cause interference to each other and
render them unsuccessful. In accordance with our experiments
with commercial devices such as the MICA2 motes manufac-
tured by Crossbow Inc., we assume that for any(i, j, k, c)
transmission, the transmission is successful if theReceived
Signal Strength Indication (RSSI)at nodej is above a certain
threshold; the maximum transmission rate is a constantγ if
the transmission is successful and0 otherwise. Apparently,
the existing hardware imposes severe limitations (processor
clock speed, limitations of the radio chip, speed of the bus,
etc.) that prohibit the transmission rate to reach the Shannon
capacity of the channel, thus, resulting in a constant maximum
transmission rate for all SINR levels above a certain threshold.

For i = 1, . . . , N , 0 ≤ p ≤ p̄i and c = 1, . . . , C, let
Qt(i, p, c) be the set of nodes to which nodei can successfully
transmit with power levelp over channelc when not being
interfered by other transmissions. Let alsoQl(i, p, c) the set
of nodes in the neighborhood of the senderi which cannot
receive any other transmission over channelc due to the
interference caused by nodei’s transmission. The nodes in
Ql(i, p, c) may, however, establish connections to other nodes
using different frequency channels if these are interference
free. We will be making the following assumption, which is
natural for wireless communications. It simply says that higher
power allows communicating with more nodes but also causes
more interference.

Assumption 1 (Monotonicity) For any nodei = 1, . . . , N ,
channelc = 1, . . . , C, and power levelsp1 ≤ p2 we have
Qt(i, p1, c) ⊆ Qt(i, p2, c) and Ql(i, p1, c) ⊆ Ql(i, p2, c).

Denote by rijkc the transmission rate for the(i, j, k, c)
transmission. We assume that the transmitting nodei transmits
with the maximum possible rate, which is equal toγ when the
transmission is successful. Throughout this work we will adopt
the convention thatrijkc = −rjikc for any (i, j, k, c). Thus,
if an (i, j, k, c) transmission is in progress we haverijkc = γ

and rjikc = −γ for i, j = 1, . . . , N , k = 1, . . . ,K, and
c = 1, . . . , C. We can interpretrijkc as thenet flow rateof
traffic classk information from nodei to nodej over channel
c. We write r for the N2KC-dimensional vector ofrijkc’s
and denote byrijkc its component that corresponds to the net
flow rate for an(i, j, k, c) or a (j, i, k, c) transmission.

Let sijkc ∈ {0, 1} be the indicator of an(i, j, k, c) trans-
mission, namely,sijkc = 1 if the (i, j, k, c) transmission is in
progress and0 otherwise. Lets be the vector ofsijkc’s. Then

rijkc = γ(sijkc − sjikc), ∀i, j, k, c. (1)

Furthermore, the transmission restrictions introduced thus far
translate into the following set of conditions

sijkc + suiwl ≤ 1, ∀i, j, k, c, u, w, l, (2)

sijkc + sivwl ≤ 1, ∀(j, k, c) 6= (v, w, l),∀i, (3)

sijkc + sujwl ≤ 1, ∀(i, k, c) 6= (u,w, l),∀j, (4)

sijkc = 0, ∀i, k, c,∀j 6∈ Qt(i, p̄i, c), (5)

0 ≤ pijkc ≤ p̄isijkc, ∀i, j, k, c, (6)

sijkc ∈ {0, 1}, ∀i, j, k, c, (7)

sijkc + suvwc ≤ 1, ∀c,∀(i, j, k) 6= (u, v, w) such that

v ∈ Ql(i, pijkc, c). (8)

Condition (2) states that nodes cannot transmit and receive
simultaneously, condition (3) states that nodes can only trans-
mit traffic of a single class to a single other node over a
single channel, condition (4) states that nodes can receive
only a single traffic class from a single other node over a
single channel, and condition (5) states that nodej should be
“reachable” fromi in order to receive information. Finally,
condition (8) states that whilei is transmitting no nodev
in i’s interference setQl(i, pijkc, c) can be receiving from
another node over the same channelc because packets will
“collide” at node v. We will be referring to this condition
as the interference constraint. We denote byS the set of
all (s,p) complying with the transmission restrictions (2)–
(8). We will refer to a(s,p) ∈ S as avalid transmission
scheme; note that it specifies who talks to whom along with
the corresponding power level and frequency channel. We will
call r a valid transmission rate vector if it is associated with
a transmission scheme(s,p) ∈ S , and we letR be the set
of all valid transmission rate vectors. ClearlyR is a finite set,
asrijkc ∈ {0, γ,−γ}, ∀i, j, k, c.

Denote byL̃ the cardinality of setR, and consider the
complete collection of transmission rate vectorsr1, . . . , rL̃ ∈
R. A long-term average transmission rate vector ofr =
∑L̃

n=1 αnrn, where αn ≥ 0 for all n = 1, . . . , L̃ and
∑L̃

n=1 αn = 1, can be achieved by the WSNET if we use
a time-sharing strategy and operate the network a fractionαn

of time according to a transmission scheme associated with
rn. It follows that any point in the convex hull Conv(R) of
R is achievable by such a time-sharing strategy. Note also,
that Conv(R) is a polytope (i.e., bounded polyhedron) as the
convex hull of the finite setR.

Over the long run, the WSNET should obey flow conserva-
tion laws, i.e., the traffic of each class should not accumulate
in any node other than its destination. Hence,

∑N

j=1

∑C

c=1 rijkc = 0, ∀i 6= s(k), d(k), ∀k,

that is, classk traffic flow into i equals classk traffic outflow
from nodei over all the channels.

We seek to maximize the overall utility of transmissions
in the WSNET, expressed as a functionF (r) of the long-
term average transmission rate vectorr. We assume thatF (r)
is continuous, concave, and bounded in Conv(R). In most
practical scenarios,F (r) takes the form of some function
F̃ (r̃) where r̃ is the vector of r̃ijk =

∑C

c=1rijkc, for all
i, j, k. Nonetheless, in the sequel we will work with the
more general functionF (r); clearly a functionF̃ (r̃) can be
handled as a special case. Note that by considering system
utility, we cover a large variety of objectives studied in the
literature, including weighted throughput which is a linear
function of r. Moreover, F (r) needs not to be a sum of
individual utilities associated with each traffic class. Rather,
it can represent quite general performance metrics of interest
that model interdependent behavior of the various sensors,e.g.,
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when, for instance, clusters of sensors collaborate towards a
common goal.

We are interested in utility maximization subject to fairness
constraints. We model fairness considerations as a set ofR

linear inequalitiesAr ≤ b, where A ∈ R
R×N2KC and

b ∈ R
R are given. For example, these constraints can impose

equality among all transmission rates, or force the destinations
of various classes of traffic to never send out any traffic of their
own classes. LetF be the set of rates that satisfy fairness
constraints and flow conservation, i.e.,

F
△
=

{

r | Ar ≤ b,
N
∑

j=1

C
∑

c=1
rijkc = 0,∀i 6= s(k), d(k),∀k

}

,

and to exclude trivial cases assume Conv(R) ∩ F 6= ∅.
We can formulate the utility optimization problem as

max F (r)
s.t. r ∈ Conv(R) ∩ F ,

(9)

which is a convex optimization problem. An important obser-
vation is that we seek to maximize utility over the convex hull
of R rather thanR itself (as for example in earlier work, e.g.,
[19], [26]). This is bound to yield higher system utility and
as we have seen the WSNET operates by time-sharing among
different transmission schemes.

Let r1, . . . , rL denote the extreme points of Conv(R). Any
r ∈ Conv(R) can be expressed as a convex combination of
those. Incorporating the definition ofF , (9) becomes

min − F (r) (10)

s.t. r −
∑L

n=1αnrn = 0,
∑L

n=1αn = 1,

Ar ≤ b,
∑N

j=1

∑C

c=1rijkc = 0, ∀i 6= s(k), d(k),∀k,

αn ≥ 0, n = 1, . . . , L.

The problem above maximizes a concave function over a
polyhedron. It can be solved using, for example, thecondi-
tional gradient method. If F (r) is linear, then it is a linear
programming problem.

The challenge with problem (10) is that Conv(R) can
have a humongous number of extreme points – in general
a number which grows exponentially with the sizeN of the
network. One could simply enumerate all extreme points but
this approach can only solve very small instances (on the
order of 5-6 nodes). Instead, we will develop a decomposition
algorithm that will enable us to solve sizable instances. This
algorithm does not need to knowr1, . . . , rL in advance. It
generates them as needed and identifies the ones that should
be used to achieve optimality.

III. A DECOMPOSITION METHOD

In this section we propose a decomposition method for
solving (10). For linear utilities the method is acolumn
generationmethod for solving large-scale linear programming
problems. To handle the nonlinear objective we present it as
a cutting planemethod for the dual problem.

To develop the decomposition approach consider the prob-
lem (10), to which we will be referring as themaster prob-
lem. Let (λ, µ,σ,ν) be the dual vectors. The dual function
G(λ, µ,ν,σ) is given by

G(λ, µ,ν,σ) = inf
α≥0,r

{

− F (r) + λ
′(r −

∑

n αnrn)

+ µ(
∑

n αn − 1) + σ
′(Ar − b)

+
∑

k

∑

i6=s(k),d(k) νik

∑

j

∑

c rijkc

}

= G1(λ,ν,σ) + G2(λ, µ) − µ − σ
′b,

where

G1(λ,ν,σ) = inf
r

{

− F (r) + (λ′ + σ
′A)r

+
∑

k

∑

i6=s(k),d(k) νik

∑

j

∑

c rijkc

}

,

G2(λ, µ) = inf
α≥0

∑

n(µ − λ
′rn)αn.

Let
D1 = {(λ,ν,σ) | G1(λ,ν,σ) > −∞}
D2 = {(λ, µ) | G2(λ, µ) > −∞}

and note that

D2 = {(λ, µ) | µ − λ
′rn ≥ 0, n = 1, . . . , L},

G2(λ, µ) =

{

0, if (λ, µ) ∈ D2,

−∞, otherwise,

and D1 is independent ofr1, . . . , rL. Then the dual of the
master problem (10) is

max G1(λ,ν,σ) − µ − σ
′b (11)

s.t. (λ,ν,σ) ∈ D1,

µ − λ
′rn ≥ 0, n = 1, . . . , L,

σ ≥ 0.

Since the master problem is a convex optimization problem
there is no duality gap.

Suppose now we have an extreme point of Conv(R), say
r1, which belongs toF . Let m ∈ {1, . . . , L}, and consider

min −F (r)
s.t. r −

∑m

n=1 αnrn = 0,
∑m

n=1 αn = 1,
Ar ≤ b,
∑N

j=1

∑C

c=1 rijkc = 0, ∀i 6= s(k), d(k),∀k,

αn ≥ 0, n = 1, . . . ,m,

(12)

which we call the restricted master problemat the mth
iteration. Suppose we solve this problem to optimality; its
dual is identical to (11) with the exception that only constraints
µ−λ

′rn ≥ 0, for n = 1, . . . ,m, appear. We refer to this latter
problem as therestricted dual problemat themth iteration. Let
(r(m),α(m);λ(m), µ(m),ν(m),σ(m)) be an optimal primal-
dual pair for the restricted master problem. The dual vari-
ables are dual feasible and satisfy(λ(m),ν(m),σ(m)) ∈ D1,
σ

(m) ≥ 0, and µ(m) − λ
(m)′rn ≥ 0, for all n = 1, . . . ,m.

If µ(m) − λ
(m)′rn ≥ 0 for all n = 1, . . . , L then we have
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a primal-dual pair for (10) and we are done. Otherwise, we
need to generate an extreme point, sayrm+1, of Conv(R)
that violates dual feasibility, solve them + 1st restricted
master problem, and continue iterating in this fashion. We
next examine how to produce “cuts” in the dual, i.e., how
to generate an extreme point that violates dual feasibility.

A. The subproblem

At the mth iteration we seek an extreme pointrm+1 of
Conv(R) satisfyingµ(m) − λ

(m)′rm+1 < 0. As the extreme
points of Conv(R) are also inR, we might as well generate
a pointr that minimizesµ(m)−λ

(m)′r overR. This suggests
the subproblem

max λ
′r

s.t. r ∈ R,
(13)

with cost vectorλ = λ
(m).

We now establish some properties of (13).λ ∈ R
N2KC is

the dual vector corresponding to the first constraint of (10).
Denote byλijkc the element ofλ corresponding torijkc and
let π̃ijkc = γ(λijkc − λjikc). Recall thatsijkc is the indicator
of the (i, j, k, c) transmission. Then

λ
′r =

∑K

k=1

∑N

i=1

∑N

j=1

∑C

c=1 γλijkc(sijkc − sjikc)

=
∑K

k=1

∑N

i=1

∑N

j=1

∑C

c=1 π̃ijkcsijkc,

and consequently problem (13) is equivalent to

max
∑K

k=1

∑N

i=1

∑N

j=1

∑C

c=1 π̃ijkcsijkc

s.t. (s,p) ∈ S ,
(14)

whereS is the set of transmission schemes(s,p) satisfying
constraints (2)–(8). For alli, j, k, c define

πijkc
△
=

{

π̃ijkc, if j ∈ Qt(i, p̄i, c),

0, otherwise,

p̂ijkc
△
= min{p | 0 ≤ p ≤ p̄i, j ∈ Qt(i, p, c)}, and let p̂

denote the vector of̂pijkc’s. Moreover, for alli, j = 1, . . . , N
andc = 1, . . . , C let

ωijc = maxk=1,...,K πijkc

and construct a setK as follows: for each1 ≤ i, j ≤ N

and channelc = 1, . . . , C select only onek such thatk =
argmax1≤t≤Kπijtc, and let(i, j, k, c) be an element ofK .

Remark : In practice, the minimum power level̂pijkc depends
on the locations of nodesi andj as well as the channelc, but
is not dependent on the traffic classk. As such, with a slight
abuse of notation we will denote bŷpijc the minimum power
needed for nodei to reach nodej over channelc.

The next theorem shows that solving (14) amounts to
solving an Integer Linear Programming(ILP) problem; the
proof is in Appendix VII-A.

Theorem III.1 Supposex∗ is an optimal solution to the ILP

max
∑

(i,j,c) ωijcxijc

s.t.
N
∑

j=1

C
∑

c=1
xijc +

N
∑

j=1

C
∑

c=1
xjic ≤ 1, ∀i,

xijc +
N
∑

u=1
xuvc ≤ 1, ∀c, such that

∀v 6= j, v ∈ Ql(i, p̂ijc, c),
xijc ∈ {0, 1}, ∀i, j, c.

(15)

Let

s∗ijkc = 1K (i, j, k, c)x∗
ijc, ∀i, j, k, c, (16)

and set s∗ijkc = 0 wheneverπijkc = 0. Define p∗ijkc =
p̂ijcs

∗
ijkc and letp∗ be the vector of thep∗ijkc’s. Then(s∗,p∗)

is an optimal solution to problem (14).

We summarize the discussion on the subproblem as follows:
to compute an optimal solutionr∗ of (13) we first follow
the procedure described in Thm. III.1 to obtain ans∗, then
compute r∗ as in (1). To achieve thisr∗ we operate the
WSNET as follows:(i, j, k, c) transmissions occur only if
s∗ijkc = 1 and if so at the minimum power̂pijkc needed for
nodei to reach nodej over channelc.

B. The decomposition algorithm

We now have all the ingredients to present the decomposi-
tion algorithm and establish its convergence. The algorithm is
in Fig. 1; we assume that (10) is feasible and we will discuss
at the end of this Section how this assumption can be relaxed.

1) Initialization : Let r1 ∈ Conv(R) ∩ F and setm = 1.
2) m-th iteration :

a) Solve the restricted master problem (12) with
r1, . . . , rm to obtain an optimal primal-dual pair
(r(m),α(m);λ(m), µ(m),ν(m),σ(m)).

b) Solve the subproblem (13) with cost vectorλ
(m) as

outlined in Section III-A. Letrm+1 be the optimal
solution obtained.

c) If µ(m) −λ
(m)′rm+1 ≥ 0 stop;(r(m),α(m)) is an

optimal solution of (10). Otherwise, setm := m+1
and go to step 2a.

Fig. 1. The decomposition algorithm.

The following theorem, whose proof is in Appendix VII-B,
establishes the convergence of the algorithm. The key idea is
that at every iteration we generate a new transmission rate
vector and there is a finite number of those.

Theorem III.2 Assume that (10) is feasible. Then the de-
composition algorithm of Fig. 1 terminates with an optimal
solution of (10) in a finite number of iterations.
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C. Initialization

We conclude this section by outlining how to initialize
the algorithm of Fig. 1. We require an initial vectorr1 ∈
Conv(R) ∩ F . In many cases of practical interestr1 = 0

would be feasible, which is the case whenb ≥ 0. This
includesb = 0 which can be interpreted to mean that fairness
is relative. Arguably, this covers the majority of practical
cases. Ifb 6= 0, then it might still possible to reformulate
the fairness constraints so thatb ≥ 0. Otherwise, some extra
work needs to be done to discover an initial feasible solution.
To this end, consider the followingauxiliary master problem

s.t. r −
∑L

n=1 αnrn = 0,
∑L

n=1 αn = 1,
Ar + y = b,
∑N

j=1

∑C

c=1 rijkc = 0, ∀i 6= s(k), d(k),∀k,

αn ≥ 0, n = 1, . . . , L,

(17)

where we introduce the vector of auxiliary variablesy. This
problem can be solved using a similar decomposition algo-
rithm as in Fig. 1. We start withm = 1, r1 = 0, and note that
r = 0, α1 = 1, y = b form a feasible solution. The dual of
(17) is almost identical to (11) with a modified definition of
G1(λ,ν,σ). The subproblem remains the same as before and
the decomposition approach applies. If the optimal solution of
(17) satisfiesy ≥ 0 then we are done as we have a feasible
solution of (10) to initialize the algorithm in Fig. 1 (this could
involve time-sharing between several transmission schemes).
Otherwise, (10) is infeasible.

IV. D ECOMPOSITION ALGORITHM REVISITED

The efficiency of the algorithm of Fig. 1 critically depends
on how efficiently we can solve the subproblem. As outlined
in Section III-A, solving the subproblem amounts to solving
an ILP. General ILPs are hard to solve (they are NP-complete);
solvers invariably use branch-and-bound methods which, de-
pending on the problem and its size, can take a long time.
In this section we devise a relaxation of (15) and leverage
Polynomial Time Approximation Schemes (PTAS)to arrive at
more efficient algorithms for solving problem (10) based on
the algorithm of Fig. 1.

A. A relaxation based on maximum weighted matching

We first relax the interference constraints from problem
(15). The resulting problem is

max
∑

(i,j,c) ωijcxijc

s.t.
N
∑

j=1

C
∑

c=1
xijc +

N
∑

j=1

C
∑

c=1
xjic ≤ 1, ∀i,

xijc ∈ {0, 1}, ∀i, j, c.

(18)

In this section we show that it is equivalent to aMaximum
Weighted Matching (MWM) problemand can actually be
solved in polynomial time. Let us call problem (18) theMWM
relaxation of problem (15). We will next proceed to solve
problem (18).

Let V = {1, . . . , N} where each element ofV corresponds
to a sensor node of the WSNET. Consider the undirected graph

G = (V ,E ), whereE is the complete set of edges between
nodes inV . To each edge(i, j) ∈ E we associate a weight
ω̂ij such that

ω̂ij = max1≤c≤C max{ωijc, ωjic}, ∀i, j ∈ V . (19)

Note that ω̂ij = ω̂ji ≥ 0, ∀i, j. Let us also construct a set
C as follows: for each1 ≤ i, j ≤ N , we select only onec
satisfying

c = argmax1≤q≤C max{ωijq, ωjiq},

and let(i, j, c) be an element ofC . The next theorem estab-
lishes that solving the MWM relaxation of the subproblem
amounts to solving a maximum weighted matching problem
for graph G where the edge weights are given in (19). The
proof is in Appendix VII-C.

Theorem IV.1 Supposey∗ is an optimal solution to the
maximum weighted matching problem

max
∑

(i,j)∈E
ω̂ijyij

s.t.
∑

j|(i,j)∈E
yij ≤ 1, ∀i

yij = yji, ∀i, j,

yij ∈ {0, 1}, ∀i, j.

(20)

Then, an optimal solutionx∗ to problem (18) satisfies

x∗
ijc = 1C (i, j, c)y∗

ij , ∀i, j, c.

Remark : It should be noted that (20) is always feasible (y =
0 is a feasible solution), thus, it is always possible to obtain
an optimal solution to problem (18).

The maximum weighted matching problem is a well studied
problem in graph theory. Many algorithms and heuristics for
different matching variants have been proposed and it has been
shown that (20) can be solved inO(|V |3) amount of time
[27], that is, polynomial in the size of the input. In our case,
|V | = N and it takesO(CN2) additional time to calculate
the weights and obtainx∗ from y∗, thus, the complexity of
problem (18) isO(CN2 + N3).

B. MWM-based cuts

The polynomial solvability of the MWM relaxation of the
subproblem (15) enables a more efficient algorithm based on
the decomposition algorithm shown in Fig. 1. More specif-
ically, for each iteration of the decomposition algorithm we
seek a transmission rate vectorr that violates the dual feasi-
bility (a “cut” of the dual feasible set); we either supplyr to the
the restricted master problem, or declare success when suchan
r does not exist. We can produce cuts by solving the MWM
relaxation, thus, avoiding solving the subproblem to optimality
at each iteration. The proposed algorithm, to be referred toas
MWM, is shown in Fig. 2. Note that the algorithm employs the
MWM relaxation to produce a (potentially infeasible) solution
to the subproblem and then uses a greedy approach to “prune”
that solution and make it feasible. Specifically, we first attempt
(cf. Step 2) to switch high-valued interfering transmissions to
interference-free channels and then we silence (cf. Step 4)
low-valued transmissions that cause interference.
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1) Initialization: Let y be an optimal solution to problem
(18) obtained as described in Thm. IV.1. Setr according
to (1) and (16), and letA = {(i, j, k, c) | sijkc = 1}.

2) Iteration (channel selection): Select an(i, j, k, c) ∈
A with the largest weightπijkc. Check all interference
constraints (8) to whichsijkc participates.

If these constraints are not satisfied:

a) If there exists another channelĉ so that switch-
ing the(i, j, k, c) transmission tôc (i.e., setting
sijkc = 0 and sijkĉ = 1) satisfies the interfer-
ence constraints then switch the transmission to
ĉ and adjustr accordingly.

b) Else skip.

Remove(i, j, k, c) from A . If A = ∅ break; else
go to the beginning of 2).

3) Let A = {(i, j, k, c) | sijkc = 1}.
4) Iteration (collision avoidance): Select an(i, j, k, c) ∈

A with the smallest weightπijkc. Check all interfer-
ence constraints (8) to whichsijkc participates. If these
constraints are not satisfied setsijkc = 0 and adjustr
accordingly. Remove(i, j, k, c) from A . If A = ∅ exit
and outputr; else go to the beginning of 4).

Fig. 2. MWM algorithm that constructs a feasible solution to the subproblem
(13).

Note that the transmission rate vectorr obtained from the
algorithm in Fig. 2 is a feasible solution to the subproblem
(13). Let λ

(m) and µ(m) be the optimal dual variables cor-
responding to the first and second constraints of (12) at the
m-th iteration, respectively. Then ifµ(m) < λ(m)′r, we have
generated a cut in the dual feasible set, we can setr(m+1) = r,
and continue the iteration in the decomposition algorithm.

However, we cannot terminate the algorithm based onr.
In particular, letr∗ be the optimal solution to the subprob-
lem (13). Clearly λ

(m)′r∗ ≥ λ
(m)′r. Therefore, even if

µ(m) < λ
(m)′r∗ we may haveµ(m) ≥ λ

(m)′r, and thus the
stopping criterion is not met. In this case we have to solve the
subproblem to optimality (by solving (15)) in order to check
the stopping criterion.

C. PTAS-based cuts

Next we seek solutions to problem (15) via an alternative
route – PTAS (Polynomial Time Approximation Scheme) for
geometric graphs. Related approaches have been proposed in
the literature to solve other NP-hard problems, e.g., maximum
independent set [28] and maximum weighted matching prob-
lem withK-hop interference constraints [26]. We combine this
approach with MWM-based cuts to solve the problem more
efficiently. Furthermore, we propose a randomized approxima-
tion scheme.

Denote byL the two-dimensional region in which all the
sensor nodes reside and the position of each sensor node is

determined by its geographical location.1 Similar with [28],
[26], let us first specify an error levelǫ for the PTAS and find
the smallestΘ such that( Θ

Θ+1 )2 ≥ 1 − ǫ.
We divide the regionL into horizontal strips and from top

to bottom label the strips asB1, . . . ,BM0
. The regionL is

divided into as many as possible horizontal strips so that the
interference caused by any transmitting node inBm does not
affect any node (in any channel) in a stripBm′ if strip Bm

is not neighboring toBm′ , ∀m,m′ ∈ {1, . . . ,M0}. Now, for
a given integerθ0 ∈ {0, . . . ,Θ}, let us remove from region
L every strip whose label numberm ∈ {1, . . . ,M0} satisfies
the condition:m mod(Θ + 1) = θ0. Note that by removing a
strip we delete all nodes inside the strip. Next, we organizethe
strips remaining into subregions by putting in the same subre-
gion strips that are neighboring each other. Suppose that this
yields a numberT (θ0) of non-neighboring subregions, each
of width O(Θ); we denote them byB(θ0,1), . . . ,B(θ0,T (θ0)).
Next, consider an arbitrary subregionB(θ0,t) (1 ≤ t ≤ T (θ0))
and partition it into as many as possible vertical strips so that
the interference caused by any transmitting node in one strip
does not affect any node (in any channel) in a non-neighboring
strip. In this fashion we generate a number of rectangles which
from left to right we label asB1

(θ0,t), . . . ,B
Mt

(θ0,t). For some
fixed integerθt ∈ {0, . . . ,Θ} we remove from this collection
of rectangles the ones with label numberm ∈ {1, . . . ,Mt}
satisfying the condition:m mod (Θ + 1) = θt. As before,
we organize the remaining rectangles into rectangular subre-
gions by putting in the same subregion rectangles that are
neighboring each other. Suppose that this yields a number
T̂ (θ0, θt) of non-neighboring rectangular subregions, each of

width O(Θ2); we denote them byB(θt,1)
(θ0,t) , . . . ,B

(θt,T̂ (θ0,θt))
(θ0,t) .

We repeat this process for every horizontal subregionB(θ0,t),
t = 1, . . . , T (θ0), thus, partitioning regionL into a col-
lection of non-neighboring rectangular subregionsB

(θt,τ)
(θ0,t) ,

t = 1, . . . , T (θ0), τ = 1, . . . , T̂ (θ0, θt). This collection is
parametrized byθ0, θ1, . . . , θT (θ0); a different parameter set
leads to a different collection of non-neighboring rectangular
subregions, each of sizeO(Θ2).

Note that due to the construction any transmitting node in
a rectangular subregionB(θt,τ)

(θ0,t) does not interfere with any
nodes in any other rectangular subregion. Therefore, we can
focus on each subregion individually, and for each subregion
obtain a part of the transmission rate vector by solving problem
(15) to optimality and computing rates implied by thes∗ of
Thm. III.1. The resulting global transmission rate vectorr is a
feasible solution to the subproblem (13). Since the parameters
θ0, θ1, . . . , θT (θ0) specify the wayL is partitioned we can tune
them in order to obtain a “good” solution. More specifically,
let Γ(θ0; θ1, . . . , θT (θ0)) = λ

(m)′r(θ0; θ1, . . . , θT (θ0)) where
λ

(m) is the optimal dual vector corresponding to the first con-
straints of (12) at them-th iteration, andr(θ0; θ1, . . . , θT (θ0))
is the solution we obtain using the method described above.
The algorithm described in Fig. 3, to be referred to as
PTAS, yields a feasible solution to (13) with maximum
Γ(θ0; θ1, . . . , θT (θ0)).

1We assumeL is two-dimensional in this paper, but the extension to the
three-dimensional case is straightforward.
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1) Initialization : Specify an error levelǫ. Let r = 0 andΘ
equal to the smallest integer such that( Θ

Θ+1 )2 ≥ 1 − ǫ.
2) For each combination(θ0; θ1, . . . , θT (θ0)) such that0 ≤

θ0, θ1, . . . , θT (θ0) ≤ Θ partition L into rectangular
subregions, solve problem (15) for each individual sub-
region and calculateΓ(θ0; θ1, . . . , θT (θ0)).

3) Let

(θ∗0 ; θ∗1 , . . . , θ∗T (θ∗

0
)) = argmax

θ
Γ(θ0; θ1, . . . , θT (θ0)).

Outputr(θ∗0 ; θ∗1 , . . . , θ∗
T (θ0)

).

Fig. 3. PTAS algorithm that constructs a feasible solution to the subproblem
(13).

PTAS is actually “asymptotically opti-
mal” in the sense that when ǫ goes to 0,
r(θ∗0 ; θ∗1 , . . . , θ∗

T (θ0)
) converges to an optimal solution of

(13). More specifically, letΓ∗ be the optimal value of the
subproblem (13); similar with [26] we have the following
theorem which provides the guarantee; the proof is in
Appendix VII-D.

Theorem IV.2 Γ(θ∗0 ; θ∗1 , . . . , θ∗
T (θ0)

) ≥ ( Θ
Θ+1 )2Γ∗.

Note that with PTAS we still solve an ILP for each of
the subregions. However, as the sizes of the ILP’s are much
smaller than the one for the whole regionL , they usually
take much less time to solve. On the other hand, we might
as well utilize the algorithm in Fig. 2 to construct a feasible
solution by solving the corresponding MWM relaxation for
each rectangular subregion. This yields a third algorithm,to
be referred to as PTAS+MWM, which is described in Fig. 4.

1) Initialization : Specify an error levelǫ. Let r = 0 andΘ
equal to the smallest integer such that( Θ

Θ+1 )2 ≥ 1 − ǫ.
2) For each combination(θ0; θ1, . . . , θT (θ0)) such that0 ≤

θ0, θ1, . . . , θT (θ0) ≤ Θ reorganizeL into into rectangu-
lar subregions, solve the MWM relaxation and construct
a feasible solution for each subregion according to the
algorithm in Fig. 2, and calculateΓ(θ0; θ1, . . . , θT (θ0)).

3) Let

(θ∗0 ; θ∗1 , . . . , θ∗T (θ∗

0
)) = argmax

θ
Γ(θ0; θ1, . . . , θT (θ0)).

Outputr(θ∗0 ; θ∗1 , . . . , θ∗
T (θ0)

).

Fig. 4. PTAS+MWM algorithm that constructs a feasible solution to the
subproblem (13).

In some instances in order to solve problem (10) with
the decomposition approach, it may be computationally ex-
pensive to search exhaustively for the optimal combination
(θ∗0 ; θ∗1 , . . . , θ∗

T (θ0)
) at each iteration of the decomposition

algorithm. Rather, in the same spirit of searching for a
“good” solution for the subproblem, at them-th iteration
we only need a combination of(θ0; θ1, . . . , θT (θ0)) such that
λ

(m)′r(θ0; θ1, . . . , θT (θ0)) > µ(m), whereλ
(m) andµ(m) are

the optimal dual variables corresponding to the first and second
constraints of problem (12) at them-th iteration, respectively.
As such, we propose another algorithm – RAS (Randomized
Approximation Scheme)+MWM – based on PTAS+MWM to
construct a feasible solution of the subproblem at them-th
iteration, as shown in Fig. 5. More specifically, we randomly
choose a set of parameters(θ0; θ1, . . . , θT (θ0)) and test if they
induce a valid transmission vector; we continue picking the
parameters until we find one or the maximum number of trials
is exceeded. (A similar idea was used in [16] but in a different
context.) As will be clear in Sec. V, RAS+MWM cuts may
considerably reduce the running times of the decomposition
algorithm with a reasonable maximum number of trials.

1) Initialization : Specify an error levelǫ. Let r = 0 andΘ
equal to the smallest integer such that( Θ

Θ+1 )2 ≥ 1 − ǫ.
Specify the number of trialsW and setw = 1. Let
T = ∅.

2) Iteration : With a uniform probability distribution select
θ0 ∈ {0, . . . ,Θ} and thenθi ∈ {0, . . . ,Θ}, ∀i ∈
{1, . . . , T (θ0)}.

a) If (θ0; θ1, . . . , θT (θ0)) ∈ T , go to the beginning of
step 2).

b) Else add(θ0; θ1, . . . , θT (θ0)) to T . According to
this combination reorganizeL into into rect-
angular subregions, solve the MWM relaxation
and construct a feasible solution for each subre-
gion with the algorithm in Fig. 2, and calculate
r(θ0; θ1, . . . , θT (θ0)).

c) If λ
(m)′r(θ0; θ1, . . . , θT (θ0)) > µ(m) or w = W

exit and outputr(θ0; θ1, . . . , θT (θ0)); else setw :=
w + 1 and go to step 2).

Fig. 5. RAS+MWM algorithm that constructs a feasible solution to the
subproblem (13).

We have proposed four algorithms – MWM, PTAS,
PTAS+MWM, RAS+MWM – to generate feasible solutions
to the subproblem that can produce cuts in the course of the
decomposition algorithm. In terms of computational cost and
for large enough networks andΘ the algorithms are ordered as
MWM, RAS+MWM, PTAS+MWM, PTAS, from least to most
expensive. Although only PTAS can produce an arbitrarily
close to optimal solution of the subproblem, our numerical
experience shows that putting PTAS in the framework of
the decomposition algorithm significantly slows down the
computation due to the overhead of solving ILPs. As a result
we only incorporate MWM, PTAS+MWM and RAS+MWM;
the final algorithm for problem (10) is in Fig. 6 with MWM
and PTAS+MWM cuts. To incorporate RAS+MWM in the
framework, we can simply replace step (d) in the algorithm in
Fig. 6 by the algorithm described in Fig. 5.

V. NUMERICAL RESULTS

In this section we present some illustrative numerical results
to assess the efficiency of the proposed approach.
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1) Initialization : Let r1 ∈ Conv(R) ∩ F and setm = 1.
2) m-th iteration :

a) Solve the restricted master problem (12) with
r1, . . . , rm to obtain an optimal primal-dual pair
(r(m),α(m);λ(m), µ(m),ν(m),σ(m)).

b) Use MWM (cf. Fig. 2) to obtain a feasible solution
r to the subproblem (13).

c) If µ(m) − λ
(m)′r < 0, let r(m+1) = r, setm :=

m + 1 and go to step 2a).
d) Obtain a feasible solutionr to the subproblem (13)

with PTAS+MWM (cf. Fig. 4).
e) If µ(m) − λ

(m)′r < 0, let r(m+1) = r, setm :=
m + 1 and go to step 2a).

f) Solve the subproblem (13) to optimality by solving
(15). Let rm+1 be the optimal solution obtained.

g) If µ(m) −λ
(m)′rm+1 ≥ 0 stop;(r(m),α(m)) is an

optimal solution of (10). Else setm := m + 1 and
go to step 2a).

Fig. 6. The improved decomposition algorithm with MWM and
PTAS+MWM cuts.

The example we consider is a WSNET with85 nodes
uniformly distributed over a square region of185×185 (feet)2.
There are400 classes of traffic, generated by80 source nodes
and collected by5 data sinks. Each node has a maximum
transmission rateγ of 4.8 Kbits per second (Kbps). The
objective is to maximize throughput, namely,

F (r) =
∑

i∈A

∑N

j=1

∑K

k=1

∑C

c=1 rijkc,

whereA is the set of all the source nodes. We impose the
fairness constraint requiring all traffic classes to have equal
rate.

To construct the setsQt(i, p, c) andQl(i, p, c) we assume
that the transmit powerPt decreases with the distanced
as Ptd

−2. Accounting for the fact that commercial WSNET
nodes are not sensitive enough to measure small differences
in RSSI (cf. second branch of (21)) we will be using

RSSI =

{

Rt − 20 log10 d, d > 1,

Rt, d ≤ 1,
(21)

whereRt is Pt measured in dBm, RSSI is in dBm, andd is
in feet. Using this expression, for any transmitting nodei we
let Qt(i, p, c) include all nodes with RSSI above−83.0 dBm;
such nodes can reliably receive packets fromi. In Ql(i, p, c)
we include all nodes with RSSI above−85.0 dBm, these nodes
can not receive any other transmission wheni is transmitting.

A. The value of multiple frequency channels

We next evaluate the benefit of using multiple frequency
channels. We use the decomposition algorithm in Fig. 6 to
obtain the maximum achievable throughput. Table I lists the
maximum achievable throughput for the cases of using1 and
2 channels. Notice that with a maximum transmission rateγ

of 4.8 Kbps and5 data sinks the maximum throughput is at
most24 Kbps which we achieve with2 frequency channels.

TABLE I
MAXIMUM THROUGHPUT AS A FUNCTION OF THE NUMBER OF CHANNELS

AVAILABLE IN THE NETWORK .

# of Channels Throughput
(Kbps)

1 16.07
2 24

B. The value of cuts

To assess the benefit of utilizing the MWM-based and
PTAS-based cuts, we compare(i) the algorithm in Fig. 1,
which only utilizes the cuts generated by solving the ILP (13)
(let us call this type of cuts INTEGER), and the following:
(ii) the algorithm in Fig. 6 but without steps (d)–(e) (i.e., only
MWM-based cuts are being used),(iii) the algorithm in Fig. 6,
that is, with both types of cuts (MWM and PTAS+MWM),
and (iv) the algorithm in Fig. 6 with step (d) replaced by
the algorithm in Fig. 5, namely, with RAS+MWM type cuts
where the maximum number of trials in RAS+MWM is set
to 5. In Fig. 7 and Fig. 8, and for the case of one and
two frequency channels, respectively, we plot the throughput
achieved by the policies obtained during the course of the
algorithms mentioned above.
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Fig. 7. Comparison between various cuts in the case of a singleavailable
channel.

Table II records the running time (in seconds) for each
algorithm to achieve90% of the optimal objective value2,
namely,14.46Kbps for one frequency channel and19.57Kbps
for two, respectively.

A few observations are in order. First, MWM-based cuts
offer significant improvement in terms of the computational
efficiency. More specifically, in the cases of one and two
frequency channels, the running times of the algorithm with
only MWM-based cuts are23.51% and39.68% less than those
of the algorithm in Fig. 1, respectively. Second, for smaller
instances (with one frequency channel) adding RAS+MWM

2All the programs were run on a computer with a CPU running at 3.06
GHz, and 3.6 Gbytes of main memory; background processes were minimal.
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Fig. 8. Comparison between various cuts in the case of two available
channels.

TABLE II
RUNNING TIME (IN SECONDS) COMPARISON BETWEEN VARIOUS CUTS

WITH A SINGLE AND TWO CHANNELS.

Type of Cuts 1 Channel 2 Channels
INTEGER 688 11572

MWM 488 6980

MWM and PTAS+MWM 8663 12925

MWM and RAS+MWM 1428 4792

cuts may actually increase the running time. On the other hand,
for larger instances (two frequency channels) RAS+MWM
cuts become much more helpful, reducing the running time
of the algorithm with only MWM-based cuts by31.35%.
Third, with a proper setting of the maximum number of
trials, RAS+MWM cuts enable a much more efficient use of
the decomposition algorithm than PTAS+MWM cuts, and the
running times are reduced by83.52% and62.92% for one and
two frequency channels, respectively.

As the last remark in this section, we note another evi-
dence illustrating that MWM and RAS+MWM supply quality
cuts for the decomposition algorithms. In particular, before
achieving90% of the optimal throughput in the instance of
two frequency channels with the algorithm with MWM and
RAS+MWM cuts, the decomposition algorithm performs1317
iterations, out of which there are784 times (or 59.53%)
where the MWM algorithm provides a valid transmission
vector to the restricted master problem, RAS+MWM482 times
(36.6%), and we only solve the ILP (13)14 times, i.e.,3.87%
of the total number of iterations.

VI. CONCLUSIONS

We considered the problem of efficient transport in WS-
NETs with multiple frequency channels and developed an
approach to jointly optimize transmission scheduling, power
control, channel selection, and routing. The objective is to
maximize a utility function of average transmission rates
(e.g., weighted throughput) subject to fairness constraints. We
proposed a decomposition algorithm and established its con-
vergence. The resulting policy involves time-sharing among

a number of feasible transmission schemes. Time-sharing
convexifies the achievable region and achieves higher utility
than any individual scheme.

Because we optimize over the convex hull of achievable
transmission rate vectors, the problem formulation grows
exponentially with the size of the network. Yet, the decom-
position method identifies “promising” transmission schemes
as needed, similarly as in column generation methods for
large-scale linear programs. These transmission schemes are
generated by a dual separation subproblem and the efficiency
of our algorithm largely depends on how efficiently we
can solve this subproblem. To that end, we exploited the
subproblem structure and developed a toolset based on a
maximum weighted matching relaxation and polynomial time
approximation schemes. The numerical results we presented
convincingly demonstrate the benefits of multiple channelsand
show that our approach can efficiently solve large instancesof
WSNET problems.

We should note that the approach we presented is offline
and centralized – admittedly an implementation drawback for
large WSNETs. However, the structure of the decomposition
algorithm allows us to distribute some of the work with online
computation. Specifically, master problem iterations can be
performed at a central gateway. Note that given the set of
transmission schemesr1, . . . , rm used at them-th iteration
no other information is needed, especially no connectivityor
interference information that may only be known by individual
nodes. Once a master problem iteration is performed the values
of the dual variables needed for solving the subproblem can
be sent over to the respective nodes. If we give up on reaching
an exact optimal solution, feasible solutions to the subproblem
(generating dual cuts for the master problem) can be ob-
tained in a distributed manner and the generated transmission
schemes passed back to the gateway which solves the master
problem. To solve the subproblem, one can employ distributed
approximation algorithms for the maximum weighted match-
ing relaxation [29], [30]. Furthermore, the PTAS schemes
lend themselves to a distributed implementation as the various
O(Θ2) rectangular subregions are localized. The exact imple-
mentation details of such a distributed approach we outlined
and whether it is practical for large WSNETs is left to future
investigations.

VII. A PPENDICES

A. Proof of Theorem III.1

First we show(s∗,p∗) is feasible for problem (14). To see
this, note that by construction(s,p) satisfies the constraints
(6) and (7). Moreover, by settings∗ijkc = 0 for any (i, j, k, c)
such thatπijkc = 0 we haves∗ satisfying constraint (5). Also,
by writing the constraints (2) – (4) in a more compact form,

∑

(j,k,c) sijkc +
∑

(j,k,c) sjikc ≤ 1, ∀i, (22)

we can see that(s∗,p∗) satisfies constraint (22), that is,
∑

(j,k,c) s∗ijkc +
∑

(j,k,c) s∗jikc

=
∑

(j,k,c) 1K (i, j, k, c)x∗
ijc +

∑

(j,k,c) 1K (j, i, k, c)x∗
jic

≤
∑

(j,c) x∗
ijc +

∑

(j,c) x∗
jic ≤ 1.
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Similarly, let us write constraint (8) as

sijkc +
∑N

u=1suvwc ≤ 1, (23)

such that∀c, ∀(j, k) 6= (v, w) and ∀v ∈ Ql(i, pijkc, c), and
note that by definition

Ql(i, p
∗
ijkc, c) =

{

Ql(i, p̂ijc, c) if s∗ijkc = 1,

∅ otherwise,

∀i, j, k, c. Then it is evident that constraint (23) holds when
s∗ijkc = 0, ∀i, j, k, c. Whens∗ijkc = 1 ∀i, j, k, c, we have

∑N

u=1s
∗
uvwc =

∑N

u=11K (u, v, w, c)x∗
uvc ≤

∑N

u=1x
∗
uvc = 0,

∀(j, k) 6= (v, w), v ∈ Ql(i, pijkc, c), where the last equality
is due to the factx∗

ijc = 1. As such, we conclude that(s∗,p∗)
is feasible for problem (14).

Next we proceed to show(s∗,p∗) is optimal for problem
(14). Suppose it is not. Then there exists an optimal solution
(s̃, p̃) to problem (14) with a strictly better objective value.
Without losing feasibility or optimality, let us set̃pijkc = 0 if
s̃ijkc = 0, ∀i, j, k, c. Next, pick any(i, j, k, c) transmission
present in the optimal solution, i.e., such thats̃ijkc = 1.
Clearly, p̃ijkc ≥ p̂ijc because otherwisej would not be
reachable byi and the transmission can not take place (cf.
(5)). Lower the power of the transmission tôpijc and note
that j is still reachable andQl(i, p̂ijc, c) ⊆ Ql(i, p̃ijkc, c)
due to Assumption 1. As a result, by changingp̃ijkc to p̂ijc

we can still haves̃ijkc = 1 and maintain feasibility of all
constraints (2)–(8) since the transmissions that can “collide”
with (i, j, k, c) get reduced (cf. (8)). Furthermore, the value of
the objective function in (14) remains unchanged since it only
depends ons. We can use the same power reduction strategy
for any transmission present in the optimal solution(s̃, p̃), thus
constructing a new solution(š, p̌) which remains optimal for
problem (14).

Now let us construct a solutioňx to problem (15) such
that x̌ijc =

∑K

k=1 šijkc, ∀i, j, c. The constructed solutioňx is
feasible for problem (15). To see this, note that by construction
x̌ijc ∈ {0, 1}, ∀i, j, c. Further, since(š, p̌) is feasible for
problem (14) we can see
∑

(j,c)x̌ijc +
∑

(j,c) x̌jic =
∑

(j,k,c) šijkc +
∑

(j,k,c) šijkc ≤ 1.

Finally, for any i, j, c, if (a) x̌ijc = 1 then we havěsijkc = 1
for somek and thusšuvwc = 0, ∀(i, j, k) 6= (u, v, w), v ∈
Ql(i, p̌ijkc, c) due to constraint (8). As a resultx̌uvc = 0, ∀u,
∀v 6= j, v ∈ Ql(i, p̌ijkc, c), and thušxijc +

∑N

u=1x̌uvc ≤ 1; if
(b) x̌ijc = 0, then by construction we can seešijkc = 0 for all
k, and consequently̌pijkc = 0. SinceQl(i, p̌ijkc, c) = ∅ we
also havěxijc +

∑N

u=1x̌uvc ≤ 1, ∀v 6= j, v ∈ Ql(i, p̌ijkc, c).
To this end we have proved thatx̌ is feasible for problem (15).

Last, recall that we suppose(s̃, p̃) is a better solution than
(s∗,p∗) to problem (14). Then

∑

(i,j,c)

ωijcx̌ijc ≥
∑

(i,j,k,c)

πijkcšijkc >
∑

(i,j,k,c)

πijkcs
∗
ijkc

=
∑

(i,j,k,c)

πijkc1K (i, j, k, c)x∗
ijc =

∑

(i,j,c)

ωijcx
∗
ijc,

where the first and last equalities are due to the definition of
ωijc. This contradicts the fact thatx∗ is optimal for problem
(14) and the conclusion follows.

B. Proof of Theorem III.2

Recall that at them-th iteration the subproblem minimizes
µ(m) −λ

(m)′r over r ∈ R. Thus, ifµ(m) −λ
(m)′rm+1 ≥ 0 it

follows thatµ(m)−λ
(m)′r ≥ 0 for all r ∈ R. Since all extreme

points of Conv(R) are in R, the latter condition implies
that µ(m) − λ

(m)′rn ≥ 0 for all extreme pointsr1, . . . , rL

of Conv(R). Therefore,(r(m),α(m);λ(m), µ(m),ν(m),σ(m))
is an optimal primal-dual pair for (10) and the algorithm
terminates.

Next note that due to Thm. III.1 and the resulting structure
of the subproblem solutions, at each iteration we generate
a valid transmission rate vectorr ∈ R. Let r1, . . . , rm be
the transmission rates generated up to them-th iteration and
suppose the algorithm does not terminate at them-th iteration.
The next transmission rate to be generated,rm+1, is different
from the ones generated earlier since they are separated by a
hyperplane. In particular, sinceµ(m), λ

(m) are feasible for the
restricted dual problem at them-th iteration we have

µ(m) − λ
(m)′rn ≥ 0, n = 1, . . . ,m,

µ(m) − λ
(m)′rm+1 < 0.

Thus, at each iteration we generate a new point of the finite
setR. Hence, the algorithm terminates in a finite number of
iterations.

C. Proof of Theorem IV.1

Let us first showx∗ is a feasible solution to problem (18).
To see this, note thatx∗

ijc by construction takes values in{0, 1}
for all i, j, c. Further,

∑N

j=1

∑C

c=1x
∗
ijc +

∑N

j=1

∑C

c=1x
∗
jic

=
∑N

j=1

∑C

c=11C (i, j, c)y∗
ij +

∑N

j=1

∑C

c=11C (j, i, c)y∗
ji

=
∑N

j=1y
∗
ij

∑C

c=1 [1C (i, j, c) + 1C (j, i, c)]

=
∑N

j=1y
∗
ij ≤ 1,

where the second equality is due toy∗
ij = y∗

ji and the third
equality follows from the definition ofC .

Next we relate the objective values of problem (18) and
(20). We have

∑

(i,j)∈E
ω̂ijy

∗
ij

=
∑

i∈V

∑

j∈V
y∗

ij [max1≤c≤C max{ωijc, ωjic}]

=
∑

(i,j,c)y
∗
ij [1C (i, j, c)ωijc + 1C (j, i, c)ωjic]

=2
∑

(i,j,c)ωijcx
∗
ijc,

where the second equality is due to the definition ofC .
Now supposex∗ is not optimal for problem (18) and there

exists a feasible solution̂x with a strictly better objective
value. Let us construct a solution̂y to problem (20) as

ŷij =
∑C

c=1x̂ijc +
∑C

c=1x̂jic, ∀1 ≤ i, j ≤ N.
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It is evident that by construction̂yij is 0 or 1, and ŷij = ŷji

for any i, j. Furthermore, for anyi = 1, . . . , N we have
∑

j|(i,j)∈E
ŷij =

∑N

j=1

∑C

c=1 (x̂ijc + x̂jic) ≤ 1,

and thusŷ is feasible for problem (18).
To this end, note that

∑

(i,j)∈E
ω̂ij ŷij

=
∑

i∈V

∑

j∈V

[

max
1≤c≤C

max{ωijc, ωjic}

]

[

C
∑

c=1

(x̂ijc + x̂jic)

]

≥2
∑

(i,j,c)ωijcxijc.

Therefore, we have

∑

(i,j)∈E
ω̂ij ŷij ≥ 2

∑

(i,j,c) ωijcx̂ijc

> 2
∑

(i,j,c)ωijcx
∗
ijc =

∑

(i,j)∈E
ω̂ijy

∗
ij , r

which contradicts the assumption thaty∗ is optimal for
problem (18) and the conclusion follows.

D. Proof of Theorem IV.2

The proof is similar to [28] with some differences due to
our problem settings, that is, the structure of the interference
constraints and the presence of multiple frequency channels.
Denote byḠ = (V̄ , Ē ) the graph induced by the network
under consideration, that is,̄V = {1, . . . , N} andĒ = {(i, j) |
j ∈ Qt(i, p̂ijc, c) for somec ∈ {1, . . . , C}, ∀i, j ∈ V̄ }.

We denote byGθ = (Vθ,Eθ) the subgraph created by remov-
ing from Ḡ all the nodes and links in each stripBm such that
m mod Θ + 1 = θ (cf. Sec. IV-C), forθ = 0, . . . ,Θ. Define
Ĝθ = (V̂θ, Êθ) , Ḡ \Gθ and denote byG(θ,t) = (V(θ,t),E(θ,t))
the subgraph ofḠ with all the nodes inside the subregion
B(θ,t), for t = 1, . . . , T (θ). Similarly, though with slight
abuse of notation, we denote byG θ′

(θ,t) the subgraph induced
by removing from subregionB(θ,t) each stripBm

(θ,t) such that
m modΘ + 1 = θ′, for θ′ = 0, . . . ,Θ.

Consider the following ILP problem defined on an arbitrary
graphG = (V ,E ) ⊆ Ḡ :

max
∑

i∈V

∑

j∈V

∑C

c=1 ωijcxijc

s.t.
∑

j∈V

C
∑

c=1
xijc +

∑

j∈V

C
∑

c=1
xjic ≤ 1, ∀i ∈ V ,

xijc +
∑

u∈V

xuvc ≤ 1, ∀c, such that

∀v 6= j, v ∈ Ql(i, p̂ijc, c), v ∈ V ,

xijc ∈ {0, 1}, ∀i, j ∈ V , ∀c = 1, . . . , C,

(24)

where ωijc is defined in Sec. IV-C,∀i, j, c, and let x̃(G )
and f̃(G ) be the optimal solution and the optimal value of
problem (24) associated with graphG , respectively. Note that
problem (24) is identical to problem (15) ifG = Ḡ , and thus
f̃(Ḡ ) = Γ∗. For convenience we denote bỹE (x) the set of
links induced by anyx feasible for problem (24), namely,

Ẽ (x) = {(i, j) | xijc = 1 for somec = 1, . . . , C, ∀i, j ∈ V }.

Moreover, for any setW ⊆ E let us definew(W ) , f̃(G̃ (W ))
whereG̃ (W ) is the graph spanned byW .

To proceed we will need the following lemma.

Lemma VII.1 maxθ f̃(Gθ) ≥
Θ

Θ+1Γ∗.

Proof: First note that by construction̂Eθ1
∩ Êθ2

= ∅ if
θ1 6= θ2, ∀θ1, θ2 = 0, . . . ,Θ. Moreover,∪Θ

θ=0Êθ ⊆ Ē .
Let Wθ = Êθ∩ Ẽ (x̃(Ḡ )), ∀θ = 0, . . . ,Θ. Note that the links

in Wθ are among the ones that are induced by the optimal
solution x̃(Ḡ ) but reside in the region that is later removed.
Then it can be seen that

∑

θw(Wθ) = w(∪θWθ) ≤ w(Ẽ (x̃(Ḡ ))) = f̃(Ḡ ) = Γ∗,

since we consider disjoint parts of the optimal solution. Asa
result we can see thatminθ w(Wθ) ≤

Γ∗

Θ+1 .
Let θ′ = argminθw(Wθ). Then

maxθ f̃(Gθ) ≥ f̃(Gθ′)

≥ w(Ẽ (x̃(Ḡ ))) − w(Wθ′)

≥ Γ∗ − Γ∗

Θ+1 = Θ
Θ+1Γ∗,

where the second inequality is due to the definition off̃ .
Now we have all the ingredients to prove Theorem IV.2.
Let us first supposeθ′0 = argmaxθf̃(Gθ) and θ′t =

argmaxθf̃(G θ
(θ′

0
,t)), ∀t = 1, . . . , T (θ′0). Apply Lemma VII.1

to graphG(θ′

0
,t) and we have

f̃(G
θ′

t

θ′

0
,t
) ≥ Θ

Θ+1 f̃(G(θ′

0
,t)), ∀t = 1, . . . , T (θ′0).

Note that
∑T (θ′

0
)

t=1 f̃(G(θ′

0
,t)) = f̃(Gθ′

0
). Therefore

Γ(θ∗0 ; θ∗1 , . . . , θ∗T (θ∗

0
)) ≥

∑T (θ′

0
)

t=1 f̃(G
θ′

t

θ′

0
,t
)

≥
∑T (θ′

0
)

t=1
Θ

Θ+1 f̃(G(θ′

0
,t))

= Θ
Θ+1 f̃(Gθ′

0
) ≥ ( Θ

Θ+1 )2Γ∗,

where the last inequality follows from another applicationof
Lemma VII.1.
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