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A Message-Passing Algorithm for Wireless
Network Scheduling
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Abstract—We consider scheduling in wireless networks ~ To make matters concrete, let us model the wireless
and formulate it as Maximum Weighted Independent Set network as a directed grap#t’ = (2,.%¢), where 2 is
(MWIS) problem on a “conflict” graph that captures in- e get of wireless devices, an#f is the set of links

terference among simultaneous transmissions. We propose.n the network. For convenience we assume there are
a novel, low-complexity, and fully distributed algorithm ' : ven w u

that yields high-quality feasible solutions. Our proposed N links; let £ = {1,..., N}. For each device: € 2,
algorithm consists of two phases, each of which requires if it can successfully transmit to another device= 2
only local information and is based on message-passing.in the absence of interference from other devices, we
The first phase solves a relaxation of the MWIS problem say that the ordered paiw,v) is a link of the graph
using a gradient projection method. The relaxation we . N '
consider is tighter than the simple linear programming '€~ (“77_)) € Z. For each I,'n!“ € £ we denote by
relaxation and incorporates constraints on all cliques in % the interference set of link, namely, the set of all
the graph. The second phase of the algorithm starts from the links over any of which a simultaneous transmission
the solution of the relaxation and constructs a feasible will render the data delivery over link unsuccessful.
solution to the MWIS problem. We show that our algorithm We assume the interference is symmetric, that is, for
always outputs an optimal solution to the MWIS problem : . P ' ’
for perfect graphs. Simulation results compare our policies &MY linksi, j € 2, if i € 4 then we also havg € .4;.
against Carrier Sense Multiple Access (CSMA) and other Note that in our model two links do not have to share
alternatives and show excellent performance. any nodes for them to be in each other’s interference set,

Index Terms—Wireless networks, scheduling, maximum and this enables us to handle a variety of interference
weighted independent set problem, message-passing, graphmnodels.
theory, distributed algorithms. Assume that time is discrete. For each link € .,
A;” denotes the number of packets arriving at link
during time slott. Without loss of generality, we assume
) ) that all packets have equal lengths. We further assume

In a wireless network, the receiver of some datg,at for any linki € {A(.t)} is an independent and

. . . ) 1
packet is able to successfully decode it only if theyentically distributed process over timebut it may be
Signal to Noise and Interference Ratio (SNIR) duringenendent on the arrival processes on other links. We
:he transmission Is aboyetafcertaln tlevel. hcotgcu”teﬁfso assume that the arrival proces)ses( ?cross links have
ransmissions can cause interference to each other, , . : t t
preventing packets from being successfully delivered %y?djede i;va[zniiei, Toatbs,triﬂ\éx;)ééte)d?mbfgrr of
, .

their respective receivers. A scheduling policy has as i ckets arriving at link during each time slot, namely,
main responsibility to eliminate such transmission “col;\v _ E[A(t)] Vi ¢ % andVt. For any linki € %

lisions.” .To tha‘g end, the seminal vyork in [1].proposes a;henever the packets backlogged at lirdre scheduled
scheduling policy that solves Ial'aX|mum We'ghte‘?' In- to be transmitted to the receiver, they are delivered with
depen_dent S_et (MWIﬁ)oblem \.N'th appropriate We'ghtsa constant transmission rate (u; > 0) per time slot
to decide which links of the wireless network should b link i is free of interference during the transmission.

allowed to transmit at any point in time. This formulatior]_etht) € {0, 1} be the indicator of whether or not link
's the starting point of our work in this paper. i € £ is scheduled during any time slot Define the
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that for eachi, Qgt), AE”, andXi(t) take integer values the proposed algorithm guarantees the stability of the
only whereasu; can take real values. underlying wireless network.

We are interested in distributed and efficient schedul- We devise a practical way of using our algorithm
ing policies so thaQ(") is stable, namely, the long-termto schedule wireless networks and use simulation to

average backlog in the network is finite: compare its performance with Carrier Sense Multiple
. 1y N o Access'(C.SMA) and a greedy' aIternatiye. Thg ngmerical

lim Tsup T Y1 i PlQ;] < 0. (2) results indicate that our algorithm achieves significantly
e smaller aggregate long-run average queue length than

Further, we are also interested in stable policies th@SMA and outperforms the greedy policy (substantially

minimize the above quantity. in some instances).

To formulate the scheduling problem, we construct The rest of this paper is organized as follows. Sec. Il
an undirected grapl¥ = (7#,&) at the beginning surveys the related literature. Background material on

of each time slott as follows. Let the set of nodesnotions from graph theory and the two relaxations of
¥ be £, namely, the set of links in the network.MWIS are presented in Sec. Ill. The gradient projection
For any two nodes and j € 7, the unordered pair method for solving the MWIS relaxation is in Sec. IV.
(4,7) is in & if and only if ¢ € 4}, or equivalently, The second (estimation) phase is in Sec. V. A practical
j € . Each nodei € ¥ is assigned a weight implementation is presented in Sec. VI where we also
wgt) = Qgt_l)/ui. We will call graph¥ the conflict compare againsttwo CSMA variants and a greedy policy.
graph corresponding to networl#” since each node in We offer concluding remarks in Sec. VII and all the
¥ represents a potential transmission and the edgés improofs are in Sec. VIII.

indicate the conflicts between interfering transmissionblotational Conventions: Throughout the paper all
Selecting an interference-free schedule now amountsyectors are assumed to be column vectors. We use lower
finding an independent set i, that is, select a set of case boldface letters to denote vectors and for economy
nodes so that no two selected nodes are connecteddbyspace we writex = (z1,...,2g) for the column

an edge (i.e., have a conflict). Because we are interestegttorx. x’ denotes the transpose ®fand0 the vector

in ensuring stability and minimizing average delay, wef all zeroes. Byj|x||; and||x||. we denote the; and
seek to solve the MWIS problem on graph that is, /¢ norms ofx, respectively. We use upper case boldface
select the heaviest independent set of nodes (with tledters to denote matrices. We use script letters to define

weights specified above). sets, and denote by7| the cardinality of set'.
The MWIS on general graphs, however, is NP-hard.
Our objective, therefore, is to find a low-complexity [l. RELATED WORK

algorithm that yields “good-quality” feasible solutions There are two schools of thought in allocating the
(i.e., interference-free). Our main contribution in thigyjreless channel to interfering links that compete for
paper is the development of a novel algorithm. The alg@ansmission: scheduling and random multiple access. As
rithm consists of two phases. In the first phase we solygentioned earlier, applying [1] to the wireless network
a relaxation of the MWIS using a gradient projectiomnodel we described yields an MWIS-based scheduling
method. We show that the algorithm converges and d0§§licy where the link weights are equal to the cor-
so in pseudo-polynomial time in the size of the input. “Pesponding expected backlog. [1] shows that such a
the second phase we leverage the relaxed solution q,qgicy is throughput optimal, that is, it stabilizes any
construct a feasible solution to the MWIS problem, usingyrival vector A — (A\i; Vi € &) in the maximum
either a greedy algorithm or a more elegant estimatiqAroughput region — the set ofs for which the network
based on graph coloring. As we will see both phases cgstabilized under some policy. Subsequent work (see,
be implemented in a distributed fashion and require on[y_g” [3-7]) has devised a host of policies that differ
local information exchanges between the wireless nodgs. their complexity and the fraction of the maximum
We show that the algorithm finds an optimal MWIShroughput region they can achieve.
solution if the graph# is perfect[21]. * Our result  simpler policies have also been considered in the
generalizes earlier results concerning bipartite grapfigerature. Empirical evidence has shown (and this is
([2]) to a much larger class of graphs. This is useful sincgnfirmed in our results) that a greedy policy can be
we show that there exist typical wireless networks witBffective. [8] shows that if the network satisfies some
a perfect conflict graph, e.g., tree networks with a nodescal-pooling property, then the greedy policy is indeed
exclusive interference model. Further, we also show thaficient.

N _ _ _ In the random multiple access camp, several CSMA-

In perfect graphs the chromatic number is equal to the sizeeof t

h .
maximum clique and this remains true for all induced subgraphs Qaseq algomhm_s have been propose_d [9-11]. These
well. algorithms are distributed, low-complexity, and easy to
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implement. They use a random access scheme according cliqueis a set of vertices such that any two vertices
to which a link seizes the channel with a probability than the set are adjacent. The maximum size of a clique in
increases exponentially with a certain link-dependest is called theclique numbeiof 4. A maximal cliqueg
weight (e.g., the expected backlog at the link). As exf graph¥ is a cliqgue of¢ which can not be expanded
plained in [12], these schemes sample over independéytadding a vertex. Since maximal cliques contain all the
sets of¢ and converge to the optimal MWIS in graphliques, we only consider maximal cliques in the rest of
with large weights. This has led to showing that, likpaper. We let¥ = {%1,%>,...} denote the set of all
the original MWIS policy of [1], they are throughputmaximal cliques of4.

optimal. In fact, the link weights do not have to be An independent (or stable) sef is a set of vertices
equal to the expected backlog; more general functioasy two of which are nonadjacent. Treomplement
can lead to the same throughput optimality [13, 14hraph¥ of ¢ is a graph with the same node s&tand
Throughput optimality, however, does not imply smalédge se#’ which contains all edges not ifi. It follows
average backlog. The CSMA-type policies converge that a clique in% is an independent set i. Thus,
the optimal MWIS when the backlog becomes large, aravery term defined for cliques ¥ has a corresponding
even then convergence is slow (the mixing time of thierm for independent sets . In particular, amaximal
“sampling” Markov chain can be exponential in the sizendependent sets a set of vertices that can not be

of the graph). expanded without violating the independence property.
In this work we attempt to “solve” the MWIS prob- A coloring of ¢ is a partition of " into independent
lem using a different strategy: solve a relaxation angets.71, ..., .#;. The independent set¥;, ..., .7, are

then construct a feasible solution. A relaxation strategalled thecolors of the coloring. The minimum number
was also used in [15] but for a different throughpuof colors in a coloring of is called thecoloring (or
maximization problem in wireless sensor networks. [15¢hromatic) numbeof ¢. Determining the clique number
which followed earlier work in [16], developed a maxi-and the coloring number are NP-complete problems [21].
mum weighted matching relaxation which is looser than The incidence vectok s of a vertex set7 C 7 is
the one we develop in this paper. The difficulty oflefined asxs = (z1,...,2n), wherez; = 1 for all
MWIS has motivated substantial work on approxima: € . andxz; = 0 for all : ¢ 7. The independent set
tions, heuristics, and special cases [17, 18]. A polylogaelytope &7;(¥) of a graph¥ is the convex hull of the
rithmic time algorithm is proposed in [19] that gives arincidence vectors of the independent setginNext we
almost exact approximation for planar graphs, where tlwensider what we will call thelique polytopeZ-(¥)
idea is to decompose the entire graph into clusters. dietermined by
[20], a randomized algorithm is developed that produces .

. . . . . ZT; > 07 Vi € 7/,
the maximal independent set with high probability for > o <1 N € . (3)
growth-bounded graphs including unit disk graphs. €T = J ‘

A message passing algorithm for producing a feasibithe second inequalities in Eq. (3) are callelique
solution to the MWIS was proposed in [2]. As in ourinequalities Since the integer feasible points ifo (%)
work, [2] solves a relaxation of the MWIS but one thahre exactly the incidence vectors of independent sets, it
is looser than ours. It shows that the solution obtaingdllows that 92;(%) is the integer hull ofZ-(¥) (the
is optimal for bipartite graphs on which the MWIS hagonvex full of its integer points).

a unique solution. Our work generalizes those resultsA graph¥ is calledperfectif its clique and coloring

in two ways: (a) by solving a tighter relaxation we numbers are identical for all induced subgraphs“of
can show optimality for perfect graphs which subsumg@e., all subgraphs with the same vertex set and edge
bipartite graphs, andb) for bipartite graphs we can set being a subset @f). An induced (chordless) cycle
relax the assumption on the uniqueness of the solutigh odd length of at least 5 is called ad holg and
imposed in [2]. an induced subgraph that is the complement of an odd
hole is called anodd antihole By the strong perfect
graph theorem [22], a grap¥f is perfect if and only

if ¢ contains no odd hole and no odd antihole. In
perfect graphs, the independent set polytope is equal to

In this section we review some relevant backgrounghe clique polytope. Perfect graphs include many types
material from graph theory and provide two relaxationsf graphs such as bipartite graphs, line graphs of bi-
of the MWIS. partite graphs, interval graphs, chordal graphs, distance

Let us consider an undirected gragh = (¥,&) hereditary graphs, permutation graphs, trapezoid graphs,
where? = {1,..., N} is the set of all the nodes andsplit graphs, and others [23]. Checking whether a graph
& is the edge set. is perfect can be done in polynomial time [24].

IIl. BACKGROUND MATERIAL AND MWIS
RELAXATIONS
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Let us now turn our attention to the MWIS problemmaximal cliques in order to reduce the size of (6), the
Assign to every nodeéin ¢ a weightw;. Without loss of algorithm will be applicable for any set of clique®.
generality we assume; > 0 for all ¢, since any nodes Thus, the edge relaxation (i.e., whe#i contains only
with non-positive weights can simply be removed fronthe 2-cliques) becomes a special case and the exact same
the graph in the context of the MWIS. Denote #ythe algorithm can be used.
degree of node, i.e.,d; £ |.4;|, where here,#; denotes  Let us add a logarithmic barrier function to problem
the set of neighbors to(i.e., all j with (¢, j) € &). Let (6), that is,

D £ max;cy d; be the degree o¥. For convenience

we assume thab is common knowledge to all nodes in ;nax Liey wlx:{ ¢ %.Eﬁ(;g x{’; log(1 —:)
¥. As we will see later, this assumption can be easily > Diew; Ti < RIS

relaxed. Last, we assume that every nod#’ifs unique, v € (0,1, VieV, 7
namely, each one has a distinct identifier not shareq1 . .

i ) . Wheree is a small positive constant. Asapproaches,

with any other nodes in the graph. For communicatiof S
. . the objective value of (7) converges to that of problem
networks, for instance, MAC addresses of networkin ; .
devices can be used in place of the identifiers %)' From now on we will call problem (7) the primal
P ' roblem. Letd = (0;;5 : ¢; € ) be the dual

The MWIS problem can be written as the fOIIOWIng{/)ariables corresponding to the clique inequalities. The
Integer Linear Program (ILP)

dual function is
max ) ;. Wil
st xi+x; <1, Y(i,j) €&, (4) a(0)= max {37, wiz;

€1{0,1 VieV xelu®
i €401}, Vi ’ +eX ey (loga; 4+ log(l — z;))
where the decision variables are the indicators
+ 2 iger il =2 ice Ti
z1,...,zy of whether a node a selected in the MWIS. Ljiter 011 = Lieq, )}
TheLinear Programming (LP}elaxation of (4) is simply = XEI{})&{()N{Z%% WiZq
the LP formed from (4) by relaxing the integer con- : , o
straintsz; € {0,1} as0 < z; < 1. We will call this LP +€> ey (logz; + log(l — ;)
the edge relaxatiorof MWIS. — Yiey Zj:fgjey,iefgj Ojxi + ijﬁfjeyf 0}
. Anothgr formulation for the MWIS involves the clique = maXN{Zie“l/[(wi — Zj:(gjeyy,ie%y 0;)w;
inequalities: x€(0,1)
max Yoy Wit + e(log z; + log(1 — =;))] + Zj:%_,»ey 0;}
st Mg <1l, VG €S, (5) =D iey MAXo<a, <1 9i (%) + X j,c.9 05

_ v €40, 1}_’ vie ﬂy: - whereg;(z) £ (wi — X coicq, 05)7 + e(logz +
We will call the LP relaxation of (5) thelique relaxation log(1 — xz)). The following lemma establishes some
of MWIS. Compared with (4), (5) describes the samaseful properties of the solution;(8) that maximizes
feasible set for binary decision variables. However, thg(z). The proof of Lemma IV.1 is in Sec. VIII-A.
cligue relaxation is tighter than the edge relaxation and
this is important in our work. The price for this benefif emma 1v.1 For all i € 7, the unique maximizer
is that there are more maximal cliques than edges. A3$(6) € (0,1) of g;(z) is given by
we will see, the computational cost of the algorithm we

propose increases (locally) linearly with the number of %€ 4¢2
cliques. Yet, if the degre® is fixed and small, which is a Y=o "Viwmeye
reasonable assumption in wireless networks, the number 5 , ifa;(0) >0,
of clique inequalities increases only linearly with theesiz 9 12
of graph. wi(0) =9, _2€ € 41
a;i(6) (ai(6)) .
R if ai(B) <0,
V. GRADIENT PROJECTION PHASE 1 2
Consider the clique relaxation of MWIS 9 if a;(6) =0,
®
max Y .o, Wil h (0)=w, — 5. ;
S.t. Zie%ﬁ T S 17 VJ : <g] S L§ﬂ> (6) v ereal(e) i ZJ:ZE(gj’(gjey 03.
x; € [0,1], VieV. The dual of (7) is given by
We will develop a distributed algorithm for solving this min  ¢(8)

problem. Even though we defingd to contain only the st. 0,>0, Vj:% €., ©)
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a0) =iy 9i(2i(0)) + X, c0 055
2¢ 4€2 2¢ 4€2
1— =44/ —+1 I+=— /=5 +1
-2 4e2 a; a; @; a; .
€—’—\/ﬁ+elog 3 + elog 5 , if a; >0,
1 .
gi(z(0)) = < 2¢log 3 if a; =0,
2¢ 4€2 2¢ 4€2
1-=— /= +1 I+ =+ +1
2t VIET @ o\ o N T
a €+m+elog + elog , if a; < 0.
2 2 2
(10)
here, after some algebra, the dual function gets sim-
w 9 ual function g ! 1) Initialization: setego) = max;eq, {w;} for all

plified as in (10). (For economy of space we have )

suppressed the dependence.d®) on 6.) Furthermore, j: ¢; €.7. Calculater;” according to Equation
g;(2:(0)) is continuously differentiable with respect to (8) for all i € #, and setn = 1.
6 and its partial derivative can be written as the fol- 2) At iterationn for all i € 7/,
lowing lemma suggests. The proof of this result is in a) nodei sends a message to all its neighbors
Sec. VIII-B. A;, with the message bemd -,

b) nodei calculatesy\™ = """ — ~(1 —

Lemma IV.2 For all i € ¥, the partial derivative of

: o a\" 1>)]+,vj.<g]ey,ie
g:(z;(0)) with respect tod; is given by

Ek: c;es, ke(g
_71
dg:(z:(8)) —z,(0), ific%E, c) nodes calculateSa:Z(.") according to equation
29, = (8) usingej(.”),Vj:% €7, i €.
3) Setn:=n+ 1 and go to Step 2.

0, otherwise.

Based on this lemma it follows that for any: ¢;

S,
8q(0) B (Zke“i/ ok (ka))) . Fig. 1. Gradient projection algorithm for solving problei®).(
09; 06,
_ Z 99i(x(0)) 11 the algorithm in Fig. 1 converges to the optimal primal-
v s 00; dual pair (x*,0*) that solves problems (7) and (9).
B Moreover, and to reach a dual solutio®™ satisfying
=1- > %) 1g(0™) — q(8*)| < o, the algorithm requiresD(1 /o)
wE €T IET; iterations.

Note that the continuous differentiability of(0) is

actually expected since;(€) is the unique maximizer The algorithm in Fig. 1 is an infinite loop, while
of g;(x). We can now solve the primal problem (7) byin implementations we almost always want to select a
using the gradient projection method to solve the duatopping criterion to terminate the algorithm once the so-
problem (9). For each iteration, let x(™ and 6™ lution we obtain is “close enough” to the theoretical opti-
be the values of the vectors and 6 at iterationn, mal solution. One of the possible criteria is to simply run
and v a pre-specified stepsize. The algorithm is givetihe loop for a pre-defined number of iterations. Another
in Fig. 1. Notice that it only involves message-passingossible criterion is as follows: select a small constant
among neighboring nodes and uses local informatiofi.> 0, and stop the iterations ifJ(”) 5"‘1)| < ¢ for

In particular, node needs to maintaid;’s only for the all j : ¢; € .. Although checklng this criterion at each
cliques in whichi participates. Theorem V.3 establlsheaieratmn seems to require global coordination among the
the convergence of the algorithm for a sufficiently smahlodes in grapl¥, it can in fact be done in a distributed

stepsizey (the proof can be found in Sec. VIII-C). fashion using the competition algorithm we present later
in Fig. 3. In particular, at each iteration that is a
Theorem IV.3 For any v such that multiple of 2D, that is,n = 2Dk for some positive

integer k, each node € 7 individually decides if the

0<~ < (D + 1)g ’ iteration should continue, namely, sets a fyéé) to1if
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|9§") — 0;”_1)| <0Vj:¢ €S, i€ %, and setsfi(k) the node weights. In particular, since (6) is an LP prob-
to 0 otherwise. Then, checking the stopping criteriotem over a polytope (bounded polyhedron) its optimal
amounts to verifying whether or n(mhax,-eyfi(k) = 1. solution x* is not unique if and only ifx* lies on a
To that end, the competition algorithm in Fig. 3 can bécet of the feasible set. Then, there always exist a small
utilized to accomplish this in a distributed manner witlenough perturbation of the weights; that can render
the weight for nodei set to fi(k), Vi € #, and this the optimal solution unique.
can be done concurrently with the gradient projection We note that [26] has proposed a message passing
algorithm since they do not interfere with each othealgorithm to solve the Maximum a Posteriori estimation
Note that the choice of updating times is due to Theoreptoblem (MAP) on perfect graphs. Since every MWIS
V.3 (also presented later), which guarantees that vpgoblem is trivially a MAP (see [2]), the algorithm in
will finish checking the stopping criterion beforg™  [26] could, in principle, be used to solve the MWIS for
changesyi € 7. perfect graphs as well. We say in principle because the
We noted earlier that asin (7) approaches zero, theapplication of the algorithm in [26] does not necessarily
objective of thebarrier problemin (7) converges to that l€ad to a practical algorithm in our wireless network
of (6). There is a systematic way, called tbarrier ~context. In particular, the algorithm of [26] operates on a
method(see [25, Chap. 4]), to ensure that the outptit graph which includes a node for every clique and every
of the gradient method converges to the optimal solutii®hfiguration (i.e., variable selection) of that cliqueisTh
of (6). To that end, we start with some, run the can be a large number of nodes and it is not clear how
algorithm in Fig. 1 until it converges and then reducée algorithm operations can be mapped to nodes of the
¢ (e.g., by multiplying it with some constagte (0, 1)). wireless network. Our algorithm is different as it solves
In this manner¢ approaches zero geometrically and fofhe MWIS directly without first transforming it to a
any given required accuracy;, we need a polynomial MAP. Message-passing takes place on the conflict graph
number of iterations inlog(1/e;) to converge to an ¢ Whose nodes are links of the wireless network. Thus,
approximate optimal solution of (6). Considering thaihe algorithm operations for each wireless link can be
according to Thm. IV.3, each iteration of the barriefasily performed by one of the wireless devices incident
method takes a pseudo-polynomiaiumber of iterations to that link.
in the desired dual function accurasywe can conclude ~ Next we make a connection between perfect graphs
that the proposed gradient projection approach convergd¥ wireless networks. Thm. IV.4 provides an optimality
pseudo-polynomially to an approximate optimal solutioguarantee if the conflict grap¥ is perfect. While the
of the MWIS clique relaxation (6). In practice, we carfonflict graph of an arbitrary wireless netwolk” =
terminate the barrier iterations when the outputs of tH&, £) is not necessarily perfect, Thm. IV.5 (the proof
algorithm in Fig. 1 for different are close enough. To IS in Sec. VIII-E) shows that if/" is a tree and under
implement this process we can store a fixed sequencetm node-exclusive interference model, the corresponding
¢'s at the nodes of” and program them to move to theconflict graph is indeed perfect. The node-exclusive
nexte once convergence of the previous phase has bdBferference model prescribes that link .2 interferes
reached. with link j € . if and only if they are sharing at least
We note that the complexity conclusions reache@€ common device iw. We note that tree topologies
above, consider as part of the input to the algorithm.aré common, especially for wireless sensor networks.
The dependence of the running time on the number of
nodes is polynomial. Theorem IV.5 Under the node-exclusive interference
A key result, summarized in Thm. 1V.4 establishes thaodel, the conflict graph of a tree wireless network is a
optimality of our algorithm for perfect graphs; the prooPerfect graph.
is in Sec VIII-D.

. ) . V. ESTIMATION PHASE
Theorem IV.4 The optimal solutiorx* of (6) obtained

by the gradient projection algorithm is optimal for the In this section we describe how to construct a feasible

MWIS problem (5) whe is perfect and the optimal solution to MWIS. i i
solution of problem (6) is unique. We assume that we have run the gradient projec-

tion procedure using the barrier method we outlined in

The uniqueness assumption in Thm. IV.4 can be€C- IV and we have obtained an optimal solution
restrictive but it can be mitigated by randomly perturbin the clique relaxation (6). For convenience we further
assume that = 0, for any nodei € ¥ such that

2]t would have been a polynomial number of iterations if it wasi = 0, Which can be readily aChie\_/ed by mpdifying _any
polynomial inlog(1/c). optimal solution to problem (6) with local information
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in case this assumption is violated. We next se twr  Theorem V.2 The estimation algorithm in Fig. 2 outputs
1 anyz;, i € ¥, if the corresponding is equal to0 or a feasible solution to the MWIS problem.
1, respectively This is justified by the following result,

whose proof is in Sec. VIII-F. 2) An Estimation Algorithm Based on Coloring:

Before we present the estimation algorithm we describe
Lemma V.1 For anyi € ¥ wherexz? € {0,1}, there is Now to color the grapky. The objective of the coloring

always an optimal solutiork to MWIS (cf. (4) or (5)) Procedure is to label all nodes #i with colors such that
such thati; = z*. no two adjacent nodes share the same color. To proceed,

we first need to identify a node i# as the special node,
As a result of Lemma V.1, we now have to assighne., the root, and inform each node%hwhether or not
nodei to 0 or 1 only for thosei € ¥ such thatz] was it is the root.
not deemed to be eithéror 1. We next introduce two  As it will become more clear later on, the selection
estimation algorithms that construct a feasible solutiasf the root influences how colors get assigned, which
to the MWIS usingx*. The first one is a greedywill in turn influence how the remaining conflicts in
algorithm; the second algorithm is a low-complexitys get resolved. One attractive possibility is to select
rounding algorithm based on coloring which, as we wilhs root the node with the highest weight 1. Other
see, has some interesting optimality properties. choices, however, are possible and one can experiment
1) A Greedy Estimation AlgorithmThe greedy esti- with several heuristics, which can affect the quality of the
mation algorithm we propose works as follows. A nodeesulting solution especially in cases where a substantial
i € ¥, takes the value of) or 1 if = is 0 or 1, number of conflicts remain i# after solving the clique
respectively; otherwise, it sets itself @oor 1 in a way relaxation. In fact, this flexibility is an interesting and
that maintains the feasibility of the solution only afteuseful feature of the coloring-based estimation algo-
all nodes in_#; whose weight is greater tham; are rithm.
processed. The detailed algorithm is depicted in Fig. 4, In the remainder we assume that the root is the node
wherey is a special symbol standing for “undetermined.vith the largest weight. Other choices can be handled
In case there is a tie in Step 2(b) of the algorithm, i.ewith minor modifications. We select the root with an
nodei finds that it is tied for the largest weight in itsiterative competition algorithm depicted in Fig. 3, where
neighborhood, then nodeand all nodes in#; with equal  at each iteratiom and for each nodé < 7, r™ is the
weights can use their unique IDs to break the tie, e.goot to the best of nodés knowledge up to that point.
the node with the smallest ID can set itselflto Note thatr"™) may not necessarily be the node with the
highest weight in¥” until the algorithm converges; €
1) Initialization: for each node € ¥, setfcgo) .— 1 V. Moreover, we assume that whenever there is a tie in
if ¥ =1 and seti!” .= 0 if 2% = 0 or w; = 0; the comparison in Step(b) of Fig. 3, it is broken by a
otherwise sefi(?) :— \. Setn = 1. stable arbltratlpn. Let bg the rqot of the graph fgunq
! by any centralized algorithm using the same arbitration

2) At iterati for all 4 X S .
) At eratlorTn orallze 7, (n—1) mechanism as in Fig. 3. We also use the notatigi =
a) nodei sends a message; ywi) toall o ().

nodes in.4;;
b) for any nodei € ¥ such thati!" ") = y: if
35 € 4; such thatfcg"_l) =1, setfci") =0; 1) Initialization: setrgo) =1, sz(.o) = w; andn = 1.
else ifw; > w; orj:g.”’l) —oforallj € .4, 2) Atiterationn for all i € 7,
setz™ .— 1. a) nodei sends a message to all its neighbors
' ) ) ;, with the message beirg" ", s{"~V);
3) If n = N, stop and outpuk := (%7 /,..., 2N ); b dei und ) and n) (n)
else setr :=n + 1 and go to Step 2. ) noosy up at(?jn Ay asry =
T and s; ’ := s, ', wherej* =

arg max snD
gMaX;c o+ S5

3) If n = N — 1, stop and outputr{™, ... r{");
else setn :=n + 1 and go to Step 2(a).

Fig. 2. Greedy estimation algorithm.

Next, we state the correctness of the estimation algo-
rithm in Fig. 2. The proof of Thm. V.2 is in Sec. VIII-G.

Fig. 3. Competition algorithm for finding the root.

3In practice,z* may be not be exactl§ or 1 due to roundoff errors. .
We can setacezrtain tolerance level to decide whithvill be assumed In Theorem V.3 we establish the correctness of the

to be0 or 1. competition algorithm. The proof is in Sec. VIII-H.
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Theorem V.3 The competition algorithm in Fig. 3 out- of Sec. IV. (In fact, for bipartite graphs the edge and
putsr (i.e., rgN_l) =r, Vi) for any nodei € 7. the clique relaxation are identical since 2-cliqgues are
maximal cliques). Maintain the notatidx*, 8*) for the
In Sec. | we made the assumption that all the nodes diptimal solution to the edge relaxation and use #figs
graph® know D, the degree of grapf. As Theorem input to the Algorithm in Fig. 4. The following theorem

V.3 shows, this can be readily achieved in a diStribUt%&tabnsheS the b|pa|’t|te 0pt|ma||ty property; the prmf i
fashion using the competition algorithm in Fig. 3; then sec VIII-I.

only modification is to let the weight of nodebe d;,
Yie V.

With every node having the correct root information
graph¥ can be colored using at mog8{ colors in a
number of steps that is polynomial in the size of th

graph [27], given that each node i has a unique A first sight it appears that Thm. V.5 is a special case
identifier and known by its neighbors. The coloringy thm_ |\v.4 since bipartite graphs are perfect. There is
algorithm in [27] assumes a special node, which can kg, gh a subtle difference. Thm. V.5 does not require the
found by the competition algorithm in Fig. 3. Moreoverniqueness assumption of Thm. IV.4. Thus, if one wishes
the coloring algorithm in [27] is a distributed one that ig, golve the edge relaxation which is less expensive than
optimal _for bipartite graphs, i.e., it colors any bipartitg,o clique relaxation, it can obtain an optimal MWIS
graph with two colors. In the sequel, for each nede””  gqytion for bipartite graphs without having to resort into
we denote by; € {1,...,2D} the color of itself as the ¢ perturbation strategy we discussed in Sec. IV.
resuIF of the pompetltlon algorithm in Fig. 3 and the \ya note that a different message passing algorithm
coloring algorithm in [27], and let = (c1,.. ., cN). for the edge relaxation was proposed in [2]. To find a
~We now turn to the coloring-based estimation algqgasiple MWIS solution, the algorithm in [2] requires
rithm. The detailed algorithm is depicted in Fig. 4. Ane | p rejaxation to have a unique solution for general
graphs; the same uniqueness condition is required for the
1) Initialization: for each nodé € 7, set#(”) .= 1 algorithm in [2] to be optimal for bipartite graphs.

if 27 =1 and setz® .= 0if 2 =0orw; =0; For completeness, in Fig. 5 we summarize the algo-

! ! rithm we have proposed so far for solving the MWIS

problem on general graphg.

Theorem V.5 The solutionx given by the coloring-
based estimation algorithm is optimal for the MWIS
groblem wher¥ is bipartite.

otherwise set:'” := . Setn := 1.
2) At iterationn for all i € ¥,
(n—1)

a) nodei sends a message’; ,c¢;) to all
nodes in.4;; 1) Phase | (Steps 1(a) and 1(b) are performed con-
b) for any nodei € # such thati{" ") = y: if currently):
3j € ;i such thati;g."*l) =1, seti!" :=0; a) use the algorithm in Fig. 1 to obtain the
else ifc; < ¢j or ;ié"_l) =0 for all j € .4, optimal solutionx* to problem (6).
set@(.") =1 b) color the nodes in grapt# using the com-

petition algorithm in Fig. 3 and the coloring
algorithm in [27].
2) Phase II: construct a feasible MWIS solutign
with either the greedy estimation algorithm of
Fig. 4. Estimation algorithm based on coloring. Fig. 2 or the coloring-based estimation algorithm
of Fig. 4.

3) If n = 2D, stop and outpuk := (ﬁﬁ”), . ,:%S\’}));
else setn :=n+ 1 and go to Step 2.

result similar to Thm. V.2 holds for this algorithm as

well; we state it in Thm. V.4 and omit the proof because
it is similar to that of Thm. V.2. Fig. 5. The distributed algorithm for solving the MWIS proig5).

Returning to the wireless scheduling application, we
establish a sufficient condition for stability when the
network is being scheduled using the algorithm in Fig. 5.

We next establish an interesting optimality property df€Y o this result is the following lemma whose proof
the coloring-based estimation algorithm. We will sho/® In Sec. VIII-J.
that when¥ is bipartite it outputs an optimal solution to
MWIS. More specifically, we first solve the edge relaxtemma V.6 The feasible MWIS solutiost produced
ation of MWIS using the gradient projection approachy either the greedy estimation algorithm of Fig. 2 or

Theorem V.4 The estimation algorithm in Fig. 4 outputs
a feasible solution to the MWIS problem.
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the coloring-based estimation algorithm of Fig. 4 is alemanding) greedy estimation algorithm from Sec. V to
maximal independent set. make decisions for the remaining links corresponding to
the non-integer elements in the solution.

Consid th heduli licy induced by th
ONSICEr now The Scheculing polcy nducec Dy e Next we describe how we schedule the wireless links

MWIS solutionx. In particular, at each time sldtwe X .
x P ﬁsed on the solution produced by the algorithm of

construct the conflict graph as described in Sec. | andFrIE 5 As d ibed in S I he beginni ;
the algorithm in Fig. 5. Given Lemma V.6, [28, Theore 9. >. As described In Sec. 4, at t € beginning o
ach time slot we construct the conflict graph and set

1] guarantees the stability of this scheduling policy. W QuD . __

formalize this result as Theorem V.7; recall the notatiow; = ~*— foralli=1,..., N. At the beginning of

‘/Vi+ 2 LYu . each time slot we make the scheduling decision for any
link 7 as follows: ifz; = 1, link < is scheduled to transmit

Theorem V.7 The scheduling po“cy induced by théjuring time S|0tt, otherwise it is not. Alternatively we
algorithm in Fig. 5 is stable in the mean, that is, the&an simply setX” = z;, Vi = 1,...,N. Clearly,
process{Q("} satisfies (2), as long as .+ Ai -1 such a scheduling policy is free of interference by
foralli=1,...,N. I construction ofk. Moreover, this scheduling policy is
fairly intuitive, aiming to reduce the packet congestion
VI. IMPLEMENTATION ISSUES AND SIMULATION by giving higher priority to those links with greater
RESULTS “normalized backlogs,” that is, queue lengths divided by

. . ) L their corresponding transmission rates.
In this section we return to the wireless application we

introduced in Sec. | and apply the algorithm of Fig. 5. We provide implementation details of the scheduling

As we will see, the clique relaxation is quite tight and©li¢y in Fig. 6. During each time slot we perform
the scheduling policy we obtain results in a smaller londYSt @ single iteration of either the gradient projection
run average backlog compared to a CSMA policy anrg;llethod or the estimation algorithm. This is done be-
another greedy alternative cause wireless devices are typically (e.g., as in the case
We first explore the tightness of the clique relaxatiorP! Wireless sensor _network§) not .powerful enough to
We have already seen that for tree networks and und'form many iterations during a time slot. Of course,
the node-exclusive interference model the clique relal{-On€ deals with a situation where devices can afford

ation is indeed tight and will yield an integer optimafloré computations it is easy to modify the algorithm

solution. How tight is it though for more general topolo@1d take advantage. Another reason for performing only

gies and under different interference models? To answ¥i€ iter_ation per time slot is that we want tp havg aal
this question, we consider five randomly generated 269mparison with CSMA and the greedy policy which do
node wireless networks overlai x 100 area. We adopt '€ Same. In the policy of Fig. 6, we perform only a finite

a general interference model where links within a giveRUMPer of iterations from both the gradient projection

distance to each other interfere. For each network Waethod and the estimation algorithm. We introduce two

generate the corresponding conflict graph, then randonflyfantities,Tcrqa and T, which denote the number
generate the node weights, and solve the correspondftig'™m® slots over vyh|ch we run_the grad|ent_pr01ect|on
clique relaxation of MWIS. Table | reports the averag,g] thod and th(_e esum_atlon algorithm, respectively. There
ratio of fractional elements in the relaxed optimal soluS @ trade-off in setting these values: the larger they
tion over the total number of nodes averaged over 1,086¢ the better the policy we compute at the expense of

runs. These results suggest that the clique relaxatigRdating the policy less frequently. We also note that the
algorithm in Fig. 6 implements a modified version of

the greedy estimation method. It is clear by construction

TABLE | . . . K
THE PERCENTAGE OF NONINTEGER VARIABLES IN THE opTivaL  that the scheduling policy produced by the algorithm is
SOLUTION OF THEMWIS CLIQUE RELAXATION. interference-free.
Casel Case? Case3 Cased Cakes In practice, it is useful to have a conflict graph invari-
ratio | 0.49% 0.08% 0.58% 0% 0% ant over time, thus, avoiding having to “reconstruct” the

graph every time we wish to solve the MWIS problem.
is able to decide how the links of the network shouldo that end, we can simply assume that the nodeg of
be scheduled with very few exceptions on averageontain all possible wireless links that could potentially
This is quite interesting, perhaps even surprising, ashie established and the edges@findicate all possible
suggests that for random instances of wireless networikgerfering pairs of wireless links. At each time slot
our distributed algorithm yields a near-optimal solutionmany of these links will have empty queues and will be
Motivated by this finding, in the remainder of this secassigned zero weights. Before solving the MWIS we can
tion we only use the (simpler and less computationalfjx decisionin(t) = 0 for every such linki and proceed
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1) Initialization: sett := 0, Xft) = 0 for all data

(0)

links 7, w; := Q stage := 0, and Phase := G.

2) If Phase = G, go to Step 3, ifPhase = E go to
Step 4.

w; !

IEEE/ACM TRANSACTIONS ON NETWORKING

Next, we use an example to illustrate the benefits
of the clique MWIS relaxation we have proposed in
this paper with the edge relaxation. Consider a three-
node wireless network with independent Poisson packet
arrivals and rates set toy; o = 0.4286, Ao3 = A31 =

3) Gradient Projection: ifstage < Tgraa, PErform 02857, and A2 = A32 = A3 = 0 packets per time
one iteration of the gradient projection method, s&fjot. All links have a constant transmission rate= 1

stage + 1, and go to Step 5. Else if per time slot. We schedule the network in two ways:
stage = Tgrad, S€tstage := 0, Phase := E,

stage :

isSet; := false, X*** := 0 for all 4, and go to
Step 5.

4) Estimation: ifstage < Tg4, for eachi do:
a) If 35 € A with isSet; = true and X 7" =
1 then setisSet; := true and X*¢** := (.

b)

c)

Else if x; < z; for any j € .4; such that
isSet; = false, then setsSet; := true and

xpert =1,

Else if z; < x; for any j € .4; such that

isSet; = false andID; < ID; for all j €
; such thatisSet; = false andz; = z;,
then setisSet; := true and X**** := 1.
If stage = Tgs, then setstage := 0, for all
i, update schedul&; := X“*!, and setw; :=
Qi(t)/p; and Phase := G.
5) t:=t+1, go to Step 2.

Fig. 6. The scheduling algorithni.D; denotes the unique ID of link

(B

first by using the edge relaxation and then by using the
cligue relaxation (the maximum clique size is 3 in this
example). In both cases, we run the network 6r000
time units. The average total queue length achieved by
the policy using the clique relaxation 864, whereas
the policy using the clique relaxation achieves an average
total queue length of.68; a difference of36%. We can
clearly see the benefit of introducing the tighter clique
relaxation.

We are now ready to compare the performance of sev-
eral alternative policies. Consider the wireless network
in Fig. 7 which we view as typical of many wireless
networks and wireless sensor networks. In particular
it has the structure of several clusters of nodes with
sparse intra-cluster connectivity. The arrivals for each
link follow a Poisson process, independent of all other
arrival processes. We seta 1 = X519 = Ag20 =
A1218 = A7 = 0.5 packets per time unit. All
transmission rateg are set tol. We generate multiple
instances of the problem by scaling each arrival rate as
a\, wherea € (0,00) is a scaling factor. The system
evolves in discrete time, so arrivals are assumed to occur

to solve the MWIS for the remaining links. In typicalat the beginning of each time slot and are distributed
wireless networks deployed over a large area many pa#gcording to a Poisson random variable with parameter
of nodes may never be able to communicate and manyt, whereAt is the duration of the time slot.

links may never interfere. Thus, the resulting conflict We measure the performance of a scheduling policy
graph will have much fewer that|(|2| — 1) nodes by the aggregate long-run average queue lengtfafer
and will be relatively sparse.
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Fig. 7. Star-topology network.

(0,1), that is,
. 1 T N t
L2 i S S0l

For a € (1,00) the system becomes unstable and we
measure the performance by the average queue length at
some (large) finite horizoff, i.e.,

ral XN:Q(T)
N =1 '

Considering such unstable traffic scenarios is interesting
as they provide insight on how different scheduling poli-
cies behave during periods the network is overloaded.
Let LClique’ LCSMAI, LCSMA2 and LGreedy be

the average queue lengths achieved by our proposed
scheduling algorithm in Fig. 6 (Clique), the two CSMA
algorithms (CSMA1 and CSMA2) in [11] and [14], and

a simple greedy scheduling algorithm (Greedy) that just
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Fig. 8. Comparing the performance of various policies.

transmit directions can be considered as one link and
the conflict graph becomes an 8-node cycle as well. The
O S arrival rate is set to\ = 0.5 per time unit for all links
e and the transmission rajeis set tol. Fig. 9 compares
the performance of our policy with the Greedy when
o a =0.998 (i.e., heavy traffic). It is clear that the greedy
1500k policy fails to stabilize the network, while our algorithm
7 maintains stability.
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. VIl. CONCLUSIONS
500 (- . . .
y We considered the problem of scheduling wireless net-

works and converted it into the MWIS problem. We de-
vised a low-complexity, two-phase distributed algorithm
to approximately solve the MWIS. The first phase solves
a relaxation of the MWIS and the second phase utilizes
Fig. 9.  Comparing our policy and greedy in an 8-node circulahe output from the first one to construct a feasible
network. MWIS solution. The MWIS clique relaxation we solve
is substantially tighter than the standard edge MWIS
uses the greedy estimation algorithm of Fig. 2. Simuelaxation earlier work in the literature has considered.
lations were run using various arrival rate parameters This allows us to establish that the relaxation yields an
and the results are depicted in Fig. 8 (a) (stable networtptimal MWIS solution for perfect graphs, generalizing
and Fig. 8 (b) (overloaded network). again earlier work that focused on bipartite graphs.

The results suggest that our policy and Greedy sub-We applied this approach to several instances of
stantially outperform both CSMA variants. In overloadetypical wireless networks. First, we showed that for tree
traffic scenarios our algorithm outperforms Greedy, byetworks under the node-exclusive interference model
as much as 29% based on the results of Fig. 8 (ur approach is optimal. Numerical results indicate that
Still, it is interesting that Greedy does so well, thufor more general wireless networks and interference
confirming earlier empirical evidence. Yet, this is nomodels, the gradient projection phase can produce an
universally true. Using insight from [29], we considereélmost optimal solution for MWIS with a very small
a wireless network which forms an 8-node cycle, i.epercentage of non-integer variables. Yet, it may require
for i = 0,...,7 nodei can only “talk” to nodes — 1 a non-trivial number of iterations to converge. To make
mod 8 andi+1 mod 8. The interference model is thethe approach practical in settings where the wireless
node-exclusive model, that is, two links sharing a nod#evices can not afford a heavy computational overhead,
can not transmit simultaneously. With this interferencere devised variants where only a moderate number of
model, two links incident to the same nodes but differeiiterations gets performed between any two scheduling

Time
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policy updates. Coupled with a simple estimation algd. Proof of Lemma IV.2

rithm that guarantees an interference-free schedule, our proof: If i ¢ %, it is trivial to see that
approach is shown to substantially outperform CSMAJg;(z;(8))
type policies across all traffic scenarios (from light toTj

heavy) and also outperform a greedy policy in heavzyE . If a;(0) > 0, let y; — 2¢ and we have:

= 0. We only consider the other case:

traffic scenarios (substantially in some instances). ai(6)
We close by mentioning that even though we consid-
y ning . g ; 0g;(:(0)) _ 0gi(2:(8)) da,
ered a synchronous implementation of our algorithms, 50 = 5 50
asynchronous versions of both the gradient projection J @i J
method and the two estimation algorithms are possible _ _ 9gi(xi(0))
and can also be used in settings where maintaining a da;
common clock is undesirable. I S
- 462 + (ai)2
VIIl. PROOFS 2
L—yi+yl+1
A. Proof of Lemma IV.1 d(elog 5 ) 9y,
Proof: The first order derivative of;(z) is: 0y; da;
dgi(x) 1 1 8(610g1+yi7 Y yi2+1)
= ai(0) + e~ + ——). - 2 Oy
T N Oy; Oa;
dg; . 1
9:(z) = 0 yields: I+ —=—
= f
2 4¢?
1- 24 % +1 —26)
@ i . /02 /
xl(a) = B R if a; 7é O7 1 —Yi + yz yz
26
! i )
> otherwise, 1 Ty — \/T \/7
where we suppress the dependence.08) on 6. It is 14+ ——
not difficult to verify that: _ yi +1
2
0<z1 <1, 22<0, if a; >0, —y? ( + Yi )
r1>1, 0<xzo <1, if a;<0. 2(1 —y; + y1,2+1) y?+1
iy .
Thus, we have _ Yi 1- 2
- 20 +yi — VY2 +1) yZ+1
Iy __Vy 141
@y : . 2
5 s if a; > 0, 2 yi + 1
2 2
2(y; — /2 + 1 1
1(8) = N A 2 yi +1) :
1_671'_ y‘?‘l 2vy; +1 11—y +y +1
- if a; <0 ~1
5 , ifa; <0, n (=1 )
! if a; =0 Lhyi = Vi 4l
2 _ \/yz +1+yzy y12+1)(;1)
By using L'Hospital’s rule, we can verify that;(0) is 2/y2 +1 2/12 + 1 Ys
continuous ata;(0) = 0, thus, z;(0) is a continuous T 2 o
] 3 1 1 (2 N . — < 1 — 1 — - 7 - 1
function over(—oo, o). The second order derivative of = vi Qy" ViVt
gi(x) is: 2Vy; +1
2 —1-V1+yi+yi
d*g;(x) ( 1 N 1 ) <0 = 5 = —;(0),
— =€+t .
dx? 22 (z—1)2

where we have suppressed the dependeneg(6f and
Thus, g;(x) is strictly concave over: € (0,1) which y;(8) on 0. If a;(8) < 0, the proof is similar and
establishes that;(60) is the unique maximizer. m therefore omitted. ]
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C. Proof of Theorem V.3 and since(3ea? + 8¢%)? < (a? + 4¢2)3, it follows that
. dQ\TL a, H 140 1 H
To prove Theorem IV.3, we need the following Iemmaﬁ is positive if and only ifa; < 0. In other
that characterizes the dual functig). words, ‘”T(L‘” is monotonically decreasing i; > 0
and monotonically increasing if; < 0. Combined with
Lemma VIIl.1 The dual functiory(-) is lower bounded the fact lim %% = Jim %% — ¢, we have
and Vq(-) is Flpscllt]iltz contlnuousbl.e., |d1#(51)‘ < 4 for any real numbeu,, ¥i € 7. Therefore,
(1) q(6) > 567:1 + Nelog GRS Vo > 0. by the mean value theorem, we have(a;) — z;(b;)| <
3(D41) 5 %|a7; —b;|, for any real numbers;, b;, Vi € ¥. With this
(2) IVq(8) = Vaw)|l» < 2—=—22*2)19 — v||l;  we have
vO,v > 0.
Va(0) = Va(w)|l2 < 271 30, [2:(0) — (v
Proof: (1) From the definition of;(#), we have <D+l Sicy %(| Ej:iefgjfgjey(@j —v;)))
0) — A i 2D+3
q(0) xg[}gﬁN{Zzeyw x S Yier Tjice, e 105 — Vil
+e log z; + log(1 — z; 8(D +1)2P
fiez;/( g g(l — ;) < ( s ) 16— vl
0.(1 — ; 8(D +1)2P/(D + 1)2P+1
+‘-(Z( ]( Z$)} < ( ) ( ) ||0_VH2
j:CieES 1€EE; €
1 D 23(1324—1)4(1)+ 1)%
Ze;(logD+1+10g7D+1) < ; 16 — V|2,
1 1 where the last inequality follows from the fact that
T wigegt 2 6= 5o9) Jjall < vallalla, Ya € R .
er jeies Z;’OJ‘ Next we prove Theorem IV.3.

1 Proof: The convergence of the gradient projection
>3 L wi—— 4>, log ———— - g g proj
= 2ier D+1 2iev 108 (D+1)2 algorithm in Fig. 1, as well as the dual optimality of
D ey Wi Nel D the limit point 8*, are a direct result of Lemma VIIl.1
=TpL1 Tvelos (D+1)2 in [30, Page 214], given that the stepsizsatisfies the

o o condition
where the first inequality is due to the fact that = c
51, Vi € ¥, is a feasible solution irf0, 1]V, and the 0 <7< = sy e
second is due td — 3, ' >0 andé > 0. B = (D+1):
(2) It can be seen that In the rest of the proof we show* is the optimal
solution to the primal problem (7). First we note thet
- < — ) . . .
1Va(0)=Va@)ll> < [[V4(8) = Va(@)[h is a feasible solution. To see this, note that x;(0™) <
=2 g er 2iice, [€i(0) = zi(V)| 1 for all i € ¥ due to Equation (8). Furthermore, since
<2PHN oy 12i(0) — mi(v)), the algorithm converges witd* > 0 for some positive
v, i.e.,
where the last inequality is due to the fact that for each i} . i}
nodei, the number of maximal cliques containirgs 07 =167 —7(1 = Xice, )]+ (13)

D+1 . .
less thare” . it must hold that}”, ., «i < 1, and thusx” is

To proceed with the analysis, we next examine the ciple for problem (75_ Also, the above equation

functionsz;(0). Let us suppress again the dependenggyicates that complementary slackness holds, that is,
of a;(0) on 6. After some algebra, foi € ¢;,¢; € ¥ 01—,y at)=0forall j,% €.
J ic; Li ) -

we obtain Next we proceed to prove the primal optimalityof.

i _ 2¢ if a: 7& 0 Let 2 < {X | X € [07 1]N and Zi:ie‘gj,%jey x;k < 1}
dx(;(ai) _ Zf 2\ /i 1 a2’ ‘7% (1g) @ndwe have
i - if a; =0. Yicy WiT; + €y iy (logay +log(l — z7))

o ) = max WL e log x; +log(1 — x;

The second derivative af;(a;) (a; # 0) is xe[O,l]N{Zley/ Liev (log &l )

. . (1 -5 *
Pia;)  2e(3ea? + 863 — (a2 + 4¢?) ) + e 051 = Liiew, 70)}

, (12)

da; a3(a? + 4€2)3 = ffg‘%{Zie“i/ Wwimi + € ey (log x; + log(1 — ;)
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T2 er (L= Yiice, ©7)} that are not connected can use the same color, the clique

. ] o number of¢ is equal to the chromatic number gfand
2 }c%%{zig’/ witi € ey (logzs + log(l — z))}, this is true for all induced graphs &f. This implies that
where the first equality is due to strong duality. ¢ is a perfect graph. u
Finally we establish the convergence rate. Sia@)
is lower bounded and/q(-) is Lipschitz continuous, a F. Proof of Lemma V.1
result from [31] guarantees tha(0"")) —q(07) = Proof: Due to [21, Cor. 64.9a] tha’s in x* are
0(1{5))' Thui' to reach a dual solution satisfyingqrrect namely, there is always an optimal solution
¢(6) — q(67)| < o we needO(1/0) iterations. B 5 \MwWIS such that fors; — z, for anyi € ¥ with
x7 = 1. Next we show that th@'s in x* are also correct.
D. Proof of Theorem IV.4 Suppose we have somec 7 such thatz} = 0. Given
Proof: If ¢ is perfect, then the independent sethatw; > 0 for all i € 7/, we distinguish between two
polytopeZ;(¥) is equal to the clique polytop&’-(¥). cases:
Thus, every vertex ofZ¢ (%) is integral. Since problem (a) w; > 0. In this case there must exist sorhes 4]
(6) has a unique optimal solution, that solution must baith z;; = 1; otherwise we can set; to 1 and achieve
one of the integral vertices o (%). Since the clique @ strictly higher objective value for problem (6) while
relaxation (6) is indeed a relaxation of MWIS, it followsmaintaining feasibility, which violates the fact that is
that its integral optimal solution is an optimal solutiorpptimal for (6). As a resul; = 0 due to the feasibility
of MWIS. We have already established that the gradief@nstraint.
projection method can be used to converge to an optin&) w; = 0. In this case we can simply sé§ = 0 with-

solution of (6), hence, an optimal solution of MWIS out changing the objective value and maintain feasibility.
[ ]

E. Proof of Thm. IV.5

Proof: Consider the conflict graplf = (¥, &) of G- Proof of Theorem V.2

the wireless network?’ = (2,.%) and recall that is Proof: At the end of each iteratiom, the still
identical to the set of links? of the wireless network. undetermined node with the largest weight (or smallest
First we establish a property of all the induced grapH® in its neighborhood if there is a tie) will neces-
of the conflict grapt: if node i and nodej of ¢ are sarily set itself tol. This implies that the number
not connected directly in any of the induced graphs, th& undetermined nodes will strictly decrease in every
there is no cycle o# in which nodes and; participate. iteration. The feasibility of the solution obtained is alea

To that end, suppose there is a cycle4rto whichs by construction. ]
andj participate. Sinceé and; are not connected directly
in ¢, there must be other nodes @fthat help form the H. Proof of Theorem V.3

cycle, e.g., consider the cycle«— k < j < | < i Proof: Let (") C ¥ be the set of all the nodes

ll{S:(ng ?th;r n%deﬁz gnd ihOf 9. dNOW' lners.otf% fare with the correct root information at the beginning of
inks o and, under the node-exclusive interference . n, that is, & — {i‘r(n—l) N

model, links of# are connected nodes i if they are i i

o . -~ w,,Vi € ¥}. Clearly, #© = {r}. At iteration n,
incident _to the same node (device) ﬂf.'Thus, u_S|_ng if the algorithm has not stopped, there exists at least
the previous example, the cycle— k < j < [ < i in

e R ¢ ; . ; one link (i,7) € & such thati ¢ .7, j € »\.7"
¢ implies a cycle in#: dy < dy < d3 < dy < di,  gnd 7™ £ . According to the algorithm in Fig. 3,
wheredy, ..., d, are wireless nodes of. It is clear .(») _  (n—1) _ . o4 (0 _ (n-D)
that we have arrived at a contradiction sirgeis a tree réspective;y and thus we ha]\{g'} U gnt)
network and does not contain any cycles. This establishes™, "~ < it ()| is strictly increasing inn. Since
our desired property. , , |70 = 1 and the maximum possible value ¥ (") |
It now follows that any nodeg and j of ¢ that are . : . (n)
: I8 N for anyn, in at mostN — 1 iterationsr;’ = r for
not connected can be colored with the same color. Note . cy -
that this would not have been the case if we could find " ' '
an odd-length cycle — k < j <l < m < iin 9.
In this case, we can not use the same color for any tvo Proof of Theorem V.5
nodes of¥ that are not connected. For instance, if we  Proof: We have already argued thatis feasible.
use colorc; for ¢ andj and colore, for k andi, then Recall thatd = (6,;; V(i,j) € &) obtained from
we can use neithet; nor ¢; for m even thoughm is the gradient projection method is optimal for the dual

not connected wittk andj. As a result, and since nodesof the edge relaxation. We now proceed to shrvis

= T
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also optimal by checking the complementary slacknesg = z; for all k € .4;. Sincew; > 0 (recall we have
conditions, namely, assumed this for all nodes without loss of generality),
clearly S0, widy, > Sn_, wyz} and this contradicts
(i +a; —1)8i; =0, (4)  the fact thatx* is optimal for the relaxation (6).
(X jen; i —wi)z; =0, (15) (b) If 0 < z* < 1, then according to either estimation
Algorithm in Fig. 2 or Fig. 4,; is set to0 only if

for any (i,5) € &, where 6;; is the dual variable . ; .
y (&,7) ' some nodej € .4; is set tol, which contradicts the

associated with edgg, 7). Note that(x*, 8*) is primal-

dual optimal for the edge relaxation and thus satisfié;?Surnptlon that; is set to0 for all j € ;. u
complementary slackness. Since we never chafie
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