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Abstract—We consider scheduling in wireless networks
and formulate it as Maximum Weighted Independent Set
(MWIS) problem on a “conflict” graph that captures in-
terference among simultaneous transmissions. We propose
a novel, low-complexity, and fully distributed algorithm
that yields high-quality feasible solutions. Our proposed
algorithm consists of two phases, each of which requires
only local information and is based on message-passing.
The first phase solves a relaxation of the MWIS problem
using a gradient projection method. The relaxation we
consider is tighter than the simple linear programming
relaxation and incorporates constraints on all cliques in
the graph. The second phase of the algorithm starts from
the solution of the relaxation and constructs a feasible
solution to the MWIS problem. We show that our algorithm
always outputs an optimal solution to the MWIS problem
for perfect graphs. Simulation results compare our policies
against Carrier Sense Multiple Access (CSMA) and other
alternatives and show excellent performance.

Index Terms—Wireless networks, scheduling, maximum
weighted independent set problem, message-passing, graph
theory, distributed algorithms.

I. I NTRODUCTION

In a wireless network, the receiver of some data
packet is able to successfully decode it only if the
Signal to Noise and Interference Ratio (SNIR) during
the transmission is above a certain level. Concurrent
transmissions can cause interference to each other, thus,
preventing packets from being successfully delivered to
their respective receivers. A scheduling policy has as its
main responsibility to eliminate such transmission “col-
lisions.” To that end, the seminal work in [1] proposes a
scheduling policy that solves aMaximum Weighted In-
dependent Set (MWIS)problem with appropriate weights
to decide which links of the wireless network should be
allowed to transmit at any point in time. This formulation
is the starting point of our work in this paper.
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To make matters concrete, let us model the wireless
network as a directed graphW = (D ,L ), whereD is
the set of wireless devices, andL is the set of links
in the network. For convenience we assume there are
N links; let L = {1, . . . , N}. For each deviceu ∈ D ,
if it can successfully transmit to another devicev ∈ D

in the absence of interference from other devices, we
say that the ordered pair(u, v) is a link of the graph,
i.e., (u, v) ∈ L . For each linki ∈ L we denote by
Ni the interference set of linki, namely, the set of all
the links over any of which a simultaneous transmission
will render the data delivery over linki unsuccessful.
We assume the interference is symmetric, that is, for
any linksi, j ∈ L , if i ∈ Nj then we also havej ∈ Ni.
Note that in our model two links do not have to share
any nodes for them to be in each other’s interference set,
and this enables us to handle a variety of interference
models.

Assume that timet is discrete. For each linki ∈ L ,
A

(t)

i denotes the number of packets arriving at linki
during time slott. Without loss of generality, we assume
that all packets have equal lengths. We further assume
that for any link i ∈ L , {A(t)

i } is an independent and
identically distributed process over timet, but it may be
dependent on the arrival processes on other links. We
also assume that the arrival processes across links have
bounded covariances, that is, Cov(A

(t)
i , A

(t)
j ) < ∞, for

any i, j ∈ L . Let λi < ∞ be the expected number of
packets arriving at linki during each time slot, namely,
λi = E[A

(t)
i ], ∀i ∈ L and ∀t. For any link i ∈ L ,

whenever the packets backlogged at linki are scheduled
to be transmitted to the receiver, they are delivered with
a constant transmission rateµi (µi > 0) per time slot
if link i is free of interference during the transmission.
Let X

(t)
i ∈ {0, 1} be the indicator of whether or not link

i ∈ L is scheduled during any time slott. Define the
state of the system as the queue lengthQ

(t)
i for link i at

the end of time slott; the system dynamics are written
as

Q
(t)
i = ⌈Q(t−1)

i + A
(t)
i − µiX

(t)
i ⌉+, (1)

for all i ∈ L and t, where⌈x⌉+
△
= max{⌈x⌉, 0}, that

is, the maximum of zero and the minimum integer that
is no less thanx. Let Q(t) , (Q

(t)
1 , . . . , Q

(t)
N ). We note
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that for eachi, Q
(t)
i , A

(t)
i , andX

(t)
i take integer values

only whereasµi can take real values.
We are interested in distributed and efficient schedul-

ing policies so thatQ(t) is stable, namely, the long-term
average backlog in the network is finite:

lim sup
T→∞

1

T

∑T
t=1

∑N
i=1 E[Q

(t)
i ] < ∞. (2)

Further, we are also interested in stable policies that
minimize the above quantity.

To formulate the scheduling problem, we construct
an undirected graphG = (V ,E ) at the beginning
of each time slott as follows. Let the set of nodes
V be L , namely, the set of links in the network.
For any two nodesi and j ∈ V , the unordered pair
(i, j) is in E if and only if i ∈ Nj , or equivalently,
j ∈ Ni. Each nodei ∈ V is assigned a weight
w

(t)
i , Q

(t−1)
i /µi. We will call graph G the conflict

graph corresponding to networkW since each node in
V represents a potential transmission and the edges inE

indicate the conflicts between interfering transmissions.
Selecting an interference-free schedule now amounts to
finding an independent set inG , that is, select a set of
nodes so that no two selected nodes are connected by
an edge (i.e., have a conflict). Because we are interested
in ensuring stability and minimizing average delay, we
seek to solve the MWIS problem on graphG , that is,
select the heaviest independent set of nodes (with the
weights specified above).

The MWIS on general graphs, however, is NP-hard.
Our objective, therefore, is to find a low-complexity
algorithm that yields “good-quality” feasible solutions
(i.e., interference-free). Our main contribution in this
paper is the development of a novel algorithm. The algo-
rithm consists of two phases. In the first phase we solve
a relaxation of the MWIS using a gradient projection
method. We show that the algorithm converges and does
so in pseudo-polynomial time in the size of the input. In
the second phase we leverage the relaxed solution and
construct a feasible solution to the MWIS problem, using
either a greedy algorithm or a more elegant estimation
based on graph coloring. As we will see both phases can
be implemented in a distributed fashion and require only
local information exchanges between the wireless nodes.
We show that the algorithm finds an optimal MWIS
solution if the graphG is perfect [21]. 1 Our result
generalizes earlier results concerning bipartite graphs
([2]) to a much larger class of graphs. This is useful since
we show that there exist typical wireless networks with
a perfect conflict graph, e.g., tree networks with a node-
exclusive interference model. Further, we also show that

1In perfect graphs the chromatic number is equal to the size of the
maximum clique and this remains true for all induced subgraphs as
well.

the proposed algorithm guarantees the stability of the
underlying wireless network.

We devise a practical way of using our algorithm
to schedule wireless networks and use simulation to
compare its performance with Carrier Sense Multiple
Access (CSMA) and a greedy alternative. The numerical
results indicate that our algorithm achieves significantly
smaller aggregate long-run average queue length than
CSMA and outperforms the greedy policy (substantially
in some instances).

The rest of this paper is organized as follows. Sec. II
surveys the related literature. Background material on
notions from graph theory and the two relaxations of
MWIS are presented in Sec. III. The gradient projection
method for solving the MWIS relaxation is in Sec. IV.
The second (estimation) phase is in Sec. V. A practical
implementation is presented in Sec. VI where we also
compare against two CSMA variants and a greedy policy.
We offer concluding remarks in Sec. VII and all the
proofs are in Sec. VIII.
Notational Conventions: Throughout the paper all
vectors are assumed to be column vectors. We use lower
case boldface letters to denote vectors and for economy
of space we writex = (x1, . . . , xR) for the column
vectorx. x′ denotes the transpose ofx and0 the vector
of all zeroes. By||x||1 and ||x||2 we denote theℓ1 and
ℓ2 norms ofx, respectively. We use upper case boldface
letters to denote matrices. We use script letters to define
sets, and denote by|A | the cardinality of setA .

II. RELATED WORK

There are two schools of thought in allocating the
wireless channel to interfering links that compete for
transmission: scheduling and random multiple access. As
mentioned earlier, applying [1] to the wireless network
model we described yields an MWIS-based scheduling
policy where the link weights are equal to the cor-
responding expected backlog. [1] shows that such a
policy is throughput optimal, that is, it stabilizes any
arrival vector λ = (λi; ∀i ∈ L ) in the maximum
throughput region – the set ofλ’s for which the network
is stabilized under some policy. Subsequent work (see,
e.g., [3–7]) has devised a host of policies that differ
in their complexity and the fraction of the maximum
throughput region they can achieve.

Simpler policies have also been considered in the
literature. Empirical evidence has shown (and this is
confirmed in our results) that a greedy policy can be
effective. [8] shows that if the network satisfies some
local-pooling property, then the greedy policy is indeed
efficient.

In the random multiple access camp, several CSMA-
based algorithms have been proposed [9–11]. These
algorithms are distributed, low-complexity, and easy to
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implement. They use a random access scheme according
to which a link seizes the channel with a probability that
increases exponentially with a certain link-dependent
weight (e.g., the expected backlog at the link). As ex-
plained in [12], these schemes sample over independent
sets ofG and converge to the optimal MWIS in graphs
with large weights. This has led to showing that, like
the original MWIS policy of [1], they are throughput
optimal. In fact, the link weights do not have to be
equal to the expected backlog; more general functions
can lead to the same throughput optimality [13, 14].
Throughput optimality, however, does not imply small
average backlog. The CSMA-type policies converge to
the optimal MWIS when the backlog becomes large, and
even then convergence is slow (the mixing time of the
“sampling” Markov chain can be exponential in the size
of the graph).

In this work we attempt to “solve” the MWIS prob-
lem using a different strategy: solve a relaxation and
then construct a feasible solution. A relaxation strategy
was also used in [15] but for a different throughput
maximization problem in wireless sensor networks. [15],
which followed earlier work in [16], developed a maxi-
mum weighted matching relaxation which is looser than
the one we develop in this paper. The difficulty of
MWIS has motivated substantial work on approxima-
tions, heuristics, and special cases [17, 18]. A polyloga-
rithmic time algorithm is proposed in [19] that gives an
almost exact approximation for planar graphs, where the
idea is to decompose the entire graph into clusters. In
[20], a randomized algorithm is developed that produces
the maximal independent set with high probability for
growth-bounded graphs including unit disk graphs.

A message passing algorithm for producing a feasible
solution to the MWIS was proposed in [2]. As in our
work, [2] solves a relaxation of the MWIS but one that
is looser than ours. It shows that the solution obtained
is optimal for bipartite graphs on which the MWIS has
a unique solution. Our work generalizes those results
in two ways: (a) by solving a tighter relaxation we
can show optimality for perfect graphs which subsume
bipartite graphs, and(b) for bipartite graphs we can
relax the assumption on the uniqueness of the solution
imposed in [2].

III. B ACKGROUND MATERIAL AND MWIS
RELAXATIONS

In this section we review some relevant background
material from graph theory and provide two relaxations
of the MWIS.

Let us consider an undirected graphG = (V ,E )
whereV = {1, . . . , N} is the set of all the nodes and
E is the edge set.

A clique is a set of vertices such that any two vertices
in the set are adjacent. The maximum size of a clique in
G is called theclique numberof G . A maximal cliqueC
of graphG is a clique ofG which can not be expanded
by adding a vertex. Since maximal cliques contain all the
cliques, we only consider maximal cliques in the rest of
paper. We letS = {C1,C2, . . .} denote the set of all
maximal cliques ofG .

An independent (or stable) setI is a set of vertices
any two of which are nonadjacent. Thecomplement
graph Ḡ of G is a graph with the same node setV and
edge setĒ which contains all edges not inE . It follows
that a clique inG is an independent set in̄G . Thus,
every term defined for cliques inG has a corresponding
term for independent sets in̄G . In particular, amaximal
independent setis a set of vertices that can not be
expanded without violating the independence property.

A coloring of G is a partition ofV into independent
setsI1, . . . ,Ik. The independent setsI1, . . . ,Ik are
called thecolors of the coloring. The minimum number
of colors in a coloring ofG is called thecoloring (or
chromatic) numberof G . Determining the clique number
and the coloring number are NP-complete problems [21].

The incidence vectorxT of a vertex setT ⊆ V is
defined asxT = (x1, . . . , xN ), wherexi = 1 for all
i ∈ T and xi = 0 for all i /∈ T . The independent set
polytopePI(G ) of a graphG is the convex hull of the
incidence vectors of the independent sets inG . Next we
consider what we will call theclique polytopePC(G )
determined by

xi ≥ 0, ∀i ∈ V ,
∑

i∈Cj
xi ≤ 1, ∀Cj ∈ S .

(3)

The second inequalities in Eq. (3) are calledclique
inequalities. Since the integer feasible points inPC(G )
are exactly the incidence vectors of independent sets, it
follows that PI(G ) is the integer hull ofPC(G ) (the
convex full of its integer points).

A graphG is calledperfect if its clique and coloring
numbers are identical for all induced subgraphs ofG

(i.e., all subgraphs with the same vertex set and edge
set being a subset ofE ). An induced (chordless) cycle
of odd length of at least 5 is called anodd hole, and
an induced subgraph that is the complement of an odd
hole is called anodd antihole. By the strong perfect
graph theorem [22], a graphG is perfect if and only
if G contains no odd hole and no odd antihole. In
perfect graphs, the independent set polytope is equal to
the clique polytope. Perfect graphs include many types
of graphs such as bipartite graphs, line graphs of bi-
partite graphs, interval graphs, chordal graphs, distance-
hereditary graphs, permutation graphs, trapezoid graphs,
split graphs, and others [23]. Checking whether a graph
is perfect can be done in polynomial time [24].
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Let us now turn our attention to the MWIS problem.
Assign to every nodei in G a weightwi. Without loss of
generality we assumewi > 0 for all i, since any nodes
with non-positive weights can simply be removed from
the graph in the context of the MWIS. Denote bydi the
degree of nodei, i.e.,di , |Ni|, where here,Ni denotes
the set of neighbors toi (i.e., all j with (i, j) ∈ E ). Let
D , maxi∈V di be the degree ofG . For convenience
we assume thatD is common knowledge to all nodes in
V . As we will see later, this assumption can be easily
relaxed. Last, we assume that every node inV is unique,
namely, each one has a distinct identifier not shared
with any other nodes in the graph. For communication
networks, for instance, MAC addresses of networking
devices can be used in place of the identifiers.

The MWIS problem can be written as the following
Integer Linear Program (ILP):

max
∑

i∈V
wixi

s.t. xi + xj ≤ 1, ∀(i, j) ∈ E ,
xi ∈ {0, 1}, ∀i ∈ V ,

(4)

where the decision variables are the indicators
x1, . . . , xN of whether a node a selected in the MWIS.
TheLinear Programming (LP)relaxation of (4) is simply
the LP formed from (4) by relaxing the integer con-
straintsxi ∈ {0, 1} as0 ≤ xi ≤ 1. We will call this LP
the edge relaxationof MWIS.

Another formulation for the MWIS involves the clique
inequalities:

max
∑

i∈V
wixi

s.t.
∑

i∈Cj
xi ≤ 1, ∀Cj ∈ S ,

xi ∈ {0, 1}, ∀i ∈ V .

(5)

We will call the LP relaxation of (5) theclique relaxation
of MWIS. Compared with (4), (5) describes the same
feasible set for binary decision variables. However, the
clique relaxation is tighter than the edge relaxation and
this is important in our work. The price for this benefit
is that there are more maximal cliques than edges. As
we will see, the computational cost of the algorithm we
propose increases (locally) linearly with the number of
cliques. Yet, if the degreeD is fixed and small, which is a
reasonable assumption in wireless networks, the number
of clique inequalities increases only linearly with the size
of graph.

IV. GRADIENT PROJECTION PHASE

Consider the clique relaxation of MWIS

max
∑

i∈V
wixi

s.t.
∑

i∈Cj
xi ≤ 1, ∀j : Cj ∈ S ,

xi ∈ [0, 1], ∀i ∈ V .

(6)

We will develop a distributed algorithm for solving this
problem. Even though we definedS to contain only the

maximal cliques in order to reduce the size of (6), the
algorithm will be applicable for any set of cliquesS .
Thus, the edge relaxation (i.e., whenS contains only
the 2-cliques) becomes a special case and the exact same
algorithm can be used.

Let us add a logarithmic barrier function to problem
(6), that is,

max
∑

i∈V
wixi + ǫ

∑

i∈V
(log xi + log(1 − xi))

s.t.
∑

i∈Cj
xi ≤ 1, ∀j : Cj ∈ S ,

xi ∈ [0, 1], ∀i ∈ V ,
(7)

whereǫ is a small positive constant. Asǫ approaches0,
the objective value of (7) converges to that of problem
(6). From now on we will call problem (7) the primal
problem. Let θ = (θj ; j : Cj ∈ S ) be the dual
variables corresponding to the clique inequalities. The
dual function is

q(θ) = max
x∈[0,1]N

{∑i∈V
wixi

+ ǫ
∑

i∈V
(log xi + log(1 − xi))

+
∑

j:Cj∈S
θj(1 −

∑

i∈Cj
xi)}

= max
x∈(0,1)N

{∑i∈V
wixi

+ ǫ
∑

i∈V
(log xi + log(1 − xi))

− ∑

i∈V

∑

j:C j∈S ,i∈Cj
θjxi +

∑

j:Cj∈S
θj}

= max
x∈(0,1)N

{∑i∈V
[(wi −

∑

j:Cj∈Sj ,i∈Cj
θj)xi

+ ǫ(log xi + log(1 − xi))] +
∑

j:Cj∈S
θj}

=
∑

i∈V
max0<xi<1 gi(xi) +

∑

j:Cj∈S
θj ,

where gi(x) , (wi −
∑

j:Cj∈S ,i∈Cj
θj)x + ǫ(log x +

log(1 − x)). The following lemma establishes some
useful properties of the solutionxi(θ) that maximizes
gi(x). The proof of Lemma IV.1 is in Sec. VIII-A.

Lemma IV.1 For all i ∈ V , the unique maximizer
xi(θ) ∈ (0, 1) of gi(x) is given by

xi(θ) =



















































1 − 2ǫ

ai(θ)
+

√

4ǫ2

(ai(θ))2
+ 1

2
, if ai(θ) > 0,

1 − 2ǫ

ai(θ)
−

√

4ǫ2

(ai(θ))2
+ 1

2
, if ai(θ) < 0,

1

2
, if ai(θ) = 0,

(8)
whereai(θ) = wi −

∑

j:i∈Cj ,Cj∈S
θj .

The dual of (7) is given by

min q(θ)
s.t. θj ≥ 0, ∀j : Cj ∈ S ,

(9)
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q(θ) =
∑

i∈V
gi(xi(θ)) +

∑

j:Cj∈S
θj ,

gi(xi(θ))=



















































ai − 2ǫ +
√

4ǫ2 + a2
i

2
+ ǫ log

1 − 2ǫ

ai

+

√

4ǫ2

a2
i

+ 1

2
+ ǫ log

1 +
2ǫ

ai

−
√

4ǫ2

a2
i

+ 1

2
, if ai > 0,

2ǫ log
1

2
, if ai = 0,

ai − 2ǫ +
√

4ǫ2 + a2
i

2
+ ǫ log

1 − 2ǫ

ai

−
√

4ǫ2

a2
i

+ 1

2
+ ǫ log

1 +
2ǫ

ai

+

√

4ǫ2

a2
i

+ 1

2
, if ai < 0.

(10)

where, after some algebra, the dual function gets sim-
plified as in (10). (For economy of space we have
suppressed the dependence ofai(θ) on θ.) Furthermore,
gi(xi(θ)) is continuously differentiable with respect to
θ and its partial derivative can be written as the fol-
lowing lemma suggests. The proof of this result is in
Sec. VIII-B.

Lemma IV.2 For all i ∈ V , the partial derivative of
gi(xi(θ)) with respect toθj is given by

∂gi(xi(θ))

∂θj

=

{

−xi(θ), if i ∈ Cj ,

0, otherwise.

Based on this lemma it follows that for anyj : Cj ∈
S ,

∂q(θ)

∂θj

=
∂(

∑

k∈V
gk(xk(θ)))

∂θj

+ 1

=
∑

i:Cj∈S ,i∈Cj

∂gi(xi(θ))

∂θj

+ 1

= 1 −
∑

i:Cj∈S ,i∈Cj

xi(θ).

Note that the continuous differentiability ofq(θ) is
actually expected sincexi(θ) is the unique maximizer
of gi(x). We can now solve the primal problem (7) by
using the gradient projection method to solve the dual
problem (9). For each iterationn, let x(n) and θ

(n)

be the values of the vectorsx and θ at iteration n,
and γ a pre-specified stepsize. The algorithm is given
in Fig. 1. Notice that it only involves message-passing
among neighboring nodes and uses local information.
In particular, nodei needs to maintainθj ’s only for the
cliques in whichi participates. Theorem IV.3 establishes
the convergence of the algorithm for a sufficiently small
stepsizeγ (the proof can be found in Sec. VIII-C).

Theorem IV.3 For any γ such that

0 < γ <
ǫ

2
3D+5

2 (D + 1)
3
2

,

1) Initialization: setθ(0)
j := maxi:i∈Cj

{wi} for all

j : Cj ∈ S . Calculatex
(0)
i according to Equation

(8) for all i ∈ V , and setn := 1.
2) At iterationn for all i ∈ V ,

a) nodei sends a message to all its neighbors
Ni, with the message beingx(n−1)

i ;
b) node i calculatesθ(n)

j := [θ
(n−1)
j − γ(1 −

∑

k:Cj∈S ,k∈Cj
x

(n−1)
k )]+, ∀j : Cj ∈ S , i ∈

Cj ;
c) nodei calculatesx(n)

i according to equation
(8) usingθ

(n)
j , ∀j : Cj ∈ S , i ∈ Cj .

3) Setn := n + 1 and go to Step 2.

Fig. 1. Gradient projection algorithm for solving problem (7).

the algorithm in Fig. 1 converges to the optimal primal-
dual pair (x∗,θ∗) that solves problems (7) and (9).
Moreover, and to reach a dual solutionθ(n) satisfying
|q(θ(n)) − q(θ∗)| ≤ σ, the algorithm requiresO(1/σ)
iterations.

The algorithm in Fig. 1 is an infinite loop, while
in implementations we almost always want to select a
stopping criterion to terminate the algorithm once the so-
lution we obtain is “close enough” to the theoretical opti-
mal solution. One of the possible criteria is to simply run
the loop for a pre-defined number of iterations. Another
possible criterion is as follows: select a small constant
δ > 0, and stop the iterations if|θ(n)

j − θ
(n−1)
j | ≤ δ for

all j : Cj ∈ S . Although checking this criterion at each
iteration seems to require global coordination among the
nodes in graphG , it can in fact be done in a distributed
fashion using the competition algorithm we present later
in Fig. 3. In particular, at each iterationn that is a
multiple of 2D, that is, n = 2Dk for some positive
integerk, each nodei ∈ V individually decides if the
iteration should continue, namely, sets a flagf

(k)
i to 1 if
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|θ(n)
j − θ

(n−1)
j | ≤ δ ∀j : Cj ∈ S , i ∈ Cj , and setsf (k)

i

to 0 otherwise. Then, checking the stopping criterion
amounts to verifying whether or notmaxi∈V f

(k)
i = 1.

To that end, the competition algorithm in Fig. 3 can be
utilized to accomplish this in a distributed manner with
the weight for nodei set to f

(k)
i , ∀i ∈ V , and this

can be done concurrently with the gradient projection
algorithm since they do not interfere with each other.
Note that the choice of updating times is due to Theorem
V.3 (also presented later), which guarantees that we
will finish checking the stopping criterion beforef (k)

i

changes,∀i ∈ V .
We noted earlier that asǫ in (7) approaches zero, the

objective of thebarrier problemin (7) converges to that
of (6). There is a systematic way, called thebarrier
method(see [25, Chap. 4]), to ensure that the outputx∗

of the gradient method converges to the optimal solution
of (6). To that end, we start with someǫ0, run the
algorithm in Fig. 1 until it converges and then reduce
ǫ (e.g., by multiplying it with some constantζ ∈ (0, 1)).
In this manner,ǫ approaches zero geometrically and for
any given required accuracyǫd we need a polynomial
number of iterations inlog(1/ǫd) to converge to an
approximate optimal solution of (6). Considering that
according to Thm. IV.3, each iteration of the barrier
method takes a pseudo-polynomial2 number of iterations
in the desired dual function accuracyσ, we can conclude
that the proposed gradient projection approach converges
pseudo-polynomially to an approximate optimal solution
of the MWIS clique relaxation (6). In practice, we can
terminate the barrier iterations when the outputs of the
algorithm in Fig. 1 for differentǫ are close enough. To
implement this process we can store a fixed sequence of
ǫ’s at the nodes ofV and program them to move to the
next ǫ once convergence of the previous phase has been
reached.

We note that the complexity conclusions reached
above, considerσ as part of the input to the algorithm.
The dependence of the running time on the number of
nodes is polynomial.

A key result, summarized in Thm. IV.4 establishes the
optimality of our algorithm for perfect graphs; the proof
is in Sec VIII-D.

Theorem IV.4 The optimal solutionx∗ of (6) obtained
by the gradient projection algorithm is optimal for the
MWIS problem (5) whenG is perfect and the optimal
solution of problem (6) is unique.

The uniqueness assumption in Thm. IV.4 can be
restrictive but it can be mitigated by randomly perturbing

2It would have been a polynomial number of iterations if it was
polynomial in log(1/σ).

the node weights. In particular, since (6) is an LP prob-
lem over a polytope (bounded polyhedron) its optimal
solution x∗ is not unique if and only ifx∗ lies on a
facet of the feasible set. Then, there always exist a small
enough perturbation of the weightswi that can render
the optimal solution unique.

We note that [26] has proposed a message passing
algorithm to solve the Maximum a Posteriori estimation
problem (MAP) on perfect graphs. Since every MWIS
problem is trivially a MAP (see [2]), the algorithm in
[26] could, in principle, be used to solve the MWIS for
perfect graphs as well. We say in principle because the
application of the algorithm in [26] does not necessarily
lead to a practical algorithm in our wireless network
context. In particular, the algorithm of [26] operates on a
graph which includes a node for every clique and every
configuration (i.e., variable selection) of that clique. This
can be a large number of nodes and it is not clear how
the algorithm operations can be mapped to nodes of the
wireless network. Our algorithm is different as it solves
the MWIS directly without first transforming it to a
MAP. Message-passing takes place on the conflict graph
G whose nodes are links of the wireless network. Thus,
the algorithm operations for each wireless link can be
easily performed by one of the wireless devices incident
to that link.

Next we make a connection between perfect graphs
and wireless networks. Thm. IV.4 provides an optimality
guarantee if the conflict graphG is perfect. While the
conflict graph of an arbitrary wireless networkW =
(D ,L ) is not necessarily perfect, Thm. IV.5 (the proof
is in Sec. VIII-E) shows that ifW is a tree and under
the node-exclusive interference model, the corresponding
conflict graph is indeed perfect. The node-exclusive
interference model prescribes that linki ∈ L interferes
with link j ∈ L if and only if they are sharing at least
one common device inD . We note that tree topologies
are common, especially for wireless sensor networks.

Theorem IV.5 Under the node-exclusive interference
model, the conflict graph of a tree wireless network is a
perfect graph.

V. ESTIMATION PHASE

In this section we describe how to construct a feasible
solution to MWIS.

We assume that we have run the gradient projec-
tion procedure using the barrier method we outlined in
Sec. IV and we have obtained an optimal solutionx∗

to the clique relaxation (6). For convenience we further
assume thatx∗

i = 0, for any nodei ∈ V such that
wi = 0, which can be readily achieved by modifying any
optimal solution to problem (6) with local information
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in case this assumption is violated. We next set to0 or
1 anyxi, i ∈ V , if the correspondingx∗

i is equal to0 or
1, respectively.3 This is justified by the following result,
whose proof is in Sec. VIII-F.

Lemma V.1 For any i ∈ V wherex∗
i ∈ {0, 1}, there is

always an optimal solutioñx to MWIS (cf. (4) or (5))
such thatx̃i = x∗

i .

As a result of Lemma V.1, we now have to assign
nodei to 0 or 1 only for thosei ∈ V such thatx∗

i was
not deemed to be either0 or 1. We next introduce two
estimation algorithms that construct a feasible solution
to the MWIS using x∗. The first one is a greedy
algorithm; the second algorithm is a low-complexity
rounding algorithm based on coloring which, as we will
see, has some interesting optimality properties.

1) A Greedy Estimation Algorithm:The greedy esti-
mation algorithm we propose works as follows. A node
i ∈ V , takes the value of0 or 1 if x∗

i is 0 or 1,
respectively; otherwise, it sets itself to0 or 1 in a way
that maintains the feasibility of the solution only after
all nodes inNi whose weight is greater thanwi are
processed. The detailed algorithm is depicted in Fig. 4,
whereχ is a special symbol standing for “undetermined.”
In case there is a tie in Step 2(b) of the algorithm, i.e.,
node i finds that it is tied for the largest weight in its
neighborhood, then nodei and all nodes inNi with equal
weights can use their unique IDs to break the tie, e.g.,
the node with the smallest ID can set itself to1.

1) Initialization: for each nodei ∈ V , set x̂(0)
i := 1

if x∗
i = 1 and setx̂(0)

i := 0 if x∗
i = 0 or wi = 0;

otherwise set̂x(0)
i := χ. Setn := 1.

2) At iterationn for all i ∈ V ,

a) nodei sends a message(x̂(n−1)
i , wi) to all

nodes inNi;
b) for any nodei ∈ V such that̂x(n−1)

i = χ: if
∃j ∈ Ni such that̂x(n−1)

j = 1, setx̂(n)
i := 0;

else ifwi > wj or x̂
(n−1)
j = 0 for all j ∈ Ni,

set x̂(n)
i := 1.

3) If n = N , stop and output̂x := (x̂
(n)
1 , . . . , x̂

(n)
N );

else setn := n + 1 and go to Step 2.

Fig. 2. Greedy estimation algorithm.

Next, we state the correctness of the estimation algo-
rithm in Fig. 2. The proof of Thm. V.2 is in Sec. VIII-G.

3In practice,x∗

i
may be not be exactly0 or 1 due to roundoff errors.

We can set a certain tolerance level to decide whichx∗

i
will be assumed

to be0 or 1.

Theorem V.2 The estimation algorithm in Fig. 2 outputs
a feasible solution to the MWIS problem.

2) An Estimation Algorithm Based on Coloring:
Before we present the estimation algorithm we describe
how to color the graphG . The objective of the coloring
procedure is to label all nodes inV with colors such that
no two adjacent nodes share the same color. To proceed,
we first need to identify a node inV as the special node,
i.e., the root, and inform each node inG whether or not
it is the root.

As it will become more clear later on, the selection
of the root influences how colors get assigned, which
will in turn influence how the remaining conflicts in
G get resolved. One attractive possibility is to select
as root the node with the highest weight inV . Other
choices, however, are possible and one can experiment
with several heuristics, which can affect the quality of the
resulting solution especially in cases where a substantial
number of conflicts remain inG after solving the clique
relaxation. In fact, this flexibility is an interesting and
useful feature of the coloring-based estimation algo-
rithm.

In the remainder we assume that the root is the node
with the largest weight. Other choices can be handled
with minor modifications. We select the root with an
iterative competition algorithm depicted in Fig. 3, where
at each iterationn and for each nodei ∈ V , r

(n)
i is the

root to the best of nodei’s knowledge up to that point.
Note thatr(n)

i may not necessarily be the node with the
highest weight inV until the algorithm converges,∀i ∈
V . Moreover, we assume that whenever there is a tie in
the comparison in Step2(b) of Fig. 3, it is broken by a
stable arbitration. Letr be the root of the graph found
by any centralized algorithm using the same arbitration
mechanism as in Fig. 3. We also use the notationN

+
i =

Ni ∪ {i}.

1) Initialization: setr(0)
i := i, s

(0)
i := wi andn := 1.

2) At iterationn for all i ∈ V ,

a) nodei sends a message to all its neighbors
Ni, with the message being(r(n−1)

i , s
(n−1)
i );

b) node i updatesr
(n)
i and s

(n)
i as r

(n)
i :=

r
(n−1)
j∗ and s

(n)
i := s

(n−1)
j∗ , where j∗ =

arg maxj∈N
+

i
s
(n−1)
j .

3) If n = N − 1, stop and output(r(n)
1 , . . . , r

(n)
N );

else setn := n + 1 and go to Step 2(a).

Fig. 3. Competition algorithm for finding the root.

In Theorem V.3 we establish the correctness of the
competition algorithm. The proof is in Sec. VIII-H.
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Theorem V.3 The competition algorithm in Fig. 3 out-
putsr (i.e., r

(N−1)
i = r, ∀i) for any nodei ∈ V .

In Sec. I we made the assumption that all the nodes in
graphG know D, the degree of graphG . As Theorem
V.3 shows, this can be readily achieved in a distributed
fashion using the competition algorithm in Fig. 3; the
only modification is to let the weight of nodei be di,
∀i ∈ V .

With every node having the correct root information,
graphG can be colored using at most2D colors in a
number of steps that is polynomial in the size of the
graph [27], given that each node inV has a unique
identifier and known by its neighbors. The coloring
algorithm in [27] assumes a special node, which can be
found by the competition algorithm in Fig. 3. Moreover,
the coloring algorithm in [27] is a distributed one that is
optimal for bipartite graphs, i.e., it colors any bipartite
graph with two colors. In the sequel, for each nodei ∈ V

we denote byci ∈ {1, . . . , 2D} the color of itself as the
result of the competition algorithm in Fig. 3 and the
coloring algorithm in [27], and letc = (c1, . . . , cN ).

We now turn to the coloring-based estimation algo-
rithm. The detailed algorithm is depicted in Fig. 4. A

1) Initialization: for each nodei ∈ V , set x̂(0)
i := 1

if x∗
i = 1 and setx̂(0)

i := 0 if x∗
i = 0 or wi = 0;

otherwise set̂x(0)
i := χ. Setn := 1.

2) At iterationn for all i ∈ V ,

a) nodei sends a message(x̂(n−1)
i , ci) to all

nodes inNi;
b) for any nodei ∈ V such that̂x(n−1)

i = χ: if
∃j ∈ Ni such that̂x(n−1)

j = 1, setx̂(n)
i := 0;

else if ci < cj or x̂
(n−1)
j = 0 for all j ∈ Ni,

set x̂(n)
i := 1.

3) If n = 2D, stop and output̂x := (x̂
(n)
1 , . . . , x̂

(n)
N );

else setn := n + 1 and go to Step 2.

Fig. 4. Estimation algorithm based on coloring.

result similar to Thm. V.2 holds for this algorithm as
well; we state it in Thm. V.4 and omit the proof because
it is similar to that of Thm. V.2.

Theorem V.4 The estimation algorithm in Fig. 4 outputs
a feasible solution to the MWIS problem.

We next establish an interesting optimality property of
the coloring-based estimation algorithm. We will show
that whenG is bipartite it outputs an optimal solution to
MWIS. More specifically, we first solve the edge relax-
ation of MWIS using the gradient projection approach

of Sec. IV. (In fact, for bipartite graphs the edge and
the clique relaxation are identical since 2-cliques are
maximal cliques). Maintain the notation(x∗,θ∗) for the
optimal solution to the edge relaxation and use thisx∗ as
input to the Algorithm in Fig. 4. The following theorem
establishes the bipartite optimality property; the proof is
in Sec VIII-I.

Theorem V.5 The solution x̂ given by the coloring-
based estimation algorithm is optimal for the MWIS
problem whenG is bipartite.

At first sight it appears that Thm. V.5 is a special case
of Thm. IV.4 since bipartite graphs are perfect. There is
though a subtle difference. Thm. V.5 does not require the
uniqueness assumption of Thm. IV.4. Thus, if one wishes
to solve the edge relaxation which is less expensive than
the clique relaxation, it can obtain an optimal MWIS
solution for bipartite graphs without having to resort into
the perturbation strategy we discussed in Sec. IV.

We note that a different message passing algorithm
for the edge relaxation was proposed in [2]. To find a
feasible MWIS solution, the algorithm in [2] requires
the LP relaxation to have a unique solution for general
graphs; the same uniqueness condition is required for the
algorithm in [2] to be optimal for bipartite graphs.

For completeness, in Fig. 5 we summarize the algo-
rithm we have proposed so far for solving the MWIS
problem on general graphsG .

1) Phase I (Steps 1(a) and 1(b) are performed con-
currently):

a) use the algorithm in Fig. 1 to obtain the
optimal solutionx∗ to problem (6).

b) color the nodes in graphG using the com-
petition algorithm in Fig. 3 and the coloring
algorithm in [27].

2) Phase II: construct a feasible MWIS solution̂x
with either the greedy estimation algorithm of
Fig. 2 or the coloring-based estimation algorithm
of Fig. 4.

Fig. 5. The distributed algorithm for solving the MWIS problem (5).

Returning to the wireless scheduling application, we
establish a sufficient condition for stability when the
network is being scheduled using the algorithm in Fig. 5.
Key to this result is the following lemma whose proof
is in Sec. VIII-J.

Lemma V.6 The feasible MWIS solution̂x produced
by either the greedy estimation algorithm of Fig. 2 or
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the coloring-based estimation algorithm of Fig. 4 is a
maximal independent set.

Consider now the scheduling policy induced by the
MWIS solution x̂. In particular, at each time slott we
construct the conflict graph as described in Sec. I and run
the algorithm in Fig. 5. Given Lemma V.6, [28, Theorem
1] guarantees the stability of this scheduling policy. We
formalize this result as Theorem V.7; recall the notation
N

+
i , {i} ∪ Ni.

Theorem V.7 The scheduling policy induced by the
algorithm in Fig. 5 is stable in the mean, that is, the
process{Q(t)} satisfies (2), as long as

∑

j∈N
+

i

λj

µj
< 1

for all i = 1, . . . , N .

VI. I MPLEMENTATION ISSUES AND SIMULATION

RESULTS

In this section we return to the wireless application we
introduced in Sec. I and apply the algorithm of Fig. 5.
As we will see, the clique relaxation is quite tight and
the scheduling policy we obtain results in a smaller long-
run average backlog compared to a CSMA policy and
another greedy alternative.

We first explore the tightness of the clique relaxation.
We have already seen that for tree networks and under
the node-exclusive interference model the clique relax-
ation is indeed tight and will yield an integer optimal
solution. How tight is it though for more general topolo-
gies and under different interference models? To answer
this question, we consider five randomly generated 20-
node wireless networks over a100×100 area. We adopt
a general interference model where links within a given
distance to each other interfere. For each network we
generate the corresponding conflict graph, then randomly
generate the node weights, and solve the corresponding
clique relaxation of MWIS. Table I reports the average
ratio of fractional elements in the relaxed optimal solu-
tion over the total number of nodes averaged over 1,000
runs. These results suggest that the clique relaxation

TABLE I
THE PERCENTAGE OF NON-INTEGER VARIABLES IN THE OPTIMAL

SOLUTION OF THEMWIS CLIQUE RELAXATION .

Case1 Case2 Case3 Case4 Case5
ratio 0.49% 0.08% 0.58% 0% 0%

is able to decide how the links of the network should
be scheduled with very few exceptions on average.
This is quite interesting, perhaps even surprising, as it
suggests that for random instances of wireless networks
our distributed algorithm yields a near-optimal solution.
Motivated by this finding, in the remainder of this sec-
tion we only use the (simpler and less computationally

demanding) greedy estimation algorithm from Sec. V to
make decisions for the remaining links corresponding to
the non-integer elements in the solution.

Next we describe how we schedule the wireless links
based on the solution produced by the algorithm of
Fig. 5. As described in Sec. I, at the beginning of
each time slott we construct the conflict graph and set

w
(t)
i =

Q
(t−1)
i

µi
for all i = 1, . . . , N . At the beginning of

each time slott we make the scheduling decision for any
link i as follows: ifx̂i = 1, link i is scheduled to transmit
during time slott; otherwise it is not. Alternatively we
can simply setX(t)

i = x̂i, ∀i = 1, . . . , N . Clearly,
such a scheduling policy is free of interference by
construction ofx̂. Moreover, this scheduling policy is
fairly intuitive, aiming to reduce the packet congestion
by giving higher priority to those links with greater
“normalized backlogs,” that is, queue lengths divided by
their corresponding transmission rates.

We provide implementation details of the scheduling
policy in Fig. 6. During each time slot we perform
just a single iteration of either the gradient projection
method or the estimation algorithm. This is done be-
cause wireless devices are typically (e.g., as in the case
of wireless sensor networks) not powerful enough to
perform many iterations during a time slot. Of course,
if one deals with a situation where devices can afford
more computations it is easy to modify the algorithm
and take advantage. Another reason for performing only
one iteration per time slot is that we want to have a fair
comparison with CSMA and the greedy policy which do
the same. In the policy of Fig. 6, we perform only a finite
number of iterations from both the gradient projection
method and the estimation algorithm. We introduce two
quantities,TGrad and TEst, which denote the number
of time slots over which we run the gradient projection
method and the estimation algorithm, respectively. There
is a trade-off in setting these values: the larger they
are the better the policy we compute at the expense of
updating the policy less frequently. We also note that the
algorithm in Fig. 6 implements a modified version of
the greedy estimation method. It is clear by construction
that the scheduling policy produced by the algorithm is
interference-free.

In practice, it is useful to have a conflict graph invari-
ant over time, thus, avoiding having to “reconstruct” the
graph every time we wish to solve the MWIS problem.
To that end, we can simply assume that the nodes ofG

contain all possible wireless links that could potentially
be established and the edges ofG indicate all possible
interfering pairs of wireless links. At each time slot
many of these links will have empty queues and will be
assigned zero weights. Before solving the MWIS we can
fix decisionsX(t)

i = 0 for every such linki and proceed
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1) Initialization: sett := 0, X
(t)
i := 0 for all data

links i, wi :=
Q

(0)
i

µi
, stage := 0, andPhase := G.

2) If Phase = G, go to Step 3, ifPhase = E go to
Step 4.

3) Gradient Projection: ifstage < TGrad, perform
one iteration of the gradient projection method, set
stage := stage + 1, and go to Step 5. Else if
stage = TGrad, set stage := 0, Phase := E,
isSeti := false, Xnext

i := 0 for all i, and go to
Step 5.

4) Estimation: ifstage < TEst, for eachi do:

a) If ∃j ∈ Ni with isSetj = true andXnext
j =

1 then setisSeti := true andXnext
i := 0.

b) Else if xj < xi for any j ∈ Ni such that
isSetj = false, then setisSeti := true and
Xnext

i := 1.
c) Else if xj ≤ xi for any j ∈ Ni such that

isSetj = false and IDi < IDj for all j ∈
Ni such thatisSetj = false and xj = xi,
then setisSeti := true andXnext

i := 1.

If stage = TEst, then setstage := 0, for all
i, update scheduleXi := Xnext

i , and setwi :=
Qi(t)/µi andPhase := G.

5) t:=t+1, go to Step 2.

Fig. 6. The scheduling algorithm.IDi denotes the unique ID of link
i.

to solve the MWIS for the remaining links. In typical
wireless networks deployed over a large area many pairs
of nodes may never be able to communicate and many
links may never interfere. Thus, the resulting conflict
graph will have much fewer than|D |(|D | − 1) nodes
and will be relatively sparse.
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Fig. 7. Star-topology network.

Next, we use an example to illustrate the benefits
of the clique MWIS relaxation we have proposed in
this paper with the edge relaxation. Consider a three-
node wireless network with independent Poisson packet
arrivals and rates set to:λ1,2 = 0.4286, λ2,3 = λ3,1 =
0.2857, and λ2,1 = λ3,2 = λ1,3 = 0 packets per time
slot. All links have a constant transmission rateµ = 1
per time slot. We schedule the network in two ways:
first by using the edge relaxation and then by using the
clique relaxation (the maximum clique size is 3 in this
example). In both cases, we run the network for10, 000
time units. The average total queue length achieved by
the policy using the clique relaxation is3.64, whereas
the policy using the clique relaxation achieves an average
total queue length of2.68; a difference of36%. We can
clearly see the benefit of introducing the tighter clique
relaxation.

We are now ready to compare the performance of sev-
eral alternative policies. Consider the wireless network
in Fig. 7 which we view as typical of many wireless
networks and wireless sensor networks. In particular
it has the structure of several clusters of nodes with
sparse intra-cluster connectivity. The arrivals for each
link follow a Poisson process, independent of all other
arrival processes. We setλ2,1 = λ5,19 = λ9,20 =
λ12,18 = λ16,17 = 0.5 packets per time unit. All
transmission ratesµ are set to1. We generate multiple
instances of the problem by scaling each arrival rate as
αλ, whereα ∈ (0,∞) is a scaling factor. The system
evolves in discrete time, so arrivals are assumed to occur
at the beginning of each time slot and are distributed
according to a Poisson random variable with parameter
λ∆t, where∆t is the duration of the time slot.

We measure the performance of a scheduling policy
by the aggregate long-run average queue length forα ∈
(0, 1), that is,

L , lim
T→∞

1

NT

∑T
t=1

∑N
i=1 Q

(t)
i .

For α ∈ (1,∞) the system becomes unstable and we
measure the performance by the average queue length at
some (large) finite horizonT , i.e.,

L ,
1

N

N
∑

i=1

Q
(T )
i .

Considering such unstable traffic scenarios is interesting
as they provide insight on how different scheduling poli-
cies behave during periods the network is overloaded.

Let LClique, LCSMA1, LCSMA2 and LGreedy be
the average queue lengths achieved by our proposed
scheduling algorithm in Fig. 6 (Clique), the two CSMA
algorithms (CSMA1 and CSMA2) in [11] and [14], and
a simple greedy scheduling algorithm (Greedy) that just
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(a) Stable network. (b) Overloaded network.

Fig. 8. Comparing the performance of various policies.
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Fig. 9. Comparing our policy and greedy in an 8-node circular
network.

uses the greedy estimation algorithm of Fig. 2. Simu-
lations were run using various arrival rate parametersα
and the results are depicted in Fig. 8 (a) (stable network)
and Fig. 8 (b) (overloaded network).

The results suggest that our policy and Greedy sub-
stantially outperform both CSMA variants. In overloaded
traffic scenarios our algorithm outperforms Greedy, by
as much as 29% based on the results of Fig. 8 (b).
Still, it is interesting that Greedy does so well, thus
confirming earlier empirical evidence. Yet, this is not
universally true. Using insight from [29], we considered
a wireless network which forms an 8-node cycle, i.e.,
for i = 0, . . . , 7 node i can only “talk” to nodesi − 1
mod 8 and i + 1 mod 8. The interference model is the
node-exclusive model, that is, two links sharing a node
can not transmit simultaneously. With this interference
model, two links incident to the same nodes but different

transmit directions can be considered as one link and
the conflict graph becomes an 8-node cycle as well. The
arrival rate is set toλ = 0.5 per time unit for all links
and the transmission rateµ is set to1. Fig. 9 compares
the performance of our policy with the Greedy when
α = 0.998 (i.e., heavy traffic). It is clear that the greedy
policy fails to stabilize the network, while our algorithm
maintains stability.

VII. C ONCLUSIONS

We considered the problem of scheduling wireless net-
works and converted it into the MWIS problem. We de-
vised a low-complexity, two-phase distributed algorithm
to approximately solve the MWIS. The first phase solves
a relaxation of the MWIS and the second phase utilizes
the output from the first one to construct a feasible
MWIS solution. The MWIS clique relaxation we solve
is substantially tighter than the standard edge MWIS
relaxation earlier work in the literature has considered.
This allows us to establish that the relaxation yields an
optimal MWIS solution for perfect graphs, generalizing
again earlier work that focused on bipartite graphs.

We applied this approach to several instances of
typical wireless networks. First, we showed that for tree
networks under the node-exclusive interference model
our approach is optimal. Numerical results indicate that
for more general wireless networks and interference
models, the gradient projection phase can produce an
almost optimal solution for MWIS with a very small
percentage of non-integer variables. Yet, it may require
a non-trivial number of iterations to converge. To make
the approach practical in settings where the wireless
devices can not afford a heavy computational overhead,
we devised variants where only a moderate number of
iterations gets performed between any two scheduling
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policy updates. Coupled with a simple estimation algo-
rithm that guarantees an interference-free schedule, our
approach is shown to substantially outperform CSMA-
type policies across all traffic scenarios (from light to
heavy) and also outperform a greedy policy in heavy
traffic scenarios (substantially in some instances).

We close by mentioning that even though we consid-
ered a synchronous implementation of our algorithms,
asynchronous versions of both the gradient projection
method and the two estimation algorithms are possible
and can also be used in settings where maintaining a
common clock is undesirable.

VIII. P ROOFS

A. Proof of Lemma IV.1

Proof: The first order derivative ofgi(x) is:

dgi(x)

dx
= ai(θ) + ǫ(

1

x
+

1

x − 1
).

Solving
dgi(x)

dx
= 0 yields:

xi(θ) =























1 − 2ǫ

ai

±
√

4ǫ2

a2
i

+ 1

2
, if ai 6= 0,

1

2
, otherwise,

where we suppress the dependence ofai(θ) on θ. It is
not difficult to verify that:

0 < x1 < 1, x2 < 0, if ai > 0,

x1 > 1, 0 < x2 < 1, if ai < 0.

Thus, we have

xi(θ) =



















































1 − 2ǫ

ai

+

√

4ǫ2

a2
i

+ 1

2
, if ai > 0,

1 − 2ǫ

ai

−
√

4ǫ2

a2
i

+ 1

2
, if ai < 0,

1

2
, if ai = 0.

By using L’Hospital’s rule, we can verify thatxi(θ) is
continuous atai(θ) = 0, thus, xi(θ) is a continuous
function over(−∞,∞). The second order derivative of
gi(x) is:

d2gi(x)

dx2
= −ǫ(

1

x2
+

1

(x − 1)2
) < 0.

Thus, gi(x) is strictly concave overx ∈ (0, 1) which
establishes thatxi(θ) is the unique maximizer.

B. Proof of Lemma IV.2

Proof: If i /∈ Cj , it is trivial to see that
∂gi(xi(θ))

∂θj

= 0. We only consider the other case:

i ∈ Cj . If ai(θ) > 0, let yi =
2ǫ

ai(θ)
and we have:

∂gi(xi(θ))

∂θj

=
∂gi(xi(θ))

∂ai

∂ai

∂θj

= − ∂gi(xi(θ))

∂ai

= −
1 +

ai
√

4ǫ2 + (ai)2

2

−
∂(ǫ log

1 − yi +
√

y2
i + 1

2
)

∂yi

∂yi

∂ai

−
∂(ǫ log

1 + yi −
√

y2
i + 1

2
)

∂yi

∂yi

∂ai

= −
1 +

1
√

y2
i + 1

2

− ǫ

1 − yi +
√

y2
i + 1

(−1 +
yi

√

y2
i + 1

)(
−2ǫ

a2
i

)

− ǫ

1 + yi −
√

y2
i + 1

(1 − yi
√

y2
i + 1

)(
−2ǫ

a2
i

)

= −
1 +

1
√

y2
i + 1

2

− −y2
i

2(1 − yi +
√

y2
i + 1)

(−1 +
yi

√

y2
i + 1

)

− −y2
i

2(1 + yi −
√

y2
i + 1)

(1 − yi
√

y2
i + 1

)

= −
√

y2
i + 1 + 1

2
√

y2
i + 1

+
y2

i (yi −
√

y2
i + 1)

2
√

y2
i + 1

(
1

1 − yi +
√

y2
i + 1

+
(−1)

1 + yi −
√

y2
i + 1

)

= −
√

y2
i + 1 + 1

2
√

y2
i + 1

+
y2

i (yi −
√

y2
i + 1)

2
√

y2
i + 1

(
−1

yi

)

=
−

√

y2
i + 1 − 1 − y2

i + yi

√

y2
i + 1

2
√

y2
i + 1

=
−1 −

√

1 + y2
i + yi

2
= −xi(θ),

where we have suppressed the dependence ofai(θ) and
yi(θ) on θ. If ai(θ) < 0, the proof is similar and
therefore omitted.
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C. Proof of Theorem IV.3

To prove Theorem IV.3, we need the following lemma
that characterizes the dual functionq(·).

Lemma VIII.1 The dual functionq(·) is lower bounded
and∇q(·) is Lipschitz continuous, i.e.,

(1) q(θ) ≥
∑

i∈V
wi

D + 1
+ Nǫ log

D

(D + 1)2
, ∀θ ≥ 0.

(2) ||∇q(θ) − ∇q(ν)||2 ≤ 2
3(D+1)

2 4(D+1)
3
2

ǫ
||θ − ν||2

∀θ,ν ≥ 0.

Proof: (1) From the definition ofq(θ), we have

q(θ) = max
x∈[0,1]N

{∑i∈V
wixi

+ ǫ
∑

i∈V

(log xi + log(1 − xi))

+
∑

j:Cj∈S

θj(1 −
∑

i∈Cj

xi)}

≥ǫ
∑

i∈V

(log
1

D + 1
+ log

D

D + 1
)

+
∑

i∈V

wi

1

D + 1
+

∑

j:Cj∈S

θj(1 −
∑

i∈Cj

1

D + 1
)

≥∑

i∈V
wi

1

D + 1
+ ǫ

∑

i∈V
log

D

(D + 1)2

=

∑

i∈V
wi

D + 1
+ Nǫ log

D

(D + 1)2
,

where the first inequality is due to the fact thatxi =
1

D+1 ,∀i ∈ V , is a feasible solution in[0, 1]N , and the
second is due to1 −

∑

i∈Cj

1
D+1 ≥ 0 andθ > 0.

(2) It can be seen that

||∇q(θ)−∇q(ν)||2 ≤ ||∇q(θ) −∇q(ν)||1
=

∑

j:Cj∈S

∑

i:i∈Cj
|xi(θ) − xi(ν)|

≤2D+1 ∑

i∈V
|xi(θ) − xi(ν)|,

where the last inequality is due to the fact that for each
node i, the number of maximal cliques containingi is
less than2D+1.

To proceed with the analysis, we next examine the
functionsxi(θ). Let us suppress again the dependence
of ai(θ) on θ. After some algebra, fori ∈ Cj ,Cj ∈ S

we obtain

dxi(ai)

dai

=











ǫ

a2
i

− 2ǫ2

a2
i

√

4ǫ2 + a2
i

, if ai 6= 0,

4

ǫ
, if ai = 0.

(11)

The second derivative ofxi(ai) (ai 6= 0) is

d2xi(ai)

da2
i

=
2ǫ(3ǫa2

i + 8ǫ3 − (a2
i + 4ǫ2)

3
2 )

a3
i (a

2
i + 4ǫ2)

3
2

, (12)

and since(3ǫa2
i + 8ǫ3)2 < (a2

i + 4ǫ2)3, it follows that
d2xi(ai)

da2
i

is positive if and only if ai < 0. In other

words, dxi(ai)
dai

is monotonically decreasing ifai > 0
and monotonically increasing ifai < 0. Combined with
the fact lim

ai→∞

dxi(ai)
dai

= lim
ai→−∞

dxi(ai)
dai

= 0, we have

|dxi(ai)
dai

| ≤ 4
ǫ

for any real numberai, ∀i ∈ V . Therefore,
by the mean value theorem, we have|xi(ai)−xi(bi)| ≤
4
ǫ
|ai−bi|, for any real numbersai, bi, ∀i ∈ V . With this

we have

|∇q(θ) −∇q(ν)||2 ≤ 2D+1 ∑

i∈V
|xi(θ) − xi(ν)|

≤2D+1 ∑

i∈V

4
ǫ
(|∑j:i∈Cj ,Cj∈S

(θj − νj)|)

≤2D+3

ǫ

∑

i∈V

∑

j:i∈Cj ,Cj∈S
|θj − νj |

≤8(D + 1)2D

ǫ
||θ − ν||1

≤8(D + 1)2D
√

(D + 1)2D+1

ǫ
||θ − ν||2

≤2
3(D+1)

2 4(D + 1)
3
2

ǫ
||θ − ν||2,

where the last inequality follows from the fact that
||a||1 ≤ √

n||a||2, ∀a ∈ R
n.

Next we prove Theorem IV.3.
Proof: The convergence of the gradient projection

algorithm in Fig. 1, as well as the dual optimality of
the limit point θ

∗, are a direct result of Lemma VIII.1
in [30, Page 214], given that the stepsizeγ satisfies the
condition

0 < γ < 2

2
3(D+1)

2 4(D+1)
3
2

ǫ

=
ǫ

2
3D+5

2 (D + 1)
3
2

.

In the rest of the proof we showx∗ is the optimal
solution to the primal problem (7). First we note thatx∗

is a feasible solution. To see this, note that0 ≤ xi(θ
∗) ≤

1 for all i ∈ V due to Equation (8). Furthermore, since
the algorithm converges withθ∗ ≥ 0 for some positive
γ, i.e.,

θ∗j = [θ∗j − γ(1 − ∑

i:i∈Cj
x∗

i )]+, (13)

it must hold that
∑

i:i∈Cj
x∗

i ≤ 1, and thusx∗ is
feasible for problem (7). Also, the above equation
indicates that complementary slackness holds, that is,
θ∗j (1 − ∑

i∈Cj
x∗

i ) = 0 for all j,Cj ∈ S .
Next we proceed to prove the primal optimality ofx∗.

Let X , {x | x ∈ [0, 1]N and
∑

i:i∈Cj ,Cj∈S
x∗

i ≤ 1}
and we have

∑

i∈V
wix

∗
i + ǫ

∑

i∈V
(log x∗

i + log(1 − x∗
i ))

= max
x∈[0,1]N

{∑i∈V
wixi + ǫ

∑

i∈V
(log xi + log(1 − xi))

+
∑

j:Cj∈S
θ∗j (1 −

∑

i:i∈Cj
x∗

i )}
≥max

x∈X
{∑i∈V

wixi + ǫ
∑

i∈V
(log xi + log(1 − xi))
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+
∑

j:Cj∈S
θ∗j (1 − ∑

i:i∈Cj
x∗

i )}
≥ max

x∈X
{
∑

i∈V
wixi + ǫ

∑

i∈V
(log xi + log(1 − xi))},

where the first equality is due to strong duality.
Finally we establish the convergence rate. Sinceq(θ)

is lower bounded and∇q(·) is Lipschitz continuous, a
result from [31] guarantees that|q(θ(n)) − q(θ∗)| =
O(1/n). Thus, to reach a dual solution satisfying
|q(θ(n)) − q(θ∗)| ≤ σ we needO(1/σ) iterations.

D. Proof of Theorem IV.4

Proof: If G is perfect, then the independent set
polytopePI(G ) is equal to the clique polytopePC(G ).
Thus, every vertex ofPC(G ) is integral. Since problem
(6) has a unique optimal solution, that solution must be
one of the integral vertices ofPC(G ). Since the clique
relaxation (6) is indeed a relaxation of MWIS, it follows
that its integral optimal solution is an optimal solution
of MWIS. We have already established that the gradient
projection method can be used to converge to an optimal
solution of (6), hence, an optimal solution of MWIS.

E. Proof of Thm. IV.5

Proof: Consider the conflict graphG = (V ,E ) of
the wireless networkW = (D ,L ) and recall thatV is
identical to the set of linksL of the wireless network.
First we establish a property of all the induced graphs
of the conflict graphG : if node i and nodej of G are
not connected directly in any of the induced graphs, then
there is no cycle ofG in which nodesi andj participate.

To that end, suppose there is a cycle inG to which i
andj participate. Sincei andj are not connected directly
in G , there must be other nodes ofG that help form the
cycle, e.g., consider the cyclei ↔ k ↔ j ↔ l ↔ i
using other nodesk and l of G . Now, nodes ofG are
links of W and, under the node-exclusive interference
model, links ofW are connected nodes inG if they are
incident to the same node (device) ofW . Thus, using
the previous example, the cyclei ↔ k ↔ j ↔ l ↔ i in
G implies a cycle inW : d1

k↔ d2
j↔ d3

l↔ d4
i↔ d1,

where d1, . . . , d4 are wireless nodes ofW . It is clear
that we have arrived at a contradiction sinceW is a tree
network and does not contain any cycles. This establishes
our desired property.

It now follows that any nodesi and j of G that are
not connected can be colored with the same color. Note
that this would not have been the case if we could find
an odd-length cyclei ↔ k ↔ j ↔ l ↔ m ↔ i in G .
In this case, we can not use the same color for any two
nodes ofG that are not connected. For instance, if we
use colorc1 for i and j and colorc2 for k and l, then
we can use neitherc1 nor c2 for m even thoughm is
not connected withk andj. As a result, and since nodes

that are not connected can use the same color, the clique
number ofG is equal to the chromatic number ofG and
this is true for all induced graphs ofG . This implies that
G is a perfect graph.

F. Proof of Lemma V.1

Proof: Due to [21, Cor. 64.9a] the1’s in x∗ are
correct, namely, there is always an optimal solutionx̃

to MWIS such that forx̃i = x∗
i , for any i ∈ V with

x∗
i = 1. Next we show that the0’s in x∗ are also correct.

Suppose we have somej ∈ V such thatx∗
j = 0. Given

that wi ≥ 0 for all i ∈ V , we distinguish between two
cases:
(a) wj > 0. In this case there must exist somek ∈ Nj

with x∗
k = 1; otherwise we can setx∗

j to 1 and achieve
a strictly higher objective value for problem (6) while
maintaining feasibility, which violates the fact thatx∗ is
optimal for (6). As a result̃xj = 0 due to the feasibility
constraint.
(b) wj = 0. In this case we can simply setx̃j = 0 with-
out changing the objective value and maintain feasibility.

G. Proof of Theorem V.2

Proof: At the end of each iterationn, the still
undetermined node with the largest weight (or smallest
ID in its neighborhood if there is a tie) will neces-
sarily set itself to 1. This implies that the number
of undetermined nodes will strictly decrease in every
iteration. The feasibility of the solution obtained is clear
by construction.

H. Proof of Theorem V.3

Proof: Let S (n) ⊆ V be the set of all the nodes
with the correct root information at the beginning of
iteration n, that is, S (n) = {i|r(n−1)

i = r, s
(n−1)
i =

wr,∀i ∈ V }. Clearly, S (0) = {r}. At iteration n,
if the algorithm has not stopped, there exists at least
one link (i, j) ∈ E such thati ∈ S (n), j ∈ V \S (n)

and S (n) 6= V . According to the algorithm in Fig. 3,
r
(n)
j = r

(n−1)
i = r and s

(n)
j = s

(n−1)
i = wr,

respectively, and thus we have{j} ∪ S (n) ⊆ S (n+1).
As a result, |S (n)| is strictly increasing inn. Since
|S (0)| = 1 and the maximum possible value of|S (n)|
is N for any n, in at mostN − 1 iterationsr

(n)
i = r for

any i ∈ V .

I. Proof of Theorem V.5

Proof: We have already argued thatx̂ is feasible.
Recall that θ = (θij ; ∀(i, j) ∈ E ) obtained from
the gradient projection method is optimal for the dual
of the edge relaxation. We now proceed to showx̂ is
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also optimal by checking the complementary slackness
conditions, namely,

(xi + xj − 1)θij = 0, (14)

(
∑

j∈Ni
θij − wi)xi = 0, (15)

for any (i, j) ∈ E , where θij is the dual variable
associated with edge(i, j). Note that(x∗,θ∗) is primal-
dual optimal for the edge relaxation and thus satisfies
complementary slackness. Since we never changeθ

∗

during the course of the estimation algorithm, what
remains to be shown is that(x̂,θ∗) also satisfies these
conditions.

Let us first consider condition (14). For any edge
(i, j) ∈ V , if θ∗ij = 0 this condition is always satisfied
for any x̂i and x̂j . As such we will focus on the case
where we haveθ∗ij > 0 and by complementary slackness
it must hold thatx∗

i +x∗
j = 1. Let us distinguish between

three cases:
(a) x∗

i = 1 and x∗
j = 0. In this case due to the

construction ofx̂, we havex̂i = 1 and x̂j = 0, and
as a result(x̂i + x̂j − 1)θ∗ij = 0.
(b) x∗

i = 0 and x∗
j = 1. In this case the argument

is almost identical with the first case and the same
conclusion follows.
(c) x∗

i and x∗
j ∈ (0, 1). Note that in this case we have

x∗
k < 1 for any nodek ∈ Ni ∪Nj sincex∗ is a feasible

solution. Given thatG is a bipartite graph, without loss
of generality let us assumeci = 1 andcj = 2. Following
the estimation algorithm in Fig. 4, we setx̂i = 1 during
the first iteration and̂xj = 0 during the second, which
results inx̂i + x̂j − 1 = 0 and (x̂i + x̂j − 1)θ∗ij = 0.

Next we proceed to show that(x̂,θ∗) also satisfies
condition (15). Consider any nodei ∈ V and note that
if

∑

j∈Ni
θ∗ij − wi = 0, then this equality always holds

for any x̂i. If
∑

j∈Ni
θ∗ij − wi 6= 0, it has to be true

thatx∗
i = 0 by complementary slackness. It follows that

x̂i = 0 due to the construction of̂x, and consequently
(
∑

j∈Ni
θ∗ij − wi)x̂i = 0.

We conclude that̂x is optimal for the edge relaxation
and since it is integer (by construction) it must be
optimal for the MWIS.

J. Proof of Lemma V.6

Proof: We will use contradiction. Supposêx is not
a maximal independent set. Thus, there exists ani ∈
{1, . . . , N} with x̂i = 0 and such that̂xj = 0 for all
links j ∈ Ni. Only two scenarios could result in this,
namely,(a) x∗

i = 0 and x∗
j = 0 for all j ∈ Ni, or (b)

0 < x∗
i < 1 and the estimation algorithms set bothx̂i to

0 and x̂j to 0 for all j ∈ Ni. Next we proceed to prove
that neither of these two scenarios could happen.
(a) If x∗

i = 0 andx∗
j = 0 for all j ∈ Ni, we can construct

another relaxed feasible solutioñx by letting x̃i = 1 and

x̃k = x∗
k for all k ∈ Ni. Sincewi > 0 (recall we have

assumed this for all nodes without loss of generality),
clearly

∑N
k=1 wkx̃k >

∑N
k=1 wkx∗

k and this contradicts
the fact thatx∗ is optimal for the relaxation (6).
(b) If 0 < x∗

i < 1, then according to either estimation
Algorithm in Fig. 2 or Fig. 4,x̂i is set to 0 only if
some nodej ∈ Ni is set to1, which contradicts the
assumption that̂xj is set to0 for all j ∈ Ni.

REFERENCES

[1] L. Tassiulas and A. Ephremides, “Stability properties ofcon-
strained queueing systems and scheduling policies for maximum
throughput in multihop radio networks,”IEEE Trans. Automat.
Contr., vol. 37, no. 12, pp. 1936–1948, 1992.

[2] S. Sanghavi, D. Shah, and A. Willsky, “Message passing for
maximum weight independent set,”IEEE Trans. Inform. Theory,
vol. 51, no. 11, pp. 4822–4834, 2009.

[3] E. Modiano, D. Shah, and G. Zussman, “Maximizing through-
put in wireless networks via gossiping,” inProceedings of the
joint international conference on Measurement and modeling of
computer systems (ACM SIGMETRICS/IFIP Performance, June
2006, pp. 27–38.

[4] L. Tassiulas, “Linear complexity algorithms for maximum
throughput in radio networks and input queued switches,” in
Proceedings of the INFOCOM Conference, 1998, pp. 533–539.

[5] S. Sanghavi, L. Bui, and R. Srikant, “Distributed link scheduling
with constant overhead,” inProceedings of the ACM SIGMET-
RICS, 2007, pp. 313–324.

[6] X. Lin and S. Rasool, “Constant-time distributed scheduling
policies for ad hoc wireless networks,” inProceedings of the
IEEE CDC conference, San Diego, California, 2006.

[7] S. Sarkar and S. Ray, “Arbitrary throughput versus complexity
tradeoffs in wireless networks using graph partitioning,”IEEE
Trans. Automat. Contr., vol. 53, no. 10, pp. 2307–2323, 2008.

[8] C. Joo, X. Lin, and N. Shroff, “Understanding the capacity region
of the greedy maximal scheduling algorithm in multihop wireless
networks,” Networking, IEEE/ACM Transactions on, vol. 17,
no. 4, pp. 1132–1145, 2009.

[9] J. Ni, B. Tan, and R. Srikant, “Q-CSMA: Queue-length based
CSMA/CA algorithms for achieving maximum throughput and
low delay in wireless networks,” inProceedings of the IEEE
INFOCOM, 2010, pp. 1–5.

[10] A. Gupta, X. Lin, and R. Srikant, “Low-complexity distributed
scheduling algorithms for wireless networks,”IEEE/ACM Trans.
Netw., vol. 17, no. 6, pp. 1846–1859, 2009.

[11] L. Jiang and J. Walrand, “A distributed CSMA algorithm
for throughput and utility maximization in wireless networks,”
IEEE/ACM Trans. Networking, vol. 18, no. 3, pp. 960–972, 2010.

[12] M. Leconte, J. Ni, and R. Srikant, “Mixing time of Glauber
Dynamics with parallel updates and heterogeneous fugac-
ities,” Computing Research Repository, Tech. Rep., 2010,
http://arxiv.org/abs/1004.0397.

[13] S. Rajagopalan, D. Shah, and J. Shin, “Network adiabatic theo-
rem: an efficient randomized protocol for contention resolution,”
in SIGMETRICS ’09: Proceedings of the eleventh international
joint conference on Measurement and modeling of computer
systems, 2009, pp. 133–144.

[14] J. Ghaderi and R. Srikant, “On the design of efficient CSMA al-
gorithms for wireless networks,” inIEEE Conference on Decision
and Control, 2010, pp. 954–959.

[15] I. C. Paschalidis, W. Lai, and X. Song, “Optimized scheduled
multiple access control for wireless sensor networks,”IEEE
Trans. Automat. Contr., vol. 54, no. 11, pp. 2573–2585, 2009.

[16] I. C. Paschalidis, W. Lai, and D. Starobinski, “Asymptotically
optimal transmission policies for large-scale low-power wireless
sensor networks,”IEEE/ACM Trans. Networking, vol. 15, no. 1,
pp. 105–118, 2007.



16 IEEE/ACM TRANSACTIONS ON NETWORKING

[17] A. Kako, T. Ono, T. Hirata, and M. M. Halldsson, “Approxi-
mation algorithms for the weighted independent set problem,”
in Graph-Theoretic Concepts in Computer Science, 31st Interna-
tional Workshop, 2005, pp. 341–350.

[18] S. Basagni, “Finding a maximal weighted independent set in
wireless networks,”Telecommunication Systems, vol. 18, pp.
155–168, 2001.

[19] A. Czygrinow and M. Hanckowiak, “Distributed algorithms for
weighted problems in sparse graphs,”Journal of Discrete Algo-
rithms, vol. 4, pp. 588–607, 2004.

[20] B. Gfeller and E. Vicari, “A randomized distributed algorithm for
the maximal independent set problem in growth-bounded graphs,”
in Proceedings of the twenty-sixth annual ACM symposium on
Principles of distributed computing, 2007, pp. 53–60.

[21] A. Schrijver, Combinatorial Optimization - Polyhedra and Effi-
ciency. Springer, 2003.

[22] M. Chudnovsky, N. Robertson, P. Seymour, and R. Thomas, “The
strong perfect graph theorem,”Annals of Mathematics, pp. 51–
229, 2006.

[23] C. Berge, “Some classes of perfect graphs,” Six Papers onGraph
Theory, 1963, indian Statistical Institute, Calcutta.
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