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Virtual Rigid Bodies for Agile Coordination of
Quadrotor Swarms and Human-Swarm

Teleoperation
Dingjiang Zhou and Mac Schwager

Abstract—This article presents a method for controlling a
swarm of quadrotor micro aerial vehicles to perform agile
interleaved maneuvers while holding a fixed relative formation,
and transitioning between different formations. We propose an
abstraction, called a Virtual Rigid Body, which allows us to
decouple the trajectory of the whole swarm from the trajectories
of the individual quadrotors within the swarm. The Virtual Rigid
Body provides a way to plan and execute complex interleaved
trajectories, and also gives a simple, intuitive interface for a
single human user to control an arbitrarily large aerial swarm
in real time. The Virtual Rigid Body concept is integrated
with differential flatness-based feedback control to give a suite
of swarm control tools. The article also proposes a library
architecture for a human operator to select between a number
of pre-determined formations for the swarm in real time. Our
methods are demonstrated in hardware experiments with a group
of three quadrotors controlled autonomously, and a group of five
quadrotors teleoperated by a single human user.

I. INTRODUCTION

In this article, we propose a suite of trajectory planning and
control tools for autonomous flight and teleoperated flight of
a swarm of quadrotor micro aerial vehicles. Our intention is
to create trajectories for a swarm of quadrotors that are as
rich and interleaved as one would see from an air show jet
demonstration team, and to provide a natural interface for a
human operator to guide a swarm through such trajectories. We
introduce an abstraction called a Virtual Rigid Body (VRB)
in order to facilitate the agile control of multi-quadrotor
formations, and transitions between formations. Our strategy is
integrated with differential flatness-based control techniques,
which have been used in the past primarily to design con-
trollers for single quadrotors to execute agile trajectories [1],
[2].

Our trajectory design and control method is useful, for
example, to maintain a swarm of quadrotors in formation
while aggressively maneuvering the formation in a constrained
environment, such as indoors or in dense urban canyons. It
can also be used to transition between different formations to
suit different purposes, for example to move in a triangle for
aerodynamic efficiency, then convert to a line to fit through a
tightly constrained opening.
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Fig. 1. Teleoperated flight of a swarm of five KMel Nano Plus quadrotors.
The pyramidal Virtual Rigid Body formation is rotating and translating,
controlled by a human operator with a joystick. A video is available at
http://sites.bu.edu/msl/vrb-teleoperation.

We also leverage the VRB concept to provide a simple,
intuitive abstraction for a human user to control an arbitrarily
large swarm of quadrotors with a standard gaming joystick.
The human pilot flies the VRB directly as if it were a
single aircraft. Meanwhile, each quadrotor within the VRB
autonomously determines its own control action required to
hold the formation or transition between formations through-
out the maneuver. We combine this with a formation library
from which the user can select a formation to suit the current
situation. This allows the human to direct the swarm through
a variety of environments, in a potentially aggressive manner,
for inspection of buildings, bridges, or other infrastructure,
finding survivors after a disaster, or for surveillance of indoor
and outdoor environments.

Our first key idea is to represent the group of quadrotors as
a single body with a single reference frame, which we call a
Virtual Rigid Body. An individual quadrotor occupies a single
point on the VRB when holding a formation, and it traverses a
trajectory within the VRB when transitioning between forma-
tions. Given a sufficiently smooth trajectory for the Virtual
Rigid Body in SE(3), the quadrotors compute dynamically
feasible SE(3) trajectories by exploiting the differential flatness
of their dynamics. We design a feedback controller based
on differential flatness for the robots to robustly execute
the specified trajectories despite disturbances and modeling
errors. Then, we present a method for sequencing multiple
different formations, and automatically transitioning between
each formation without collisions. This sequence of formations
is executed in the moving reference frame of the Virtual Rigid
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Body, yielding complex interleaved trajectories in the global
reference frame. Our method is partially decentralized and
fully scalable. The VRB trajectory is computed centrally and
communicated to all robots in a broadcast fashion, while each
robot plans and tracks its own trajectory in the moving VRB
frame.

Our second key idea is to extend the VRB abstraction to
provide a human-swarm interface by which a single human
user can simply and naturally teleoperate a swarm of arbi-
trarily many quadrotors. The advantage of our method is the
decoupling of the trajectory control into two subproblems,
(i) controlling the trajectory of the Virtual Rigid Body in
the global reference frame, and (ii) controlling the trajectory
for each individual quadrotor within the Virtual Rigid Body
local reference frame. We let the human operator control the
VRB in the global frame, and let the quadrotors autonomously
compute their own control action in the VRB local frame.
The quadrotors compute collision-free trajectories in the VRB
local frame, thereby giving spatially complex collision free
trajectories in global reference frame.

We demonstrate the effectiveness of our strategy in two
sets of experiments with quadrotors in a motion capture
environment. One experiment is conducted with three quadro-
tors controlled autonomously from a laptop computer. The
quadrotors transition through a sequence of formations, while
their Virtual Rigid Body performs a circling and rolling ma-
neuver. The other experiment is conducted with five quadrotors
teleoperated by a single human user through a standard gaming
joystick, performing arbitrary maneuvers and transitions be-
tween formations at the operator’s command. Figure 1 shows
a snapshot of a teleoperation experiment in a motion capture
environment.

Specifically, our contributions in this work are as follows:
1) We propose the Virtual Rigid Body abstraction, which

allows for the planning and control of interleaved, agile
trajectories of a swarm of quadrotors leveraging differ-
ential flatness.

2) We propose an algorithm for autonomously sequencing
formations and transitions between formations to pro-
duce complex choreographed trajectories for the quadro-
tor swarm using the VRB.

3) We use the VRB together with a formation library as a
simple yet scalable human-swarm interface.

4) We demonstrate the practical usefulness of our algo-
rithms in hardware experiments with groups of quadro-
tors.

A. Related Work

Our Virtual Rigid Body concept is related to the idea of
a virtual structure, which has been used extensively in the
multi-agent formation control literature [3]–[9]. These works
use a pre-defined virtual formation structure, combined with
local control to maintain that structure throughout a maneuver.
The focus has been on controlling mobile robots in the
plane [3], [5], [9], controlling spacecraft formations [4], [6],
controlling underwater vehicles for ocean monitoring [7], or
controlling more abstract mobile agents [8]. In contrast, our

VRB is not a rigid structure, but a dynamic reference frame in
which quadrotors traverse trajectories within the frame when
moving from one formation to another. Also, our method
is closely tied with the specific dynamics of quadrotors to
design an appropriate control strategy based on differential
flatness. Differential flatness allows for the use of highly
efficient trajectory planning algorithms [10], [11], a property
that has been exploited to control single quadrotors through
agile trajectories in [1], [2], [12]. Finally, unlike previous work
in virtual structures, our VRB approach is implemented and
tested with quadrotor hardware, proving its effectiveness as a
practical quadrotor swarm control tool.

Aside from the virtual structure approach, many other
methods have been proposed for formation control and tra-
jectory planning. One popular approach adapts controllers
from multi-agent consensus [13]–[15], to design formation
control strategies, for example [16], [17]. Much existing work
has also focused on solving the position assignment problem
in transitioning a swarm from one formation to another for
quadrotors [18], and for large swarms of abstract agents [19],
[20], or to concurrently plan trajectories while computing the
minimal distance assignment [21].

Our work is concerned with the control of quadrotor
swarms, while important issues surrounding communication
and sensing for quadrotor swarms have also been investigated
in the literature. For example, [22] proposes a leader-follower
approach that adapts to communication delays and failures.
The effects of communication delays on the stability of
quadrotor formations was further studied in [23] and [24]. The
authors of [24] also consider formation control for quadrotors
using only on-board relative bearing sensors, and in [25]
the authors control quadrotor formations using only onboard
sensing from downward-facing cameras.

Our work also deals with human-swarm interfaces. Swarms
of robots inherently have too many degrees of freedom to be
managed by a single human operator, thus some method of
partial autonomy must be employed to aid the operator. Several
architectures have been proposed for human-swarm interfaces
for ground robots, including [26]–[29]. However, there is a
paucity of work in human-swarm interfaces for quadrotor
swarms. One of the few contributions in this area is in [24],
which proposed a haptic interface for steering the quadrotor
formation, avoiding obstacles, and scaling the formation. In
contrast, with our human-swarm interface the user steers the
VRB as if it were a single aircraft, and selects formations
from a library to reconfigure the swarm, while each quadrotor
manages its own trajectory within the VRB.

As part of our human-swarm interface, we also make use
of a formation library, which is related to the existing concept
of a motion primitive library. Motion primitives are widely
used in robotics path planning for the purpose of reducing the
online computational burden, for example, in [30]. Also, in
[31] the authors used a state lattice concept to discretize the
trajectory into a set of motion primitives which can be com-
puted offline. In [32], the authors implemented pre-computed
motion primitives that encapsulate the motion dynamics in the
application of incremental re-planning for exploring unknown
environments. In [33], the authors applied a motion-planning
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methodology based on motion primitives to a realistic small-
sized helicopter model, and in [34], by applying the motion
primitives, the authors proposed a search-based algorithm to
find optimal paths for the MAVs in a constrained environment.
In contrast to these, we use a formation library containing a
set of formations, with motion primitives for all transitions
between the formations, as an interface for a human user to
reconfigure a quadrotor swarm.

A preliminary version of some of the material in this article
was presented in a conference paper [35]. This article refines
and formalizes the key VRB concepts from [35], introduces
the VRB human-swarm interface and formation library, and
presents new hardware experiments.

The remainder of the article is organized as follows. In
Section II, we introduce quadrotor dynamics, formalize their
differential flatness property, and define the Virtual Rigid
Body and related concepts. Section III describes the core
trajectory planning and control tools using the Virtual Rigid
Body abstraction. In Section IV, we describe our human-
swarm interface based on the VRB, and introduce a formation
library for the operator to select between formations. Two
sets of experiments, corresponding to autonomous flight and
teleoperated flight, respectively, are presented in Section V,
and conclusions are discussed in Section VI.

II. PRELIMINARY

In this section, we give the necessary background on the
dynamics of quadrotors, as well as their differential flatness
property, and define the concepts of a Virtual Rigid Body, a
formation, a transformation, and a switch.

A. Quadrotor Dynamics

A quadrotor is well-modeled as a rigid body with forces
and torques applied from the four rotors and gravity [1]. This
is similar to the dynamics of a fixed wing aircraft, but without
the aerodynamic forces and moments from the wings and
stabilizers [36]. The relevant forces, moments, and coordinate
frames are shown in Figure 2.

Fig. 2. Coordinate frames of a quadrotor. The North-East-Down (NED) global
reference frame is denoted by Fw , and the quadrotor body-fixed frame is
denoted by Fb.

As in Figure 2, we define a global reference frame Fw with
a North-East-Down system, and have a body-fixed frame Fb
attached to the quadrotor, with its origin at the center of mass
of the quadrotor. The orientation of the quadrotor with respect

to the global reference frame Fw is defined by the rotation
matrix R, parameterized with ZY X Euler angles, also known
as TaitBryan angles, which are expressed as

R = R(z,ψ)R(y′,θ)R(x′′,φ)

=

 CθCψ SφSθCψ − CφSψ CφSθCψ + SφSψ
CθSψ SφSθSψ + CφCψ CφSθSψ − SφCψ
−Sθ SφCθ CφCθ

 , (1)

where φ is roll, θ is pitch, ψ is yaw, S· is sin(·), and C· is
cos(·) for simplicity. The quadrotor dynamics are given by the
nonlinear system of equations

v̇ = g +
1

m
Rf

Ṙ = RΩ

ω̇b = J−1τ − J−1ΩJωb

ṗ = v,

(2)

(3)

(4)
(5)

where v = [vx, vy, vz]T is the velocity in the global frame
Fw, g = [0, 0, g]T is the acceleration due to gravity, m is
the quadrotor mass, f = [0, 0, fz]T is the total thrust force
generated from the rotors, where fz is the summation of
the four motors’ thrust, hence f is aligned with the negative
vertical body-fixed direction −zb of the body frame Fb. The
rotation matrix R is from (1), ωb = [ωx, ωy, ωz]T is the
angular velocity of the quadrotor expressed in the body frame
Fb, and Ω = ω∧b = [0,−ωz, ωy;ωz, 0,−ωx;−ωy, ωx, 0] is
the tensor form of ωb. The torque generated from the rotors
on the quadrotor is given by τ = [τx, τy, τz]T , expressed in
the body frame Fb. The inertia matrix of the quadrotor is
J, withs its principal axes aligned with the body frame axes,
and p = [x, y, z]T is the global position of the quadrotor
in the global frame Fw. The quadrotor’s inputs are the total
thrust and the three torques µ = [fz, τx, τy, τz]T , which is in
four dimensions, and the system has a 12 dimensional state,
ξ = [x, y, z, vx, vy, vz, ψ, θ, φ, ωx, ωy, ωz]T .

B. Differential Flatness of Quadrotor Dynamics

Planning a trajectory to be executed by a quadrotor is not
trivial, as one must find a trajectory that satisfies the dynamics
(2)–(5), and find the control input that produces that trajectory.
We call a trajectory that satisfies the dynamics of a quadrotor
for some input signal dynamically feasible, which is defined
formally as follows.

Definition 1: (Dynamically Feasible Trajectory) A quadrotor
trajectory ξ(t) is called dynamically feasible over a time
interval [t1, t2] if there exists a control input µ(t) such that
ξ(t) and µ(t) satisfy the equations (2)–(5) for all t1 ≤ t ≤ t2.

Differential flatness [11] is a property of some nonlinear
control systems that greatly simplifies the problem of finding
dynamically feasible trajectories. If a system is differentially
flat, its state vector and input vector can be written in terms of
a smaller number of, so called, flat outputs, and some number
of time derivatives of those outputs [37]. Quadrotor dynamics
are known to be differentially flat [1]. This is useful in
trajectory planning because one can plan an arbitrary trajectory
for the flat outputs (as long as it is sufficiently smooth), and
analytically find a dynamically feasible quadrotor trajectory,
and the control input required to execute that trajectory.
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More formally, a nonlinear control system ξ̇ = f(ξ,µ) is
called differentially flat if there exists an invertible function
α(·) such that

σ = α(ξ,µ, µ̇ · · · ,µ(p)),

for some finite number of time derivatives p, where σ is called
the flat output. Furthermore, the inverse of α(·) gives the
trajectories of ξ and µ as functions of the flat outputs and
up to q time derivatives,{

ξ = β(σ, σ̇, · · · ,σ(q)),

µ = γ(σ, σ̇, · · · ,σ(q)).

The two functions (β(·), γ(·)) together are called the en-
dogenous transformation. In this section we give the endoge-
nous transformation for a quadrotor, with its position and yaw
angle as the flat output.

Theorem 1 (Endogenous Transformation for Quadrotor
Dynamics): Assuming the quadrotor is not in free-fall
(σ̈1:3 6= g), the quadrotor dynamics (2)–(5), with state
ξ = [x, y, z, vx, vy, vz, ψ, θ, φ, ωx, ωy, ωz]T and input µ =
[fz, τx, τy, τz]T , are differentially flat, with the flat outputs

σ = [x, y, z, ψ]T := [σ1, σ2, σ3, σ4]T , (6)

such that ξ = β(σ, σ̇, σ̈,
...
σ), with

β1:7 = [σ1, σ2, σ3, σ̇1, σ̇2, σ̇3, σ4]T

β8 = atan2(βa, βb)

β9 = atan2(βc,
√
β2
a + β2

b )

β10:12 = (RT Ṙ)∨,

(7)

where 
βa = − cosσ4σ̈1 − sinσ4σ̈2

βb = −σ̈3 + g

βc = − sinσ4σ̈1 + cosσ4σ̈2,

(8)

and R is from (1) with the Euler angles ψ = σ4, θ = β8, and
φ = β9.

Furthermore, µ = γ(σ, σ̇, σ̈,
...
σ,

....
σ ), with{

γ1 = −m‖σ̈1:3 − g‖
γ2:4 = J(ṘT Ṙ + RT R̈)∨ + RT ṘJ(RT Ṙ)∨,

(9)

where the subscript denotes components of a vector or vector
valued function, and the ∨ map is the inverse operation of ∧.

Proof: Equivalent results have been shown in [1], [12]
and [38]. We give a compact mathematical proof in Appendix
A.

We will use Theorem 1 to generate dynamically feasible
trajectories ξ(t) and their associated control inputs µ(t) given
a flat output trajectory σ(t). Notice that to use Theorem 1 we
require that we can take up to four time derivatives of σ(t),
that is σ(t) ∈ C4.

C. Virtual Rigid Body

We now define the concept of Virtual Rigid Body, and
related notions. The Virtual Rigid Body, plays an important
role in our control and trajectory design strategy.

We consider a group of N robots labeled by {1, 2, . . . , N}
in the global reference frame Fw. Let Fi denote the local
reference frame of robot i, where i ∈ {1, . . . , N}. We denote
by pi(t) ∈ R3 the position, and Ri(t) ∈ SO(3) the orientation
of robot i with respect to the global reference frame Fw, where
t is time.

Definition 2 (Virtual Rigid Body): A Virtual Rigid Body
(VRB) is a group of N robots and a local reference frame Fv ,
in which the local positions of the robots are specified by a set
of potentially time-varying vectors {r1(t), r2(t), · · · , rN (t)}.

An example is shown in Figure 3, in which there are three
robots in the Virtual Rigid Body.

Let pv(t) ∈ R3 and Rv(t) ∈ SO(3) denote the position and
orientation of the origin of Fv in the global reference frame
Fw at time t. Since robots’ positions are defined locally in the
Virtual Rigid Body as in Definition 2, the relationship between
pi(t) and ri(t) for robot i is described as

pi = pv + Rvri, (10)

∀i ∈ {1, 2, · · · , N}, with “(t)” dropped for simplicity.
We define the trajectory of a Virtual Rigid Body to be the

position and orientation of its local frame Fv as a function of
time,

δv(t) = (pv(t),Rv(t)) ∈ C4 : R≥0 7→ R3 × SO(3),

where we require a VRB trajectory to have a continuous fourth
order time derivative. This smoothness property is required in
order to generate trajectories for the quadrotors in the VRB
using differential flatness. For convenience, the orientation can
also be parameterized with Euler angles or quaternions, rather
than using the rotation matrix directly. In Figure 3, the Virtual
Rigid Body trajectory δv(t) is depicted as a black dashed
line, and the positions of the three quadrotors in the VRB
are depicted in red, blue, and green dashed lines, respectively.

Definition 3 (Formation): A formation Π is a Virtual Rigid
Body with constant local positions {r1, r2, · · · , rN} in Fv

for a group of N robots associated with a time duration of
TΠ > 0.

We denote by mri the local position of robot i in Fv in
formation Πm, and mpi the global position of robot i in Fw

when the Virtual Rigid Body is in formation Πm. In Figure 3,
the local positions of the three robots are labeled as mri and
m+1ri, in the left and right frames, respectively.

In a formation, the local positions of the robots are constant,
but the local orientations of the robots will not be constant.
In fact, the quadrotors will have to rotate significantly in their
local frame in order to maintain their relative positions in the
Virtual Rigid Body when it is tracking an agile trajectory.

Definition 4 (Transformation): A transformation Φ is
a Virtual Rigid Body with time varying local positions
{r1(t), r2(t), · · · , rN (t)} in Fv for a group of N robots
associated with a time duration of TΦ > 0.

In a transformation, the local position ri(t) of robot i
is time varying. Its initial position in the transformation Φ
matches the previous formation, ri(0) = mri, while its
final position in the transformation matches its next formation,
ri(TΦ) = m+1ri, acting as a bridge to reconfigure between
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two different formations. For safety and collision avoidance
considerations within a transformation, we define a constant
clearance radius si for robot i, so the minimum safety distance
between robot i and j is sij = sji = si + sj . Figure 3 shows
a transformation of three robots from a triangle to a line.

Definition 5 (Switch): A switch is an event of transitioning
in a Virtual Rigid Body from a status of formation to a status
of transformation, or vise versa.

The advantage of the Virtual Rigid Body abstraction in
controlling a swarm of quadrotors is that we decouple the
trajectory generation problem into two subproblems. One
subproblem is to plan a trajectory for the Virtual Rigid Body,
so as to treat the whole swarm of quadrotors as a single rigid
body. The other subproblem is to plan the trajectories for all
quadrotors in the frame of the Virtual Rigid Body, as if they
were in a fixed global frame.

For autonomous flight, we design a trajectory for the Virtual
Rigid Body with respect to the global frame Fw, and a
sequence of formations and transformations, with respect to
the Virtual Rigid Body local frame Fv . For teleoperated flight,
we obtain a trajectory for the Virtual Rigid Body in Fw from
a human operator using a standard joystick in real time, while
the trajectories for all quadrotors in Fv are determined by
the human user selecting a sequence of formations from a
formation library in real time.

III. AUTONOMOUS FLIGHT OF QUADROTOR SWARM

In this section, we describe our methods for autonomous
flight in detail. To be specific, we design a sufficiently smooth
trajectory δv(t) of the Virtual Rigid Body and schedule a
sequence of formations and transformations for it, such that
we can autonomously fly a swarm of quadrotors.

A. Problem Formulation

A typical autonomous flight task of a Virtual Rigid
Body with N robots consists of the trajectory δv(t) of
the Virtual Rigid Body, where 0 < t < tMM+1, as
well as M formations {Π1,Π2, · · · ,ΠM} and (M −
1) transformations {Φ1

2,Φ
2
3, · · · ,ΦM−1

M } in a sequence as
{Π1,Φ

1
2,Π2, · · · ΦM−1

M ,ΠM}. The corresponding time du-
rations associated with this formation flight task are in a
sequence as {T1, T 1

2 , T2, · · · , TM−1
M , TM}. The total number

of switches in this task is 2(M − 1). The first formation
starts at t1, the switch from Πm to Φm

m+1 happens at tmm+1,
the switch from Φm

m+1 to Πm+1 happens at tm+1 and the
final formation ends at tMM+1, in which 1 ≤ m ≤ M and
0 ≤ t1 < t12 < t2 · · · < tMM+1.

A section of a typical autonomous flight task of a VRB
with three robots is illustrated in Figure 3. The clearance
radii of all robots are set to s for simplicity. The VRB is in
formation Πm with constant local positions {mr1,

mr2,
mr3}

of the three robots when tm ≤ t < tmm+1, in a transformation
Φm

m+1 with time varying local positions {r1(t), r2(t), r3(t)}
when tmm+1 ≤ t < tm+1, and in another formation Πm+1

with constant local positions {m+1r1,
m+1r2,

m+1r3} when
tm+1 ≤ t < tm+1

m+2. The switches happen at tmm+1 and tm+1,
from Πm to Φm

m+1 and from Φm
m+1 to Πm+1, respectively.

Fig. 3. A section of a typical autonomous flight task with two formations
(the triangle Πm on the left, and the line Πm+1 on the right), and one
transformation (the smooth transition between them) indicated by Φmm+1.

The VRB can be rotating and translating in the global frame
while these local formations and transformations occur. To
accomplish a complete flight task, we need to solve the
following problems.

Problem 1 (Robots’ Trajectories in a Formation): Given a
VRB trajectory δv(t) over a time interval tm ≤ t ≤ tmm+1,
find a dynamically feasible trajectory ξi(t) and associated
control input µi(t) for all robots i ∈ {1, 2, · · · , N}, such that
they maintain a prescribed formation Πm with constant local
positions {r1, r2, . . . , rN} in Fv .

Problem 2 (Robots’ Trajectories in a Transformation):
Given a VRB trajectory δv(t) over the time interval tmm+1 ≤
t ≤ tm+1, find a dynamically feasible trajectory ξi(t) and
associated control input µi(t) for all robots i ∈ {1, 2, . . . , N},
such that they maintain a prescribed transformation Φm

m+1

with time varying local positions {r1(t), r2(t), · · · , rN (t)} in
Fv .

Problem 3 (Transformation Law): Given a VRB trajectory
δv(t) over the time interval tmm+1 ≤ t ≤ tm+1, a formation
Πm with positions {mr1, . . . ,

m rN}, and a formation Πm+1

with positions {m+1r1, . . . ,
m+1 rN}, find a transformation

law ri(t) ∈ C4 in Fv , such that ri(t
m
m+1) = mri and

ri(tm+1) = m+1ri, for robot i, i ∈ {1, 2, · · · , N}.
Problem 4 (Collision Avoidance): Ensure that ‖ri(t) −

rj(t)‖ ≥ si + sj , or equivalently, ‖pi(t)− pj(t)‖ ≥ si + sj ,
for all t ≥ 0, and for all i, j ∈ {1, 2, · · · , N}, i 6= j.

We solve the above problems with the following steps
which are described in detail in the following sections. (i)
First we design a sufficiently smooth Virtual Rigid Body
trajectory δv(t) by assigning keyframes through which the
Virtual Rigid Body must pass, and connecting the keyframes
with a spline curve interpolation. (ii) Next, using the VRB
trajectory, depending on whether the VRB is in a formation
Πm or a transformation Φm

m+1, we calculate the flat outputs
σi(t) = [xi, yi, zi, ψi]

T and their time derivatives up to fourth
order for all quadrotors in the VRB. (iii) Using the endogenous
transformation for the quadrotor dynamics in Theorem 1, we
find a dynamically feasible trajectory ξi(t) and inputs µi(t)
to drive the quadrotor along the trajectory in open loop. A
diagram describing the steps in this process are shown in
Figure 4. (iv) Finally, we use these inputs as reference and
feed-forward terms in a feedback SE(3) controller [1], [39],
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Fig. 4. System diagram in our methods to generate trajectories for the
quadrotors in a VRB of an typical autonomous flight.

[40] for the quadrotors, so that they robustly follow the desired
trajectory. This feed-forward, feedback control architecture is
shown in Figure 5.

Fig. 5. Feed-forward, feedback architecture for controlling a quadrotor. The
open-loop inputs µ(t) generated from the Differential Flatness module are
used as a feed-forward term in the control, while the reference states ξ(t)
from the differential flatness module are used to compared to the measured
states of the quadrotor to produce an error signal for feedback control.

This method can be implemented online and partially
distributed among the quadrotors as follows. First, a base
computer (or a leader quadrotor) computes the trajectory for
the VRB, which is communicated to all quadrotors. Then
each quadrotor uses its own local position information to
generate its trajectory in order to maintain the formation or
transformation.

B. VRB Trajectory Planning

We adapt the keyframe method from [1] to design our
trajectory for the Virtual Rigid Body. However, since the
Virtual Rigid Body is a virtual object, it has no inherent
dynamical constraints. Hence our keyframes for a VRB must
specify every quantity in the trajectory: position, velocity,
acceleration, jerk, snap, Euler angles, and Euler angles rate at
a series of time instances. To construct a trajectory to satisfy
these constraints, we interpolate between the keyframes with
high order Bézier curves. Given two successive keyframes Kl

and Kl+1 with two associated time tl and tl+1, the trajectory
is given by the n-th order Bernstein basis [41],

bnk (t) =

(
n
k

)
(1− t̂)n−k t̂k, k = 0, 1, . . . , n,

where t̂ is the normalized time as t̂ = t−tl
tl+1−tl , tl ≤ t ≤ tl+1,

such that 0 ≤ t̂ ≤ 1. From the Bernstein basis polynomial, we
can formulate the trajectory of the VRB position as a Bézier
curve

pv(t) =

n∑
k=0

Ckb
n
k (t), tl ≤ t ≤ tl+1,

where Ck are called the control points [41], and they are the
coefficients to be solved from the initial and final constraints at
time tl and tl−1, respectively. Coefficients are found separately
for each dimension of the trajectory xv(t), yv(t), zv(t), and

the three Euler angles. For example, the constraints for xv(t)
are 

xv(tl) =
∑n

k=0 Cx,kb
n
x,k(tl)

...
....
x v(tl) =

∑n
k=0 Cx,kb

n(4)
x,k (tl)

xv(tl+1) =
∑n

k=0 Cx,kb
n
x,k(tl+1)

...
....
x v(tl+1) =

∑n
k=0 Cx,kb

n(4)
x,k (tl+1)

, (11)

where b
n(4)
x,k (·) means the fourth derivative of bnx,k(·). Gen-

erally, the system of equations (11) can be solved with the
degree n ≥ 9.

Figure 6 shows the first a few sections of a VRB trajectory
generated from the method described above. It consists of
five keyframes with assigned time instances t1 to t5 and the
corresponding velocity, acceleration, and frame orientations.
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1.5
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1
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t3 = 6:5s

Fw

0

0

-0.2
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-1.2

-1.4
z

(m
)

Vel (m=s)
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Fig. 6. An example of four sections of trajectory for a Virtual Rigid Body
parameterized with five keyframes. The trajectory starts from the origin of
Fw and the Virtual Rigid Body frame Fb is plotted to present the required
orientations. The x axis is in red, y axis is in green, and z axis is in blue.

C. Trajectories for the Quadrotors in a Formation

In this section we solve Problem 1. We require the Virtual
Rigid Body trajectory, whose design is described in the previ-
ous section, as well as a fixed set of local positions, defining
the formation of the quadrotors in the Virtual Rigid Body. In
order to fly the quadrotors safely in a sequence of specified
formations, we require that the formations satisfy the following
assumption.

Assumption 1: (Safety Configuration) In a flight task with
M formations {Π1,Π2, · · · ,ΠM}, the desired local posi-
tions {mr1,

m r2, · · · ,m rN} of the N robots in a Virtual
Rigid Body for formation Πm, m ∈ {1, 2, · · · ,M}, satisfy
‖ mri − mrj‖ ≥ si + sj , ∀ i, j ∈ {1, 2, · · · , N}, i 6= j.

We give an example of six formations designed for three
quadrotors in Figure 7, with Assumption 1 be satisfied.

Given a Virtual Rigid Body trajectory and a given formation
with constant local position ri for quadrotor i, the flat outputs
and their derivatives for quadrotor i can be generated using
the following simple result.
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Fig. 7. Example of six formations for three quadrotors with safe distance
guaranteed.

Proposition 1 (Trajectories in a Formation): Given a tra-
jectory δv(t), for a Virtual Rigid Body, with constant local
positions {ri, r2, · · · , rN} in Fv of the N robots. The position
pi(t) of robot i in the global frame Fw is given by (10), and
its derivatives can be calculated as

ṗi = ṗv + Ṙvri

p̈i = p̈v + R̈vri...
pi =

...
pv +

...
Rvri....

p i =
....
p v +

....
Rvri

, ∀i ∈ {1, 2, · · · , N}, (12)

while the yaw angle ψi(t) and its derivatives can be inherited
directly from that of the Virtual Rigid Body.

Proof: (12) is directly obtained by continually taking time
derivatives from (10), in which ri is constant.

The Virtual Rigid Body position pv(t) and its derivatives
in (12) can be obtained from the designed keyframes and the
corresponding Bézier curve as in (11), while Rv(t) and its
derivatives can not be obtained explicitly, since we designed
the trajectory for the Virtual Rigid Body parameterized with
Euler angles. Fortunately, we have the following equation that
relates the angular velocity and the Euler angles rates,

ωb =

 1 0 − sin θ
0 cosφ sinφ cos θ
0 − sinφ cosφ cos θ

 φ̇

θ̇

ψ̇

 , (13)

as well as the kinematic equation Ṙv = RvΩv , in which
Ωv = ω∧b . By taking derivatives of the kinematic equation
repeatedly, we have

R̈ = ṘΩ + RΩ̇
...
R = R̈Ω + 2ṘΩ̇ + RΩ̈
....
R =

...
RΩ + 3R̈Ω̇ + 3ṘΩ̈ + R

...
Ω

, (14)

with the subscript “v” dropped for simplicity. Derivatives of
Ωv can be calculated by taking derivatives repeatedly and
element-wisely of (13).

Remark 1 (Flat Outputs of a quadrotor): For quadrotor i,
position pi(t) and yaw angle ψi(t) make up the flat outputs as
σi(t) = [pi(t);ψi(t)] = [xi(t), yi(t), zi(t), ψi(t)]

T . σi(t) and
its derivatives σ̇i(t), σ̈i(t),

...
σi(t) and

....
σ i(t) are the inputs for

the endogenous transformation in finding the reference states
and inputs for tracking a trajectory specified with σi(t). The
continuity of σi(t) in C4 is guaranteed from (13) and (14) and
the fact that the VRB trajectory δ(t) ∈ C4.

Trajectories for three quadrotors generated in this way are
shown in Figure 8. The Virtual Rigid Body trajectory used to

generate these quadrotor trajectories is that shown in Figure 6,
while the formations are Π1 and Π2 from Figure 7. We
describe the transformation between these two formations Φ1

2

in the next section.
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Fig. 8. Trajectories generated for three quadrotors given the Virtual Rigid
Body trajectory from Figure 6, and the two formations, Π1 and Π2 from
Figure 7, with a transformation between them. Notice the rolling and turning
of the Virtual Rigid Body causes the formation to turn on its side in the global
frame.

D. Trajectories for the Quadrotors in a Transformation

The procedure for solving Problem 2 is similar to that
in Section III-C, except here we have time varying local
positions in the VRB frame for all robots. In this case we
have the following results to generate the flat outputs and their
derivatives for all quadrotors.

Proposition 2 (Trajectories in a Transformation): Given a
trajectory δv(t) for a Virtual Rigid Body with time varying
local positions {r1(t), r2(t), · · · , rN (t)} in Fv , in which
tmm+1 ≤ t ≤ tm+1, of the N quadrotors. The position pi(t)
of robot i in the global frame Fw is given by (10), and its
derivatives can be calculated as

ṗi = ṗv + Ṙvri + Rv ṙi

p̈i = p̈v + R̈vri + 2Ṙv ṙi + Rv r̈i...
pi =

...
pv +

...
Rvri + 3R̈v ṙi + 3Ṙv r̈i + Rv

...
r i....

p i =
....
p v +

....
Rvri + 4

...
Rv ṙi + 6R̈v r̈i + 4Ṙv

...
r i

+ Rv
....
r i

, (15)

for t ∈ [tmm+1, tm+1], while the yaw angle ψi(t) and its
derivatives can be inherited directly from that of the Virtual
Rigid Body, ∀i ∈ {1, 2, · · · , N}.

Proof: (15) is directly obtained by continually taking time
derivatives from (10), in which all variables are time varying.

From (15), we can make up the flat outputs σi(t) and their
four time derivatives for quadrotor i for t ∈ [tmm+1, tm+1]. The
position trajectory pi(t) is continuous in C4 only if ri(t) is
continuous in C4. Intuitively, the position of the robot i must
be C4 continuous in the VRB local frame Fv , such that{

ri(t
m
m+1) = mri

ri(tm+1) = m+1ri
, ∀i ∈ {1, 2, · · · , N}. (16)
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Comparing (12) to (15), we also require the velocity,
acceleration, jerk and snap to be continuous at the switch time
instance between a formation and a transformation, and vise
versa,

ṗi(t
m
m+1) = mṗi

...
....
p i(t

m
m+1) = m

....
p i

ṗi(tm+1) = m+1ṗi

...
....
p i(tm+1) = m+1

....
p i

, ∀i ∈ {1, 2, · · · , N},

which gives us
ṙi(t) = 0

r̈i(t) = 0
...
r i(t) = 0
....
r i(t) = 0

, t = tmm+1 and tm+1. (17)

Proposition 1 and 2 show that if ri(t) is well designed for
quadrotor i in the VRB local frame Fv , we can retrieve flat
output trajectories and their four time derivatives for all the
quadrotors in the global frame Fw.

E. Transformation Law for Collision Avoidance

In this section we solving Problem 3 to find sufficiently
smooth trajectories for a transformation between two forma-
tions. Intuitively, the velocity, acceleration, jerk, and snap must
be continuous at the switch time instances in order to give a
feasible trajectory for the quadrotor. Furthermore, the safety
assumption, Assumption 1, should be satisfied throughout the
transformation—then as long as Assumption 1 is satisfied
for each transformation, we will have solved Problem 4, as
well. More precisely, we will give a transformation law for
robot i to find ri(t) such that the transformation conditions
(16) and (17) are satisfied, and transitioning from formation
Πm to formation Πm+1 is smooth in the Virtual Rigid Body
local frame Fv , while the safety distance among quadrotors is
guaranteed, as well.

The first element to designing a transformation law is to
solve a target assignment problem, which can be solved by
the well-known Hungarian Algorithm. A number of either
centralized or decentralized methods can be used, for example
those in [19]–[21]. However, straight line trajectories gen-
erated in this way (by naively matching the initial position
in one formation with the final position in another) may
yield trajectories that violate the minimum safety distance. To
modify the trajectories to prevent collision, we employ the
vector field based method from our previous work [12], in
which we present an algorithm to give a dynamically feasible
trajectory for a quadrotor to avoid colliding with a static
obstacle. Here we modify this algorithm so that all quadrotors
move to avoid colliding with others.

To this end, we create a vector field for each quadrotor.
The vector field is a combination of two fields, one is a
transformation vector field, and the another is a repelling
vector field, as shown in Figure 9. The velocity in each field

is named as transformation velocity, and repelling velocity,
respectively. The transformation vector field considers only
the initial and goal positions of the corresponding quadrotor
to drive it from its initial position to its goal position, and the
repelling vector field considers the repelling effects from all
other nearby quadrotors to avoid the collision.

The transformation velocity vTi in the transformation vector
field at ri(t) for quadrotor i is generated from

vTi = Ai sin(airi(t) + ci), ∀i ∈ {1, 2, · · · , N}, (18)

in which Ai is a constant coefficient, and ai, ci are the
parameters that make sure when ri(t

m
m+1) = mri and

ri(tm+1) = m+1ri, we have vTi = 0, i.e., ṙi(t) = 0 in
(17).

The repelling velocity vRi of quadrotor i generated from
the repelling vector of quadrotor j is given by

vRi =

Bj

(
D−‖ri−rj‖
D−si−sj

)2
ri−rj
‖ri−rj‖ , if j ∈ Ni

0, if j /∈ Ni

, (19)

where i 6= j, and Ni denotes the neighbors of quadrotor i.
The term Bj is a constant coefficient, and D is a threshold
defines Ni by j ∈ Ni, if ‖rj(t) − ri(t)‖ ≤ D. Furthermore,
the velocity of quadrotor i is the combination of (18) and (19),

vi = vTi + vRi ,∀i ∈ {1, 2, · · · , N},

and 
v̇i = J (vi, ri) · vi

v̈i = J (v̇i, ri) · v̇i
...
vi = J (v̈i, ri) · v̈i

,

where J (f(x),x) denotes the Jacobian matrix of the function
f(x). Note that ṙi(t) = vi(t), r̈i(t) = v̇i(t),

...
r i(t) = v̈i(t)

and
....
r i(t) =

...
vi(t). Then by Proposition 2, the flat output and

its derivatives are obtained, which are necessary to produce a
dynamically feasible trajectory for all quadrotors using the
standard endogenous transformation from differential flatness
theory [1], [12].

Figure 10 shows the result we get from our combined vector
field method for designing the transformation law. Robot 1
and robot 2 bend their trajectories so that the minimum safety
distance is guaranteed.

One important factor in planning autonomous flight for a
quadrotor swarm using the tools described above is actuator
saturation. We do not explicitly consider actuator saturation in
this work, however when designing a practical VRB trajectory,
one must be aware that quadrotors have finite thrust capabil-
ities. If a designed trajectory is too aggressive, the quadrotor
motors will saturate, and the quadrotor will lag behind its
intended trajectory in the VRB. In the worst case, this can
lead to collisions, motor damage, and a loss of the formation.
In the future, it would be interesting to explicitly avoid
actuator saturation as part of the VRB trajectory planning task,
although this is beyond the scope of the current paper.

Using the methods described in this section, an autonomous
flight of a swarm of three micro aerial vehicles is illustrated
in Section V-A with the six example formations in Figure 7.
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Fig. 10. Left: trajectories of the three quadrotors in transformation Φ1
2, which
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F. Computational Complexity Analysis

This method can be implemented in a centralized or a
decentralized control architecture. In a centralized control ar-
chitecture, a base computer deals with all algorithms involved,
including the following procedures,

(a) generation of a section of trajectory of the Virtual Rigid
Body;

(b) calculation of desired flat outputs for each quadrotor by
Proposition 1 or 2;

(c) calculation of desired trajectory, including the reference
states and feed-forward inputs, for each quadrotor by
Theorem 1;

(d) execution of the feed-forward, feedback SE(3) controller
algorithm for each quadrotor;

(e) collision avoidance during a transformation using the
artificial potential fields from (18) and (19).

In a decentralized control architecture, however, the base
computer only needs to compute a section of the trajectory

for the Virtual Rigid Body (procedure (a)), then wirelessly
broadcast the trajectory data to all quadrotors. Procedures (b)–
(e) are distributed to each quadrotor for execution. In both
cases, the assignment problem required for a transformation
using the Hungarian Algorithm is run by the base computer,
while the repelling vector field algorithm (procedure (e)) is
run by each quadrotor onboard for the decentralized case.

Specifically, let the number of quadrotors in a swarm be
N ≥ 2. In the centralized control architecture, procedure
(a) is independent of N , and procedures (b) to (d) are
proportional to N , hence the computational complexity for
these procedures is O(N). However, procedure (e) depends on
N and on the definition of the neighborhood Ei of quadrotor
i. Considering the worst case that all other quadrotors are
within the neighborhood Ei of quadrotor i, the computational
complexity is O(N2) for procedure (e). In conclusion, the
total computational complexity is no worse than O(N2) for
the centralized control. While for the decentralized control
architecture, each quadrotor run procedures (b) to (e) on
its own (independent of N ), and in the worst case, only
procedures (e) is proportional to N . Hence, in conclusion,
the total computational complexity for each quadrotor for the
decentralized control architecture is O(N).

IV. INTUITIVE HUMAN INTERFACE FOR QUADROTOR
SWARMS

In addition to our trajectory generation methods described
in Section III, we propose a new method for a single human
operator to control an arbitrarily large swarm of quadrotors.
The main idea is to let the human operator control the VRB
with a joystick interface as if the VRB were a single aircraft.
Then each quadrotor controls its own trajectory to follow the
VRB using the trajectory generation and control techniques
from the previous section. We also propose a formation library
architecture in which a set of formations and transformations
are stored. The human user selects different formations from
this library throughout the mission to suit the given situation.
This human-swarm interface retains the reactivity and flexibil-
ity of human supervised control, while providing an intuitive
interface that does not overwhelm the user with an excessive
number of degrees of freedom.

The system diagram of our human-swarm interface is shown
in Figure 11. The feed-forward, feedback control architecture
in Figure 5 is also included in our control since once the flat
outputs of a quadrotor are obtained, we can compute the de-
sired reference states and feed-forward input from Theorem 1,
and use the feed-forward, feedback SE(3) controller described
in the previous section.

Fig. 11. System diagram of flying a quadrotor swarm with our human-swarm
interface.
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A. Joystick Interface

The joystick gives commands to our base computer, which
interprets the commands as a state trajectory for the Virtual
Rigid Body. The commanded VRB state is then broadcast to
the quadrotors, as shown in Figure 12. This control method is
intuitive, since the joystick is widely used in flight simulators
and computer games. The axes of the joystick are interpreted
as commanded Euler angles and thrust, while the buttons on
the joystick are used to select different formations. The goal of
this section is to describe the map between the joystick signal,
namely, Euler angles and thrust (φJ(t), θJ(t), ψJ(t), fJ(t))
and their first derivatives (φ̇J(t), θ̇J(t), ψ̇J(t), ḟJ(t)), to the
Virtual Rigid Body trajectory δv(t) in real time.

Fig. 12. A standard joystick - Logitech Extreme 3D Pro, which has 4
axes corresponding to the three Euler angles and the thrust, and 12 buttons
that are assigned to different formations. Euler angles and the thrust can be
differentiated numerically to get the Euler angles’ rate and thrust rate, which
are then be mapped to the trajectory of the Virtual Rigid Body.

The raw data from the joystick is noisy due to unavoidably
jerky motion from the human hand. To smooth this signal,
we apply a first order filter. An example of the joystick data
is illustrated in Figure 13. Notice that the roll φJ(t), pitch
θJ(t) and yaw rate ψ̇J(t) are from the joystick directly, so
that the roll rate φ̇J(t) and the pitch rate θ̇J(t) are obtained
by numerical differentiation from φJ(t) and θJ(t), while the
yaw ψJ(t) is obtained by numerical integration from ψ̇J(t).
Also, ψ̈J(t) can be obtained by numerical differentiation from
ψ̇J(t). Given these filtered inputs, we now must find the VRB
trajectory that the user intends.

Problem 5 (VRB Trajectory from Joystick Commands):
Knowing the input signal from the joystick as φJ(t), θJ(t),
ψJ(t), and fJ(t), and their derivatives as φ̇J(t), θ̇J(t), ψ̇J(t)
and ḟJ(t), find a trajectory δv(t) ∈ C4 for the Virtual Rigid
Body.

There are many potential ways to solve this problem.
In general, the system designer can choose to assign any
dynamics to the VRB to achieve a VRB trajectory from the
input signal. For example, one may let the VRB behave itself
as a quadrotor, or as a fixed wing aircraft, or as an integrator.
Our solution here is to consider the simplest approach, which
is to treat the VRB as a single integrator in a 3D space, while
the orientation of the Virtual Rigid Body is inherited from the
joystick directly. Specifically, the VRB dynamics are modeled
as

ṗv(t) = vv(t). (20)
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Fig. 13. Sample data from a Logitech Extreme 3D Pro joystick. Left:
Orientation data as Euler angles in ◦, and thrust data in grams. Right: Euler
angles’ rate and thrust rate data in ◦/s and grams/s, respectively. Thin black
lines are the raw data while the colored lines are the filtered signal.

Again, we apply a first order filter to the velocity input vv(t)
as

v̇v(t) = −avv(t) + u1(t), (21)

where a is a positive value. The input u1(t) comes from the
joystick by

u1(t) =

 e1θJ(t)
e1φJ(t)
e2fJ(t)

 , (22)

where e1 and e2 are constant positive scaling factors that e1
scales the horizontal speed while e2 scales the vertical speed.
The two scaling factors e1 and e2, along with the positive
parameter a in (21), can be used as three variables for tuning
the aggressiveness of the maneuvering. These parameters
should be tuned so as to avoid actuator saturation.

From (20) to (22), we obtain the VRB position trajectory
pv(t) in real time, as well as its velocity vv(t). However,
Proposition 1 and 2 show that the VRB trajectory is required
to be δv(t) ∈ C4, because its acceleration v̇v(t) ≡ p̈(t), jerk
v̈v(t) ≡

...
p(t) and snap

...
vv(t) ≡

....
p (t) need to be found from

the joystick commands.
Similar to (21), we apply again a first order filter to the

acceleration of the VRB

ȧv(t) = −aav(t) + u2(t), (23)

where the input v2(t) comes from the joystick by

u2(t) =

 e1θ̇J(t)

e1φ̇J(t)

e2ḟJ(t)

 .
We obtain jerk and snap directly as{

jv(t) = ȧv(t)

sv(t) = j̇v(t)
. (24)
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The pitch and roll Euler angles of the Virtual Rigid Body are
given directly by the joystick Euler angles φv(t) = φJ(t) and
θv(t) = θJ(t), respectively, and their derivatives. For yaw, the
user commands the yaw rate directly by twisting the joystick,
where ψ̇v(t) is proportional to the angle of twist, and it is a
direct output from the joystick. Then the VRB yaw angle ψv(t)
and higher yaw derivatives are determined by integration and
differentiation of the yaw rate, respectively.

In conclusion, (20), (21), (23) and (24), as well as the
orientation parameterized as Euler angles give the desired
trajectory δv(t) for the Virtual Rigid Body. As an example of
our solution, Figure 14 shows the components of the generated
trajectory of the Virtual Rigid Body from the joystick data
shown in Figure 13.
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Fig. 14. Left: Virtual Rigid Body position and its derivatives up to fourth
order. Right: Virtual Rigid Body orientation and its derivatives up to second
order, parameterized as Euler angles.

Thus far, the flat outputs σi(t) and its derivatives of
quadrotor i in the Virtual Rigid Body can be calculated, by
applying Proposition 1 and 2, depending on if the Virtual Rigid
Body is in a formation or in a transformation status. Then, by
applying the endogenous transformation as in Theorem 1, and
a feed-forward, feedback SE(3) controller as in Figure 5, we
obtain the control commands for all quadrotors.

B. Formation Library

As part of our human-swarm interface we propose the im-
plementation of a formation library to store a set of formations
as well as all transformations between any pair of formations
for the Virtual Rigid Body.

Definition 6 (Formation Library): A formation library Ξ
is a collection of formations {Πi|i ∈ {1, . . . ,M}} and all
transformations {Φi

j |i ∈ {1, . . . ,M}, j ∈ {1, . . . ,M}, i 6= j}
from one formation to another for a given time duration T ,
for a Virtual Rigid Body of N ≥ 2 quadrotor robots.

To demonstrate our concept, an example of a formation
library for a VRB with five quadrotors is shown in Figure 15,
in which we have chosen five different formations. The VRB

local frame Fv is assigned at the center of mass of each
formation. In Figure 15, all formations are in a plane except
for the “Pyramid” formation. For these five formations, there
are 20 transformations, considering that the transformation
from Πi to Πj is different from the one from Πj to Πj ,
where i 6= j. To generate the transformations of our formation
library, the vector field method described in Section III-E
is applied. Figure 16 shows two examples of the resulting
transformations. One is transforming from “Trapezoid” Π1

to “Line” Π2, and another one is from “Pentagon” Π3 to
“Pyramid” Π4.
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Fig. 15. Formations “Trapezoid”, “Line”, “Pentagon”, “Pyramid” and
“Square” for a Virtual Rigid Body of five quadrotors. Different colors donate
different quadrotors, and the thin black circles present the safety diameters.
The edges of neighborhood are plotted in magenta lines.
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An application of our joystick interface and formation li-
brary methods for human control of a swarm of five quadrotors
is illustrated in Section V-B.

V. EXPERIMENTS

The Virtual Rigid Body based methods are implemented
to control two swarms of quadrotors in autonomous flight,
and tele-operated flight, respectively. The two experiments
share the same code base with different interface for the
two flights. Our algorithms were implemented in C/MEX
in MATLAB, so that an ordinary laptop can handle our
algorithms for the quadrotor swarms. Position and orien-
tation for the quadrotors are obtained with a 16 cam-
era OptiTrack motion capture system running at 120Hz.
Once again, a video of these experiments is available at
http://sites.bu.edu/msl/vrb-teleoperation.

A. Experiment 1: Autonomous Flight of a Quadrotor Swarm

Our first experiment uses three KMel K500 quadrotors
flying through a sequence of the six formations shown in
Figure 7, with five transformations generated between each
two successive formations, while following a Virtual Rigid
Body trajectory. The VRB trajectory is designed to move in a
tight circle, while spinning with a constant angular rate about
the roll axes. A minimum relative distance of 0.7m is set
in our formations such that collision would easily occur if
no transformation law is applied, since the actual diameter
of a KMel K500 quadrotor is 0.55m. Including the five
keyframes shown in Figure 6, we have designed 30 keyframes
in 71 seconds for the entire flight demonstration. Figure 17
shows the three trajectories for the three quadrotors. The three
quadrotors circle in the flight arena while transitioning be-
tween different formations within a rotating VRB. Notice that
the three trajectories are only plotted to show the interleaved
trajectories obtained from our control algorithm, while in the
real experiment, our algorithm plans only a section of the
trajectory before taking off or at the switch time instances,
in real time.
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Fig. 17. The full trajectories for the three quadrotors in experiment 1. Several
formations are depicted in magenta.

The planning and control algorithms from Section III were
implemented with C/MEX code in MATLAB installed on a

normal laptop computer (quad core i5 Intel processor running
at 2.6GHz, with 8GB RAM), which is capable of generating a
segment of the trajectory in less than 5 ms for three quadrotors.
This is fast enough for online implementation—planning a new
trajectory segment at each switch time instance. The control
action for each quadrotor was computed in a centralized
fashion on this laptop computer, rather than onboard the
quadrotors themselves. However, we expect the computational
speed to increase when implemented in a distributed fashion
onboard the quadrotors.

An eight-frame sequence of the supplementary video is
shown in Figure 18. The motion of the quadrotors is difficult
to appreciate from the still frames, hence we refer the reader
to the experiment video.

Fig. 18. Snapshots from the experimental video with the Virtual Rigid Body of
three quadrotors circling in the flight arena. During this experiment, TheVirtual
Rigid Body is in (a) Π1 while taking off from ground; (b) Φ1

2; (c) the
beginning of Π2; (d) Π3; (e) Φ3

4; (f) Π4; (g) Π5 and (h) Π6 while landing.

B. Experiment 2: Tele-operated Flight of a Quadrotor Swarm

Our second experiment uses five KMel Nano Plus quadro-
tors, controlled by a human operator (the first author) using
a Logitech Extreme 3D Pro joystick with a formation library.
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Fig. 19. Time line of experiment 2. The experiment 2 has four transformations
triggered by the human user from the Logitec joystick.

The formation library has five formations, as shown in Fig-
ure 15, and 20 transformations, in which two of them are
plotted in Figure 16. The Logitech Extreme 3D Pro joystick
is plugged into our flight base computer. On the joystick,
the buttons are mapped to the formation in the formation
library. When the human operator selects a new formation
Πm+1 with the press of a button, this initiates a switch into
the transformation Φm

m+1, which transitions from the current
formation Πm to the new selected formation.

Our tele-operated flight experiment lasts 107 seconds in
total, while the Virtual Rigid Body transitions through for-
mations Π1, Π2, Π3, Π4 and then back to Π1, as well as
the transformations between each two successive formations.
A time line of this experiment is shown in Figure 19, and an
eight-frame sequence from the experiment video is shown in
Figure 20. One can see the motion blur in frame (d) compared
to frame (c), since when the VRB is rotating quickly, the
quadrotors are maneuvering more aggressively.

C. Experiments Performance

To evaluate the performance of our experiments, we define
a error metric as

ε(t) =
1

||E||
∑

(i,j)∈E

||pij(t)|| −
1

||E||
∑

(i,j)∈E

||rdij(t)||

:= η1(t)− η2(t),

where E is the edge set for the formations, and ||pij(t)|| =
||pi(t) − pj(t)|| is the distance of quadrotor i to quadrotor
j in global frame Fw, while ||rdij(t)|| = ||rdi (t) − rdj (t)|| is
the desired distance of quadrotor i to quadrotor j in the VRB
local frame Fv , in either a formation or a transformation. The
error metric of both experiments are plotted in Figure 21. The
large peak of ε(t) for experiment 1 is caused by the down-
wash air flow since the formation is tight with respect to the
quarotor diameter. With the exception of this downwash effect,
the quadrotors closely track their intended trajectories from the
VRB.

VI. CONCLUSIONS REMARKS

In this article, we proposed a suite of planning and control
tools for controlling the flight of a swarm of quadrotors
through agile, interleaved maneuvers. The main concept of a
Virtual Rigid Body, together with differential flatness-based
control, allows for the trajectory of the whole swarm to
be decoupled from the trajectories of all quadrotors within
the swarm. Our methods enable a swarm of quadrotors to
hold formations or to transition between formations in a

Fig. 20. Snapshots from the experimental video with the Virtual Rigid Body of
five quadrotors controlled by a human user from a joystick. The Virtual Rigid
Body is in (a) initial formation of “Trapezoid” Π1 at 7s, (b) a transformation
from “Trapezoid” formation Π1 to “Line” formation Π2 at 23s, (c) “Line”
formation Π2 at 27s, (d) rotation mode with “Line” formation Π2 at 34s,
(e) in transformation of wrapping into “Pentagon” formation Π3 from “Line”
formation Π2 at 43s, (f) in a “Pentagon” formation Π3 at 46s, (g) in
a “Pyramid” formation Π4 at 60s and (h) rotation mode with “Pyramid”
formation Π4 at 69s. Quadrotors that are obscured by the dark background
are highlighted with a green circle.
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Fig. 21. Performance of experiment 1 (left) and experiment 2 (right). In
experiment 1, the error peaks come from the down-wash air flow when there
is one quarotor flying beneath another one at a relatively small distance.

local reference frame, while the their Virtual Rigid Body
rotates and translates arbitrarily in the global fixed frame.
The trajectory of the VRB can be choreographed by a base
computer, or it can be controlled directly by a human user
from a standard joystick, providing a simple, natural human-
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swarm interface. In the future, it would be interesting to extend
the VRB trajectory planning and human-swarm interface to
explicitly avoid actuator saturation. It would also be interesting
to consider dynamically changing the number of quadrotors
in the swarm, splitting and merging separate swarms, and
implementing our swarm control tools using outdoors using
GPS for position feedback.

APPENDIX
PROOF OF THEORM 1

Proof: (6) is trivial since the flat outputs are chosen
directly from the states.

We then prove (7). β1:7(·) is trivial again since they are
from the flat outputs and their first time derivatives,

[x, y, z, vx, vy, vz, ψ]T = [σ1, σ2, σ3, σ̇1, σ̇2, σ̇3, σ4]T

:= β1:7(σ, σ̇). (25)

Define zb to be the last column in the rotation matrix
R, which has unit magnitude. Equation (2) shows that f =
[0, 0, fz]T , is the total thrust vector expressed in Fb, hence f
is parallel to zb. Solving for f in terms of known quantities
and normalizing to get zb gives

zb = − σ̈1:3 − g

‖σ̈1:3 − g‖
, (26)

where σ̈1:3 = v̇ = [σ̈1, σ̈2, σ̈3]T is the acceleration from the
flat output space. This is well-defined under the assumption
(stated in the theorem) that σ̈1:3 6= g. Since zb is the third
column of the rotation matrix R as in (1), we have cosφ sin θ cosψ + sinφ sinψ

cosφ sin θ sinψ − sinφ cosψ
cosφ cos θ

 = zb,

which can be solved implicitly as sinφ
cosφ sin θ
cosφ cos θ

 =

 sinψ − cosψ 0
cosψ sinψ 0

0 0 1

 zb, (27)

substitute (26) into (27), we get{
φ = atan2(βa, βb) := β8(σ, σ̇, σ̈)

θ = atan2(βc,
√
β2
a + β2

b ) := β9(σ, σ̇, σ̈),
(28)

where βa, βb and βc are shown in (8). The normalization
operation of zb, i.e., 1

‖σ̈1:3−g‖ , is eliminated since it is the
common divisor of the two arguments in the atan2(·) function.

With the Euler angles φ, θ and ψ, the rotation matrix R is
then calculated as in (1), and we define

R := βR(σ, σ̇, σ̈).

Time derivatives of R can be found by the chain rule, and
(3) shows that

Ω = R−1Ṙ = RT Ṙ = βT
Rβ̇R := βΩ(σ, σ̇, σ̈,

...
σ), (29)

since Ω = ω∧b , then ωb can be calculated by its inverse, as

ωb = Ω∨ = (βT
Rβ̇R)∨ := β10:12(σ, σ̇, σ̈,

...
σ). (30)

In summary, (25), (28) and (30) conclude the endogenous
transformation of the states, as in (7), is a function of the flat
outputs up to third time derivatives.

At last, let’s prove (9). As the same as zb, we can solve fz
from (2) as

fz = m(zb · [σ̈1, σ̈2, σ̈3 − g]T )

= −m‖σ̈1:3 − g‖ := γ1(σ, σ̇, σ̈), (31)

and τ = [τx, τy, τz]T is then obtained from (4) in the
knowledge of ω̇b. From (30), we have

ω̇b = ˙(Ω∨) = (Ω̇)∨ = (β̇T
Rβ̇R + βT

Rβ̈R)∨,

then

τ = Jω̇b + ΩJωb

= J(β̇T
Rβ̇R + βT

Rβ̈R)∨ + βT
Rβ̇RJ(βT

Rβ̇R)∨

:= γ2:4(σ, σ̇, σ̈,
...
σ,

....
σ ), (32)

In Summary, (31) and (32) conclude the endogenous trans-
formation of the inputs, as in (9), which is a function of the
flat outputs up to fourth order time derivatives.
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