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This paper considers the problem of informative path
planning under temporal logic (TL) correctness constraints.
For example, a robot deployed to a building after a
natural disaster must explore the area and report possible
locations of survivors with minimum uncertainty. The robot
must satisfy the correctness requirement “Always avoid
obstacles. Report data to rescuers at a data upload hub
before exiting the scene. If a location with suspected fire
is visited, investigate and report immediately.” In this
work, we map the constrained informative path planning
problem to a stochastic optimal control problem over a
Markov decision process that integrates a robot’s motion
under a given TL specification with its sensing model. We
develop an optimal dynamic programming algorithm and a
receding horizon approximation with significantly reduced
computational cost. Both solutions are guaranteed to satisfy
the given specification and are evaluated using simulations
and experiments with ground robots. Our results show that
the receding horizon solution approximates the optimal
method closely, which indicates usefulness for persistent
information gathering tasks.

I. INTRODUCTION

We address the problem of constructing a control

policy for a mobile agent that both satisfies a high-

level mission with respect to its environment given as a

temporal logic (TL) formula and collects the maximum

amount of information about an a priori unknown fea-

ture. Consider a robot deployed to a building after a nat-

ural disaster to locate survivors. Its tour must conform to

requirements such as avoiding collisions with obstacles,

visiting locations where it can transmit data to rescuers

after visiting areas of interest, and exiting the building

at one of several possible exits either at the end of its

tour or if it becomes damaged while in operation. These

requirements can be expressed naturally as a TL formula.

In addition, the robot must ensure it locates survivors as

precisely as possible. Informative path planning deals

with the problem of planning trajectories such that the

agents’ sensors take the best possible measurements,

usually by optimizing over some information-theoretic

quantity like mutual or Fischer information. In this paper,

we consider the problems of TL planning and informa-

tive path planning simultaneously. We provide dynamic

programming algorithms that are guaranteed to satisfy

complex motion constraints while also maximizing the

informativeness of the resulting path. The performance

of these algorithms are characterized with theoretical

results, Monte Carlo simulations, and experiments with

a ground robot localizing a randomly moving agent.

The agent’s estimate of the feature is given as a

probability mass function (pmf) over a discrete set that is

maintained over time via recursive Bayesian estimation.

Paths are optimized with respect to the Shannon entropy

of this pmf [30].

We consider constraints on the motion of the agent

that can be described with syntactically co-safe linear

temporal logic (scLTL) [20], [23], a fragment of the

more familiar LTL [3] suitable for describing finite time

properties. These formulae can be used to express a large

class of natural constraints on the motion of robots, such

as “Eventually reach the target region while avoiding

unsafe regions. Visit region A or B before going to the

target region. If you enter region C, go immediately to

region D.”

The key observation that enables our main results is

that it is possible to construct a Markov decision pro-

cess (MDP) that simultaneously encapsulates the robot’s

motion, its estimation process, and its progress towards

satisfying the given scLTL formula. The problem un-

der consideration can thus be framed as a constrained

stochastic optimal control problem that can be solved via

stochastic dynamic programming (SDP). Two methods

are developed: an off-line implementation guaranteed

to return the optimal policy of a given length, and

an on-line, receding-horizon approximation with lower

computational cost. All generated policies satisfy the

scLTL constraints on the robot’s motion.

Preliminary results appeared in conference proceed-

ings [13], in which we showed how to combine results

from formal methods and information theory to model

the TL-constrained informative path planning problem.

The main result from [13] is a pair of algorithms, an off-

line entropy minimization and on-line receding horizon

algorithm, that were both shown to satisfy the given



temporal logic mission. The optimization in [13] was

performed over the set of possible paths that could satisfy

the given mission. Here, we optimize over the set of

possible feedback control policies that can drive the

robot to satisfy the mission. This produces a reactive

solution; the dynamic programming algorithms presented

here in expectation outperform the previously presented

results (See Section V). In this paper, we assume the

underlying feature evolves probabilistically, while in our

previous paper we assumed a static feature. We also

include new experimental and simulation results to verify

our solution.

II. RELATED WORK

Informative path planning is the classical sensor place-

ment problem, i.e. placing a collection of sensors in an

environment such that the maximum amount of informa-

tion about a sensed variable is gained [1], with mobile

sensors. Previous works have focused on optimizing

information-theoretic measures. Many sophisticated al-

gorithms exist for performing informative path planning

in discretized environments for single or multiple agents

using e.g. recursive greedy planning [31] or sequential

dynamic programming [25]. Other constraints on the

agents’ motion such as communication constraints [12],

[16], collision avoidance [7], [8], [11], and environmen-

tal hazards [29] has also been considered. Our problem

introduces complex motion constraints given as scLTL

formulae.

One of the algorithms presented in this work relies

on a receding-horizon implementation to reduce com-

putational burden. Receding horizon planning grew out

of classical model-predictive control [24], [27], [28], a

family of control algorithms in which the control policy

is calculated based on a prediction of the future behavior

of the system given current and prior knowledge of

the system’s state and parameters. There exist receding

horizon algorithms that are used to maximize local

reward gathering while guaranteeing satisfaction of TL

constraints [10], [37]. In contrast to these two works,

our models involve optimizing a stochastic objective

function.

Temporal logics [3] have long been used as formal

description languages. Connections of temporal logic to

automata [34] enable procedures for synthesizing deci-

sion policies over labeled finite models that can provably

satisfy TL specifications. In addition, control system

abstractions can be constructed to allow synthesis of con-

trol policies for systems with linear [17], piecewise affine

[38], or polynomial [32] dynamics. These methods have

seen wide usage for motion planning in robotics, as TL

naturally expresses many high-level robotics missions.

Sophisticated TL-based motion planning algorithms have

been developed to compensate for uncertainty in the

dynamics [22], sensors [18], or environment [36], react

to changes [19], and take advantage of sample-based

motion planning [15], [35]. Here we consider TL-based

motion planning with the added objective of collecting

information about the robot’s environment using noisy

sensors. Motion planning algorithms for the particular

logic, scLTL, used in this work also exist [2], [33].

III. MATHEMATICAL PRELIMINARIES

For sets A and B, 2A denotes the power set of

A, A × B is the Cartesian product of A and B, and

An = A×A× . . . A. We use the shorthand notation x1:t

for a time-indexed sequence of states x1 . . . xt where xi

is the value of x at time i. The set of all finite and set

of all infinite words over alphabet Σ are denoted by Σ∗

and Σ∞, respectively. For a discrete random variable

X , we use RX , pX , and E[X] to denote its range-

space, probability mass function (pmf), and expectation,

respectively. If Y is a function of random variable X , we

denote the expectation of Y with respect to X as EX [Y ].
We denote the conditional entropy between random

variables X and Y [9] as H(X|Y ) = H(pX |pY ) =
−
∑

y

∑
x pX,Y (x, y) log(pX|Y (x|y)), where pX,Y is

the joint distribution of X and Y and pX|Y is the

distribution of X given Y .

A. Models

A (deterministic) transition system (TS) [3] is a tuple

TS = (Q, q0, Act, T rans,AP,L), where Q is a set

of states, q0 ∈ Q is the initial state, Act is a set

of actions, Trans ⊆ Q × Act × Q is a deterministic

transition relation, AP is a set of atomic propositions,

and L : Q → 2AP is a labeling function of states to

atomic propositions. A finite run of a weighted transition

system is a sequence of states q0q1 . . . ∈ Q∗ such that

q0 = q0, and ∃ai ∈ Act such that (qi, ai, qi+1) ∈ Trans

∀i = 0, 1, . . .. An output trace of a run q0q1 . . . is a word

w = w0w1 . . . where wi = L(qi).
A discrete time Markov Chain (MC) is a tuple MC =

(S, s0, P ) where S is a set of states, s0 is an initial state

of the system, and P : S × S → [0, 1] is a probabilistic

transition relation such that the chain moves from state

s to state s′ with probability P (s, s′).
A discrete time Markov decision process (MDP) is

a tuple MDP = (S, s0, P, Act), where S, s0 are as

defined for a MC, Act is a set of actions, and P :
S×Act×S → [0, 1] is a probabilistic transition relation

such that taking action a drives MDP from state s
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to state s′ with probability P (s, a, s′). We denote the

set of actions a that can be taken at state s such that

∃s′ ∈ S with P (s, a, s′) > 0 as Act(s) ⊆ Act. A sample

path of an MDP is a sequence of states s0s1 . . . sℓ with

P (si, a, si+1) > 0 for some a ∈ Act(si) ∀i = 0, . . . , ℓ.
In this paper, we assume that the reader is familiar

with stochastic optimal control over MDPs, in which an

accumulated cost defined with respect to sample paths

of an MDP is minimized, and its solution via dynamic

programming. [6]. A policy µ : N × S → Act maps a

time and state of the MDP such that µ(k, s) is the action

to be taken at time k in state s. In this work, we denote

the optimal policy obtained through Bellman iteration (a

dynamic programming algorithm) as µ∗.

B. Temporal logics and automata

An scLTL formula over a set AP is inductively

defined as follows [20]:

φ := p|¬p|φ ∨ φ|φ ∧ φ|φUφ| © φ| ♦ φ, (1)

where p ∈ AP and φ is an scLTL formula. The logical

operators ∨,∧, and ¬ are disjunction, conjunction, and

negation, respectively, and the temporal operators U,©,

and ♦ are until, next, and eventually, respectively.

We also use Boolean implication ⇒, where (φ1 ⇒
φ2) = (¬φ1 ∨ φ2). scLTL is defined over words w =
w0w1 . . . ∈ (2AP )∗. The notation w |= φ is used to

mean that w satisfies an scLTL formula φ. The set of all

words that can satisfy a formula φ is called the language

of φ, denoted L(φ).
In this work, we define constraints on the motion

of a robot as scLTL formulae over labels of possible

locations. Properties that can be described by scLTL

include

• reachability ( ♦ pgoal, eventually go to pgoal),

• finite-time avoidance (¬pavoidUpgoal, avoid pavoid be-

fore reaching pgoal),

• goal sequencing (¬pgoal2
Upgoal1

∧ ♦ pgoal2
, go to

pgoal1
and then pgoal2

), and

• reactivity (ptrigger ⇒ ♦ peffect, if ptrigger is seen, go

to peffect).

A (deterministic) finite state automaton (FSA) is a

tuple FSA = (Σ,Π,Σ0, F,∆FSA) where Σ is a finite

set of states, Π is an input alphabet, Σ0 ⊆ Σ is a set of

initial states, F ⊆ Σ is a set of final (accepting) states,

and ∆FSA ⊆ Σ × Π × Σ is a deterministic transition

relation. An accepting run rFSA of an automaton FSA

on a finite word π0π1 . . . πj ∈ Π∗ is a sequence of states

σ0σ1 . . . σj+1 such that σj+1 ∈ F and (σi, πi, σi+1) ∈
∆FSA ∀i ∈ [0, j]. We call the set of words that can

lead to an accepting run on FSA the language of FSA,

denoted L(FSA).
Given an scLTL formula φ over the set of atomic

propositions AP , there exist algorithms for creating an

FSA with input alphabet 2AP that accepts all and only

words satisfying φ, i.e. an automaton FSAφ such that

L(FSAφ) = L(φ).
The product automaton between a deterministic tran-

sition system TS = (Q, q0, Act, T rans,AP,L) and an

FSA FSAφ = (Σ, 2AP ,Σ0, F,∆FSA) is an FSA Pφ =
TS×FSAφ = (ΣP, χ

0, Act, FP,∆P) [3]. ΣP ⊆ Q×Σ
is the state space of the automaton, χ0 = (q0, σ0) is

the initial state, and FP ⊆ Q × F is the set of accept-

ing states. The transition relation is defined as ∆P =
{(q, σ), p, (q′, σ′)|(q, p, q′) ∈ Trans, (σ, L(q), σ′) ∈
∆FSA}. The state of the automaton at time k, (qk, σk)
is denoted as χk for short.

We define the distance to acceptance as a function

W : ΣP → Z
+ such that W (χ) is the minimal number

of actions that can be taken to drive Pφ from χ to an

accepting state in FP. If χ ∈ FP, then W (χ) = 0. If

W (χ) = ∞, then there doesn’t exist an accepting run

originating from χ.

The k-step boundary about a state χ, denoted

∂N(χ, k) is the sets of states that can be reached by

applying exactly k inputs.

IV. PROBLEM FORMULATION

In this section, we present the agent’s motion and sens-

ing model and formalize the scLTL-constrained informa-

tive path-planning problem as a discrete optimization.

A. Motion model

We consider a single robot moving on a graph-like

environment described by a transition system Robot =
(Q, q0, Act, T rans,AP,L). Q is a finite set of states

(the nodes of the graph) and q0 is the robot’s initial state.

Act is a set of actions that the robot can enact. Trans is

a transition relation (set of edges in the graph) such that

(q, a, q′) ∈ Trans if action a drives Robot from state

q to q′. AP is a set of atomic propositions (properties)

and L : Q → 2AP is the mapping from a state to the set

of propositions it satisfies. We define a discrete clock k

that is initialized to zero and increases by 1 each time

Robot takes an action. We denote the Robot’s state at

time k as qk.

Remark 1. A transition system such the one described

above can be easily constructed by partitioning a planar

or 3D environment. The states would correspond to the

regions in the partition. The transitions and the corre-

sponding actions would capture adjacency relations and
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R

(a) (b) (c)

Fig. 1. Illustration of Example 1. (a) The hallway environment in
which the robot (denoted by R) operates. The data upload regions are
blue and the exits are green. The labels qi for the regions correspond to
states in the transition system Robot. (b) Transition system constructed
from the hallway environment. Action uij corresponds to a control
driving the robot from region qi to qj . The labels pd and pe correspond
to data upload and exit regions, respectively. (c) FSA constructed from
scLTL formula φex given in (5). Accepting states are indicated with
double circles.

feedback controllers driving all states from a region to

another, respectively. Such controllers can be efficiently

constructed for affine / multi-affine dynamics and sim-

plicial / rectangular partitions [4], [5]. Such techniques

can be extended to more complicated systems, such as

unicycle and car-like dynamics through the use of input-

output linearization techniques.

See Figure 1(a)-(b) for an example of a transition

system corresponding to Example 1, a scenario that will

serve as a running example throughout this paper.

Example 1. A ground robot equipped with a noisy

camera is deployed to an office building after a natural

disaster to locate survivors as precisely as possible. We

consider a problem in which the robot operates in a

hallway divided into six regions (Figure 1(a)). The robot

must visit a region where it can upload data to rescue

workers before eventually exiting the hallway.

B. Sensing model

We associate with the environment a feature that

evolves in time synchronously with the clock k according

to the Markov chain Env = (S, s0, P ). We denote the

state of Env at time k as sk. The initial state s0 is a

priori unknown.

At each time k, when the robot moves to state qk, it

measures sk using noisy sensors. The sensor output at

time k is a realization yk ∈ RY of a discrete random

variable Y k. In addition to qk and sk, the distribution

of Y k depends on the statistics of the sensor (how well

the sensor measures the feature). We denote the time-

invariant conditional measurement distribution as

h(y, s, q) = Pr[ the measurement is y

|Env in state s,Robot in state q].
(2)

Example 1 (continued). Let S = {0, 1}6. The jth

element of a state s ∈ S corresponds to whether

or not a survivor is located in region qj−1, e.g.

sk = [0, 1, 0, 0, 0, 0] means at time k a survivor is

located in region q1 and no other regions contain sur-

vivors (See Figure 1(a)). s0 represents the initial lo-

cations of survivors, and P represents the probability

that survivors move between neighboring regions, e.g.

P ([0, 1, 0, 0, 0, 0], [1, 0, 0, 0, 0, 0]) is the probability that

a survivor moves from region q1 to q0. For simplicity,

we assume that at most one survivor may be located

in a region. The robot uses a camera to survey its

surroundings and runs a detection algorithm on the

gathered frames to estimate whether or not a survivor

is located in its current hallway region, i.e. yk = 1 if

the algorithm produces a detection and yk = 0 if it does

not.

The robot’s estimate of sk is given via the estimate

pmf bk, called the belief state or belief , where bk(s) =
Pr[sk = s|y1:k, q0:k]. The belief state is initialized with

a pmf b0 that reflects the a priori belief about the value

of s0 and maintained via the Bayes filter

bk(s) =
h(yk, s, qk)

∑
s′∈S P (s′, s)bk−1(s′)∑

σ∈S h(yk, σ, qk)
∑

s′∈S P (s′, σ)bk−1(s′)
.

(3)

The belief bk evolves over time according to the MDP

Est = (B, b0, Pest, Q). Q and b0 are as defined pre-

viously. Pest is the probabilistic transition relation such

that if b′ is the result of applying the Bayes filter (3) with

measurement y collected in state q, then Pest(b, q, b
′) is

the total probability of observing y, i.e.

Pest(b, q, b
′) =

∑

s1,s2∈S2

h(y, s2, q)P (s1, s2)b(s1), (4)

where a was the action that drove Robot to q. B is the

(countably infinite) set of all possible beliefs that can be

outputs of computing the Bayes filter with initial belief

b0 with a run of Robot along with the measurements the

robot takes at each state in the run.

In general, the states and transitions of Est can be

arranged in a tree structure with root b0. The children of

a node b in the tree are {b′|∃q ∈ Q,Pest(b, q, b
′) > 0}.

Because of this branching, Est is also referred to as the

belief tree in the partially observable MDP (POMDP)

literature [21].
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C. Constrained maximally informative path planning

We are interested in planning a finite trajectory for

Robot such that the uncertainty about the state of Env

is minimized when Robot completes the mission given

by an scLTL formula φ over the labeled regions of the

environment.

Example 1 (continued). The regions where data can be

uploaded are labeled with pd and the regions with exits

are labeled with pe. The constraints on the motion of

Robot may be expressed as

φex = ♦ pe ∧ (¬peUpd), (5)

meaning “Go to a data upload region (pd) before going

to an exit (pe).” The corresponding finite state automaton

FSAφex
is shown in Figure 1 (c).

We quantify the uncertainty in a belief b with its

Shannon entropy H(b). Our goal is to select actions

a0:t−1, ai ∈ Act ∀i ∈ 1, . . . , t, such that in expectation

H(bt) is minimized. We predict the expected entropy of

the belief that results from following a given path q0:t by

calculating the conditional entropy H(bt|b0, Y 0:t, q0:t)
for short.

We allow Robot to take at most ℓ actions. This budget

constraint reflects energy limitations on the robot. Each

action consumes energy, and the robot should measure its

environment and complete its mission (satisfy φ) before

it drains its reserves.

The scLTL-constrained informative path planning

problem is formulated in Problem 1.

Problem 1 (scLTL-constrained informative path plan-

ning). Given a robot with model Robot operating in

an environment Env, a finite budget ℓ, and an scLTL

formula (mission) φ over AP , solve

min
a0:t−1

EY 0:t [H(bt|b0, Y 0:t, q0:t)]

subject to

t ≤ ℓ

φ is satisfied

(6)

V. DYNAMIC PROGRAMMING SOLUTIONS

In this section, we connect Problem 1 to Markov

decision processes (MDPs) and present two solutions:

an off-line dynamic programming approach and an on-

line receding-horizon dynamic programming approach.

Analysis of the complexity and quality of each algorithm

is given. All proofs are given in the Appendix.

For a given scLTL formula φ, let Pφ = Robot×FSAφ

as illustrated in Figure 2. Since the motion of an agent

is deterministic, the correctness of a run of Robot with

Fig. 2. Product automaton constructed from the scenario in Example
1. Each state (qi, σj) is annotated with its distance to acceptance,
Wij = W ((qi, σj)). Accepting states are denoted with double circles.

respect to φ can be determined precisely via Pφ, but

its estimate b evolves probabilistically according to the

MDP Est. As Robot and Est evolve synchronously, we

can combine them into a single MDP that encapsulates

the robot’s movement and estimation process.

Definition 1. Full Model MDP

Consider a robot whose motion is modeled by Robot

(Section IV-A) under a temporal logic constraint φ.

Simultaneously, the robot is estimating the state of Env

through the process Est (Section IV-B). The MDP

FullModel = (ΣPφ
× B,Ptot, Act, (χ0, b

0)) describes

the synchronous evolution of the robot’s position and

estimate pmf. The probabilistic transition relationship

Ptot is defined as

Ptot((χ, b), a, (χ
′, b′)) =

Pest(b, q
′, b′)I((χ, a, χ′) ∈ ∆Pφ

)
(7)

where I is the indicator function (I(x ∈ X) is 1 if x ∈ X

and 0 if x 6∈ X) and χ′ = (q′, σ′).

FullModel has a tree structure with root (χ0, b
0).

The states at the i + 1st level are the set of states that

are reachable from taking one action and making one

observation from any state in the ith level.

Example 1 (continued). Figure 3 shows the full model

MDP constructed from the hallway scenario shown in

Figure 1. To simplify the visual representation, edges

in the MDP are grouped together via action, and the

probabilistic transition relation is not explicitly shown.

Note that any sequence of actions in this MDP will result

in a state in which the automaton state component is

accepting (denoted by double circles). The subscripts of

the belief states correspond to states in the MDP Est

(not shown) which were indexed sequentially as the tree

was constructed, i.e. the subscript index increased by 1
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Fig. 3. Full model MDP for hallway scenario (Example 1 with
planning budget ℓ = 5.

each time a state was added to the topmost level of the

tree. The temporal logic constraint (5) limits branching.

This MDP has 218 total states, compared to 980 states

in Est with depth 5.

Remark 2. In our algorithms, we only consider a finite

subset of FullModel, namely the states and transitions

such that every sample path of length at most ℓ beginning

from the initial state (χ0, b
0) is guaranteed to satisfy φ.

The number of states in this finite subset of FullModel

is less than or equal to the number of states in the first

ℓ+1 levels of Est. This is due to the fact that the children

of a node in Est correspond to all actions that can be

taken in the current state. However, taking certain actions

may violate φ or ensure that it cannot be satisfied within

the remaining budget. The children of such actions do

not appear in FullModel.

A. Off-line dynamic programming

We can cast Problem 1 as a constrained stochastic

optimal control problem defined over FullModel.

Proposition 1. Let FullModel be defined according to

Definition 1. Then, Problem 1 is equivalent to the fol-

lowing constrained stochastic optimal control problem:

min
a0:t−1

EY 0:t [H(bt)]

subject to
(8a)

t ≤ ℓ (8b)

ai ∈ Act((χi, bi)) ∀i = 0, . . . , t− 1 (8c)

(χi+1, bi+1) ∼ Ptot(·, a
i, (χi, bi)) (8d)

χt ∈ FPφ
. (8e)

The off-line, dynamic programming solution to Prob-

lem 1 is outlined in Algorithm 1 1.

Algorithm 1 Returns a policy for ℓ time units that

satisfies φ and minimizes EY 0:tH(bt)

1: function FiniteHorizonDP(Pφ,χ0,b0,ℓ)

2: if W (χ0) > ℓ) then

3: return None

4: automatonStates := PossibleStates(Pφ,χ0,ℓ, ℓ)

5: (MDPStates,Ptot,actionSet) := ConstructMDP(Pφ,

χ0,b0,automatonStates,ℓ)

6: return BellmanIteration(MDPStates,Ptot,actionSet)

First, the algorithm ensures that the planning budget

ℓ is long enough to allow Robot to satisfy φ, i.e.

checks whether the distance to accepting W (χ0) is

at most ℓ. Next, Algorithm 2 calculates ℓ subsets of

ΣPφ
automatonStates[i], i = 1, . . . , ℓ. Each state χ ∈

automatonStates[i] is reachable from χ0 in exactly i

transitions ( is in ∂N(χ0, i)) and can reach an accepting

state within the remaining budget of ℓ − i transitions

(W (χ) ≤ ℓ− i).2

Algorithm 2 Calculate all product automaton states that

can lead to accepting runs in ℓ or fewer transitions.

1: function PossibleStates(Pφ,χ0,m,ℓ)

2: automatonStates[0] := χ0

3: for i := 1 to m do

4: automatonStates[i] = {χ ∈ ΣPφ
|W (χ) ≤ ℓ− i}∩

∂N(χ0, i))
5: return automatonStates

Next, we use Algorithm 3 to build a finite subset

of the infinite-dimensional MDP FullModel such that

1The cost in (8) is defined with respect to a pmf, which may
recall stochastic optimal control of POMDPs [14]. It is tempting
to use established approximation methods such as point-based value
iteration [26] to optimize over the continuous space of pmfs rather
than enumerate a finite number of states. However, in our formulation,
the cost of a pmf H(b) is highly non-linear in the components
{b(s)|s ∈ S}. Since the cost-to-go function is not piecewise linear,
such approximations cannot be applied.

2Algorithm 2 uses two separate inputs, m and ℓ, to determine the
number of sets constructed and the threshold on W (χ), respectively.
This may seem redundant as m = ℓ here, but this distinction is
necessary for our approximation algorithm (Algorithm 4) presented
in Section V-B.
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under any admissible control policy, the trace of the

constructed MDP results in a trace of Robot that satisfies

φ. The root of the constructed MDP is (χ0, b0). The ith

level of the tree is constructed from the i − 1st level

by enumerating for each state (χ, b) in the i− 1st level

the actions that can enable a transition from χ to a state

χ′ = (q′, σ′) ∈ automatonStates[i]. For each such action

a, we enumerate all the possible measurements y ∈ RY

that can be observed in q′ and calculate the estimate pmf

b′ that results from applying the Bayes filter (line 8) and

add the state (χ′, b′) to the ith level. The probabilistic

transition relation Ptot is then constructed (line 11).

Algorithm 3 Constructs the full model MDP

1: function ConstructMDP(Pφ,χ0,b0,automatonStates,

ℓ)

2: MDPStates[0] := (χ0, b0)
3: for j := 1 to ℓ do

4: for all (χ, b) ∈ MDPStates[j − 1],χ′ ∈
automatonStates[j] do

5: if χ 6∈ FPφ
then

6: a := action such that (χ, a, χ′) ∈ ∆Pφ

7: for all y ∈ RY do

8: b′ := output of (3) with b, a, y

9: MDPStates[j].add((χ′, b′))
10: actionSet[(χ, b)][j − 1].add(a)

11: Ptot((χ, b), a, (χ
′, b′)) := output of (7)

12: return (MDPStates,P ,actionSet)

Finally, the function BellmanIteration uses standard,

finite-horizon Bellman iteration to calculate the optimal

policy with zero stage costs.

The reactive policy generated by Algorithm 1 can be

applied to FullModel to generate trajectories of Robot

that are guaranteed to satisfy φ and in expectation mini-

mize the Shannon entropy of the resulting estimate. The

next theorem establishes the optimality of this method.

Theorem 1. The policy generated by Algorithm 1 is the

exact solution of Problem 1.

Proof. See Appendix A

Thus, Algorithm 1 minimizes the expected entropy

under a budget of ℓ actions. We expect the performance

of the algorithm to improve with a longer budget. Indeed,

Corollary 1. Increasing the budget ℓ cannot decrease

and can increase the expected quality of the calculated

optimal policy.

Proof. Appendix B.

However, calculating longer policies is considerably

more computationally expensive. More specifically,

Proposition 2. The time complexity of Algorithm 1 is

O(|Act|ℓ|RY |
ℓ|S|).

The average case complexity can be lower than the

bound given in Proposition 2 due to the pruning of

actions that occurs when constructing FullModel (Re-

mark 2), but the exponential dependence on ℓ remains.

B. Receding Horizon Dynamic Programming

The computational cost of Algorithm 1 is too great for

large budgets. As an alternative, Algorithm 4 constructs

an approximation to the optimal policy on-line using a

receding-horizon implementation. At each time step k,

Algorithm 4 constructs an MDP whose root is the pair

(χk, bk) and whose depth is at most some finite horizon

m (line 7). The ith level of each MDP is constructed

from automaton state/pmf pairs that are reachable from

(χk, bk) in i transitions and can satisfy φ in ℓ− (k + i)
actions. Bellman iteration is performed on this MDP

to form the m-step optimal policy (Line 8). The agent

applies the policy for n ≤ m time steps. Then, the

agent begins the process again from an MDP with root

(χk+n, bk+n). This is repeated until the trajectory of

Robot has satisfied φ.

Algorithm 4 Receding-horizon approximation to Algo-

rithm 1.

1: function RecedingHorizonDP(Pφ,χ0,b0 ,m,n,ℓ)

2: χ := χ0; b := b0;k := 0
3: if W (χ0) > ℓ) then

4: return None

5: while χ 6∈ FPφ
do

6: automatonStates := PossibleStates(Pφ,χ,m,ℓ− k)

7: (MDPStates,Ptot,actionSet) :=

ConstructMDP(Pφ,χ,b,automatonStates)

8: µ :=BellmanIteration(MDPStates,Ptot,actionSet)

9: if k ≥ ℓ−m then

10: n := ℓ− k

11: for i := 1 to n do

12: (χ, b) := result from applying µ(i, (χ, b))
13: k ++

Proposition 3 establishes the time complexity of Al-

gorithm 4, which leads to a significant savings in com-

putational effort if ℓ is long.

Proposition 3. The time complexity of Algorithm 4 with

budget ℓ, planning horizon m, and action horizon n is

O(|Act|m|RY |
m|S|⌈ ℓ

n
⌉).

Now, we must establish the correctness of Algorithm

4 with respect to the specification φ.
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Fig. 5. (a) Labeled, partitioned space in which the target robot (Rt)
and pursuing robot (Rp) are operating. (b) Table showing the mapping
between the color on the grid in (a) and the propositions used in
specification (10).

A. Motion and measurement models

In addition to localizing Rt, Rp must move under the

following constraints

φexp = ♦ p1 ∧ ♦ p3 ∧ (¬p3Up1) ∧ (¬p2Up3)∧
(( ♦ p4) ⇒ ( ♦ p5 ∧ (¬p3Up5)).

(10)

The specification φexp can be translated to plain

English as “Visit a magenta region (p1) before visiting a

green region (p3). Always avoid the red region (p2). If a

blue region (p4) is visited, then also visit a cyan region

(p5) before visiting a green region.”

Figure 6 shows a small subset of the transition system

Robot constructed from the motion of Rp. As opposed

to the scenario illustrated in Example 1, the orientation

of Rp, in addition to its location, affects how well Rt

can be sensed. Thus, the states of the transition system

are given as triples (i, j, dir), where i and j are the

East and North coordinates of the cell in which Rp is

located and dir ∈ {N,S,E,W} indicates the direction

that Rp’s camera faces. The propositions associated with

each state do not depend on Rp’s orientation. The actions

Rp can take are Act = {CW,CCW, straight}, where

CW (CCW ) is a clockwise (counter-clockwise) rotation

of 90◦ and straight moves Rp into the cell it is facing.

The noisy camera mounted on Rp returns measure-

ments in the set RY = {None,Right, Center, Left}
where None means Rt is not visible and

Right, Center, Left refer to which third of the field

of vision of Rp is occupied by Rt. The measurement

model is based on the relative positions of Rt and Rp

and the orientation of Rp. The camera can detect Rt in

a limited cone in front of it. The correct measurement

rate falls off within the cone as the distance from the

cone’s center or Rp increases. The correct detection

rate within a cell increases with the volume of the cone

it contains. The correct detection rates are illustrated in

Fig. 6. A subsection of the transition system constructed from Rp.

1 2 3 4

1

2

3

4

Fig. 7. Correct detection rates for the camera. Correct detection rates
for Center are shown in black, for Left in blue, and for Right in
red.

Figure 7. These rates remain constant with respect to the

relative orientations. The rate of false positives outside

the cone is a constant 0.01 per each measurement

Right, Center, Left.

B. Experimental validation

We used our experimental setup to evaluate 4 different

policies:

1) a baseline “random walk” policy in which at each

time i, an action is uniformly chosen from the set

of actions that do not violate the constraints,

2) an optimal policy calculated from Algorithm 1

with budget ℓ = 8,

3) a sub-optimal policy calculated from Algorithm 4

with budget ℓ = 8, planning horizon m = 4, and

action horizon n = 1, and

4) a longer policy calculated from Algorithm 4 with

budget ℓ = 20, planning horizon m = 4, and

action horizon n = 1.
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For each policy, we generated 250 Monte Carlo tri-

als and implemented some select sample paths using

the experimental testbed in our lab. The policies were

calculated on a cluster with 32 2.1 GHz processors and

32GB RAM. The initial belief about the position of Rt

was divided uniformly among the regions (1, 2), (2, 3),
and (2, 2). Rp was initialized in state (1, 1, N) and Rt

was initialized in region (2, 3).

Paths that were generated by our system are shown in

Figure 8. Only a few possible paths that satisfied (10)

could be generated when ℓ = 8. All paths are shown in

Figure 8(a). Points in the trajectories where a policy can

choose between actions are indicated with triangles. In

total, there are 5 unique paths.

Many more possible paths can satisfy (10) when

ℓ = 20. We show part of an example sample path in

Figure 8 (b)-(f) that illustrates how our methods balance

information maximization with satisfying the temproal

logic specification in time. Figure 8(b) shows the initial

configuration of the agents. Note that Rt is initially

within view of Rp. In Figure 8(c), Rp has moved forward

and turned East to gather more information about the

eastern side of the map that is not visible when facing

North. Note that Rp is facing Rt at this point. Rp

continues to track Rt eastward in Figure 8 (c)-(d). In

Figure 8(c), Rt enters a region with label p1, which

means at this point it can satisfy (8) by avoiding p2
(red) and going to p3 (green). However, in Figure 8(d),

Rp enters a region with label p4, meaning it acquires

the additional requirement to visit a region with label

p5 (cyan) before going to p3. Rp chooses to satisfy

the specification by visiting region (4, 2) rather than

(3, 4) because it prefers to continue tracking Rt south,

as shown in Figure 8(f). At this point, Rp has exhausted

most of its budget, so it must choose whether to continue

south or turn north to finish satisfying (10). Rp chooses

to face East and then North as shown in Figure 8(g) in

order to continue tracking Rt as it moves throughout the

environment. Finally, Rp travels north to end its run in

Figure 8(h).

Histograms of the terminal entropy H(bt) found using

each policy are shown in Figure 9. Note that when

compared to the random walk method, all of the other

policies have a lower probability of ending with a

high terminal entropy. It also appears that there is not

an appreciable difference between the performance of

Algorithms 1 and 4 when the budgets are the same.

We did not investigate Algorithm 1 with ℓ > 8 due to

the state explosion problem. However, we can improve

performance if we increase the budget for Algorithm 4.

1 2 3 4

1
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3

4
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N
o
rt
h

✁

(a) (b)

(c) (d)

(e) (f)

(g) (h)

Fig. 8. (a) Schematic of all possible paths with ℓ = 8. (b)-(h)
Snapshots of sample path from applying Algorithm 4 with ℓ = 20.

(a) (b)

(c) (d)

Fig. 9. Histograms of terminal entropy H(bt) resulting from 250
Monte Carlo trials using (a) dynamic programming (DP) (b) a random
walk (c) receding horizon DP with a short budget (d) receding horizon
DP with a long budget.
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Method ℓ H(bt) (bits) Calculation time

R. Walk 8 3.0660 < 1s

Alg. 1 8 2.6323 3627s

Alg. 4 8 2.6371 34s/trial

Alg. 4 20 2.3557 543s/trial
TABLE II

RESULTS FROM EXPERIMENTS USING 4 DIFFERENT METHODS.

The results in Table II confirm our observations about

Figure 9. All of our methods significantly outperform

the random walk method. Note, too, that the difference

in performance between Algorithm 1 and Algorithm 4

when ℓ = 8 is negligible, but Algorithm 4 is faster by

a factor of greater than 10. This means that, at least in

some situations, Algorithm 4 approximates Algorithm

1 very closely. Further, when we increased the budget

from ℓ = 8 to ℓ = 20, the computation time of

Algorithm 1 slowed down by a factor of 16, but the

performance increased appreciably. Meanwhile, Algo-

rithm 1 had significant difficulties with the increase from

ℓ = 8 to ℓ = 9. These results indicate that our receding

horizon approximation is promising for use in long-term,

persistent monitoring applications.

VII. CONCLUSIONS

In this paper, we have formulated a path planning

problem which considers both the expected informa-

tiveness of measurements along a given path and the

satisfaction of high-level specifications of temporal logic

formulae. We showed how to construct a Markov de-

cision process that models the simultaneous evolution

of the robot’s motion, its progress towards satisfaction

of a given temporal logic formula, and its estimate

of an unknown feature. We connected the constrained

informative path-planning problem to stochastic optimal

control and used two stochastic dynamic programming

methods to solve the problem: a provably optimal off-

line approach and a receding-horizon approximation that

can be calculated with lower computational complexity.

Our results from simulation and experimentation indi-

cate that the receding horizon method reduces entropy

reasonably well when compared to the off-line, optimal

dynamic programming method.

We provide experimental evidence that our methods

are able to be applied to physical robotics systems. We

plan to extend our implementation to robots operating

in less structured indoor environments using real sensor

data on-line.

We plan to extend our receding horizon approxi-

mation to consider problems of persistent monitoring.

Our preliminary experimental results indicate that the

required computation time scales well as the budget

increases. Other future directions in this area include

extending our methods to multi-agent path planning and

also considering more carefully the continuous dynamics

and measurements of the agents.

APPENDIX

A. Proof of Theorem 1

Proof. Let µ∗
χ0,b0,ℓ,ℓ (µ∗, briefly) be the result of apply-

ing Algorithm 1 to MDPχ0,b0,ℓ,ℓ (MDPℓ, briefly), the

MDP constructed in Algorithm 3. µ∗ is calculated by

applying finite horizon Bellman iteration to MDPℓ, so,

by principle of optimality,

µ∗ = argmin
µ∈Mℓ

E(MDPℓ,µ)[H(bt)], (11)

where Mχ0,b0,ℓ,ℓ (Mℓ) is the set of all possible policies of

length ℓ that can be defined over MDPℓ. Thus in order

to prove the optimality of µ∗, we must prove that the

set of traces produced by MDPℓ under the policies in

Mℓ are exactly those traces which satisfy the constraints

(8b)-(8e).

(8b) The max depth of MDPℓ is ℓ.

(8c) In order for an action a to be in

actionSet[(χ, b)][i], (a) (χ, a, χ′) ∈ ∆Pφ
and (b)

Pest(b, q
′, b′) > 0. (a) and (b) together imply

Ptot((χ, b), a, (χ
′, b′)) > 0, meaning (8c) is satisfied for

all a ∈ actionSet[·][i], i = 0 . . . ℓ− 1.

(8d) This follows immediately from (a) and (b) and

Algorithm 3, line 11.

(8e) Since χ ∈ automatonStates[i]
∀(χ, b) ∈MDPStates[i], every state in MDPStates[i]

is at most ℓ − i transitions away from a state

(χf , bf ) ∈ FPphi
× B. Every state χ ∈

automatonStates[i] with distance to acceptance

W (χ) < ℓ − i has a neighbor that is closer to an

accepting state, so ∃χ′ ∈ automatonStates[i + 1]

such that W (χ′) < ℓ − i − 1. Every state in

MDPStates[i] is either an accepting state or has a

child in MDPStates[i + 1]. Since MDPStates[ℓ] is

constructed from automatonStates[ℓ], either each state

in MDPStates[ℓ] is accepting or MDPStates[ℓ] = ∅,

implying ∃k < ℓ such that every state in MDPStates[k]

is accepting. Therefore, every trace produced by MDPℓ

must end in accepting state.

B. Proof of Corollary 1

Proof. Let ℓ1 < ℓ2 and let µi = µ∗
χ0,b0,ℓi,ℓi

Since the

states and actions in MDPℓ1 at each level are included
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in the states and actions in MDPℓ2 at the same level for

the first ℓ1 levels, Mℓ1 ⊆ Mℓ2 . Thus,

min
µ∈Mℓ1

E(MDPℓ1
,µ)[H(bt)] ≥ min

µ∈Mℓ2

E(MDPℓ1
,µ)[H(bt)].

(12)

Further, since the family of possible traces produced by

MDPℓ1 under µ2 is a subset of the family of possible

traces produced by MDPℓ2 under µ2,

E(MDPℓ1
,µ2)[H(bt)] ≥ E(MDPℓ2

,µ2)[H(bt)]. (13)

Inequalities (12) and (13) together imply the corollary.

C. Proof of Theorem 2

Proof. At time k < ℓ − m, if the full state of the

system is described by (χk, bk), Algorithm 4 constructs

MDPχk,bk,ℓ,m (line 7). If we apply any policy µ ∈
Mχk,bk,ℓ,m for n time periods, we are guaranteed to visit

a sequence of states (χk+i, bk+i) such that W (χk+i) ≤
ℓ − k − i i = 1, . . . , n. Thus while k < ℓ − m,

W (χk) ≤ ℓ−k. If Algorithm 4 has not terminated when

k ≥ ℓ−m, Algorithm 4 constructs MDPχk,bk,ℓ−k,ℓ−k,

and applies the policy µ∗, effectively executing Algo-

rithm 1 with initial state (χk, bk) and horizon ℓ − k.

Since applying Algorithm 4 up until time k guarantees

W (χk) < ℓ − k, by Theorem 1, Robot will satisfy φ

within ℓ− k steps.

D. Proof of Corollary 2

Proof. Let ♯ be the policy concatenation operator such

that for two policies µ1, µ2, µ1[n1]♯µ2[n2] is the policy

resulting from applying µ1 for n1 time steps and µ2

for n2 time steps. Also define [·], ♯ set wise such that

if M1,M2 are sets of policies, then M1[n1]♯M2[n2] =
{µ1[n1]♯µ2[n2]|µ1 ∈ M1, µ2 ∈ M2}. Let MRH

ℓ,m,n be the

family of policies considered in Algorithm 4. Then,

MRH
ℓ,m,n = {Mχ0,b0,ℓ,m[n]♯Mχn,bn,ℓ,m[n]♯

. . . ♯Mχpn,bpn,ℓ−pn,ℓ−pn

|(χrn, brn) ∈ MDPχ(r−1)n,b(r−1)n,ℓ,m

∀r = 1, . . . , p}
(14)

where ℓ − pn ≤ m. Thus, µ∗ ∈ MRH
χ0,b0,ℓ,m,n, but

µRH
χ0,b0,ℓ,m,n 6= µ∗ in general. Since MRH

χ0,b0,ℓ,m,n ⊆ Mℓ,

no other policy in MRH
χ0,b0,ℓ,m,n can outperform it. There-

fore Algorithm 4 with m < ℓ is suboptimal.
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