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ABSTRACT. This supplement contains details about implementing the estimation and inference
procedure considered in the main text. We also provide a small set of simulation results to
complement the theoretical development in the body of the paper.

1. IMPLEMENTATION DETAILS

In this section, we provide details about how we implemented the methodology developed
in the main body of the paper in the empirical example. We first discuss estimation of local
average treatment effects (LATE) and then extend this discussion to estimation of local quantile
treatment effects (LQTE). Estimation of local average treatment effects on the treated (LATE-T)
and local quantile treatment effects on the treated (LQTE-T) proceed in a similar fashion and
so are not discussed.

1.1. Local Average Treatment Effects. Recall that the LATE of treatment D on outcome

Y is defined as

ay, )y (1) — a1,y (0) )y (1) — a1(pyy (0)
ay,(p)(1) — a1, (p)(0) a1y(py(1) — ai,(py(0)

for ay(2) and 6y (d) defined in equations (3) and (5) in the text respectively. It then follows by

Aparg = 0y (1) — 0y (0) =

plugging in the definition of ay (z) that we can express the LATE as
ay (1) — ay(0)
all(D)(l) - ah(D)(O)

AraTE =

To obtain an estimate of the LATE, we thus need estimates of ay () and a;,(py(2). Using the
low-bias moment function given in quation (42) of the text, estimates of these key quantities can
be contructed from estimates of E[Y|Z = 1, X], E[Y|Z = 0, X], E[D|Z = 1, X], E[D|Z = 0, X],
and E[Z|X] where Z is the binary instrument (401(k) eligibility); D is the binary treatment
(401(k) participation); X is one of the pre-specified sets of variables corresponding to the In-
dicator, Indicator plus interactions, B-Spline, or B-Spline plus interactions specification with
dimension p; and Y is either total net financial assets or total wealth. In our application, we
have E[D|Z = 0, X] = 0 since one cannot participate unless one is eligible. We estimate the
remainder of the functions using post-LASSO to estimate E[Y|Z = 1, X] and E[Y|Z = 0, X] and
post-¢1-penalized logistic regression to estimate E[D|Z = 1, X] and E[Z|X].
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To estimate E[Y'|Z = 1, X], we postulate that E[Y|Z = 1, X] = X'f;. Let Z; denote the indices
of observations that have z; = 1. To estimate the coefficients 81, we apply the formulation of the
post-LASSO estimator given in Belloni, Chen, Chernozhukov, and Hansen (2012) with outcomes
{yi}iez, and covariates {x; }icz,. We set A = 2.2,/n®~1(1—(1/1og(n))/(2(2p))) where ®(-) is the
standard normal distribution function. We calculate penalty loadings according to Algorithm
A.1 of Belloni, Chen, Chernozhukov, and Hansen (2012) using post-LASSO coefficient estimates
at each iteration and with a the maximum number of iterations set to 15 Let Bl denote the
resulting post-LASSO estimates of the coefficients using A given above and the final set of penalty
loadings. We then estimate E[Y|Z =1, X = z;] as a:fﬁl for each i = 1, ...,n. We follow the same
procedure to obtain estimates of E[Y|Z = 0, X = z;] as x;[% for each i = 1,...,n where Bo are
the post-LASSO estimates using only the observations with z; = 0.

Estimation of E[D|Z = 1, X| and E[Z|X] proceed similarly replacing post-LASSO estimation
with post-¢1-penalized logistic regression. Specifically, we assume that E[D|Z = 1, X| =~ A(X'1)
where A(-) is the logistic link function. We then obtain estimates of +; by using the post-£1-
penalized estimator defined in equations (29) and (30) in the text based on the logistic link
function and with outcomes {d; };c7, and covariates {z;};cz, for Z; defined as above. We set A =
2.2,/n® (1 — (1/log(n))/(2(2p))) where ®(-) is the standard normal distribution function. We
calculate penalty loadings using Algorithm 1 from Section 6.1 of the main text with a maximum
of 15 iterationsﬂ Let 41 denote the resulting post-¢f1-penalized estimates of the coefficients using
A given above and the final set of penalty loadings. We estimate E[D|Z =1, X = ;] as A(z}71)
for each ¢ = 1,...,n. We follow this procedure to obtain estimates of E[Z|X] as A(x}T) for each
i =1,...,n where 7 are the post-f1-penalized coefficient estimates obtained with {z;}? ; as the
outcome and {x;}7 | as covariates using A = 2.2,/n®~1(1 — (1/log(n))/(2p)).

Using these baseline quantities, we obtain estimates
- 1 [ zily: — alBy) '
1) = — —7 v 4 i
ay(1) nz ( A(z[7) Zwl
(1 —z)(y; ~ 1
) (yi — 2,0) + 2B :72%71,
) n i
1 — A(z! 7
ah(D) E ( 1)) + A z’Yl > Zvl i
1 - Zz i
(1 A ) Z Vo,i = =0.

lwe stop iterating before reaching the maximum number of iterations if the ¢-norm of the difference in penalty
loadings calculated across consecutive iterations is less than 107°.
ZWe stop iterating before reaching the maximum number of iterations if the ¢2-norm of the difference in penalty

loadings calculated across consecutive iterations is less than 1076,



We then plug these estimates in to obtain

Apare = ay(1) — Gy (0)
a1, (p)(1) — a1, (p)(0)

In the paper, we report both analytic and bootstrap standard error estimates for the LATE.
The analytic standard errors are calculated as

n o ) R 2
1 Z( wl,z 1/}072 _ALATE> /n

n—1 | a11(D)(1) - all(D)(O)

We use wild bootstrap weights for obtaining the multiplier bootstrap estimates of the standard er-
rors with 500 bootstrap replications. Specifically, for each b = 1, ..., 500, we calculate a bootstrap
estimate of the LATE as L e ,
&]:ATE = 51 22:1(1/’1,1‘ — Tlfo,z‘)ﬁz
w21 (V1 — v0,4)&;
where ¢ = 1+rl1’7z~ /V2+ ((Tg,i)2 —1)/2 is the bootstrap draw for multiplier weight for observation ¢
in bootstrap repetition b where rll’ﬁ and rgﬂ» are random numbers generated as iid draws from two

independent standard normal random variables. The boostrap standard error estimate is then the

~

~ ~ 2
boostrap sample standard deviation of the AY 0 \/ 555 ZbB:1 (A%ATE -1 Zle A%ATE) .
1.2. Local Quantile Treatment Effects. Calculation and inference for LQTE is more cumber-
some than for the LATE and closely follows the procedure outlined in the paper using Strategy
1. We begin by choosing the set over which we would like to look at the LQTE. In our example,
we chose to look at quantiles in the interval [0.1,0.9].

To calculate the LQTE, we first calculate the local average structural function for outcomes
Y, = 1(Y < u) for a set of u and then invert to obtain estimates of the LQTE. In our example,
we chose to look at u € [gy (.05), ¢y (.95)] where gy (.05) and gy (.95) are respectively the sample
5" and 95" percentiles of the outcome of interest Y. Since looking at the continuum of values
in this interval is infeasible in practice, we discretize the interval and look at Y, = 1(Y < u) for
u € {qy(.05), ¢y (.06), ¢y (.07), ..., qv (.93), gy (.94), ¢y (.95) }. L.e. we set u equal to each percentile
of Y between the 5" and 95" percentiles for a total of 91 different values of u to be considered.
For each value of u, we need an estimate of the local average structural function defined in (5)
in the text for d € {0,1}:

ald(D)l(Ygu)(l) — X1 4(D)1(Y <u) (0)

01y <o (d) =
1< (@) a1,(p)(1) = ai,py(0)

As with the LATE, we need estimates of E[D|Z = 1, X] and E[Z|X]. We estimate these
quantities as we did for the LATE but change the value of the penalty parameter used to reflect
the fact that we are now interested in a large set, in theory a continuum, of model selection
problems. Specifically, we assume that E[D|Z = 1, X] =~ A(X’'y;) where A(-) is the logistic
link function. We then obtain estimates of v; by using the post-£1-penalized estimator defined in
equations (29) and (30) in the text based on the logistic link function and with outcomes {d; }iecz,
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and covariates {z;}icz, for Z; defined as above. We set A = 2.2/n®1(1 — (1/log(n))/(2n(2p)))
where ®(-) is the standard normal distribution function. We calculate penalty loadings using
Algorithm 1 from Section 6.1 of the main text with a maximum of 15 iterationsﬁ Let 77 denote
the resulting post-£1-penalized estimates of the coefficients using A\ given above and the final
set of penalty loadings. We estimate E[D|Z = 1,X = z;] as A(x}7;) for each i = 1,...,n. We
follow this procedure to obtain estimates of E[Z|X] as A(z7) for each ¢ = 1,...,n where T are
the post-¢1-penalized coefficient estimates obtained with {z;}]"; as the outcome and {z;}}" ; as
covariates and A\ = 2.2,/n®1(1 — (1/log(n))/(2np)). We also still have E[D|Z = 0, X] = 0 in
our application since one cannot participate in a 401(k) unless one is eligible. We then plug-in

these estimates to obtain

~ 1~ (zi(di = A7)
ay,py(1) = - Z < A7) + A(zi71) ZULLZ

. 1= (1= 2)d; 1
a1y () (0) = ~ > (1_1\(3;/?)> = ZULOJ =0
= ? =1

Q1y(py(1) =1
Q1y(p)(0) =1 —ay,(p)(0).

We also need to obtain estimates of aj,(pyi(y<u)(2) for each value of u and for (z,d) €
{(0,0),(0,1),(1,0),(1,1)}. These estimates will depend on the propensity score, E[Z]|X], es-
timated above and quantities of the form E[1(D = d)1(Y < u)|Z = z,X]. We again ap-
proximate this function with E[1(D = d)1(Y < u)|Z = z, X| ~ A(X'Byq,.) and estimate the
coefficients /3, 4, for each combination of d and z and each u using the post-¢1-penalized esti-
mator defined in equations (29) and (30) in the text based on the logistic link function. We set
A = 22y/nd (1 - (1/1og(n))/(2n(2p))) where ®(-) is the standard normal distribution func-
tion. We calculate penalty loadings using Algorithm 1 from Section 6.1 of the main text with a
maximum of 15 iterationsﬂ We follow this procedure for each u with {1(y; < u)1(d; = 1)}z, as
the outcome and covariates {z; }iez,, with {1(y; < u)1(d; = 0)};ez, as the outcome and covari-
ates {z;}ier,, and with {1(y; < w)1(d; = 0)}iez, as the outcome and covariates {z;}iez, for 7y
and Zy defined as above to obtain point estimates 5u 11, Bu 0,1, and Bu 0,0 respectively. We then
estimate E[1(D = 1)1(Y <u)|Z =1, X] as A(xlﬂu,l,l) for each i = 1,...,n and obtain estimates
of E[1(D = 0)1(Y <wu)|Z =1,X], and E[1(D = 0)1(Y < u)|Z = 0,X] analogously. As before,
we have E[1(D = 1)1(Y < u)|Z = 0, X] = 0 since one cannot participate unless one is eligible.

3We stop iterating before reaching the maximum number of iterations if the ¢-norm of the difference in penalty
loadings calculated across consecutive iterations is less than 107°.
We stop iterating before reaching the maximum number of iterations if the ¢2-norm of the difference in penalty

loadings calculated across consecutive iterations is less than 1076,



We then plug-in these estimates to obtain

all(D)l(Ygu)(l) =

((dil(y; < u) — A2 Bua 5 BN
(yi A(zifu1.1)) + A(ZiBuin) | = nz;’iu,lalﬂ
1=

ZET)

(1—z) dly < u)) 1 @
(] 1) > — EZ’QU’?LO’Z' :0
i=1

( 1(y; < ZLA) A7 Bu0,1)) + A(a:é@,og)) = %Zﬂup,l,i
i =
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a11(D)1(Y§u) (0) =
1

-
I

_ 1 ¢
a1o(Dy1(y<u)(l) = n Z A7)
=1
R 1= (1= z)( ilyiSU—Aiﬁ;B\u,O,O A RS
A1o(D)1(y<u)(0) = ~ Z 1)_( A(:;;(?; : Ut AwtBunn) | = o 2 A0
i=1 7 =1

Estimates of the local average structural (distribution) functions are formed using the estima-

tors defined in the previous two paragraphs as

9. (d) = a1,(o)1v<w) (1) = @1,0)1(v<u)(0)
<u - ~ =
1= a1,(p)(1) = @1,(n)(0)

To obtain LQTE estimates, we then need to invert these local average structural functions.
Since we only have the estimated distribution for each d evaluated on the finite grid of points
u € {qy(.05),qy(.06),qy (.07),...,qv(.93), gy (.94), ¢y (.95)}, we do this inversion by linearly in-
terpolating the value of the distribution function between these points to find the value of the
outcome associated with each quantile in the set ¢ € [0.1,0.11,.0,12,...,0.89,.0.9] which we de-
note as 9<_(q, d). The LQTE at point ¢ is then estimated as A( ) = 9<_(q, 1) — @\?(q, 0).

For the LQTE, we only report inference based on the multiplier bootstrap using 500 bootstrap
replications. For each b = 1, ..., 500, we generate bootstrap weights as £/ = 1 —I—TII’J-/\@—I— ((7“12’714)2 -
1)/2 for observation ¢ in bootstrap repetition b where Tlf,i and Tg,i are random numbers generated
as iid draws from two independent standard normal random variables. We then use these weights

to form bootstrap estimates of the local average structural functions

O‘L(D)l(y<u)(1) ~ AL (D)(Y <) (0)

é\11) Y<u (d) - ~ ~
= a7,y (1) = ) (0)




where
_ 1
al (1) = - Zﬁfvl,m
a11(D) Zfzvloz,
~b _ab
10(D) 11(D)(1)a
a?O(D) 0‘?1([)) (0),
% oy v<w (1) Z & k1,1,
~b 1 b
all(D)l(Ygu)(O) = n Zfi Ku,1,04 = 0,
i=1
b J R
o (py1(v<w (1) - Zfi Ku,0,1,i»
al{o(D)l(Y<u) 25 K,0,0,i-

From these bootstrap estimates of the average structural distribution functions, we obtain boot-
strap LQTE estimates as above through inversion by linearly interpolating the value of the
distribution function between the finite set of points at which we have estimated values to find
the value of the outcome associated with each quantile in the set ¢ € [0.1,0.11,.0,12,...,0.89,.0.9],
denoted (@\? (q,d))b. The bootstrap estimate of the LQTE for bootstrap replication b at point
q is then A’(q) = (§§(q, 1))t — (5§(q, 0))?. We form bootstrap standard error estimates for the

2 S (B - 550, B4g)

We also use the bootstrap LQTE estimates to obtain the critical values we use when plotting

LQTE at each quantile ¢ as s(q) =

the uniform confidence bands in our example. We form bootstrap t-statistics for each quantile ¢
as t(q) = (Ab(q) — A(q))/s(q). We then take t? o = max,{|t’(¢)|} and use the 95 percentile
of the bootstrap distribution of t2 _ as the critical value in constructing the confidence intervals
for our figures.

2. SIMULATION EXPERIMENT

In this section, we present results from a brief simulation experiment. The results illustrate the
performance of our proposed treatment effect estimator that makes use of estimating equations
satisfying the key orthogonality condition given in equation (2) in the main text and variable
selection relative to an estimator that uses variable selection but is based on a “naive” estimating
equation that does not satisfy the orthogonality condition. We find that inference based on the
naive estimator can suffer from substantial size distortions and that the performance of this
estimator is strongly dependent on features of the data generating process (DGP). We also find



7

that tests based on the estimator constructed using our procedure have size close to the nominal
level uniformly across all DGPs we consider consistent with the theory developed in the paper.

For simplicity, we consider the case where the treatment, d;, is exogenous conditional on
control variables x;. In this case, we can apply the results of the paper substituting d; for z; in
each instance where instruments z; are used since d; is conditionally exogenous and thus a valid
instrument for itself. All of the simulation results are based on data generated as

t(cqb
4 — 1{ eXP{ZEl(fd 0)} S Ui}
1+ exp{zj(cato) }
yi = dilzi(cybo)] + G
where v; ~ U(0,1), ¢; ~ N(0,1), v; and (; are independent, p = dim(z;) = 250, the covariates
z; ~ N(0,%) with Sx; = (0.5)7*I and the sample size n = 200. 6 is a px 1 vector with elements

set as fp; = (1/4) for j = 1,...,p. cq and ¢, are scalars that control the strength of the relation-
ship between the controls, the outcome, and the treatment variable. We use several different com-

(w2/3)R2 . R2 ..
W and Cy = W for all combinations of

R? € {0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9} and R2 € {0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9}.

binations of ¢4 and ¢y, setting ¢4 =

We report results for two different inference procedures in Figure 2] The right panel of the
figure shows size of 5% level t-tests for the average treatment effect where the point estimate is
formed using our proposed estimator based on model selection and orthogonal estimating equa-
tions and the standard error is estimated using a plug-in estimator of the asymptotic variance.
The left panel shows size of 5% level t-tests for the average treatment effect estimated as

~ 1 .
enaive = E Z(gy(laxz) - gy(O,xz))

i=1
where g, (d, x;) is a post-model-selection estimator of E[Y|D = d, X = ;] and the standard error

is estimated using a plug-in estimator of the asymptotic variance of 5,1@@1,6.

Both procedures rely on post-model-selection estimates of the conditional expectations E[Y |D =
d, X = z;], and we use exactly the same estimator of this quantity in both cases. Specifically,
we apply the Square-Root LASSO of Belloni, Chernozhukov, and Wang (2011) with outcome Y
and covariates (D, D * X1,...,Dx X,, (1 = D), (1 — D) * Xq,....,(1 — D) * Xp) to select variables.
We set the penalty level in the Square-Root LASSO using the “exact” option of Belloni, Cher-
nozhukov, and Wang (2011) under the assumption of homoscedastic, Gaussian errors (; with the
tuning confidence level required in Belloni, Chernozhukov, and Wang (2011) set equal to 95%.
After running the square-root-LASSO, we then estimate regression coefficients by regressing Y
onto only those variables that were estimated to have non-zero coefficients by the square-root
LASSO. We then form estimates of E[Y'|D = 1, X = z;]| by plugging in (1, 2})" into the estimated
model for ¢ = 1,...,n and form estimates of E[Y|D = 0, X = z;] by plugging in (0, z})" into the
estimated model for ¢ =1, ..., n.

For our proposed method, we also need an estimate of the propensity score. We obtain
our estimates of the propensity score by using ¢;—penalized logistic regression with D as the
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FIGURE 1. Rejection frequencies of 5% level tests for average treatment effect
estimators following model selection. The left panel shows size of a test based
on a “naive” estimator (Naive rp(0.05)), and the right panel shows size of a test
based on our proposed procedure (Proposed rp(0.05)).

outcome and X as the covariates with penalty level set equal to .5,/n®~1(1 — 1/2p)/n where
®(-) is the standard normal distribution function using the MATLAB function “glmlasso”ﬁ We
standardize the variables in X and set penalty loadings equal to 1. After running the £; —penalized
logistic regression, we estimate the propensity score by taking fitted values from the conventional
logistic regression of D onto only those variables that had non-zero estimated coefficients in the

£1—penalized logistic regression.

Looking at the results, we see the behavior of the naive testing procedure depends heavily
on the underlying coefficient sequence used to generate the data. There are substantial size
distortions for many of the coefficient designs considered with good performance, size close to
the nominal level, only occuring in a handful of cases. It is worth noting that in practice one does
not know the underlying DGP and even estimation of the quantities necessary to know where
one is in the figure may be infeasible even in this simple scenario. Our proposed procedure does
a much better job at delivering accurate inference, producing tests with size close to the nominal
level across all designs considered. That is, the simulation illustrates the uniformity derived in
the theoretical development of our estimator illustrating that its performance is relatively good
uniformly across a variety of coefficient sequences. While simply illustrative, these simulation
results reinforce the theoretical development of the main paper which prove that our proposed
estimation and inference procedures have good properties uniformly across a variety of DGPs
where approximate sparsity holds.

5This penalty level is equivalent to that discussed in the main paper since “glmlasso” scales the problem in a

slightly different way.
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