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abstract
The concept of canopy spectral invariants expresses the observation that simple
algebraic combinations of leaf and canopy spectral reﬂectance become wavelength
independent and determine two canopy structure speciﬁc variables – the recollision
and escape probabilities. These variables specify an accurate relationship between the
spectral response of a vegetation canopy to incident solar radiation at the leaf and the
canopy scale. They are sensitive to important structural features of the canopy such as
forest cover, tree density, leaf area index, crown geometry, forest type and stand age.
This paper presents the mathematical basis of the concept which is linked to
eigenvalues and eigenvectors of the three-dimensional radiative transfer equation.
& 2010 Elsevier Ltd. All rights reserved.

1. Introduction
Interaction of solar radiation with the vegetation
canopy is described by the three-dimensional radiative
transfer equation [1,2]. The interaction cross-section that
appears in this equation is treated as wavelength
independent considering the size of the scattering
elements (leaves, branches, twigs, etc.) relative to the
wavelength of solar radiation [1]. Although the scattering
and absorption processes are different at different
wavelengths, the interaction probabilities for photons in
vegetation media are determined by the structure of the
canopy rather than photon frequency or the optics of the
canopy. This feature results in unique spectrally invariant
behavior for a vegetation canopy bounded from below by
a non-reﬂecting surface: some simple algebraic combinations of the single-scattering albedo and canopy spectral
transmittances and reﬂectances eliminate their dependencies on wavelength through the speciﬁcation of two
canopy structure speciﬁc spectrally invariant variables –
the recollision and escape probabilities.
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The recollision probability is the probability that a
photon scattered from a phytoelement will interact
within the canopy again [3] and is related to the
maximum eigenvalue of the radiative transfer equation
[4,5]. The escape probability is the probability that a
scattered photon will escape the vegetation in a given
direction [6]. These variables specify an accurate relationship between the spectral response of a vegetation canopy
to the incident solar radiation at the leaf and the canopy
scale and allows for a simple and accurate parameterization for the partitioning of the incoming radiation into
canopy transmission, reﬂection and absorption at any
wavelength in the solar spectrum. This result is essential
to both modeling and remote sensing communities as it
allows for the separation of the structural and radiometric
components of the measured and/or modeled signal. The
former is a function of canopy age, density and arrangement while the latter is a function of canopy biochemical
behavior. Consequently, the canopy spectral invariants
offer a simple and accurate parameterization of the
shortwave radiation block in many global models of
climate, hydrology, biogeochemistry, and ecology [7,8].
In remote sensing applications, the information content of spectral data can be fully exploited if the
wavelength independent variables can be retrieved, for
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they can be more directly related to structural characteristics of the vegetation canopy. This concept underlies the
operational algorithm of global leaf area index, and the
fraction of photosynthetically active radiation absorbed
by vegetation developed for the moderate resolution
imaging spectroradiometer (MODIS) and multi-angle
imaging spectroradiometer (MISR) instruments of the
Earth observing system (EOS) Terra mission [4,5]. The
canopy spectral invariants have also been exploited in
developing a 26 year leaf area index data record from
multiple sensors [9,10]. Here we will discuss the theoretical basis of the concept and its potential utility for
investigating the three-dimensional canopy structure
from space measurements. In Part 2 [22], we will apply
the concept to the classiﬁcation of forest types from
hyperspectral data.

2. Radiative transfer in vegetation canopies
Let VCR3 and dV be the domain where radiative
transfer occurs and its boundary, respectively. The
domain V can be a shoot, tree crown, or a part of the
vegetation canopy with several trees, etc. In remote
sensing, V is a parallelepiped of horizontal dimensions X,
Y and biome dependent height Z and represents a pixel in
which a vegetation canopy is located [2,5]. The function
characterizing the radiative ﬁeld in V is the monochromatic intensity Il(x,O) depending on wavelength, l,
location x and direction O. Assuming no polarization
and emission within the canopy, the monochromatic
intensity distribution function is given by the boundary
value problem for steady-state radiative transfer equation
[1,2]:
LIl ¼ Sl Il ,

ð1Þ

Il ðxB , OÞ ¼ p1

Z
nB UOu 4 0

nB UO o0,

rl ðxB , Ou, OÞIl ðxB , OuÞ9nB UOu9dOu þ ql ðxB , OÞ,
xB 2 dV:

ð2Þ

Here L and Sl are the streaming-collision and scattering linear operators deﬁned as
LIl ¼

1

sðx, OÞ

Sl Il ¼

OUrIl ðx, OÞ þ Il ðx, OÞ,

1
sðx, OÞ

Z
4p

ss, l ðx, Ou-OÞIl ðx, OuÞdOu:

The term rl is the bidirectional reﬂectance factor of
the boundary dV, ql describes the radiation penetrating
into V through the boundary dV, nB is the outward normal
at xBAdV, and 4p denotes the unit sphere. The boundary
source ql at points xT on the canopy top boundary is
usually given by a mono-directional beam attenuated
by the atmosphere, cld(O  O0), and radiation scattered
by the atmosphere dl(xT,O) (diffuse radiation), i.e., ql ðxT ,
OÞ ¼ cl dðOO0 Þ þ dl ðxT , OÞ, nT UO o 0.
The interaction cross-section, s, and differential crosssection, ss,l, are deﬁned as [1,2]:

sðx, OÞ ¼ uL ðxÞGðx, OÞ, ss, l ðx, Ou-OÞ
¼ uL ðxÞ

1

p

Gl ðx, Ou-OÞ

where uL(x) is the one-sided leaf area density distribution
(in m2/m3), G is the geometry factor (dimensionless), and
Gl/p is the area scattering phase function (in sr  1). The
interaction cross-section is assumed to be strictly positive,
i.e., sðx, OÞ Z s 4 0. This inequality is required to apply
mathematical techniques developed by Vladimirov [11],
which will be used in Sections 3 and 4. It should be noted
however that this condition can be released [12]. We also
assume that Gs, l ðx, Ou-OÞ ¼ Gs, l ðx,O-OuÞ ¼ Gs, l ðx,
O-OuÞ. These symmetry properties provide sufﬁcient
conditions for the validity of the reciprocity principle [13].
Note that the interaction cross-section is a function of
the direction of photon travel. Also, the differential
scattering cross-section is not, as a rule, rotationally
invariant, i.e., it generally depends on the absolute
directions of photon travel O0 and O, before and after
scattering, respectively, and not just the scattering angle
cos1 ðOuUOÞ. These properties make solving of the radiative transfer equation more complicated; for example, the
expansion of the differential scattering cross-section in
spherical harmonics cannot be used. In contrast to
radiative transfer in atmosphere the interaction
cross-section in vegetation canopies is wavelength independent. This spectral invariance results in various
unique relationships, which, to some degree, compensate
for difﬁculties in solving the radiative transfer equation
due to the above-mentioned features of the extinction and
the differential scattering cross sections.
The interaction and differential cross sections are
related as
Z
ss, l ðx, Ou-OÞdO ¼ oðl,x, OuÞsðx, OuÞ
4p

where o is the single scattering albedo. For ease of
analysis, we assume that the single scattering albedo does
not depend on x and O0 . It coincides with the leaf albedo
in this case. In the vegetation canopy angular distribution
of radiation scattered by an elementary volume is mainly
determined by geometrical properties of phytoelements
resident in the volume [1,2]. Therefore we assume that
the differential cross-section normalized by the single
scattering albedo does not depend on wavelength. The
scattering operator rearranges to Sl = o(l)S0.
The three-dimensional radiative transfer problem with
arbitrary boundary conditions can be expressed as a
superposition of the solutions of some basic radiative
transfer sub-problems with purely absorbing boundaries
[13]. Therefore we restrict our consideration to the case
when rl = 0. We also assume that the source function ql
does not depend on wavelength, ql = q0. In optical remote
sensing, the incident solar radiation is proportional
to a wavelength dependent scalar. The latter condition
therefore can be met by normalizing the boundary value
problem by this scalar. Under the conditions discussed in
this section, the single scattering albedo o(l) is the only
variable that imbues wavelength dependency to the
solution of the radiative transfer equation in vegetation
canopies.
The formulation of radiative transfer presented here
underlies the retrieval technique for producing global leaf
area index and fraction of photosynthetically active
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radiation absorbed by vegetation from MODIS and MISR
bidirectional reﬂectance factor (BRF) data products [4,5].
The BRF describes surface radiative response to monodirectional incident beam cl dðOO0 Þ. The canopy BRF is
the ratio of the radiance leaving the top of the vegetation
canopy, Il ðxT , OÞ, to radiance, ðpÞ1 cl 9nT UO0 9 reﬂected
from an ideal Lambertian target into the same beam
geometry and illuminated by the same mono-directional
beam, i.e., BRFðl, OÞ ¼ pIl ðxT , OÞ=9cl nT UO0 9, nT UO 40, [14].
The dimensionless leaf area index (LAI) is deﬁned as onesided leaf area per unit ground area, i.e.,
Z
1
LAI ¼
uL ðxÞdx:
XUY V
The LAI is the key variable in most ecosystem
productivity models, and in global models of climate,
hydrology, biogeochemistry and ecology that attempt to
describe the exchange of ﬂuxes of energy and mass
momentum between the surface and the atmosphere.
3. Eigenvalues and eigenvectors of the radiative transfer
equation
An eigenvalue of the radiative transfer equation is a
number g such that there exists a non-trivial function
e(x,O) that satisﬁes gLe= Sle and zero boundary condition
(rl = 0 and ql = 0). For the adjoint radiative transfer
problem [11,13], an eigenvector en(x,O) corresponding to
the eigenvalue g satisﬁes gULUen = Slen and zero boundary
condition en(xB,O)= 0 for outgoing directions, nB UO 4 0.
Here U is a linear operator that transforms functions f(x,O)
into f(x,  O). Obviously, U= U  1 and USlU =Sl. It follows
from these relationships that the eigenvectors e(x,O) and
en(x,O) are related as en =Ue. It should be emphasized that
the deﬁnition of the eigenvector incorporates both the
forward and adjoint radiative transfer equations.
Vladimirov [11] formulated the eigenvalue/eigenvector problem in functional spaces Dy and Hy, 1r y rN. The
former speciﬁes the domain of the operator L while the
latter deﬁnes its range. The space Dy consists of absolutely
continuous functions j(x,O) which satisfy the zero
boundary condition (jðxB , OÞ ¼ 0, nB UO o0, xB 2 dV) and
:Lj:y o1. Here :U:y is the norm in the space Hy deﬁned
as1
hR
i1=y
y
:v:y ¼ V4p sðx, OÞ9vðx, OÞ9 dxdO
, y o 1,
:v:1 ¼ sup vrai 9vðx, OÞ9,

y ¼ 1:

V4p

The space Dy is a dense subset of Hy, 1r y rN, and
Dy  Dq if y 4q. The set {gk, ek} of eigenvalues, gk, and
eigenvectors, ek(x,O), is a discrete set and do not depend
on y, i.e., on functional spaces Dy and Hy in which the
problem was formulated. The eigenvectors and their
adjoints belong to the space DN and are mutually
orthogonal with respect to the operator Sl, i.e.,
1

‘‘sup vrai’’ means bounds almost everywhere its argument from
above. For example, assume u(x) = 1, if x a0, and N otherwise. In this
case, sup u(x), used in the derivation of Eq. (9), is N but sup vrai u(x) =
1. Sometimes ‘‘true sup’’ or ‘‘essential sup’’ are used instead of ‘‘sup vrai’’.

3

ðSl ek ,e*m Þ ¼ dkm . Here (. , .) denotes the scalar product of
functions fAHy and f * 2 Hy* ¼ Hy* , 1/y + 1/yn = 1,
Z
sðx, OÞf ðx, OÞf * ðx, OÞdxdO:
ðf ,f * Þ ¼
V4p

It follows from the deﬁnition of the eigenvector and
orthogonality that gk ðLek ,e*m Þ ¼ gk dkm . The radiative transfer equation has a positive eigenvalue, g0, that corresponds
to a positive eigenvector, e0(x,O). The eigenvalue g0 is
greater than the absolute magnitudes of the remaining
eigenvalues, i.e., 9gk9r g0. If Sl = o(l)S0 (as assumed in
Section 2), the eigenvectors do not depend on wavelength.
The corresponding eigenvalues can be expressed as
gk = o(l)pk where pk satisﬁes pkLek =S0ek. Mathematical
details of the above theory can be found in [11].
It should be noted that there is another formulation of
the eigenvalues and eigenvectors in linear transport
theory proposed by Case and Zweifel [15]. Their approach
is similar to that used in the theory of ordinary differential
equations, i.e., solutions of the homogeneous problem
(rl = 0 and ql = 0) are represented as the product of an
exponential function of spatial variable and corresponding eigenfunction which depends on angular variable.
Unlike the deﬁnition given above, the Case and Zweifel
formulation results in both discrete and continuum of
eigenvalues. The eigenfunctions corresponding to the
continuum of the eigenvalues are Schwartz distributions
and, consequently, cannot be described in terms of the
functional spaces Dy and Hy. Here, formulations of
Vladimirov [11] and techniques of Knyazikhin et al. [4]
are adopted.
4. Expansion in eigenvectors
Let ul = dIl/dl. Differentiating Eqs. (1) and (2) with
respect to wavelength, we get
Lul ¼

d
S I ¼ Sl u þSul Il
dl l l

ð3Þ

with zero boundary condition. Under our assumption
regarding the scattering operator (Section 2), Sul ¼ ouðlÞS0 .
Thus, the derivative of Il with respect to the wavelength l
satisﬁes the radiative transfer equation with zero boundary
condition (ulADy) and an internal source given by Sul Il .
We expand the scattering term SlIl in eigenvectors,
Sl Il ðx, OÞ ¼ a0 ðlÞSl e0 ðx, OÞ þ

1
X

ak ðlÞSl ek ðx, OÞ,

k¼1

ak ðlÞ ¼ ðSl Il ,e*k Þ:

ð4Þ

Here we separate the positive eigenvector e0(x,O)
corresponding to the maximum positive eigenvalue g0
into the ﬁrst summand. Let uk =d(akek)/dl. We will show
that
ul ðx, OÞ ¼ u0 ðx, OÞ þ

1
X

uk ðx, OÞ

ð5Þ

k¼1

satisﬁes Eq. (3). Substituting Eqs. (4) and (5) into Eq. (3)
results in
1
X
k¼0

Luk ¼

1
1
X
X


d
gk ðlÞak ðlÞLek ¼
L guk ðlÞak ðlÞek þ gk ðlÞuk ðlÞ
l
d
k¼0
k¼0
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It follows from this equation and orthogonality of the
eigenvectors that
d½ak ðlÞek ðx, OÞ
guk ðlÞ
a ðlÞek ðx, OÞ:
¼
dl
1gk ðlÞ k
Solving this ordinary differential equation results in
ak ðlÞ ¼

1gk ðl0 Þ
a ðl0 Þ:
1gk ðlÞ k

ð6Þ

Thus if the set of functions {S0ek} is complete for
functions of S0Hp, the series (5) satisﬁes Eq. (3). It follows
from Eq. (6) that if we know coefﬁcients of the expansion
(4) at a wavelength l0, we can ﬁnd the coefﬁcients for any
other wavelength.
Given SlIl solution of the radiative transfer equation is
Il =Q+ L  1SlIl where Q describes the distribution of
photons from the wavelength independent boundary
source ql = q0 that have not undergone interactions within
the domain V. Substituting expansion (4) into this
equation one obtains an expansion of the solution in
eigenvectors
Il ðx, OÞ ¼ Q ðx, OÞ þ

1
X

ak ðlÞgk ðlÞek ðx, OÞ:

ð7Þ

k¼0

This equation provides a basis for obtaining various
forms of the energy conservation law. The norm, :Il :y of
the solution of the radiative transfer equation is among its
important components. Formally one can estimate :Il :y
by direct integration of Eq. (7) over spatial and angular
variables. Below we demonstrate an alternative technique, which complement the expansion of the solution in
eigenvectors.
The three-dimensional radiative transfer equation (1)
with purely absorbing boundaries (rl = 0) can be transformed to the integral equation Il = L  1SlIl +Q [2,13]. The
term Q(x,O) describes the distribution of photons from the
wavelength independent boundary source ql =q0 that
have not undergone interactions within the domain V. It
satisﬁes the equation LQ= 0 and the boundary condition
(2) with rl =0. The operator L and the boundary source do
not depend on wavelength and thus Q is wavelength
independent. The adjoint equation has the form
Il* ¼ USl L1 UIl* þ Q * . Solutions of the integral radiative
transfer equation and its adjoint counterpart are related
as ðIl ,Q * Þ ¼ ðQ ,Il* Þ [13]. Note that L  1 represents the
inverse of the operator L that maps the space Dy into the
space Hy. Eigenvalues and eigenvectors of the operator
L  1Sl and its adjoint form (L  1Sl)n =USlL  1U are {gk, ek}
and fgk ,Se*k g, respectively.
Obviously, Il* ¼ ð1gk ðlÞÞ1 S0 e*k satisﬁes the adjoint
equation with Q * ¼ S0 e*k . Letting S0 e*k in the relationship
between solutions of the forward and adjoint radiative
transfer, one arrives at
ðIl ,S0 e*k Þ ¼ ðQ ,Ik* Þ ¼

1
1gk ðlÞ

d:Il :1
¼ :ðEoT0 Þ1 T0 Il :1
oudl
:ðEoT0 Þ1 T0 f :1
Z
:I :
r
1ZoðlÞ l 1
:f :1
f ðx, OÞ 4 0

r:Il :1 sup

Solving this inequality for :Il:1 yields
:Il :1 r

ðQ ,S0 e*k Þ

1gk ðl0 Þ
1
ðQ ,S0 e*k Þ
¼
1gk ðlÞ 1gk ðl0 Þ
1gk ðl0 Þ
1gk ðl0 Þ
ðQ ,Il* 0 Þ ¼
ðI ,S0 e*k Þ:
¼
1gk ðlÞ
1gk ðlÞ l0

Thus given ðIl ,S0 e*k Þ at wavelength l0, we can evaluate
this function at any other wavelength. The term ðIl0 ,S0 e*k Þ
on the right hand side of Eq. (8) depends on the incoming
radiation while its factor is independent of illumination
conditions and is a function of the intrinsic canopy
properties. This relationship is similar to that given by
Eq. (6).
The norm, :Il :1 ¼ ðIl ,1Þ of the solution of the radiative
transfer equation is a very important component of the
energy conservation law. The norm gives the mean
number of photon interactions with phytoelements in
the domain V. It can accurately be estimated from ﬁeld
measurements (Section 6). Given the number of interactions and the single scattering albedo, one can evaluate
canopy absorption [2] and scattering [3]. A question then
arises of how well ðIl ,S0 e*0 Þ approximates the norm
:Il :1 ¼ ðIl ,1Þ. The operator S0 integrates the eigenfunction
e*0 , smoothing angular variation of the resulting function
S0 e*0 . In the case of an isotropic scattering for example S0 e*0
is independent of the angular variable and acts as a
spatially varying isotropic source. Thus the proximity
ðIl ,S0 e*0 Þ and (Il,1) depends on how the term S0 e*0 varies
with the spatial variable. The following estimate gives a
general idea of their closeness.
Let T0 =L  1S0 and Z ¼ sup:T0 f :1 =:f :1 where supremum is taken over all positive functions f from H1. The
norm :T0f:1 can vary with f signiﬁcantly. However, it does
not necessary involve large variation in the ratio :T0f:1/
:f:1. A theoretical explanation of this result can be found
in the linear operator analysis [16] and, speciﬁcally, in its
applications to radiative transfer theory [2,17–19]. The
number Z is an estimate of variation in :T0f:1/:f:1 from
above. It can be shown that p r Z r 1expðKÞ where p is
the maximum positive eigenvalue of T0 and the exponent
K is a canopy structure dependent function [17]. Techniques for the estimation of the ratio :T0f:/:f: from above
and from below and their relationship with the maximum
eigenvalue p (recollision probability) can be found in [18].
Eq. (3) can be rearranged to an initial value problem for
ordinary differential equation in functional spaces [16],
i.e., ul ¼ ouðEoT0 Þ1 T0 Il with an initial value given by
Il 2 H1 at l = l0. Under the assumptions formulated
in Section 2, the radiative transfer equation has a unique
positive solution [11,12,15,17] and thus ðul ,1Þ ¼ dðIl ,1Þ=
dl ¼ d:Il :1 =dl and ððEoT0 Þ1 T0 Il ,1Þ ¼ :ðEoT0 Þ1 T0 Il :1 .
We have

ð8Þ

1oðl0 ÞZ
:I : :
1oðlÞZ l0 1

ð9Þ

Thus we have expressed the relationship between
:Il :1 and :Il0 :1 in terms of the variation Z. The norms
depend on the full set of eigenvectors/values. If :T0f:1/:f:1
does not vary signiﬁcantly, i.e., :T0f:1/:f:1 Econst E Z, the
norm :Il :1 follows the spectral invariant relationship (9)
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similar to that given by Eq. (8). The term S0 e*0 in ðIl ,S0 e*0 Þ
can be replaced with a constant function without
violation of the spectral invariant relationship in this
case. Our data analyses [6,20] and model calculations [21]
suggest that (Il,1)/(Il0,1) EðIl ,S0 e*0 Þ=ðIl0 ,S0 e*0 Þ. These properties suggest a dominant role of the maximum eigenvalue in the energy conservation law for a canopy at any
wavelength in the solar spectrum.
Relationships (8) for k= 0 underlie the concept of
canopy spectral invariants. Under our assumption regarding the scattering operator (Section 2) the ratio p = g0/o(l)
is wavelength independent, coincides with the maximum
positive eigenvalue of the radiative transfer equation in
the vegetation canopy with perfectly reﬂecting phytoelements (o(l)=1) and therefore satisﬁes pLe0 =S0e0. Solving
this equation for p yields p = L  1S0e0/e0. The operator
L  1S0 inputs the source e0, simulates the scattering event
(S0) and the photon free path (L  1) and outputs the
distribution of photons just before their next interaction
with phytoelements. The ratio therefore can be treated as
the probability that a photon scattered from a phytoelement will interact within V again. We term this ratio, the
recollision probability [3,6]. Under the conditions discussed above the recollision probability and single
scattering albedo play a dominant role in the energy
conservation law for a canopy at any wavelength in the
solar spectrum.
5. Canopy spectral invariants: theory
Consider a domain V with non-reﬂecting boundary dV.
Let t0, zero order transmittance, be the portion of photons
incident on the domain V that exit V without experiencing
a collision. The interceptance, i0, correspondingly denotes
the portion of incoming photons that collide with
phytoelements for the ﬁrst time, and thus t0 +i0 = 1. The
zero order transmittance and interceptance do not depend
on wavelength [3,6]. Portion, a(l,V), of intercepted
photons will be absorbed within the domain V, while
another portion, s(l,V), will be scattered out from V. The
energy conservation law formulated for the domain V
takes the following form [3]:
aðl,VÞ þ sðl,VÞ þ t0 ¼ 1:
Given the single scattering albedo o(l), the fraction of
radiation absorbed by the domain V at the wavelength l
can be evaluated as a(l,V)=[1  o(l)](Il,1)/F, where F is
the incident ﬂux, which is assumed to be unity. Our data
analyses [6,20], model calculations [21] and theoretical
analyses (Section 4) suggest that
ðIl ,S0 e*0 Þ
ðIl ,1Þ

:
ðIl0 ,1Þ
ðIl0 ,S0 e*0 Þ

ð10Þ

It follows from Eqs. (8) and (10) that the absorptance
can be approximated as
aðl,VÞ ¼

1poðl0 Þ 1oðlÞ
aðl0 ,VÞ:
1poðlÞ 1oðl0 Þ

ð11Þ

If o(l0) =0, the corresponding absorptance coincides
with the interceptance, i.e., a(l0,V) =i0. The energy

5

conservation law can be rearranged to the form
1oðlÞ
i0 þWðl,VÞi0 ¼ i0 :
1poðlÞ

ð12Þ

Here W(l,V)= s(l,V)/i0 is the single scattering albedo of
the domain V deﬁned as the probability that a photon
intercepted by V will escape the domain V [3,9]. It follows
from Eq. (12) that [3]
Wðl,VÞ ¼ oðlÞ

1p
:
1poðlÞ

ð13Þ

Smolander and Stenberg [3] documented scaling
properties of W(l,V). Consider a domain V that consists
of objects (e.g., shoots in a coniferous forest V) of volume
V1 distributed within V in a certain fashion. We denote the
single scattering albedo of V1 by o(l). Scattering properties of the domain V and its constituent objects are related
via Eq. (13). Let each object V1 in turn consists of smaller
objects, V2 (e.g. needles in the shoot), and their scattering
properties are given by o(l,V2) (e.g., needle single
scattering albedo). Eq. (13) can also be applied to the
volume V1, i.e.,

oðlÞ ¼ oðl,V2 Þ

1p2,1
:
1p2,1 oðl,V2 Þ

ð14Þ

The recollision probability p2,1 refers to the volume V1
and quantiﬁes the event that a photon scattered by the
object V2 residing in V1 (e.g., needle in the shoot) will
interact within V1 again (e.g., hit another needle within
the same shoot). Substitution of Eq. (14) into Eq. (13)
results in the same equation for W(l,V) with the only
difference that o(l) is replaced with o(l,V2) and p is
replaced with a new recollision probability p2 calculated
as p2 = p2,1 +(1  p2,1)p. One can see that (i) the probability
p2 that a photon scattered by a volume V2 (e.g., needle)
will interact within the domain V again follows the Bayes’
formula and (ii) a decrease in scale from V1 (e.g., shoot) to
V2 (e.g., needle) is accompanied by an increase in the
recollision probability from p to p2,1 +(1 p2,1)p. Schull
et al. [22] applied this procedure for several nested sets of
objects and found that the recollision probability increases with the number of nested hierarchical levels.
They used this property to discriminate dominant forest
type using hyperspectral surface reﬂectance. Lewis and
Disney [23] found that Eqs. (13) and (14) are applicable to
the leaf (V1 = leaf) and within leaf (V2 =a within-leaf
scattering object) scales, implying that these equations
provide a framework through which structural information can be maintained in a consistent manner across
multiple scales from within-leaf to canopy level scattering. The recollision probability, therefore, is a scaling
parameter that accounts for the cumulative effect of
multi-level hierarchical structure in a vegetated pixel.
Let a parallel beam of unit intensity be incident on the
upper boundary of a pixel V. Photons scattered by objects
V1CV can escape the pixel V in a given direction O. Their
angular distribution is given by the directional escape
probability r(O) [6]. Given the single scattering albedo,
o(l), the recollision, p, and escape, r, probabilities at the
scale V1, as well as the interceptance, i0, the bidirectional
reﬂectance factor (Section 2) of the pixel V bounded by a
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non-reﬂecting surface dV can be approximated as
BRFðl, OÞ ¼

rðOÞi0 oðlÞ
:
1oðlÞp

ð15Þ

This quantity is a standard product of MODIS and MISR
instruments of the EOS Terra mission [24].
Eq. (11) for o(l0)= 0 and (15) can be rearranged to a
form which we use to obtain the spectral invariants p and
R(O)= r(O)i0 from satellite and ground based measurements, namely,
iðlÞ ¼ piðlÞoðlÞ þ i0 ,

BRFðl, OÞ
¼ pBRFðl, OÞ þ RðOÞ:
oðlÞ

ð16Þ

Here i(l) =a(l,V)/[1  o(l)] =:Il:1 is the interaction
coefﬁcient. For a pixel bounded by a non-reﬂected surface,
this variable is the mean number of photon interactions
with objects V1 at wavelength l. By plotting i(l) versus
i(l)o(l), a linear relationship is obtained, where the slope
and intercept give the recollision probability and the
canopy interceptance. Similarly, the slope and intercept of
the BRF/o versus BRF line are the recollision, p, probability
and escape factor, R(O) = r(O)i0, respectively. Thus, simple
algebraic combinations of leaf and canopy spectral
reﬂectance become wavelength independent and determine two canopy structure speciﬁc variables – the
recollision and escape probabilities. It should be noted
that Eqs. (16) are directly applicable only to dense
canopies or canopies with a sufﬁciently dark background.
In general case the use of the spectral invariant relationships should follow after the removal of the background
reﬂectance from the BRF of canopy-surface system [4,5].
6. Canopy spectral invariants: observations
Fig. 1 demonstrates the ﬁrst relationships in (16). In
this example V represents a 50  50 m2 plot composed of
Norway spruce located at Flakaliden Research Area
(641140 N; 191460 E) operated by the Swedish University
of Agricultural Sciences [6]. The LAI, forest cover and tree
density are 4.4, 0.8 and 1800 stems/ha, respectively.

Simultaneous measurements of up- and downward
radiation ﬂuxes for a spectral range of 400–1000 nm
with a 1.6 nm spectral resolution were taken from above
and below the canopy using two spectroradiometers.
A helicopter was used to take measurements above the
canopy. These data were used to estimate canopy spectral
absorptance a(l,V) [6]. Samples of spruce needles were
collected from several locations and their optical
properties were measured under laboratory conditions.
From these data the mean single scattering albedo o(l,V2)
at the needle scale (V2 = needle) was obtained by averaging
measured spectra [6]. By plotting i(l) versus i(l)o(l), a
linear relationship is obtained. This result supports the
validity of the assumption (10).
Fig. 2 demonstrates the second relationship in (16). By
plotting values of the ratio BRF/o versus BRF for a
vegetated pixel, a linear relationship is obtained, where
the slope and intercept give the recollision probability and
directional escape factor, respectively. The wavelength
independent recollision probability is the probability that
a photon scattered from a phytoelement will interact
within the canopy again and is related to the maximum
eigenvalue of the radiative transfer equation (Section 4).
This parameter accounts for a cumulative effect of the
canopy structure over a wide range of scales (Section 5).
For example, if a vegetation canopy is treated as a big leaf,
i.e., no structure and LAI is 1, the recollision probability is
zero because a photon reﬂected or transmitted by one
‘‘big’’ leaf will not encounter another leaf. If one cuts the
leaf into ‘‘small pieces’’ and uniformly distributes the
pieces in a canopy layer (the structure has changed with
LAI unaltered), the recollision probability changes its
value from zero to about 0.3 [3]. At a given LAI, the
recollision probability increases with the number of
hierarchical levels present in the landscape (e.g., the
clumping of needles into shoots, shoots and leaves into
crowns, etc., Section 5). The recollision probability
combined with the LAI has the potential to discriminate
between broadleaf and coniferous canopies as illustrated
in Fig. 3 [25].

Fig. 1. Linear relationship between the interaction coefﬁcient i(l) and i(l)o(l) derived from ﬁeld data supports the validity of the assumption (10).
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Fig. 2. By plotting values of the canopy reﬂectance to leaf albedo ratio, BRFl/ol, versus reﬂectance values, BRFl, for a vegetated pixel, a linear relationship
is obtained, where the slope and intercept give the recollision probability and escape factor, respectively. The reﬂectance spectrum was obtained from
Airborne Visible/Infrared Imaging Spectrometer (AVIRIS) data acquired over Bartlett Experimental Forest, New Hampshire, in the nadir direction. The
AVIRIS sensor provides calibrated images of the up-welling spectral radiance in 224 contiguous spectral channels with wavelengths from 400 to 2500
nanometers at a spatial resolution of 3.3 m [WWW1[30]]. Note that a reference leaf albedo is used in this example. For more details the reader is referred
to our companion paper [22].

The p versus LAI relationships shown in Fig. 3
were derived from canopy transmittances measured by
LAI-2000 Canopy Analyzer (Li-Cor Inc.) using methodology proposed by Stenberg [26]. The LAI-2000 instrument’s
optical sensor consists of ﬁve detectors arranged in
concentric rings measuring radiation between 320 and
490 nm. In this blue portion of the solar spectrum, foliage
typically reﬂects and transmits relatively little radiation,
i.e., o(l)E0. The measurements are typically taken
shortly before sunset, or during overcast days when the
forest is illuminated only by diffuse light. LAI-2000
readings, therefore, provide an accurate estimate of
uncollided downward radiation Q in Eq. (8) below the
vegetation canopy in ﬁve directions. In [26], the derivation of the p-LAI equation begins with the evaluation of
the fraction of photons that will escape the canopy given
that the photons are uniformly distributed on the canopy
leaf area. Such an escape process can be described by the
adjoint radiative transfer equation with Qn = (2p)  1. The
probability, 1 p, that a photon will escape the vegetation
canopy as a result of one interaction can be approximated
as ðQ ,1Þ=ðð2pÞ1 ,Il* Þ when ol approaches unity. The
numerator accounts for photons from the isotropic
boundary source intercepted by leaves. The intercepted
photons are given by 1 t0 where the zero order
transmittance t0 can directly be obtained from LAI-2000
data. The denominator is the number of photon interactions with leaves before exiting the canopy given that
photons before and after the ﬁrst interaction are uniformly distributed on the canopy leaf area and the
outgoing radiation coincides with the incident ﬂux.
Neglecting multiple interactions, this term gives LAI. At
high LAI values however the photon multiple interactions
may not by negligible and thus the use of Stenberg’s
equation [26] can lead to an overestimation of the
recollision probability.

A strong correlation between canopy height and multiangle spectral canopy reﬂectance has recently been
documented [27,28]. Schull et al. [21] found that the
directional escape factor (intercept in Fig. 2) is the
variable that imbues the sensitivity of multi-angle
spectral data to canopy height. The following analyses of
Airborne Multi-Angle Imaging Spectrometer (AirMISR)
[WWW2 [31]] and airborne Laser Vegetation Imaging
Sensor (LVIS) [WWW3 [32]] data acquired during a NASA
Terrestrial Ecology Program aircraft campaign over the
Howland Forest (45.2 N, 68.74 W), Main, Harvard Forest
(42.54 N, 72.17 W), Massachusetts, and Bartlett Experimental Forest (44.06 N, 71.29 W), New Hampshire, were
performed to gain insight into the observed correlation. A
random subset (training set) from 1/3 of the AirMISR-LVIS
dataset was created to derive two multivariate linear
regression models for estimating LVIS canopy height
measures. The independent variables for the ﬁrst model
were AirMISR reﬂectances for 4 spectral bands at 7 view
directions, totaling 28 variables. To obtain the second
model, the escape factor at 7 AirMISR view angles using
Eq. (15) was retrieved ﬁrst and then used the obtained
values as the 7 independent variables in the model. The
models were then used to predict LVIS height measure
from the AirMISR data and the escape factor in the
remaining 2/3 of pixels (testing set). The correlation
coefﬁcients calculated using values of predicted and
actual LVIS heights were employed as a measure of the
information about canopy structure that AirMISR data and
escape factor convey. Fig. 4 shows the correlation
coefﬁcients for AirMISR predicted LVIS height estimates
versus correlations for escape probability predicted LVIS
heights for three sites at two different observation
geometries (principal and cross planes) and for ten
combinations of training and testing sets. A detailed
analysis of this plot can be found in [21]. Overall, the
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Fig. 3. The relationship between photon recollision probability and leaf area index for needle leaf and broadleaf forests (From [25]). Values of the
recollision probability were derived from LAI-2000 data acquired over 1032 coniferous and broadleaved forest plots in Finland using methodology
proposed by Stenberg [26].

Fig. 4. Correlation coefﬁcients for escape factor predicted heights versus correlations for AirMISR predicted heights for three sites at two different
observation geometries (Principle and Cross planes) and ten combinations of training and testing sets. From [21].

wavelength independent escape factor and multi-angle
spectral data tend to provide a comparable amount of
information about the LVIS height measure. Disney et al.
[29] documented the sensitivity of the escape factor and
recollision probabilities to the stand age. Schull et al. [22]
suggest that the location of points on the 9log (1 p)9
versus 9log R/(1  p)9 plane is determined by canopy
structure at both the macro and micro scales and can be
used to discriminate dominant forest type based on
number of nested hierarchical levels present in the

pixel, crown geometry, ground cover, within-crown
foliage density and portion of sunlit and shadow leaves.
Recall that the spectrally invariant behavior is valid for
a vegetation canopy bounded from below by a nonreﬂecting surface. Examples presented here are either for
dense forests or forest patches with a sufﬁciently dark
background. In general, the use of the spectral invariant
relationships should follow after the removal of the
background reﬂectance from the BRF of canopy-surface
system [4,5].
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7. Conclusions
The wavelength independent canopy interceptance,
recollision and directional escape probabilities specify an
accurate relationship between the spectral response of a
vegetation canopy with non-reﬂecting background to
incident radiation at the leaf and canopy scales. The
recollision probability is the probability that a photon
scattered from a phytoelement will interact within the
canopy again and is equal to the maximum eigenvalue of
the radiative transfer equation. The directional escape
probability is the probability that a scattered photon will
escape the vegetation in a given direction. This result was
obtained by the expansion of the solution of 3D radiative
transfer equation in eigenvectors. The independency of
the interaction cross-section on wavelength was critical to
relate canopy absorptive and reﬂective properties to the
maximum eigenvalue. The canopy spectral invariants can
be considered fundamental descriptors of the impact of
canopy structure on canopy scattering where the scattering objects are large compared with the wavelength of
radiation.
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